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ABSTRACT
In this study, an f-plane dynamical model for incompressible flows is presented to examine the mechanisms underlying the
structure and stability of large-scale zonally symmetric circulations. Analyses based on the Principle of Exchange of Stabilities
reveal that this zonally symmetric model possesses a single-cell structure in the absence of the Coriolis force, similar to the
single-cell general atmospheric circulation in the absence of the Earth’s rotation as previously hypothesized. The circulation,
however, bifurcates into a triple-cell structure in the presence of the Coriolis force if the vertical temperature gradient, the
rotational rate, and the momentum eddy coefficients satisfy a certain constraint. Further analyses of this triple-cell structure as
a result of the Coriolis force show that this structure is topologically stable, thus offering new insight into the highly resilient
structure of the Earth’s atmospheric global circulations.

© 2019 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5051737

I. INTRODUCTION
The atmosphere is a complex dynamical system. Due to

uneven distribution of solar radiation on the Earth’s surface
that generally decreases with increasing latitudes, the exis-
tence of global atmospheric circulations in response to the
uneven absorption of the solar radiation at the surface is nec-
essary, which play an important role in maintaining the energy
balance between the equator and the poles.7,9,13,15,21,22,27,39
At the deepest essence, the global circulations can be there-
fore considered as a direct response of the atmosphere to
the warmer temperature at the Earth’s surface due to solar
heating. Because of the strong dependence of Earth’s climate
on atmospheric circulations, any changes in the character-
istics of atmospheric general circulations will produce large
impacts on the Earth’s climate and energy transport at both
the regional and global scales.

Given the importance of atmospheric circulations in the
energy budget and climate, great attention has been paid
to elucidating the structure and dynamics of the global

atmospheric circulations. In an earlier attempt to under-
stand the steady state of the global circulations, Schnei-
der and Lindzen38 presented an axially symmetric model
in which the large-scale atmospheric motion was assumed
to be driven by simple radiative cooling and diabatic heat-
ing. Their linearized analyses demonstrated the existence of
a circulation that shares some similarity with the observed
global circulations. By trying different types of heating pro-
files, their numerical results also showed that the structure
of the circulations in their model largely depends upon the
small-scale heat fluxes and the surface frictional force. Fol-
lowing a similar approach, Held and Hou12 proposed a steady-
state axially symmetric model that could demonstrate the
factors that most control the variability of the global circu-
lations in a dry stably stratified atmosphere. Their results
suggested that the vertical eddy viscosity plays an important
role in maintaining the steady structure for the global circu-
lations. A too small momentum eddy viscosity would render
large-scale circulations unstable and no steady state could be
obtained.
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Among the three major cells of the global circulations,
the mechanisms underlying the development and stability of
the Hadley cell, which is the circulation between the Equator
and 30◦, are perhaps most extensively studied from both the-
oretical and modeling perspectives due to its direct thermal
nature.1,2,7,12,14,19,20,27 To obtain some insight into the nature
of the Hadley cell, Hart8 approximated the meridional cir-
culation as a thin band that is differently heated along the
horizontal direction in a non-rotating environment. By vary-
ing the Prandtl number, he demonstrated that a Hadley-like
circulation could develop as a result of different types of insta-
bility for different Prandtl number. In a different approach,
Lindzen and Hou20 presented an alternative model for the
Hadley cell to examine the seasonal variation of Hadley circu-
lation by adopting asymmetric heating profile centered off the
equator. Their study showed that the winter cell is stronger
than the summer cell and the intensity of the circulation is
very sensitive to the position of the maximum surface tem-
perature. An extension of Lindzen and Hou’s study by Hou
and Lindzen14 confirmed that the concentration of the heat-
ing seems to play an essential role in the intensity of the global
atmospheric circulations. This dominant role of the heating
source is however different from that obtained in a study by
Pedlosky,29 which emphasized more on the small-scale turbu-
lent viscosity in maintaining large-scale motions (see Sections
IV D and IV F in Pedlosky29).

While previous models for the Hadley circulation could
demonstrate the role of diabatic heating and turbulent forc-
ings, one notices also from these models the importance of
the Earth’s rotation in maintaining the global circulations. By
improving the steady-state model in Ref. 12, Farrell7 specu-
lated that the Hadley cell could extend all the way from the
equator to the poles in the limit of an inviscid fluid with a suf-
ficiently high Rossby number such that the Coriolis force can
be neglected. This single-cell hypothesis of the global circu-
lations in the limit of no Earth’s rotation is somewhat simi-
lar to the early concept of a general circulation suggested by
Hadley.21 Following Farrell’s argument, it can be then inferred
that the Hadley cell would be confined in the tropical region if
the effect of Coriolis force is taken into account, thus imply-
ing the existence of other cells in the midlatitude regions
(see Figure 1). Although Farrell’s argument is supported by a
later numerical study of Walker and Scheneider,33,35,42 it was
nevertheless mostly based on different prescribed heating or
moisture functions. As such, it is still unclear why the global
circulations are composed of a single cell but not any other
number of cells in the absence of the Earth’s rotation.

