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Un-shrinkage

1. Introduction

Estimation of population covariance matrices from samples of multivariate data is of interest in many high-dimensional
inference problems: principal components analysis, classification by discriminant analysis, inferring a graphical model
structure, and others. Depending on the goal, the interest is sometimes in inferring the eigenstructure of the covariance
matrix (as in principal component analysis) and sometimes in estimating its inverse (as in discriminant analysis or
in graphical models). Examples of application areas include gene arrays, functional magnetic resonance imaging, text
retrieval, image classification, spectroscopy, climate studies, finance, and macro-economic analysis.

The theory of multivariate analysis for normal variables has been well worked out (see, for example, [2]). However,
it soon became apparent that exact expressions were cumbersome, and that multivariate data were rarely Gaussian. The
remedy was asymptotic theory for large samples and fixed, relatively small, dimensions. However, in recent years, datasets
that do not fit into this framework have become very common, since nowadays the data can be high-dimensional, and
sample sizes can be very small relative to dimension.

= Funding: This paper is based upon work supported by the Air Force Office of Scientific Research, United States under award number
FA9550-17-1-0103.
* Corresponding author.
E-mail address: matteo.farne2@unibo.it (M. Farné).
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The traditional covariance estimator, the sample covariance matrix, is known to be dramatically ill-conditioned in a
large dimensional context, where the process dimension p is larger than or close to the sample size n, even when the
population covariance matrix is well-conditioned. Two key properties of the matrix estimation process, i.e., numerical
stability and identifiability, assume a particular relevance in large dimensions. Both properties are crucial for the
theoretical derivation and the practical use of the estimate. A bad conditioned estimate suffers from collinearity and
causes its inverse, the precision matrix, to dramatically amplify any error in the data. A large dimension may make it
impossible to identify the unknown covariance structure, thus hampering the interpretation of the results.

Regularization approaches to large covariance matrix estimation are therefore being presented and addressed in the
literature, both from theoretical and practical perspectives (see [14] for an exhaustive overview). Some authors propose
shrinking the sample covariance matrix toward the identity matrix [24], others suggest applying nonlinear transforms
to sample eigenvalues [25] or regularizing them by sample splitting [23], while some others consider tapering the
sample covariance matrix, i.e.,, gradually shrinking the off-diagonal elements toward zero [9,21]. At the same time,
a common approach is to encourage sparsity, either by a penalized likelihood approach [20] or by thresholding the
sample covariance matrix in different ways: hard-thresholding [6], soft-thresholding [5], generalized thresholding [31],
or adaptive thresholding [8]. A consistent bandwidth selection method for all these approaches is described in [30].

A different approach is based on the assumption of a low rank plus sparse structure for the covariance matrix:

>* =L* +§%, (1)

where L* is low rank with rank r < p, $* is positive definite and sparse, with at most s non-zero off-diagonal elements,
and X* is a positive definite matrix. The generic covariance estimator X can be written as

S=L"+S+W=3X*+W, (2)

where W is an error term. The error matrix W may be deterministic or stochastic, as explained in [1]. If the data are
Gaussian and 3 is the unbiased sample covariance matrix =,, then W is distributed as a re-centred Wishart random
matrix.

In [15], a large covariance matrix estimator, called POET (Principal Orthogonal complEment Thresholding), is derived
under the assumption in (1). POET combines principal component analysis for the recovery of the low rank component
and a thresholding algorithm for the recovery of the sparse component. The underlying model assumptions prescribe an
approximate factor model with spiked eigenvalues for the data (growing with p), thus allowing to reasonably use the first
r principal components of the sample covariance matrix. Furthermore, at the same time, sparsity in the sense of [5] is
imposed on the residual matrix. The rank r of the low rank component is chosen by the information criteria in [4].

Indeed, rank selection represents a relevant issue: when p is large, setting a large rank would cause the estimate
to be non-positive definite, while setting a small rank would cause a too relevant variance loss. In the discussion of [15],
Yu and Samworth point out that the probability to underestimate the latent rank r does not asymptotically vanish if the
eigenvalues are not really spiked at rate O(p). In addition, we note that POET systematically overestimates the proportion
of variance explained by the factors (given the true rank) because the eigenvalues of X, are more spiky than the true
ones (as shown in [24]).

POET consistency holds given that a number of assumptions is satisfied. The key assumption is the pervasiveness of
latent factors, which implies that the principal component analysis of X, asymptotically identifies the eigenvalues and
eigenvectors of * as p diverges. The results of [15] provide the convergence rates of the relative norm of Spogr — =*
(defined as ||Spogr — =F || = p‘1/2||2*‘%f]p0512*‘7 — I,|lr), the maximum norm of poer — ¥, and the spectral norm
of SPOET — §*. Under stricter conditions, §pOET and Spoer are proved to be non-singular with probability approaching 1.

At the same time, a number of non-asymptotic methods have been presented. In [11], the exact recovery of the
covariance matrix in the noiseless context is first proved. The result is achieved by minimizing a specific convex non-
smooth objective, which is the sum of the nuclear norm of the low rank component and the [; norm of the sparse
component. In [10], which is an extension of [ 11], the exact recovery of the inverse covariance matrix in the noisy graphical
model setting is provided. The authors prove that, in the worst case, the number of necessary samples in order to ensure
consistency is n = 0O (p3 /rz), even if the required condition for the positive definiteness of the estimate is p < 2n.

An approximate solution to the recovery and identifiability of the covariance matrix in the noisy context is described
in [1]. Even there, the condition p < n is unavoidable for standard results on large deviations and non-asymptotic
random matrix theory. An exact solution to the same problem, based on the results in [10], is then shown in [27]. The
resulting estimator is called LOREC (LOw Rank and sparsE Covariance estimator) and is proved to be both algebraically
and parametrically consistent in the sense of [10].

In [10], algebraic consistency is defined as follows.

Definition 1. A pair of symmetric matrices (S, L) with S, L € RP*? is an algebraically consistent estimate of the low rank
plus sparse decomposition (1) for the covariance matrix =* if the following conditions hold:

(i) The sign pattern of S is the same as that of §*: sign(S;;) = sign((§*);;), Vi, j. Here, we assume that sign(0) = 0;
(ii) The rank of L is the same as the rank of L*;
(iii) Matrices L+ S, S, and L are such that L+ S and S are positive definite and L is positive semidefinite.
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Parametric consistency holds if the estimates (S, L) are close to (S*, L*) in some norm with probability approaching 1.
In [10], it is defined as follows.

Definition 2. A pair of symmetric matrices (S, L) with S, L € RP*P is a parametrically consistent estimate of the low rank
plus sparse decomposition (1) for the covariance matrix * if the norm g, = max (||S — §*||oo/v, IIL — L*||2), where |||«
denotes the maximum norm, converges to 0 with probability approaching 1.

LOREC shows several advantages compared to POET. The most important is that the estimates are both algebraically
and parametrically consistent, while POET provides only parametric consistency. Nevertheless, LOREC suffers from some
drawbacks, especially concerning the estimated latent eigenvalues. Moreover, the strict condition p < n is required, while
POET allows for pIn(p) > n.

For these reasons, we propose a new estimator, UNALCE (UNshrunk ALgebraic Covariance Estimator), based on
the ‘unshrinkage’ (the technical meaning will be clarified in Section 4) of the estimated eigenvalues of the low rank
component, which allows to improve the fitting properties of LOREC systematically. We assume that the non-zero
eigenvalues of L* are proportional to p%, « € [0, 1] (the so called generalized spikiness context). Under the assumption
that the maximum number of non-zeros per row in S*, called ‘maximum degree’, scales to p® (with § € [0, 0.5] and
8 < a), we prove that our estimator possesses a non-asymptotic error bound allowing n to be as small as p!-**. We derive
absolute bounds depending on « for the low rank, the sparse component, and the overall estimate. We also identify the
conditions for positive definiteness and invertibility and for rank and sparsity pattern recovery. In this way, we provide
a unique framework for covariance estimation via composite minimization under the low rank plus sparse assumption.

The remainder of the paper is organized as follows. In Section 2, we establish the notation, set up the model, briefly
recall definitions and key properties of LOREC approach, and outline our novel contributions. In Section 3, we define a
new estimator, that we call ALCE (ALgebraic Covariance Estimator), and we state the necessary assumptions for algebraic
and parametric consistency. In Section 4, we then define the UNALCE (UNshrunk ALCE) estimator, proving that the
unshrinkage of thresholded eigenvalues of the low rank component is the key to improve fitting properties as much as
possible given a finite sample, preserving algebraic consistency. In Section 5, we propose a new model selection criterion
specifically tailored to our model setting. In Section 6, we provide a real Euro Area banking data example which clarifies
the effectiveness of our approach (a thorough simulation study is presented in the supplementary material, Section 2).
Finally, in Section 7, we draw conclusions and discuss the most relevant findings. The proofs of all theorems and corollaries
are reported in Appendix A.

2. Numerical estimation and spiked eigenvalues
2.1. Notation

Let us define a p x p symmetric positive-definite matrix M. We denote by A;(M), i € {1, ..., p}, the eigenvalues of M
in descending order. Then, we recall the following norm definitions:

(i) Element-wise:

(a) Lo norm: |MJjp = ?:1 le 1(Mj; # 0), which is the total number of non-zeros;
(b) Ly norm: [Mly = "7, D7) [Myl;
(c) Frobenius norm: ||[M||f = 2 M2

)

(d) Maximum norm: [[M||oc = maXi<p j<p [Mjl.
(ii) Induced by vector:

(a) IIM]lo,, = max;<p stp 1(Mj; # 0), which is the maximum number of non-zeros per column, defined as the
maximum ‘degree’ of M;

(b) ”M”lv = MaXj<p ngp |MU|;

(c) Spectral norm: |M||; = A;(M).

(iii) Schatten:
(a) Nuclear norm of M, here defined as the sum of the eigenvalues of M: |M||, = f=1 Ai(M).
2.2. Model setup
Let us suppose that the population covariance matrix of our data is the sum of a low rank and a sparse component.

A p-dimensional random vector X is said to have a low rank plus sparse structure if its covariance matrix X* satisfies
relationship (1):

»* =L* +§%,
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where:

1. L* is a positive semidefinite symmetric p x p matrix with at most rank r < p;
2. §* is a positive definite p x p sparse matrix with at most s < p(p — 1)/2 non-zero off-diagonal elements and
maximum degree s'.

According to the spectral theorem, we can write L* = U;DU;” = BB', where B = U;D"/?, U, is a p x r semi-orthogonal
matrix, D is a r x r diagonal matrix, with D;; > 0,j € {1, ..., r}. Let us suppose that the p x 1 random vector X is generated
according to the following model:

X = Bf + ¢,

where fis a r x 1 random vector with E(f) = 0, V(f) = I, and € is a p x 1 random vector with E(e) = 0p, V(e) = S*.
The random vector X is thus assumed to be zero mean, without loss of generality. Given a sample x¢, k € {1,...,n},
>, =n-1)" Zk 1xkxk is the p x p sample covariance matrix.

It is easy to observe that x follows a low rank plus sparse structure:

E(xx") =E{(Bf + €)(Bf + €)'} = E(B"f'fB)+ E(Bfe' )+ E(eB'f' )+ E(ec' ) =BB' +S* =L"+§ = =*

under the usual assumption that cov(f, €) = E(fe’) = 0,,, (r x p null matrix). Assuming p fixed, it is also useful to recall
that =, is asymptotically strongly consistent (see [19]). If we assume a normal distribution for f and ¢, then =, is unbiased
for any fixed n (see [2]), and the matrix W := =, — (L* + S*) is distributed as a re-centred Wishart random matrix. In
any case, the normality assumption is not essential for our setting.

2.3. Nuclear norm plus l; norm heuristics

Under the assumption in (1), the need arises to develop a method that can consistently estimate the covariance matrix
>* as well as determine the sparsity pattern of S* and the spikiness pattern of the eigenvalues of L* simultaneously. Such
an estimation problem is stated as

L1
min —{|(L +5) - Sl + yrank(L) + plISlo.of, (3)

where [|Slloof = Z ] i1 1 (because the diagonal of S is preserved as in [15]). This is a combinatorial
problem, which is known to be NP flard smce both rank(L) and ||S|lo,of are non-convex.
The tightest convex relaxation of problem (3), as shown in [17], is

.1
min (L +S) = Sallg + ¥ [ + pISll1 o7, (4)

where ¢ and p are non-negative threshold parameters, and [|S||1,o5 = Zl ] i1 |S*| The use of nuclear norm for
covariance matrix estimation was introduced in [18]. The feasible set of (4) is tllle set of all p x p symmetric positive
definite matrices S and all p x p symmetric positive semi-definite matnces L.

The objective (4) is minimized according to an alternate thresholding algorithm, composed of a singular value
thresholding (SVT, [7]) and a soft thresholding step [12]. In order to speed up convergence, Nesterov’s acceleration scheme
for composite gradient mapping minimization problems [28] is applied. Details of the algorithm are reported in the
supplementary material, Section 2.

From a statistical viewpoint, (4) is penalized least squares heuristics, composed of a smooth least squares term
(0.5|(L+S) — 2n||§) and a non-smooth composite penalty (¥ ||L|l« + p|IS|l1,o5)- The choice of (4) allows to lower the
condition number of the estimates and the parameter space dimensionality simultaneously. In principle, different losses
could be used, like Stein’s one [ 13]. However, the classical Frobenius loss does not require normality and is computationally
appealing.

From an algebraic viewpoint, (4) is an algebraic matrix variety recovery problem. In the covariance matrix setting
described in Eq. (1), matrices L* and S* are assumed to come from the following sets of matrices:

B(r) = {Le RP*? |L=UDU", U € R”*"semi — orthogonal, D € R"*"diagonal}, (5)
A(s) = {S € RP*P | |support(S)| < s}. (6)

B(r) is the variety of matrices with at most rank r. A(s) is the variety of (element-wise) sparse matrices with at most s
non-zero elements, where support(S) is the orthogonal complement of ker(S) and |support(S)| denotes its dimension.

In [11], a notion of rank-sparsity incoherence is developed. It is expressed as an uncertainty principle between the
sparsity pattern of a matrix and its row/column space. This notion has been introduced because L* cannot be identified
if it is nearly sparse, and S* cannot be identified if it is nearly low rank. Denoting by T(L*) and §2(S*) the tangent spaces
to B(r) and A(s), respectively, the following rank-sparsity incoherence measures between T(L*) and £2(S*) are defined:

§(T7)) = max — [[Me, 7)
MET(L*), [M]2<1
w(82(sY) = max M. (8)

Me2(5*).[IM[lco <1
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Quantities (7) and (8) control the identifiability of L* and S* in (1). In fact, a necessary and sufficient condition for
identifiability is that T(L*) and £2(S*) have a transverse intersection, i.e., they intersect only at the origin. In [11], it is
proved that T(L*) and £2(S*) are transverse if and only if (7) and (8) are small. Therefore, the product w($2(S*))é(T(L*))
is a rank-sparsity incoherence measure and bounding it controls both for identification and recovery.

The described approach was first used for deriving the LOREC estimator in [27]. Therein, the reference matrix class
imposed to * is

S e)={=* € R0 <6 < M(S*) < ¢ ', i€{l,...,p}}

which is the class of positive definite matrices having uniformly bounded eigenvalues. In the context so far described,
Luo (cf. [27]) proves that L and S can be identified and recovered with bounded error, and the rank of L as well as the
sparsity pattern of S are exactly recovered.

The proof reproduces a similar proof in [5], but neglects a fundamental assumption on which that paper relies, i.e., that
maxi<p stp |2j‘j|q = o(p) for some q € [0, 1[. As stated in the supplementary material (Section 1), this can happen only
if L* is sparse, which contradicts rank-sparsity incoherence, thus making the model in [27] not identifiable.

2.4. Contribution of the paper

In this article, we propose an estimation algorithm for ¥* under the assumption in (1) based on a nuclear norm plus
I; norm penalization, as in [27]; however, contrary to [27], we derive the properties of the estimator under the sparsity
assumption on S* (see Assumption 4) and not on =*. This allows to avoid the non-identifiability trap and to enormously
enlarge the set of recoverable pairs of matrices. We explicitly control the magnitude of £(T(L*)) and u($§2(S*)) with respect
to p. More importantly, we allow for the generalized spikiness of the eigenvalues of L* (cf. Yu and Samworth, [15], p. 656),
thus modelling a large variety of real situations. In addition, we overcome the strict assumption p < n by linking n to
the degree of sparsity of $*. We call the resulting estimator ALCE (ALgebraic Covariance Estimator). In the end, since the
singular value thresholding procedure has a significantly strong impact on sample eigenvalues when p is large and the
latent eigenvalues are spiked, we apply an un-shrinkage step to the estimates of the latent eigenvalues. We name the
resulting estimator UNALCE (UNshrunk ALCE). We prove that UNALCE is both algebraically and parametrically consistent.
Within the class of algebraically consistent estimates, it minimizes the overall loss in Frobenius norm, given the finite
sample and the threshold pair (v, p) in (4).

3. The ALgebraic Covariance Estimator (ALCE)
3.1. Component estimates and consistency

Let us suppose that the eigenvalues of =* are intermediately spiked. This amounts to assume the generalized spikiness
of latent eigenvalues in the sense of Yu and Samworth ([15], p. 656):
Assumption 1. All the eigenvalues of the r x r matrix p~*B"B are bounded away from 0 for all p and « € [0, 1].
If p is finite, Assumption 1 is equivalent to state that
A, r(ZF) > 8ap”, 9)
}\r+l,.4.,p(2*) < Sapa’ (10)

for some §, > 0. We aim to study the properties of the covariance estimates obtained by heuristics (4) under the
generalized spikiness assumption in a non-asymptotic context.
In order to reach this goal, we need to impose the following assumptions in our finite sample context.

Assumption 2. There exist k;, ks > 0, § € [0, 0.5], such that §&(T(L*)) = ,/r/(kfp”), w(£2(8)) = ksp?, ks/k, < 1/54 with
< a.
Assumption 3. There exist 1,7, > 0 and by, b, > 0 such that, forany t >0,k <n,i<r,j<p:

Pr(|fi| > s) < exp(—b1/t), Pr(|ej| > s) < exp(—by/t).

Assumption 4. There exist c, ¢z, €3, 82, 85 > 0,8" € [0, §4-0.5] such that A(S*)min > €1, Min; j<p var(eiej) > ¢ forany k <
ni.j<p,s;<csforanyi<p,s =max, i, 1(S} = 0) < 8op° with 8, > ks and [S[|1,, = maxi<p Y, IS} < 8p°.

Assumption 5. There exist 83, 84 > 0 such that r = 85 Inp and n > §4p'°.

Under those assumptions, we prove Theorem 1 which provides a non-asymptotic consistency result, particularly useful
when p is not that large and o < 1. In fact, in that case, principal components are far from convergence, and therefore,
POET approach becomes suboptimal.
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Theorem 1. Let T = T(L*) and §2 = $2(S*) be the tangent spaces to (5) and (6), respectively. Suppose that Assumptions 1-5
hold. Define v = (1/&(T))(p*/+/n) and p = y, where (T has been defined in (7), « € [0, 1], y € [9&(T), 1/(6u(£2))], and
u($2) has been defined in (8). In addition, suppose that the minimum eigenvalue of L* (A.(L*)) is greater than Cor /£2(T). Then,
with probability 1 — O(1/min(p, n)?), the pair (L, S) minimizing (4) recovers the rank of L* (rank(L) = rank(L*)). Moreover,
the matrix losses for each component are bounded as follows:

IL-Ll2 <Cy, 18— S"lleo < Cp.
We call ALCE (ALgebraic Covariance Estimator) the estimator of * in (2) obtained by estimating L* by Land §* by S:
$ace = Luce + Saice- (11)

Theorem 1 states that, under all the prescribed assumptions, the losses of the pair (I:ALCE, §ALCE) obtained by minimizing
(4) with respect to the true (L*, $*) are bounded, and the rank of L* is exactly recovered, provided that the minimum
latent eigenvalue is large enough, as well as the underlying matrix varieties T and 2 are transverse enough. Exploiting
the consistency norm of [10], i.e.,

ISazce — S*lloo
Y

g, = max

, ILarce — L*||2> ,

it follows from Theorem 1 that

~ ~ 1 p"‘
8y(Sarce — S, Lawg — L") < C—=—
4 &(T) /n

with probability 1 — O(1/min(p, n)?).

In the proof of Theorem 1, Assumption 2 is needed in order to ensure consistency and rank recovery. In fact,
an identifiability condition for problem (4), as shown in Theorem 1, is &(T(L*))u(£2(S*)) < 1/54. According to [11],
J1/p < E(T(L*) < 1 and min;, stp 1(S; # 0) < u(£2(8*)) < maxigp stp 1(S;; # 0). It follows that §(T(L*)) = 1
with § = 0 in the worst case scenario and £(T(L*)) = /r/p with § = 0.5 in the best case scenario, under the condition
ks/k; < 1/54. Such assumption is essential to ensure the parametric consistency of the estimated pair in terms of matrix
norms and the recovery of the underlying algebraic matrix varieties under model (2) (cf. [10]). The assumption § < « is
required in order to ensure that conditions (9) and (10) hold under the condition A,(L*) > C,v/£%(T) of Theorem 1 and
to rule out the degenerate case § = «.

Assumption 3 is necessary to ensure that large deviation theory can be applied to fy, €, and fiej foralli <r,j <p,
and k < n (cf. [15]). Assumption 4 is necessary in order to apply the results of [5] on the sparse component which prescribe
that $* must be well conditioned with uniformly bounded diagonal elements. We stress that the maximum degree s’ must
be bounded to ensure parametric and algebraic consistency, because Assumption 2 ensures ($2(S*)) = ksp® with § < 0.5.
This condition is different from the corresponding one in [15], which prescribes max;<, stp |S;;|q < €4,q€[0,1],¢c4 > 0.

In general, we can allow for [|S*[l, < [|S*[l1., < &p”" S*ll; < plIS*ll1., < 8p"* and [IS*lp = p+5 < ps’ < &p'*. In
addition, we can also write ||S*|l> < [|S*|lo., = 8,p° (as shown in [5]). The assumption §' < § 4+ 0.5 is needed to respect
the inequality [|S*[|1,, < 4/PIIS*|l2. We stress that the assumption § < « is enough to ensure [|S*||, = o(p) as p diverges,
thus also guaranteeing POET consistency for each « given the true rank (see Yu and Samworth, [15], p. 656).

Assumption 5 prescribes that the latent rank is infinitesimal with respect to p and the sample size n is possibly smaller
than p, but not smaller than 84p'>?. It leads to overcoming the restrictive condition p < n, since § < 0.5. The need for it
arises in order to ensure coherence with Assumptions 1 and 4.

In Corollary 1, we prove the asymptotic consistency of ALCE estimates.

Corollary 1. Suppose that Assumptions 1-5 hold. If the limit lim,,_, , min,(p***?%_n,) = oo with the path-wise restriction
limu—mo p3a+26/nv = 0 holds, then limu—>oo 1//1; = OfOT 1//\1 = pfj/(S(T)\/ n, )

Corollary 1 shows how p and n may cause the probabilistic error to annihilate in the limit. For the terminology about
limit sequences, see [3]. Moreover, ¥,/p**® — 0 as lim,_, o min,(p?**?%,n,) = oo, thus establishing the asymptotic
consistency in relative terms, resembling the ‘blessing of dimensionality’ described in [15].

In order to prove the recovery of the residual sparsity pattern, we add to the previous ones the following assumption.

Assumption 6. 25 <« <25+ ¢ and 0 < (C38)/(k;84) < &'.

We can then prove Theorem 2.

Theorem 2. Suppose that all the assumptions of Theorem 1 hold. If the minimum absolute value of the non-zero off-diagonal
entries of S*, Smin,off, is greater than (C3y)/u(82) and Assumption 6 holds, then the matrix S minimizing (4) exactly recovers
the sparsity pattern of S* with probability 1 — O(1/min(p, n)?) (sign(S) = sign(S*)).
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Theorem 2 states that the sparsity pattern of S$* is also recovered if the minimum absolute non-zero off-diagonal entry
of §* is large enough and Assumption 6 holds. Consequently, we can state that the condition on the minimum latent
eigenvalue and the assumption § < « are more important than the condition on the minimum absolute non-zero off-
diagonal entry. In fact, the former is strictly necessary both for proving parametric consistency and rank recovery. The
latter is necessary only for proving sparsity pattern recovery, as an additional result, given that the former hold. The only
consequence of its violation is that some non-zero elements of $* are not recovered.

Assumption 6 is necessary for the following reason. Since the product between the minimum absolute non-zero off-
diagonal entry of §*, Spin o7, and the maximum degree of S*, ', cannot overcome the L; norm of $*, max;<, ijp |S,7;.|, it
follows from the condition Syin o > (C3y)/u($2) of Theorem 2 and Assumption 4 that

C ,
0< 8V Sminors < max ¥ [S5| < 85p”". (12)
i<p

ws2) —jsp

Inequality (12), under Assumptions 2, 4, and 5, boils down to (C38,p2)/(k;84) < 8,p* and 0 < (C38,p*2*)/(k;84), which
hold if and only if Assumption 6 is satisfied.

We stress that the conditions A,(L*) > (Cy)/&%(T) and Spinop > (C3%)/(£2) under Assumptions 2 and 5 become
Ar(L*) > Gp® and Spinof > C3p*~%, respectively. The latter in turn leads to (12), which holds under Assumption 6.
Therefore, the resultant model setting is fully consistent with Assumptions 1 and 4.

A representative selection of the latent eigenvalue and sparsity patterns admitted under the described conditions is
reported in the supplementary material, Section 2. We emphasize that, e.g. the algebraic consistency no longer forces the
latent eigenvalues to scale to p, provided that the maximum degree of the residual component is scaled accordingly. In
general, it is necessary that the minimum latent eigenvalue and absolute non-zero residual entry should be large enough
to ensure algebraic consistency, but they can both depend on p*, with « potentially smaller than 1. In particular, if we
increase «, both A-(L*) and Syn of must be larger to ensure identifiability. The same happens if p increases. On the contrary,
if r increases, then L* can have less spiked eigenvalues, while if § increases, then Syin of is allowed to be smaller.

3.2. Error bounds for §ALCE and Sace in spectral and frobenius norm

Within the same framework, we can complete our analysis with the bounds for Saice.
From ||Sarce —S*ll2 < $'lISazce — S* |0, We obtain

ISace — S*ll2 < CS'&(T)Y = ¢s (13)
From [|Sacce — S*[lF < +/P5'[ISarce — S* |0, We oObtain
ISace — S*llr < Cy/pS'E(T)yr. (14)

§ALCE is positive definite if and only if 1,(S*) > ¢s. Bounds (13) and (14) hold with probability 1 — O(1/min(p, n)?). For
the inverse of Syck, S;ECE, the same bounds hold with probability 1 — O(1/min(p, n)?):

ISy =S < CSE(T) = s, IISyky — S M lIr < CV/pSE(TY.

if and only if A,(S*) > 2¢s.
From Theorem 1, we can derive with probability 1 — O(1/min(p, n)?) the following bounds for $,;c¢:

IZace — =2 < CEET) + )Y = ¢, IZarce — S*[lF < C(\/I?S(T) + )y

Sarce is positive definite if and only if A,(2*) > ¢. The same bounds hold for the inverse covariance estimate 3}, with
probability 1 — O(1/min(p, n)?):

IS0k == < CEEM + 1Y = ¢, 185k — =7 < C(/pSET) + V)Y

given that 1,(2*) > 2¢.

Overall, ALCE estimator allows to recover a relaxed spiked eigen-structure, thus overcoming the condition p < n, even
using the sample covariance matrix as estimation input (the ratio p/n directly impacts the error bound). Our bounds are
in absolute norms and reflect the underlying degree of spikiness «. Our theory relies on the probabilistic convergence
of the sample covariance matrix under the assumption that the data follow an approximate factor model with a sparse
residual. If all the assumptions of Theorems 1 and 2 and Corollary 1 hold with A,(S*) > ¢s and A,(=*) > ¢, then both
algebraic and parametric consistency are ensured in the sense of Definitions 1 and 2, respectively.

Compared to LOREC, ALCE minimizes the same heuristics but is consistent for a much wider range of real situations,
including high-dimensional settings (p > n). However, they both share a problem related to input eigenvalues: as p
increases and the latent eigenvalues are spiked, the nuclear norm heuristics may lead to eigenvalue over-shrinkage,
as shown in the following Section. For this reason, we further improve ALCE by un-shrinking the estimates of latent
eigenvalues.

Distribution A Distribution Approved for Public Release: Distribution Unlimited



8 M. Farné and A. Montanari / Journal of Multivariate Analysis 176 (2020) 104577
4. The UNALCE estimator: A re-optimized ALCE solution
4.1. Motivation

As previously mentioned, when p is large and the latent eigenvalues are spiked, the singular value thresholding
procedure may lead to eigenvalue over-shrinkage, because in that case, the top r eigenvalues of X, estimate increasingly
better the latent eigenvalues as p increases. Therefore, shrinking the top r sample eigenvalues leads to too small estimates
of the latent eigenvalues, and this also inevitably affects the residual and overall estimate.

Let us define A} = LALCE —L* As = SALCE —S* Ay = Suc — =*. Another key aspect of Theorem 1 is that the
two losses in L* and S* are bounded separately. This fact results in a negative effect on the overall performance of Su;ct,
represented by the loss || Ax||2, since || Ax]; is simply derived as a function of || A;||; and || As||> according to the triangle
inequality |Ax |2 < ||ALll2+ | As|l2. Therefore, the need arises to also correct for this drawback, re-shaping Sa;cz, as the
ALCE solution is somehow sub-optimal for the whole covariance matrix.

We approach these issues by a finite-sample analysis, which could be referred to as a re-optimized least squares
method. We refer to the usual objective function (4) with [S|l; = [ISll1,0f = f’f ,H IS;j|, which is the I; norm
of S excluding the diagonal entries, consistently with POET approach. We deﬁne Ypre and Z, as the last updates in the
gradient step of the minimization algorithm of (4) (see Section 2 in the supplementary material). Y. and Z,, are the two
matrices we condition upon in order to derive our finite-sample re-optimized estimates.

We note some analogies between our approach and the restricted maximum likelihood (REML) method as explained
in [22,29]. More precisely, the minimization of (4) acts as the ML estimator of fixed effects, while our re-optimized least
squares step acts as the estimator of variance components. .

Let us define the recovered rank 7 = rank(La;cr) and the recovered number of residual non-zeros § = |support(Sa;cg)|. In
the second step, we exploit the consistency properties of the varieties A(7) and .A(S) recovered in the first step, defined as

B(F) = {L € RP*? | L = Uy DU}, . D € R diagonal}, (15)
A(8) = {S € RP*P | |support(S)| < §}. (16)

In particular, based on Theorems 1 and 2, we rely on the parametric guarantees offered by A(#) and A(8), and we condition
upon the recovered latent rank and residual off-diagonal sparsity pattern. In this way, conditioning on the first step, we
can focus on re-optimizing our pair of estimates to improve the overall fitting as much as possible, restricting our search
into B(#) and A(3).

4.2. Optimality

The recovered varieties B(7) and .A(8) ensure the algebraic consistency of (§ALCE, fALCE) under all the assumptions of
Theorems 1 and 2. One might look for the solution (say (Lyew, Snew)) Of the problem
min _ STI(L,S) = ||=, — (L+S)II}, (17)
LeB(7),S€.A(S)
where STL(L, S) stands for Sample Total Loss. The sample covariance matrix follows the model 3, = L* + S* + W,
given a sample of p-dimensional data vectors X, k € {1,...,n}. Our problem essentially is as follows: which pair

L € B(F), S € A(5) satisfying algebraic consistency shows the best approximation properties of 3,?
We prove the following result.

Theorem 3. Define the spectral decomposztzon of LALCE as UALCEDALCEUALCE and LNew = UALCE(DALCE + WIr) ace» Where 1Zf >0
is any prescribed threshold parameter. Define SNew such that its off-diagonal elements are the same as SALCE, and SNew SUCh
that its diagonal elements are the same as $.cg, respectively. In addition, set dlag(SNe,,,) = diag(Sace) — dlag(LNe,,,) Then,
supposing that all the assumptions of Theorems 1 and 2 hold, the minimum

min ||, — (L+S)[I7
LeB(7),S€A(5)

conditioning on Ypr and Zy. is achieved with probability 1 — O(1/min(p, n)?) if and only if L = iNew and S = §New.

Theorem 3 essentially states that the sample total loss (17) is minimized if we un-shrink the eigenvalues of LALCE
(re-adding the threshold l/f) We call the resulting overall estimator Sy, = LNew + SNew UNALCE (UNshrunk ALgebraic
Covariance Estimator). We stress the importance of conditioning on Yy, and Zp.. Since Y, and Z,, are the matrices
minimizing 0.5||=, — (L + S)IIF and 1/Vf||L||* + p|IS||1 jointly considered (see (4)), our finite-sample re-optimization step
aims to re-compute min || X, — (L + S)||F, once the effect of the composite penalty 1p||L||* + p|IS|l1 has been removed.

As shown in Appendix A, problem (17) can be decomposed into two problems: one involving L and the other involving
S (see (A.8)). The problem in L is solved by the covariance matrlx formed by the top 7 principal components of Yy, which
belongs by construction to A(F) and is equal to UALCE(DALCE+1/fI ) ALcE = LUNALCE The problem in S collapses to the problem
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Fig. 1. This figure shows the proportion of latent variance 6 estimated by UNALCE (solid line) and ALCE (dashed line) in correspondence to three
selected values of latent eigenvalue thresholds v across twenty values of sparsity thresholds p. The reference value & = 0.7 is represented as a
dotted line. The used sample is drawn from Setting 1 (see Section 2 in the supplementary material).

in L under the prescribed assumptions on the off-diagonal elements of §UNALCE (which ensures §UNALCE € A(8)) and on the
diagonal elements of Syyaice. The new estimate of the diagonal of §* is simply the difference between the diagonal of the
original 34,; and that of the newly computed Lyna.ce. Note that our re-optimization step depends entirely on X, as Ypre
and Z,, are functions of X,.

Fig. 1 reports the proportion of latent variance § = ( . l:l-l-)/(ziil ;i) estimated by UNALCE and ALCE for three
selected latent eigenvalue thresholds i over twenty sparsity thresholds p. We note that 0 gets systematically closer to
the true 8 = 0.7 for Synarce With respect to 354, for all threshold pairs, and the performance difference is proportional
to 1. The sample used is drawn from our Setting 1 (see the supplementary material, Section 2 for more details).

4.3. Consequences
Four consequences of Theorem 3 are reported in Corollary 2.

Corollary 2. Under the assumptions of Theorem 3, the differences between the total losses from the target in the spectral
norm of LALCE and LUNALCE and of SALCE and SUNALCE are strictly positive and bounded with probablllty 1 — O(1/min(p, A) ) by
1// The differences between the total losses from the target in the Frobenius norm of LALCE and LUNALCE and of SALCE and Synaice
are strictly positive and bounded with probability 1 — O(1/min(p, n)?) by /7 w

Two further relevant consequences of Theorem 3 are reported in Corollary 3.

Corollary 3. Under the assumptions of Theorem 3, the difference between the sample total losses in the spectral norm of Saice
and Xynaice is strictly positive and bgunded witAh probability 1 — O(1/min(p, n)?) by . The difference between the sample
total losses in the Frobenius norm of Sarce and Synarce s strictly positive and bounded with probability 1 — O(1/min(p, n)?)

by /T

The following result compares the losses of Synarce and Sa;c¢ from the target =*.

Theorem 4. Under the assumptions of Theorem 3, the difference between the total losses from the target =* in the spectral
norm of Sace and Sywaice is strictly positive and bounded with probablllty 1— 0(1/min(p, n)?) by w The difference between
the total losses from the target in the Frobenius norm of Saice and Synaice is strictly positive and bounded with probability

0(1/min(p, n)*) by /r.

The rationale of the reported claims is as follows. We accept to pay the price of a non-optimal solution in terms of
nuclear norm (we allow to increase IILII* by rx//) but we have a better fitting performance for the whole covariance matrix,
decrementing the squared Frobenius loss of $ by a quantity bounded by rtpz The [; norm of S excluding the diagonal,
||S||1 off» is unvaried, while the norm ||S||1 (including the diagonal) is decreased by a quantity bounded by /T w

In Figs. 2 and 3, we report the differences between the sample total losses and the total losses of ALCE and UNALCE com-
puted over the same sample of Fig. 1 for three selected latent eigenvalue thresholds i over twenty sparsity thresholds p.
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Fig. 2. This figure shows the sample total losses of Synaice (solid line) and 34;¢; (dashed line) in one sample drawn from Setting 1 (see Section 2
in the supplementary material) in correspondence to three selected values of latent eigenvalue thresholds v across twenty values of sparsity
thresholds p.
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Fig. 3. This figure shows the total losses of Syyaice (solid line) and i4;c¢ (dashed line) drawn from Setting 1 (see Section 2 in the supplementary
material) in correspondence to three selected values of latent eigenvalue thresholds v across twenty values of sparsity thresholds p.

We note that the gain is relevant for UNALCE over all threshold pairs, is proportional to v, and never overcomes its

theoretical maximum /T (in Figs. 2 and 3 r = 4). We stress that the gain is positive for each prescribed threshold pair
(¢, p), satisfying the conditions of Theorem 1, while the overall performance also depends on the threshold selection

criterion (see Section 5).

A consequence of Corollaries 2 and 3 and Theorem 4 is that we can reduce the numerical instability of our estimates
as much as possible in terms of the expected variance of estimated eigenvalues. In fact, defining up = E(tr(L)/p),
us = E(tr(S)/p), and us = E(tr(X)/p) and recalling the following equalities according to [24]

p p
~ 1 ~
D Gri— ) | Zap ==Y (i — m)® +E(L—L|P[Z),
i=1 p i=1
p p
~ 1
Y Gsi—nsl |'s BZASI— Y +E(IS — S*171=),

i=1 i=1
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p p
%E :Z(iz,i — ) | zn} = % D Oozi— w) +E(IE - %712,
i=1 i=1

we note that, under the assumptions of Theorem 3 the UNALCE estimated eigenvalues are maximally concentrated
with probability 1 — O(1/min(p, n)?), because Lyyace = ming gz (IIL — L*1*120), Sunarce = ming 45(1IS — $*[1*1Z0),
SunaLce = MiNg_y s i) scin(IZ — =*||?|=,), given the ﬁmte sample and a threshold pair (fﬂ, p) satisfying the
conditions of Theorem 1.

The following corollary extends our framework to the performance of the inverse covariance estimate 3\, ;-

Corollary 4 Under the assumptions of Theorem 3, the difference between the total losses from the target in the spectral
norm of ZALCE and ZJUNALCE is strictly positive and bounded with probablllty 1—0(1/min(p, n)*) by ¢ The difference between
the total losses from the target in the Frobenius norm of St and .30, . is strictly positive and bounded with probability

O(1/min(p, n)?) by /ry.

Finally, we study how the necessary conditions to ensure the positive definiteness of UNALCE estimates evolve with
respect to the ALCE ones. The following corollary holds.

Corollary 5. ]:UNALCE is positive semi-definite if A.(L*) > Cop* — 12/ §UNALCE is positive definite if 1,(S*) > ¢s + T'lZ//p. S UNALCE
is positive definite if Ap(X*) > ¢ + 1y /p.

. Theorems 1, 2, and 3 and Corollaries 1 and 5 ensure the algebraic and parametric consistency of the pair (iUNALCE,
Sunarce) in the sense of Definitions 1 and 2.

5. A new model selection criterion: MC

In empirical applications, the selection of thresholds ¢ and p in Eq. (4) requires a model selection criterion consistent
with the described estimation method and the consistency norm g, (recall that g, = max (IS — $*||oc/¥, IIL — L*||2)). Our
aim is to detect the optimal threshold pair (v, o) with respect to the spikiness/sparsity trade-off. In order to exploit g,
with model selection purposes, we need to make the two terms comparable, i.e., the need of rescaling both arguments of
g, arises.

First, we note that if all the estimated latent eigenvalues are equal, then we have ||L||* = r||L||2 As the condition
number of L increases, we have r||L||2 > ||L||* Consequently, the quantity r||L||2 acts as a penalization term against the
presence of too small eigenvalues. Analogously, if S is diagonal, it holds ||S||oo = ||S||14,,, As the number of non-zeros
increases, it holds ||§||1,U > ||§||oo. Therefore, the quantity ||§||1,,, acts as a penalization term against the presence of too
many non-zeros.

In order to compare the magnitude of the two quantities, we divide the former by the trace of L estimated by
Gtrace( ), and the latter by the trace of S, estimated by (1 — Q)trace( »). Our maximum criterion MC can be therefore
defined as follows:

—, = (18)
6 y(1-0)
where y = p/v is the ratio between the sparsity and the latent eigenvalue threshold.

MC criterion is by definition mainly intended to catch the proportion of variance explained by the factors. For this
reason, it tends to choose quite sparse solutions with a small number of non-zeros and a small proportion of absolute
residual covariance, unless the non-zero entries of S are prominent, as Theorem 2 prescribes. The MC method performs
considerably better than the usual cross-validation using H-fold Frobenius loss (cf. [27]). In fact, minimizing a loss based
on a sample approximation such as the Frobenius one causes the parameter 6 to be significantly shrunk. The threshold
setting which shows a minimum for MC criterion (given that the estimate 3 is positive definite) is the best in terms of
composite penalty, considering the latent low rank and sparse structure simultaneously.

Since we apply MC criterion to choose thresholds both for UNALCE and ALCE, we observe that the overall performance
of the two methods is very similar, even if a little margin in favour of UNALCE is always present (see Section 2.2 in the
supplementary material for more details).

A i‘ §
MC(\/f,p)zmax{r” 2 ”””}

6. A Euro Area banking data example

This section provides a real example on the performance of POET and UNALCE based on a selection of Euro Area banking
data. We acknowledge the assistance of the European Central Bank, where one of the authors spent a semester as a PhD
trainee, in providing access to high-level banking data. Here, we use the covariance matrix computed on a selection of
balance sheet indicators relative to the last quarter of 2014 for some of the most relevant Euro Area banks. The overall
number of banks (our sample size) is n = 365. These indicators are the ones needed for supervisory reporting, and they
include capital and financial variables.
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Table 1

Supervisory data: this table reports the main results of Syya,ce and Spopr estimated on a selection of
382 supervisory indicators referred to 365 Euro Area banks with reference date Q4,2014. In particular,
7 is the latent rank, § is the number of recovered off-diagonal non-zeros in S, 7; is the percentage
of recovered non-zeros over the number of off-diagonal elements in §' 6= (100 Zf;l f.ii)/(Zf’zl i)
is the percentage of latent variance, g5 = (100 Y2 32 . 18;)/(32, ™2 .| IS31) is the percentage
of absolute residual covariance, ||= — ;|| is the sample total loss, cond(%) = Apnax(E)/Amin(E) is the
condition number of the overall estimate, cond(ﬁ) = Amux(g)/kmm(g) is the condition number of the
sparse estimate, and cond(l:) = A,nax(f,)/kmin(l:) is the condition number of the low rank estimate.

Supervisory data UNALCE POET

P 6 6

§ 328 404

7 0.45 0.56

6 32.47 61.23

e 16.87 1.61

1= — =alle 0.0337 0.0645
cond($) 6.35¢ + 15 6.68¢ + 15
cond(S) 2.78e + 15 1.11e+ 15
cond(L) 3.1335 2.5625

The chosen raw variables were rescaled to the total asset of each bank. Then, a screening based on the importance
of each variable, intended as the absolute amount of correlation with all the other variables, was performed in order to
remove identities. The resulting very sparse data matrix contains p = 382 variables; here, we are in the typical p > n
case, where the sample covariance matrix is completely ineffective. We plot sample eigenvalues in the left panel of Fig. 4.

UNALCE estimation method selects a solution with a latent rank equal to # = 6. The number of surviving non-zeros
in the sparse component is § = 328, which corresponds to a percentage 7; = 0.45% of 72771 off-diagonal elements.
Conditioning properties are inevitably very bad. In order to obtain a POET estimate, we exploit the algebraic consistency
of Sunarce, setting the rank to # = 6, and we perform cross-validation for threshold selection. The number of non-zeros
estimated by POET is § = 404 (7; = 0.56%). The results of both methods are reported in Table 1. .

Apparently, one could argue that POET estimate is better; the estimated percentage of latent variance 6 is 61.23%, and
the percentage of absolute residual covariance pg is 1.61%. On the contrary, UNALCE method outputs # = 32.47% and
Ps = 16.87%. A relevant question thus arises: how much is the true percentage of variance explained by the factors? In
fact, such a large percentage of latent variance, which depends on the use of the first six principal components, causes
the absolute residual covariance percentage to be very low. Therefore, POET procedure gives a priori preference to the
low rank part. This pattern does not change even if we choose a lower value for the rank.

On the contrary, the UNALCE estimate, which depends on a double-step iterative thresholding procedure, requires a
larger magnitude of the non-zero elements in the sparse component. In fact, the percentage of lost covariance during
the procedure is here 29.39%. Consequently, via rank/sparsity detection, UNALCE shows better approximation properties
compared to POET; its Sample Total Loss is sensibly lower than that of POET (0.337 VS 0.645).

For UNALCE, the covariance structure appears so complex that a relevant percentage of absolute residual covariance
is present. This allows us to explore the importance of variables, i.e., to explore which variables have the largest systemic
power (the most relevant communality) or the largest idiosyncrasy (the most relevant residual variance).

In the right panel of Fig. 4, we plot in descending order the degree of each variable with respect to the estimated
residual component Synace. The degree of the variable i with respect to a p-dimensional covariance matrix M is defined as

p
degwi = Y _ 1(M; # 0). (19)

j=1

We observe that only 62 out of 382 variables have at least one non-zero residual covariance with other variables.

In Table 2, we report the top six variables by estimated degree. These variables are related to the largest number
of other variables. They are mainly credit-based indicators: financial assets through profit and loss, impaired assets,
allowances to credit institutions and non-financial corporations, and cash.

In Table 3, we report the top five variables by estimated communality, defined for variable i as

L i
comm; = AT e 1,382} (20)
SUNALCE i
The results are very meaningful; the most systemic variables are debt securities, loans and advances to households, specific
allowances for financial assets, and advances which are not loans to central banks. All these are fundamental indicators
for banking supervision because they represent key indicators for the assessment of bank performance.
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Fig. 4. Supervisory data: the left panel of this figure shows the twenty largest eigenvalues of the sample covariance matrix computed on a selection
of 382 supervisory indicators referred to 365 Euro Area banks with reference date Q4,2014. The right panel of this figure plots in descending order the

estimated degree of each supervisory indicator with respect to §UNALCE. defined for variable i as degﬁumm.i = Zf’:, ]1(§UNALCE.,-]- #0),ie({1,...,382}

Table 2 R
Supervisory data: this table reports the top six variables by estimated degree with respect to Syna.ce, defined for variable
ias degﬁumcg-i = Z;; 1(Sunacce,j # 0),1 € {1,..., 382}. This measure counts how many variables are related to variable
i that their estimated residual covariance is not null. Therefore, the reported variables are the most connected with all
the others.

Supervisory indicator Estimated degree

Financial assets designated at fair value through profit or loss 34

Central banks, Impaired assets [gross carrying amount]| 25

Credit institutions, Collective allowances for incurred but not reported losses 20

Other financial corporations, Collective allowances for incurred but not reported losses 19

Cash, Cash balances at central banks and other demand deposits 16

Other financial corporations, Specific allowances for financial assets, collectively estimated 16
Table 3

Supervisory data: this table reports the top six variables by estimated communality via UNALCE, defined for variable i as
comm; = Lynace.ii/ Sunawce.ii Therefore, the reported variables have a strong explanation power for banking supervision.

Supervisory indicator Estimated communality
Debt securities 0.8414
Households, carrying amount 0.8210
Non-financial corporations, specific allowances for financial assets 0.8110
Loans and advances, specific allowances for financial assets, collectively estimated 0.7592
Advances that are not loans, central banks 0.7439

In Table 4, we report the top five variables by estimated idiosyncrasy, defined for variable i as
S i
idio; = —AAEL e 1,...,382). (21)
SIUNALCE  ii
We note that those indicators have a marginal power in the explanation of the common covariance structure and are
much less relevant for supervisory analysis than the previous five.
In conclusion, our UNALCE procedure offers a more realistic view of the underlying covariance structure of a set of
variables, allowing a larger part of covariance to be explained by the residual sparse component compared to POET.

7. Conclusions
In this work, we propose an estimator for large covariance matrices which are assumed to be the sum of a low rank
and a sparse component. Estimation is performed by solving a regularization problem where the objective function is

composed of a smooth Frobenius loss and a non-smooth composite penalty, which is the sum of the nuclear norm of
the low rank component and the I; norm of the sparse component. Our estimator is called UNALCE (UNshrunk ALgebraic
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Table 4

Supervisory data: this table reports the top six variables by estimated idiosyncrasy via UNALCE, defined
for variable i as idio; = Synarce.ii/ ﬁ:UNALCE,,-,-. Therefore, the reported variables have a marginal explanation
power for banking supervision.

Supervisory indicator Estimated idiosyncrasy
Credit card debt, central banks 0.9995
Other collateralized loans, other financial corporations 0.9986
Equity instruments, central banks, carrying amount 0.9971
Equity instruments, other financial corporations, carrying amount 0.9970
General governments, carrying amount of unimpaired assets 0.9970

Covariance Estimator). UNALCE provides consistent recovery of the low rank and the sparse component, as well as of the
overall covariance matrix, under a generalized assumption of spikiness of latent eigenvalues and sparsity of the residual
component. Thanks to the addition of an un-shrinkage step of the estimated latent eigenvalues, we can also improve
numerical properties and minimize the overall loss given the finite sample and the threshold pair, while preserving
algebraic consistency. In addition, we can overcome the restrictive condition p < n.

Moreover, in this paper, we also compare UNALCE and POET (Principal Orthogonal complEment Thresholding, see [15]),
an asymptotic estimator which performs principal component analysis in order to recover the low rank component and
uses a thresholding algorithm to recover the sparse component. Both estimators provide the usual parametric consistency,
while UNALCE also provides the algebraic consistency of the estimate, i.e., the rank and position of residual non-zeros are
simultaneously recovered by the solution algorithm. This automatic recovery is a crucial advantage compared to POET; the
latent rank, in fact, is automatically selected and the sparsity pattern of the residual component is recovered considerably
better.

In particular, we prove that UNALCE can effectively recover the covariance matrix even in the presence of spiked
eigenvalues with rate O(p), exactly as POET estimator does, allowing n to be as small as O(p'?), where the maximum
number of non-zeros per row in the sparse component is proportional to O(p®). Moreover, we prove that the recovery is
actually effective even if the eigenvalues show an intermediate degree of spikiness p*, « € [0, 1]. The resulting loss is
bounded accordingly to p*, and all latent eigenvalues are recovered under the assumption § < «. In this way, we obtain
a generalized estimator of large covariance matrices by low rank plus sparse decomposition.

A real example of a set of Euro Area banking data shows that our tool is particularly useful for mapping the covariance
structure among variables even in a large dimensional context. The variables with the largest systemic power, i.e., the
ones mostly affecting the common covariance structure, can be identified, as well as the variables having the largest
idiosyncratic power, that is, the ones characterized by the largest residual variance. In addition, the variables showing
the largest idiosyncratic covariances can be identified. Particular forms of the residual covariance pattern can thus be
detected, if present.

Our research may provide a basis for possible future developments in many directions. In the time series context, this
procedure can be potentially extended to covariance matrix estimation under dynamic factor models. Another fruitful
extension of our procedure is related to the spectral matrix estimation context. Finally, this tool can be potentially used
in the Big data context, where both the dimension and the sample size are very large. This poses new computational and
theoretical challenges, the solution of which is crucial in order to further extend the power of statistical modelling and
its effectiveness in detecting patterns and underlying drivers of real phenomena.
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Matteo Farné: Investigation, Methodology, Software, Data curation, Writing — original draft. Angela Montanari:
Conceptualization, Supervision, Writing — review & editing, Resources, Funding acquisition.

Appendix A. Proofs
Proof of Theorem 1

First, we note that the deterministic analysis needed to ensure the identifiability of the matrix varieties B(r) and
A(s) is directly inherited by [26]. In fact, Propositions 12, 13, and 14 in [26] may be directly applied to our setting,
provided that the assumption &(T(L*))u($2(S*)) < 1/54 and the conditions A.(L*) > C21/f/§2£T) and p = y ¢ hold with
y € [94(T), 1/(6,($2))]. In that case, it descends from the mentioned Propositions that g, (S — §*, L — L*) is bounded,
Le T(L*), Se £2(8*), and rank(i) = rank(L*).

We stress that the remaining assumptions of Theorem 1 are not needed for this purpose. We also remark that
parametric and rank consistency are not affected even if Assumption 6 and the condition Spin o > (C3¥)/u(£2) do not
hold. The only consequence of that is that some residual non-zeros are not recovered (cf. [ 10], Corollary D.4 and D.6, and
Proposition D.5 for more details).
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Hence, we now focus on probabilistic analysis. Recalling that =, = (n — 1)~ Zk xkx; and x;, = Bf, + €, where f;
and €, k € {1, ..., n}, are respectively the vectors of factor scores and re51duals for each observation, we can decompose
the error matrix E, = =, — ¥* in four components as follows (cf. [15]):

E, =3, — =" =D; + D, + D; 4 Dy,

where:
n n n
D, = <n1BZf,<f; - 1,) B'.D,=n""') (e —S").Ds=n""B) fie, . Dy =Dj.
k=1 k=1 k=1
Following [15], we note that
Dyl < Zf,kfjk (fuf) ||BBT||2 <r Zf.kf,k — E(fufi)| p°
oo

where the second inequality depends on standard matrix norm properties and Assumption 1.
Under Assumption 3, we can apply Lemma 4 in [15], which claims

1
<C—, (A1)

NG
with probability 1 — 0(1/n?). Consequently, we obtain

R 1 1
D1l < CT\/;PQ < Cpa\/; (A2)

because Assumption 5 prescribes that r = §3Inp and Inp = o(n).
Consider now the uniformity class of sparse matrices in [5]:

,1 n
— D i — Elficf)

k=1

max; j<r

$*:S;<c;,  maxi, Y A(S) #0) <co(p), Vi
j=p

Therein, Assumption 4 holds with § = 1 (assuming q = 0). Therefore, it is possible to write

Amax(S") < Maxi<, Y 1(S # 0) < c3¢0(p),
j=p
since the quantity co(p) is constant with respect to p. Consequently, Lemma A.3 on p. 220 in [6] can be applied, which
leads to the claim
n

1
Z €ik€jk — E(eikejk)

k 1

that holds with probability 1 — 0(1/p?).

Under Assumptions 2 and 4, however, the quantity cy(p) must be replaced by co(p?), 8 < 0.5. Consequently, with
respect to p, the rate in (A.3) is now too strong. Therefore, applying the recalled Lemma A.3 in [6], the following claim
holds with probability 1 — 0(1/p?):

I
<c /2P (A3)
n

max; j<p

1
< 2P (A4)

ID2]| 0 = mMax;j<p ,

n
1
- E €icejk — E(€ikejk)

k=1

Consequently, by (A.4), we can derive

~ A Inp 1
ID]l2 < CplIDslloe = Cp“,/T = Cpﬁ\/;, (A5)

because Inp <« n by Assumption 5.
To conclude, we study the random term max,-<,,j<p’n1 P f,-kejk‘. We know from Lemma 3 in [15] that this term

has exponential-type tails, due to Assumption 3. Thus, we only need to study how its standard deviation evolves in our
context. We consider the following Cauchy-Schwarz inequality:

1 [~ YN
E Z f,'kéjk < Cmax; V(f,‘)man V(Gj).
k=1
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From (A.1), we know that max;,/ \7(fi) < C/.&n with probability 1 — 0(1/n?). From (A.4), we know that max; V(ej) <
CpU=172 Y/(Inp)/n with probability 1 — 0(1/p?). It follows that with probability 1 — O(1/min(p, n)?), it holds

n n
_ _ /1 5 [Inp
n 1ka€kT n 1ka€kT‘ —-C ﬁpr‘iﬁp(s 1)/247_
k=1 2 k=1 00

Exploiting Assumption 5, the bound then becomes Cp?/2+/n—1, since r = 83 Inp and Inp < n.
Consequently, we obtain with probability 1 — 0(1/p?) the following claim

I, 7 s [1)/ « aps [1
SY el | x Bl = C (p3) ) (pF) = cpitE [ (A6)
nk=1 n n

because ||B|| = O(p*/?) by Assumption 1.
Putting (A.2), (A.5), and (A.6) together, the following bound is proved with probability 1 — O(1/min(p, n)?)

= /pr

D3]]z <

15— =2 < c%,
because § < « from Assumption 2. In fact, if § > «, the condition of Theorem 1 A.(L*) > (Cp)/£%(T) would result in
Ar(L*) > Gop?, thus violating Assumption 1 under Assumption 5.

In other words, the bound (A.7) means ||E,|l, — 0 < p%/+/n — 0. Exploiting the basic property ||.|lo < |I.|l> and the
minimum for y in the range of Theorem 1, we can also write ||E,|lcc — 0 < £(T)p%/+/n — 0.

In order to prove Theorem 1, we observe from [26] that the only probabilistic component of the error norm
g/(S—S* L —L")is g,(E,) = max (||[Exllec/¥, lIEnll2), which in turn depends on ||E;|l> and ||E;|l. Therefore, setting
¥ = (1/&€(T))(p*/+/n), it follows that the claims

(A7)

~ ~ 1 p” ~
(S—S",L-L*") < C——~——, rank(L) = rank(L*
g )= oy Fank(l) = rank(L)

hold with probability 1 — O(1/min(p, n)?) under all the assumptions of Theorem 1. Parametric and rank consistency are
thus guaranteed.

Proof of Corollary 1

We observe that, under Assumption 2, the bound ¢ = (1/&£(T))(p*/+/n) tends to 0 if and only if p>***2* /n = o(1)

as lim,_, minv(pﬁ““‘s, n,) = oo. As expected, the absolute bound vanishes only in the small dimensional case (n >

p*** log(p)).
Proof of Theorem 2

If, in addition to all the assumptions and conditions of Theorem 1, Assumption 6 and the condition Spinof >
(Gs3¥)/($2) hold, then we can fully apply Corollary D.4, D.6, Proposition D.5, and Lemma D.7 in [10] and conclude that
the recovered sparsity pattern is also consistent: sign(Sarce) = sign(S*).

Proof of Theorem 3

Conditioning on Ypre, Zyre, and Xpre = Ypre + Zpre, We aim to solve
: 2 2
MiNg e g4y se i) m=t4s|= — SnllF = 12 — Spre + Zpre — Sl
By Cauchy-Schwarz inequality, it can be shown that
2 2 2
12 — Zpre + Zpre — Znllp < 12 = Zprellf + 1 Zpre — Znll7-
pre Solves the problem
. 2
MmNy 3¢) se 4@), s=L+s /| Zpre — Sl

conditioning on the fact that v/ ||L||, + 5|/S|l1 is minimum over the same set.
Then, we can write

”2 - 2pre”% = ||L+ S — Ypre - Zpre”%-
By Cauchy-Schwarz inequality, it can be shown that

IL+S = Ypre + Zprell7 < IL = Yprell + IS — Zprellz- (A8)
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Hence,
. 2
MiNge 54y se Ay, s=r1slIL +S — Ypre + Zpre”F < mingp5)lIL — Ypre”F + ming, 4)1IS — Zprell-

The problem in L is solved by taking out the first 7 principal components of Ypre By construction, the solution is
UALCE(DALCE + 1/fl ) AL = LUNALCE The problem in S, assuming that the diagonal of =4 is given and the off-diagonal
elements of S are invariant, leads to:

. 2 . S 2 . < 2
mmsEA(g)”S — Zprellp = mm],gé(f)”(z —L)— (zpre - Ypre)”p = mm[_eé(f)”(z - Epre) —(L— Ypre)”p =
”ZA: - Z:pre”}tzr + ||L - Ypre”?‘ =B + B".

IA

The following question now arises: which diagonal elements of L ensure the minimum of B’ + B”? Term B’ is fixed
with respect to L because we are assuming the invariance of diagonal elements in X (diag(Zynaice) = diag(Zaice)). The
minimization of term B”, given that rank(L) = 7, falls back into the previous case, i.e.,, B” is minimum if and only if

L =Lovuce = Uonarce(Dunarce + V1 )U’UNALCE

Optimality holds over the Cartesian product of the set of all symmetric positive semi-definite matrices with a rank
smaller or equal to r, B(7), and the set of all symmetric sparse matrices with the same sparsity pattern as Sa;c¢ such that
diag(S) = diag(Saice — L), L € B(7) (we call this set Agigg(3)).

Consequently, we can write:

Sunarce.ii = Sarce.ii — Lunace.ii» SUNALCE.ij = Sarce.ij» | 7 J-
Proof of Corollary 2
We know that ||]:UNALCE — f-ALCEllz = 17/ We can prove that I:UNALCE = ming . Bl — L*||§, conditioning on the event
MmNy gy se ) s=Lis /1= — %, /12 under prescribed assumptions (see Theorem 3). In fact, we can write
: 2 : 2 2
miny . z%(f-)”L - L*”F =min; . é(f)”L — Yprellz + I¥pre — L*”F,

because Y. is uniquely determined by the conditioning event. The same inequality holds in the spectral norm.
Since

ILarce — L*ll2 < ILynacce — Larcell2 + onarce — L¥ |12,
it follows
0 < ILace — LNz — ILowarce — L¥[l2 < ¥
given the conditioning event. Consequently, since ||I:UNALCE — I:ALCEH F= tr(I:UNALCE — ]:ALCE ¥ = rsz, we obtain
0 < ILace — L*llF — ILovace — Lllr < /90
The analogous triangular inequality for the sparse component is
ISarce — S*I7 < ISunasce — §ALCE||12: + ISunacce — S*II.

In order to quantify ||§UNALCE — §ALCE|| 7 we need to study the behaviour of the term Zle(iuwmcg,u — I:ALCE,,-,-)Z, which is
less than or equal to r1/r2 because it is less than or equal to tr(LUNALCE — LALCE) .
Consequently, we have ||SUNALCE — SALCE|| F< AT 1/f Analogously to LUNALCE, we can prove that

Sunatce = ming, 4 [IS — $* 17,

conditioning on the event
miny g se i) motis = — Znllp

under prescribed assumptions (see Theorem 3). In fact, we can write
Ming 4,,,,) IS — S*IF < ming. 3, IS = Zpellf + 1 Zpre — S”I7,

because Z,. is uniquely determined by the conditioning event.
Therefore, we can write

0 < ISarce — S*lIF — ISunarce — S¥lIF < VTV

The claim on ||§UNALCE — §*||, is less immediate. We recall that ||]:UNALCE — f-ALCEllz = ||IAJ1ZI ﬁT||2 = 1} lAprl lfT can be
divided into the contribution coming from diagonal elements and the rest: ||dlag(LUNALCE — LALCE) + off — dlag(LUNALCE —
LALCE)||2 Both contributions are part of Ulﬁl o,
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Given the matrix of eigenvectors U, we can write dlag(LUNALCE — LALCE) = Y I, I/ |I*K;, where K;; is a null matrix,
except for the ith dlagonal element equal to w and u is the ith row of U. Slmllarly, we can write off — dlag(LUNALCE -

LALCE = Zi:l Zj#i ; u,K,] where K; is a null matrix, except for the element ij equal to w Note that the rows of U
differently from the columns, are not orthogonal.

Since all summands are orthogonal to each other (ALB <« tr(ABT) 0), the triangular inequalities relative to
I diag(Lunarce — Lacce)ll2 10ff — diag(Lynarce — Lasce)ll2 and [|ILynarce — Laice |2 become equalities. Therefore, we can write:

p p
Idiag(Lunacce — Lacce)llz = D 167117 x [Kll = D 1671793

i=1

p
lloff — diag(Lunarce — Lasce)ll2 = Z Z J0j]K = Z Zﬁ?ﬁj\h

i=1 j#i i=1 j#i

R R p

ILunacce — Latcellz = Z e 1% x IKq]l + ZZ T0Ky | = 2
i=1 i=1 j#i

From this consideration, it follows that
ldiag(Lunacce — Lacce)ll2 < llLunatce — Laccellz = .

Since, by definition, ||diag(A§UNALCE — Suce)ll2 = diag(Lunace — Lasce)ll2 (because diag(Sunarce — Sarce) = —diag(Luacce —
Laice)), and recalling that Synaice has the best approximation property (for Theorem 3) given the conditioning event, we
can conclude

0 < [ISace — S*ll2 — ISunvarce — S"lla < V7.
Proof of Corollary 3

The relevant triangular inequality for the overall estimate is
120 — Sarcellz < 1Sunarce — Sarcellz + 120 — Sunarce 2
By definition, ||Synaice — Sarcell2 = ||off — diag(iUNALCE — iALCE)||2. For the same considerations explained before,
lloff — diag(Lunarce — Lacce)ll2 < ILonace — Saicell2 = ¥
Consequently, recalling that Synaice = MiNg_; s 1epi)seAd|E — En||§ under the described assumptions, it follows
0 < IZn — Sarcellz — IZh — Eonarcellz < V. (A9)
Since |[Lunarce — f-ALCE”% = tr(Lynace — Laice)® = /2, we have
0 < |loff — diag(Lunace — Larce)llr < /7.
We can then claim
0 < IZh — Sarcellr — 120 — Eonarcelr < VTV

Therefore, the real gain in terms of the approximation of 3, with respect to ALCE measured in the squared Frobenius
norm is strictly positive and bounded from ri2.

Proof of Theorem 4

Conditioning on X,, we can easily write
IZunvarce — =¥z = 1Zunarce — Zn + o — =2 < 1Bumarce — Snllz + 180 — Z*l2. (A.10)

The term ||, — *||, only depends on the estimation input =,.
Therefore, by (A.9) and (A.10), it is straightforward that

0 < IZnc — =2 — ISunaee — S*ll2 < ¥
Analogously, it is easy to prove that

0 < IZace — =*lIF — IZunarce — =¥l < VTV (A.11)
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Proof of Corollary 4

Let us recall the following expression:

L+ = (=l = IL+S)L+8 === < IE+S) N2 IL+S = Sl - 27"
From (A.11), we can conclude that

0 < lI(Larce + Sace) ™ — = Mlr — I(Lunacce + Suwarce) ™ — =5 HIr < V9.
Analogously, since it holds

IL+8)7 = (= Nl = L +S8) L +8 - == o < L +S) Ml IL+S— =5+ 1= Il2,

it is straightforward that
0 < lI(Larce + Smce) ™ — = Iz — l(Lowarce + Suvarce) ™ — = l2 < .

Proof of Corollary 5

The three claims of the corollary are proved in sequence.

1. We start to note that f.UNALCE, I:ALCE, and ﬁALCE ¢IrﬁXLCE are r-ranked. Let the respective spectral decompositions be:

(a) ﬁUNALCEﬁENALCE with Bynarce = ':]ALCE\/ Dunarce;
(b) BarceBj, ¢ with Bayce = Unice v/ Davce;
() (ﬁALCE\/i)(ﬁALCE\/E)T-
Consequently, we note that
Ar(Lonarce) = Ar(Larce + ﬁALCElplrﬁZLCE) =
A (OarceDarceUnice + ﬁALCEJflrﬂ,ILCE) = Ar(Larce) + ¥,

which proves the claim on f,UNALCE.
2. By Lidskii dual inequality (see [32]), we note that

)»p(§UNALCE) = )\p(gALCE — diag(ﬁALCElplrﬁ;\rch)) > }\p(éALCE) + )»p(—diag(ﬁALCE &lrﬁ;\lcg))

The matrix diag(IAJALCEpr LCE) is a p-dimensional squared matrix havmg as ith element the quantlty —||uT|| 1//
where u ,ie{l,...,p},is theith row of the matrix UALCE Since tr(— dlag(UAchl/fl ALCE)) =tr(— UALCE 1/fl UALCE)
—rw, it follows that kp(dlag(UAchl//l, ALCE)) < rz///p, ie.,

r. PR S
_E‘” < Ap(—diag(Uarcr 1 Uy ) < 0.

Therefore, we obtain

| =

kp(gunlALCE) > )\p(gALCE) - plvﬁ,

which proves the claim on §UNALCE.
3. By Lidskii dual inequality, we note that

Mp(Sunarce) = Ap(Sarce + ﬁALCE‘LIrﬁXLCE - diag(ﬁALCE&lrﬁ;LcE))
= )Lp(f:ALCE) + )Lp(UALCEJflrU,ILCE) - Ap(diag(UALCE &IrU;\FLCE))

Recalling the argument above and noting that )»p(IAJALCE&Irl:IXLCE) = 0 because rank(fJALc,;tZl,fJXLCE) =T, it follows
Mp(Sunarce) > Ap(Barce) + 0 — V= Mp(Sarce) — 1%12/,
which proves the claim on Syyaice.
Appendix B. Supplementary data
This paper is complemented by a supplement containing a discussion of LOREC assumptions and a simulation study.

In addition, the MATLAB functions UNALCE.m and POET .m, performing UNALCE and POET procedures, respectively, can
be downloaded at [16]. Both functions contain the detailed explanation of input and output arguments. Finally, the
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MATLAB dataset supervisory_data.mat, which contains the covariance matrix, C, and the relative labels of supervisory
indicators, Labgood, can also be downloaded at the same link, which we refer to for the details.
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jmva.2019.104577.
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High-dimensional clustering via Random Projections

Laura Anderlucci - Francesca Fortunato - Angela
Montanari

Abstract In this work, we address the unsupervised classification issue by exploiting the
general idea of RP ensemble. Specifically, we propose to generate a set of low dimensional
independent random projections and to perform model-based clustering on each of them.
The top B* projections, i.e. the projections which show the best grouping structure are then
retained. The final partition is obtained by aggregating the clusters found in the projections
via consensus. The performances of the method are assessed on both real and simulated
datasets. The obtained results suggest that the proposal represents a promising tool for
high-dimensional clustering.

Keywords High-dimensional clustering; random projections; model-based clustering

1 Introduction

Data clustering plays a key role in modern statistics as it represents one of the most effective
tools to understand the underlying structure of a given data set. The aim of clustering is
essentially to categorize data into ‘clusters’ (or groups) such that observations belonging
to the same cluster are more similar to each others than those in different groups. This
problem has been studied extensively and the state-of-the-art is exposed in surveys that have
appeared regularly over the years; see, for example, McLachlan et al.[(2019), Bouveyron and
Brunet-Saumard| (2014), Maugis et al.|(2009b), Xu and Tian| (2015).

Clustering in low-dimensional spaces requires limited resources; the complexity of the
problem indeed increases with the number of observed features, p. When dealing with
high-dimensional data, the use of traditional unsupervised classification algorithms faces
several limitations; in particular, the presence of noisy or irrelevant information can mislead
these methods due to the ‘curse of dimensionality’, as coined by |Bellman|(1957). In order to
overcome this problem, often dimension reduction procedures are applied before carrying
out any clustering.

Generally, the term ‘dimension reduction’ refers to two different approaches; namely,
it includes both feature selection methods that embed the high-dimensional points into a
lower subspace by selecting some ‘relevant’ variables, and feature extraction algorithms
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via delle Belle Arti 41, 40126 Bologna (Italy)

Distribution A Distribution Approved for Public Release: Distribution Unlimited



2 Laura Anderlucci et al.

which find an embedding by constructing new artificial features that are, for example, linear
combinations of the original ones. Variable selection strategies have been frequently used
to handle high-dimensional clustering issues, but feature extraction procedures could be
generally more efficient. Feature selection techniques indeed may discard some potentially
important variables, e.g. variables that are not predictive if individually considered, but that
could provide significant benefits when taken in conjunction with other features.

Traditionally, variable combination methods involve the projection of high-dimensional
data onto a lower subspace with the intent of capturing as much of the data variability as
possible (e.g. Principal Component Analysis). Albeit this approach has been successfully used
in many applications, its aim does not always coincide with that of a clustering task. In fact,
the useful information about the group structure is not necessarily contained in the subspaces
with the largest variance, as exposed by |(Chang| (1983). A recent approach for dimension
reduction that has been gaining increasing attention is based on Random Projections (RPs) and
consists in mapping at random the original high-dimensional data onto a lower subspace by
using a random matrix with orthogonal columns of unit length. Specifically, the key point of
RP is that, regardless of the original data dimension, the final solution still preserves the global
information almost perfectly. Such a result is guaranteed by the Johnson and Lindenstrauss
(1984) Lemma, which states that any n-point set in p dimensions (X = [xj,...,X;,... 7xn]T,
x; € R? Vi =1,...,n) can be linearly projected onto d = O(log(n)/€?) coordinates (with
d < p) , by using a random matrix A € R?*¢ with orthonormal columns, while preserving
pairwise distances within a factor 1 + £. More precisely, with high probability over the
randomness of A:

(1—&)|lx; —x;l}» < [|[A % = AT x| < (1+€)|[x; — x|, )]

where || - ||; indicates the Ly norm.
Bhattacharya et al.| (2009) proved that also the Hellinger distance between any two
distributions P and Q, defined as

H(E0) = (IVP-/alk)

admits a low disorsion JL-type embedding. In the model-based clustering context, where
data are considered as coming from a distribution that is a mixture of two or more components,
this theorem directly implies that the distance between the density of any pair of components
is preserved with arbitrarily small distortion. In other words, it states that if two component
densities are sufficiently far apart in the high-dimensional space, then they would be expected
approximately the same also in the reduced d-dimensional space.

This interesting result motivated us to employ random projections within a model-based
clustering framework. Specifically, inspired by the original idea of |Cannings and Samworth
(2017) for supervised classification, we propose to generate a set of B low dimensional
independent random projections and to apply a Gaussian Mixture Model (GMM) on each of
them. Our Random Projection Ensemble Clustering (RPE Clu) algorithm then obtains the
final partition by combining via consensus the clustering results from the top B* projections,
i.e. the projections which show the best grouping structure according to a given criterion.

The paper is organized as follows. Section 2 recalls the model-based clustering framework.
In the same section, some popular dimension reduction procedures for high-dimensional
clustering are briefly presented. In Section 3, the Random Projection Ensemble Clustering
algorithm (RPE Clu) is introduced and defined in detail. Section 4 is devoted to practical
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considerations about the computational complexity of the algorithm, the choice of the
number of random projections and the dimension of the projected space. Section 5 presents
a simulation study where the proposed methodology is compared with some benchmark
clustering techniques. In Section 6, RPE Clu is applied to two sets of high-dimensional real
data. A final discussion on the obtained results concludes the paper.

2 High-dimensional model-based clustering

In model-based clustering (see McLachlan and Peel| (2004) for a detailed review), data are
assumed to derive from a common source with G different sub-populations. In particular,
each sub-population is modelled separately (typically by members of the same parametric
density family) and the overall population is but a mixture of them. The resulting model is a
finite mixture and it is described by the following probability density function (pdf):

G
Fx) =Y mfi(x|6k).
=1

Here, f; and 6 are the density and the parameters of the k-th component of the mixture,
respectively, whereas 7 is the prior probability that an observation belongs to the k-th com-
ponent (7, > 0, ZkG:l 7. = 1). For clustering purposes, units are allocated to the component
whose posterior probability is maximum.

A common choice for f;(-) is the multivariate normal distribution, ¢ (-), parameterized
by its mean Y and its covariance matrix X:

. . 1 .

Ok (x|, Zi) = (2m) P72 2 (P exp {_E(X — ) (x— Nk)} :
Following this approach, the entire data set is modeled by a Gaussian Mixture model:
G
Fx) =Y mede (X[, Zt).

k=1

In presence of high-dimensional data the GMM tends to perform poorly, due to the
large number of parameters to estimate with relatively few observations. In fact, the number
of parameters increases quadratically with p and thus the maximum-likelihood estimation
problem becomes ill-posed very quickly. The earliest approaches which appeared in the
literature to overcome this limit and attain parsimony propose alternative parameterizations of
the component densities. For instance, [Banfield and Raftery|(1993) and |Celeux and Govaert
(1995) introduce a parsimonious parameterizations of the covariance matrix in terms of its
eigenvalue decomposition so as to control the volume, shape and orientation of the Gaussian
ellipsoids. Biernacki and Lourme| (2014) define different parsimonious models based on a
variance-correlation decomposition of the covariance matrices.

When performing variable selection for clustering, the aim is essentially to identify those
features that bring relevant information about the underlying group structure. In the model-
based context, the definition of ‘relevance’ should be expressed in terms of probabilistic
dependence (or independence) with respect to z, i.e. the variable which describes the latent
class membership. Specifically, the distribution of relevant variables directly depends on
z as these features contain the key clustering information. Conversely, both redundant and
uninformative variables do not provide any additional or useful information and, thus, they
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4 Laura Anderlucci et al.

can be assumed to be conditionally independent given the relevant variables or completely
independent of the group structure, respectively. Following this approach, several authors
have recast the variable selection problem for clustering in a model selection one. Namely,
relevant variables are sought through a stepwise procedure that, at each step, compares
models that differ in the role assigned to the variables in explaining the clustering structure.

Pioneers of this framework were |[Raftery and Dean|(2006), who introduced a procedure
in which the decision for inclusion or exclusion of a generic (set of) variable(s) x” into the
current set of clustering ones x€ is taken by comparing two competing models in terms of
their Bayesian Information Criterion (BIC). In particular, Model I assumes that x” carries
relevant information about the cluster membership, whereas Model II states that x” does not
depend on z. The BIC associated to these models are:

BIC; = BIC 5t (x, x)
BIC;; = BICy0 clust (X) + BIC¢q (x”[x) 2)

Here, BIC 5 (xC,xF) is the BIC of the GMM in which x” adds useful information,
BIC0 clust (xC) is the BIC of the GMM on the current set of clustering variables only and
BICreg(xP|xC) is the BIC of the regression of x” on xC. If BIC;— BIC;; > 0, then x” is added
to the set of clustering variables xC.

This method has been further improved by Maugis et al.|(2009a) and Maugis et al.| (2009b)
under the assumption that the irrelevant variables can be independent of some relevant ones.

Recently, two further extensions of the above modeling appeared in the literature: Scrucca
(2016)) suggests to overcome the sub-optimality of a stepwise model search by employing
genetic algorithms;|Galimberti et al.| (2018)) take into account the possibility that different
variable vectors provide information about different clustering structures.

Although effective in many applications, in the unsupervised classification context the
variable selection problem is ill-posed: clusters indeed strongly depend on the selected
features and the features are selected according to the clusters (see|Ruiz et al.|(2009)). For
this reason, feature extraction procedures would rather be preferred.

Dasguptal(2013) demonstrated that RPs can be successfully used to handle high-dimensional
clustering issues with a model-based approach. Firstly, he showed that a mixture of G Gaus-
sians can be embedded onto just O(log G) random coordinates without destroying the original
group structure. Second, he proved that even if the original Gaussians exhibit eccentric ellip-
tical contours, their projected counterparts are always more spherical. These two benefits are
of major importance and they definitely facilitate the learning of a Gaussian Mixture Model.
In particular, dimension reduction saves a lot of time and computational costs on one hand;
on the other, clusters of low eccentricity reduce the EM algorithmic challenges ensuring that
intermediate covariance matrices are not singular or close to singular.

3 Random projection ensemble clustering

As discussed in the previous section, high-dimensional data pose many challenges to model-
based clustering. Methods in this class indeed become rapidly over-parameterized since
the number of parameters to estimate increases quadratically with the number of observed
features p.
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High-dimensional clustering via Random Projections 5

Random projections have shown to provide promising results for the analysis of high-
dimensional data. Their main inconvenience is that they are highly unstable: namely, different
random projections of the original data may provide completely different classification results.
That is the reason why most of the successful proposals on RPs resorts to ensembles. For
example, [Fern and Brodley| (2003) propose to aggregate the clustering results of a GMM on
different random projections of the data into a similarity matrix containing the probability
“estimates” that any two data points belong to the same cluster; then, they suggest to perform
an agglomerative clustering procedure on such a matrix to produce the final groups.

In this paper, we also exploit the general idea of RP ensemble for high-dimensional
clustering. In particular, our novel proposal consists of applying a Gaussian Mixture Model
to carefully chosen random projections of the original data, but differently from Fern and
Broadley, we use the GMM properties for both projection selection and consensus aggrega-
tion.

3.1 On the choice of random projections

Differently from other transformation techniques (such as, for example, principal components
or projection pursuit), the random projection method does not exploit any ‘interestingness’
criterion to identify the ‘optimal’ projection. High-dimensional data are just embedded into
a lower dimensional subspace by using a random projection matrix A with orthogonal and
unit length columns. As a consequence of that, results from distinct configurations of the
same data can be even dramatically different: some projections indeed can highlight a clear
group structure in the lowered data, whilst some others can derail any hope of learning by
confusing all the groups together.

In this section, we propose a method for choosing ‘good’ random projections, that is,
a criterion for identifying those projections that give a partition of the data close to the
underlying group structure.

Hennig| (2019) provides a detailed review of the validation indexes proposed in the
literature to evaluate the quality of a clustering procedure. Although effective, many of these
indexes rely on a measure of distance/dissimilarity and, therefore, they may seem inconsistent
with a model-based framework. Furthermore, since in the unsupervised context no apriori
information about the structure being looked for is available, we believe it makes sense to
consider the RP selection as a part of the clustering algorithm, i.e. as the choice of the model
that best fits the data according to a specific criterion (e.g. the BIC).

The BIC of mixture models fitted to different random projections cannot in principle be
compared, because they are referred to different variables generated by the different random
projections. On the contrary, the BIC of different models defined in the original variable
space can be compared. We search for the solution that maximizes the log-likelihood of the
GMM fitted on the original data, penalized by the number of free parameters.

In practice, in order to avoid the drawbacks associated with the high-dimensional spaces,
a feasible solution consists in considering the following variable partition

Y*=1[r,Y] = [XA|XA]

where X € R"*? is the original high-dimensional data matrix, A € R”*¢ is the random
projection matrix and A € RP*(P=9) is its orthogonal complement. The basic idea is to
perform model-based clustering on the reduced data Y = XA, assuming that the underlying
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6 Laura Anderlucci et al.

group structure may be well approximated by the one in the d dimensions of the block matrix
Y*, ie.:

f(Y|z) = Zwk Y|uy,, Xy, z). 3)

This assumption does not imply that ¥ is not useful for clustering, but only that it contains
some information on the group membership z that is very similar to that already available in
Y. Therefore, in terms of distributional representation, it seems reasonable to think of ¥ as
conditionally independent of z given Y’; it could be necessary for the clustering, but only if Y
is not present (Fop and Murphy|[2018)). This amounts to assume that:

where

Uy =ty + Zpy ' (Y — py)

Zyy =Zy — Zpy Zy ' Zyy. )
Equation (3)) describes the Schur complemement of the block Zy in the p x p block-matrix

_ | & Zvp
== [Ew Ly |
The distribution of Y* is the product of the marginal density of Y, f(Y|z), and the

Yy, f(Y|Y):

G
¢(Y|“Y|Y72Y\Y7Y) = Zﬂkq)k(y*luY;vZY:vz)' (6)
k=1 k=1

f(Y*|z) = [Z O (Y |y, , Ly, , z)

Equation (6)) can be easily rewritten in terms of log-likelihood as:

n
) loglf(y;|2)] Zlog (vi)]zi] +Zlog (Filyo)]- ™
The BIC corresponding to Equation (/) is:

BIC = BICGmm (Y) + BICreg (Y']Y), 8)
where BICgmm (Y) = 21og[f(Y)] — gy log(n) is the BIC associated to the Gaussian mixture
fitted on the d-dimensional data and BIC ¢, (Y |Y) = 2log[f (¥ |Y)] — gy log(n) is the BIC for
the linear regression of the (p — d) last columns of Y* on the first d ones. The number of free
parameters of the GMM on Y and those of the linear regression are described by gy and gy,
respectively. In order to allow for great flexibility, Xy |y is assumed to have a general form

and, thus,
p—d)[(p—d)+1
gy = (p-d)(a+1)+ L= ZATD]
When the number of observed features p is particularly large with respect to d, a restricted
form for Xy y is suggested. Namely, Xy )y = diag(Glz, e 0'57 4)- In this case, the number of
free parameters for the regression model reduces to gy = (p—d)(d+ 1)+ (p—d).

As depicted in Figure[T] the criterion we propose seems capable to correctly rank the
random projections according to the goodness of the partition they induce. Specifically, the
largest values for the Adjusted Rand Index (ARI), i.e. a measure of the similarity between
the classification yielded by the GMM on the reduced data and the true class membership,
correspond to models with the largest BIC.
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Fig. 1: ARI of the classification yielded by the GMM on B = 1000 different 8-dimensional
projections of a simulated dataset with p = 100, G = 2, n; = np = 100 and the true class
membership, ordered by increasing values of the BIC.

3.2 On the result aggregation

A possible solution to the inherent instability associated with random projections involves the
use of cluster ensembles that combine multiple individual partitions into a single consensus
one. This process was pioneered by |Strehl and Ghosh| (2002) who proved that ensembles can
provide robust and stable solutions across different problem domains. A detailed review of
the state-of-the-art cluster ensemble methods can be found in|Boongoen and Iam-On|(2018)),
where both theoretical aspects and empirical applications are widely discussed.

Consensus clustering algorithms generally derive the ultimate data partition by minimiz-
ing an objective function that measures how dissimilar each hard or soft consensus candidate
C € C s from the ensemble members. Among the various consensus functions that have been
developed in the literature, the most popular ones are of the form

L(C) =Y wyd(C,,C), ©
b

where wy, is the weight given to element Cj, of the ensemble, d(-) is a suitable dissimilarity
measure (e.g. Euclidean, Manhattan, ...)and [ > 1.

In this work, we suggest to derive the final unit allocation by using the greedy algorithm
introduced by |Hornik| (2005)). This iterative procedure determines, at each step b, the locally
optimal permutation matrix I, for relabeling by minimizing the Euclidean distance between
the previously determined consensus candidate C;_; (note that at the initial step Co = C)
and all the possible permutations of the membership vector Cp,. Then, it derives the new
consensus partition by taking the weighted average of C;_, and C,II,. In so doing, this
sequential method helps to tackle the issue of simultaneous combination of all partitions,
otherwise computationally unfeasible.
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8 Laura Anderlucci et al.

3.3 Random projection ensemble clustering algorithm

In this paper, a new model-based clustering method for high-dimensional data based on
random projections, is introduced. The final partition is obtained through the following steps:

(a) Generate B independent d-dimensional random projections Ay, b = 1,...,B, according
to a specific measure, e.g. the Haar measure;

(b) Compute the BIC as described in Equation §]for the partition C, induced by the GMM
fitted on the projected data Y = XA and by the linear regression of ¥ on Y;

(c) Among the B possible solutions, select the B* projections that exhibit the highest values
for the BIC: A = [A1;Ag;...; Ap+];

(d) Aggregate the cluster membership vector of the best B* projections via consensus.

4 Practical considerations
4.1 Computational complexity

The algorithm we propose derives the final partition by aggregating the results of Gaussian
Mixture Model clustering performed on an ‘optimal’ subset of random projections.

The first step of this procedure involves the computation of B random projection matrices.
The cost of this operation varies according to the method used: namely, generating a single
RP from the Haar measure requires O(pd?) operations, whilst choosing each entry of this
matrix uniformly and independently from [—1, 1] takes time only O(dp) (see |Achlioptas
2003).

Once the projections have been generated, the original high-dimensional data should be
embedded onto the lowered spaces; each projection requires O(npd) operations.

Then, for b =1,...,B, a GMM is performed on the reduced set Y = XA, with a total
cost of O(Gd?) = O(d?). Simultaneously, a multiple linear regression of ¥ = XA, on ¥
is computed. The cost of this step is O((p —d)?). Finally, the BIC values computed as in
Equation (8) are sorted and observations are clustered by using the best B* projections (i.e.
those yielding the highest values for the BIC). These steps involve O(B*)[H and O(B*nd)
resources, respectively.

4.2 Choice of B and B*

The random projection ensemble clustering performances strongly depend on the possibility
to identify those random projections that induce a very clear group structure in the reduced
space.

The choice of B*, i.e. the number of ‘base’ models to retain in the final ensemble, is
more insidious. Several studies have shown that ensembles of classifiers are generally more
effective when they are constructed from members whose errors are dissimilar; see, for
example, Kittler et al.| (1998)). In fact, aggregating the base results of models that agree
on how a dataset should be partitioned does not provide any improvement. The random
projection method itself represents a valid technique to introduce artificial instability (and
thus diversity) to an ensemble as it allows to generate clustering results from different
perturbed configurations of the original data. However, as |Fern and Brodley| (2003) point

! See the R Documentation for the sort function with default settings.
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Fig. 2: Setting 2. ARI of the random projection ensemble clustering algorithm for different
dimensions of the projected space, d. The numbers of generated and selected projections are
set equal to B = 1000 and B* = 100, respectively. Empty points indicate single performances,
whereas the full red triangle refers to the median ARI estimated over 50 replicates of the
experiment.

out, taking into account too many projections may degrade the final result, especially when
the original features are highly correlated; furthermore, it surely increases the computational
cost of the procedure. On the other side, considering a very small ensemble can be risky,
too. In fact, since in clustering no apriori knowledge of the true data structure is available,
identifying the best predictors is not a trivial task and, therefore, any criterion (including
the BIC we propose) could be confused. In order to avoid the selection of too similar or
inaccurate base classifiers, a compromise solution for B* is highly suggested.

On the basis of the numerical evidences we suggest B = 1000 and B* = 100 as generally
good choices.

4.3 Choice of d

Dasguptal (2013)) proved that data from an arbitrary mixture of G Gaussian distributions can
be randomly embedded into a subspace of just O(log G) dimensions, while preserving the
group structure almost perfectly. Furthermore, if d < log G, the worsening of the mapping
performance is gradual. This result is particularly appealing as it proves that the projected
dimension is independent of the original dimensions of the data, that is, d does not depend
upon n nor p. A couple of numerical experiments conducted on our datasets corroborate
Dasgupta’s result: in fact, Figures [2| and [3| clearly show that a choice of d = O(10logG)
works pretty well; higher values of d do dot noticeably improve the final performance.
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Fig. 3: Meat data. ARI of the random projection ensemble clustering algorithm for different
dimensions of the projected space, d. The numbers of generated and selected projections are
set equal to B = 1000 and B* = 100, respectively.

5 Simulation study

The performance of the RPE Clu algorithm is evaluated in a variety of scenarios through
an extensive simulation study. In particular, G = {2,4} different Gaussian clusters of size
100 are generated in p = {100,500,1000} dimensions by using the clusteval R package
(Ramey|2012)). Each population has a p-dimensional multivariate normal distribution, with
mean vector
1 p/G
=5 Z] €(p/G)(k—1)+j>
Jj=

where ¢, is the k-th basis vector; therefore, the first p/G dimensions of u; are set to 1 and all
the remaining to 0, the second p/G dimensions of 1 are set to 1 and all the remaining to 0,
and so on. The k-th population covariance matrix is

= —‘L'k)]].p-i-fk[p,

where 1, and /, denote the p x p matrix of ones and identity matrix, respectively. Here,
—(p—1)"! < 5 < 1 governs the intra-class correlation; throughout the study, we evaluate
different levels of correlation between variables, i.e. we take 7, = {0.1,0.3,0.4,0.6}, so as
to explore how the clustering algorithm behaves in different situations. Furthermore, we
consider scenarios characterized by both homoscedastic (settings 1-12) and heteroscedastic
(settings 13—16) components. Scenarios with heteroscedastic rotated components are also
investigated (settings 17-20). In this case, as depicted in the illustrative example of Figure[d]
the first fifty odd variables of half of the groups are rotated with respect to the axis x = 0. A
brief description of the simulation settings considered for the analysis is given in Table I}
more details are given in the Supplementary Material.

In addition, we studied the behaviour of our proposal in contexts where original data
deviate from Normality. In particular, settings 21-23 consider the exponential, the logarithm
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Table 1: Summary description of the simulation settings. When only one value for 7 is given,
it means that homoscedastic Gaussian components are considered. The * indicates rotated
components.

Setting P G T

1 100 2 0.1

2 500 2 0.1

3 1000 2 0.1

4 100 4 0.1

5 500 4 0.1

6 1000 4 0.1

7 100 2 0.4

8 500 2 0.4

9 1000 2 0.4
10 100 4 0.4

11 500 4 0.4
12 1000 4 0.4
13 100 2 0.1-0.6
14 100 2 0.1-03
15 500 2 0.1-0.6
16 500 2 0.1-03
17 100 2 0.1-0.6*%
18 100 2 0.1-0.3*
19 500 2 0.1-0.6*
20 500 2 0.1-0.3*

and the square-root transformation of p-variate Gaussian distributions, respectively (p=100,
ng=100, g=1,...,G); the number of groups is set to two and only 50% of the variables are
relevant for clustering. Scenarios 24-26 extend the study to the case of four groups.

To validate the proposal, we apply other clustering algorithms on the same settings: the
‘standard’ Gaussian Mixture Model (McLachlan and Peel|2000) (via Mclust function of
the mclust package), the K-means algorithm (Lloyd||1982) (via kmeans function), Ward’s
agglomerative hierarchical clustering (Ward|1963) (via hclust function) and the Partition
Around Medoids (pam) (Kaufman and Rousseeuw|[2009) (via pam function of the cluster
package). Two recent procedures that have shown good performances in the context of high-
dimensional unsupervised classification are also included: namely, the Spectral clustering
approach (Ng et al.[2002) (specc function of the kernlab package) and the Affinity Propa-
gation algorithm (Frey and Dueck|2007) (apclusterK function of the apcluster package).
A further comparison is with the variable selection methodology for Gaussian model-based
clustering (Cl VarSel) presented in section [2] This procedure is implemented by using the
clustvarsel function included in the namesake R package (Scrucca and Raftery|[2018).

The number of groups G is always taken as known. The default settings of each algorithms
are considered, except for the K-means which run with 5 starts. As previously discussed, the
RPE Clu algorithm is performed with B = 1000, B* = 100 and d = {8, 15} with G = {2,4},
respectively.

FigureB]contains the aggregated results for the considered scenarios: (a)-(b) homoscedas-
tic Gaussian components with highly correlated features, with two and four groups respec-
tively; (c)-(d) homoscedastic Gaussian components with mildly related features, with two
and four groups respectively; (e) heteroscedastic Gaussian components and heteroscedastic
rotated Gaussian components; (f)-(g) non-Gaussian components, with two and four groups
respectively. The boxplots show the distribution of the ARI over 100 simulations of each
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Fig. 4: An example of bivariate dataset with heteroscedastic rotated components: variable x|
of Component 1 (red points) is rotated with respect to the axis x = 0.

setting; the horizontal line helps the comparison with the other approaches, by highlighting
the median ARI for the random projection ensemble clustering algorithm. Individual Adjusted
Rand Indexes of each setting are reported in the Supplementary Material.

Results coming from this numerical study clearly show the general effectiveness of the
algorithm we introduce. In fact, for all the situations considered in the boxplots of Figure
[l the RPE Clu produces better solutions than those from the other state-of-the-art methods,
including the two procedures that usually work well in high-dimensional contexts (i.e. spectral
and affinity propagation clustering algorithms). Not surprisingly, this aspect is particularly
evident in those scenarios where the original features are strongly related as some approaches
tend to discard this kind of information. With reference to the Mixtures of Gaussians, for
example, when p is very large compared to 7, mclust is able to estimate only those models
that have a small number of parameters, i.e. models with spherical, diagonal, or homoscedastic
covariance matrix. Furthermore, the K-means algorithm can be viewed as a procedure which
attempts to model the data as a mixture of Gaussian distributions with diagonal covariance
matrices and thus it does not account for the variable correlation. Scenarios with mildly
related features, i.e. 7-9 and 10-12, appear to be very hard tasks: basically all the considered
methods perform poorly in terms of recovering the ‘true’ grouping structure.

As expected, K-means algorithm, hierarchical agglomerative clustering with Ward’s
method and pam often fail because the distance measures they rely on become increasingly
meaningless in high-dimensions; however, with non-Gaussian data they exhibit an acceptable
performance.

A special mention should be made for the variable selection procedure (ClVarSel) that
seems capable to correctly identify relevant clustering information in most of the settings.
Nevertheless, it underperforms the RPE Clu, especially in the case of homoscedastic com-
ponents with highly correlated features or in case of non-Gaussian data. This outcome
corroborates our initial idea that feature extraction techniques are generally more effective
than feature selection ones.

Globally, the capability of the RPE Clu in recovering the cluster membership does not
change too much with p nor with the number of groups. In addition, it is quite robust to
deviations from Gaussianity: plots (f) and (g) show that RPE Clu outperforms the other
methods almost always.
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Fig. 5: Performance of different clustering algorithms. The labels along the horizontal
axis refer to the different methods: RPECIu, Random Projections Ensemble Clustering;
GMM, Gaussian Mixture Model; ClVarSel, Gaussian Mixture Model with Variable Selection;
KM, k-means clustering; Ward, hierarchical clustering with Ward’s method; KM, k-means
clustering; Pam, Partition Around Medoids algorithm; SpeCl, spectral clustering; AffPr,
affinity propagation. The seven panels show the distribution of the Adjusted Rand Index for (a)
homoscedastic Gaussian clusters (G = 2) with highly correlated features, (b) homoscedastic
Gaussian clusters (G = 4) with highly correlated features, (c) homoscedastic Gaussian clusters
(G = 2) with mildly correlated features, (d) homoscedastic Gaussian clusters (G = 4) with
mildly correlated features (e) heteroscedastic Gaussian clusters (G = 2), (f) non-Gaussian
clusters (G = 2) with 50% of relevant features and (g) non-Gaussian clusters (G = 4) with
50% of relevant features.

6 Real data examples

For illustration, we evaluate the performances of the clustering algorithms described in the
previous section on two different real data experiments. Namely, we use the set of near
infrared spectroscopic meat data originally described in the study of[Downey et al| (2000)
and the Lymphoma Gene Expression dataset used by [Chung and Keles| (2010).

6.1 Meat Data

This dataset contains n = 231 samples of homogenized raw meat coming from G = 5
different animal species. The distribution of the samples is described in Table[2] The spectra
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Table 2: Distribution of the meat samples

Species  Samples

Beef 32
Chicken 55
Lamb 34
Pork 55
Turkey 55

Meat Data
Spectra of the samples

1.504

Intensity
-
N
(2}
f

1.004

0.754

T T T T
400 1000 1500 2000 2498
Wavelengths (nm)

— Beef — Chicken — Lamb — Pork — Turkey

Fig. 6: Meat data. Spectra of the samples, grouped by type of meat.

are recorded over the wavelength range 400 — 2498 nm, with measurements taken every 2
nm. The total number of variables is thus p = 1050. Figure [] shows the spectrum of each
sample, grouped by type of meat.

The objective of the analysis is to partition the set of 231 samples so as to reflect the
corresponding type of meat by employing the information coming from their spectra. The
number of groups G = 5 is taken as known; we set B = 1000, B* = 100 and d = 17. TableEl
contains the Adjusted Rand Index yielded by each method.

Globally, none of the employed methods is able to perfectly recover the original cluster
membership of the meat data. Nevertheless, the RPE Clu algorithm provides an Adjusted
Rand Index that is considerably superior to all the other solutions. The GMM performs poorly;
this is probably due to the fact that, as p is very large, Mclust could only estimate mixtures
of Gaussians with spherical or diagonal covariance matrices, while data require a model that
accounts for the high correlation between the features. The Clust VarSel methodology could
not run because variables are too correlated.
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Table 3: ARI for the Meat Data.

Method ARI
RPECIu 0.32
GMM 0.14
k-means 0.18
h-ward 0.23
pam 0.18
Clust VarSel  NA
Specc 0.25
AClust 0.18

Table 4: ARI for the Gene Expression Data.

Method ARI
RPECIu 1.00
GMM 0.95
k-means 0.95
h-ward 0.95
pam 0.84
Clust VarSel  0.49
Specc 0.95
AClust 0.85

6.2 Gene Expression Data

The lymphoma dataset (taken from the R package spls) contains the expression levels of
p = 4026 genes for n = 62 patients. The study reports that 42 subjects have diffuse large B-
cell lymphoma (DLBCL), 9 follicular lymphoma (FL), and 11 chronic lymphocytic leukemia
(CLL). All gene expression profiles were base 10 log-transformed and, in order to prevent
single arrays from dominating the analysis, standardized to zero mean and unit variance, as
described in |Dettling and Bithlmann| (2002)) and |Dettling| (2004).

The objective of the analysis is to group patients according to the corresponding lym-
phoma diagnosis, by using the information on their gene expression levels. RPE Clu procedure
run with B = 1000, B* = 100 and d = 12; the number of groups is taken as known and set
equal to 3 for all the methods. Clustering results in terms of ARI are reported in Table F]
As can be seen, the performance of the random projection ensemble clustering algorithm
is capable to perfectly detect the grouping structure identified by the diagnosis. Mixture of
Gaussians, K-means and hierarchical agglomerative clustering with Ward’s method provide
exactly the same (good) result, up to a label switching. This is due to the fact that, when
p > n, Mclust only works on the restricted set of parsimonious models (e.g. spherical or
diagonal models) and, therefore, its optimal solution often slightly improves the one yielded
by the hierarchical algorithm.

7 Discussion
In this work we propose a novel procedure for model-based clustering of high-dimensional

data. This procedure is based on Random Projections and it has been firstly inspired by the
original idea of |Cannings and Samworth|(2017) in the context of supervised classification.
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Gene Expression Data
Multidimensional scaling representation
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Fig. 7: Gene Expression Data. Multidimensional scaling representation of the samples,
grouped by type of diagnosis.

More in detail, we suggest to apply a Gaussian Mixture Model to random projections
of the high-dimensional data and to select a subset of solutions accordingly to the Bayesian
Information Criterion, computed here as discussed in Raftery and Dean| (2006)); the multiple
‘base’ results are then aggregated via consensus to obtain the final partition.

Such proposal has been initially motivated by some benefits associated to RPs for
learning Mixture of Gaussians. |Dasguptal (2013)) proved that a mixture of G Gaussians
can be embedded onto just O(logG) random coordinates without destroying the original
group structure too much; furthermore, he demonstrated that even when the original mixing
components exhibit elliptical contours, their projected counterparts are always more spherical.

Method performances, evaluated in terms of ARI with respect to the true class member-
ship on both synthetic and real datasets, seem to confirm our motivating ideas. Overall results
indeed show that RPs represent a key ingredient that decisively facilitates the learning of
high-dimensional mixtures of Gaussians. Moreover, the advantage of their use in conjunction
with GMM becomes even more evident as the correlation between the original variables
increases. In fact, when dealing with high-dimensional sets, Mclust search is restricted to
models with few parameters only (i.e. EII, VEI, VII, VVI, EEI and EVI) whereas data would
require more complex parameterizations.

The RPE Clu algorithm is a very general tool for model-based clustering of high-
dimensional data. We explore in detail its behavior within the Gaussian Mixture model
framework only; however, many other distributions can in principle be used. Moreover,
further options for combining the clustering results can be tested.

The number of clusters G is fixed here; estimating its value is left to future work.

Acknowledgements. This paper is based upon work supported by the Air Force Office of Scientific
Research under award number FA9550-17-1-010.
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