Despite extensive studies in understanding the global
atmospheric circulations from various theoretical, model-
ing, observational, and laboratory perspectives as mentioned
above, several fundamental questions related to the structure
of these global circulations still remain. Specifically, the mech-
anisms behind the emergence of the triple-cell structure of
the global circulations as well as the related stability of this
structure are still not well understood. Using a global climate
model, Walker and Scheneider42 found that the meridional
temperature gradient appears to be one of the key factors

FIG. 1. Schematic illustration of the structure of zonally averaged global atmo-
spheric circulation for (a) a non-rotating Earth, and (b) a rotating Earth, which is
based on Farrell (1982)’s model.

in determining the number of cells between the equator and
60◦ latitude, which could take 1, 3 or 5 cells for temperature
difference of 30K, 60 K, and 90K, respectively. It is however
not explained why these structures are stable in their model-
ing study. Moreover, the role of the Earth’s rotation in gen-
erating specifically three instead of an arbitrary number of
cells is still elusive, other than evidence from their numerical
experiments.

Recent progress in the transition dynamics for dissipative
systems developed by Ma and Wang23–25 offers a framework
to tackle the large-scale circulation from a different angle.
Unlike the traditional linear stability analyses, the transition
dynamical theory examines conditions for which a dynamical
system bifurcates from one stable configuration to the next
as model parameters change. Given these progresses in non-
linear dynamics, the objective of this study is to examine the
dynamics of zonally symmetric circulations (ZSC) in an incom-
pressible flow that could mimic the Earth’s global circulations.
Our specific focus will be on understanding the structure and
related stability of the ZSCs as a natural consequence of the
Principle of Exchange of Stabilities (PES), which determines
the bifurcation of the Navier-Stokes equations. While our ZSC
model proposed in this study is certainly far from the real
atmosphere, it is our aim to examine to what extent this ZSC
model can offer any insight into the structure and stability
of the atmospheric triple-cell circulation, and how this struc-
ture changes in the presence and in the absence of the Earth’s
rotation.

In the next, a model for ZSCs will be presented. Analy-
ses of the bifurcation characteristics for this ZSC model in the
absence and in the presence of the Coriolis force will be then
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discussed in Section II. Section III examines the stability of the
new ZSC structures as a result of the dynamical transition, and
concluding remarks as well as shortcomings of our ZSC model
are discussed in the final section.

II. A ZONALLY SYMMETRIC CIRCULATION MODEL
A. Formulation

Given the unique symmetric nature of the global atmo-
spheric circulations in the meridional plane (y, z), we will fol-
low previous studies and model ZSCs as a two-dimensional
(2D) rotating Boussinesq fluid in the meridional-height plane
(y, z) as follows:1,2,8,12

∂u
∂t

+ (u · ∇)u = fv + ν1
∂2u
∂y2

+ ν2
∂2u
∂z2

,

∂v

∂t
+ (u · ∇)v = −

1
ρ0

∂P
∂y
− fu + ν1

∂2v

∂y2
+ ν2

∂2v

∂z2
,

∂w

∂t
+ (u · ∇)w = −

1
ρ0

∂P
∂z

+
gθ
θ0

+ ν1
∂2w

∂y2
+ ν2

∂2w

∂z2
,

∂θ

∂t
+ (u · ∇)θ = κ1

∂2θ

∂y2
+ κ2

∂2θ

∂z2
+ Q,

∂v

∂y
+
∂w

∂z
= 0,

(2.1)

where u ≡ (u, v, w) are the wind components in the zonal,
meridional and vertical directions, f is Coriolis parameter, H
is the scale height of the troposphere, P denotes the pressure
perturbation relative to a reference pressure, ρo is density of
the fluid, θ is reference temperature, Q is net diabatic heating
per unit mass, (ν1, ν2) are horizontal and vertical eddy viscosity
coefficients, and (κ1, κ2) are horizontal and vertical diffusion
coefficients. In this 2D model, the atmosphere is defined as
a rectangle domain of the size [0, L] × [0, H], where L and
H are the horizontal and vertical scales of the atmosphere,
respectively. Note also that because of the zonally symmet-
ric assumption, all variables are functions of (y, z) only, and so
u · ∇≡ v∂y + w∂z.

Unlike the previous Hadley cell models in which either
the momentum eddy viscosity coefficients were assumed to
be the same in both horizontal and vertical directions or only
vertical eddy viscosity was considered, one notices in our gov-
erning system (2.1) however that two different coefficients for
the momentum eddy viscosity are assumed similar to those in
Pedlosky’s model (see Chapter 429). The justification for this
consideration is based on the fact that the Earth’s general
atmospheric circulation is inherently governed by strong eddy
fluxes such that both horizontal and vertical fictional forces
are important.10,11,21,39 Given the drastically different vertical
and horizontal scales of the general atmospheric circulations,
it is apparent that the equal contribution of these two eddy
terms, i.e. ν1

∂2u
∂y2 ∼ ν2

∂2u
∂z2 can be held only if ν1 , ν2. Such a dif-

ference between the vertical and horizontal eddy coefficients
is observed in the real atmosphere conditions. Estimations of

these coefficients in previous studies16,29 showed that ν1 ∼ 103

− 105m2 s−1, whereas ν2 ∼ 10−1 − 10−4m2 s−1 �−Nu1. This dif-
ference between the horizontal and vertical momentum eddy
coefficients has an important implication on the transition
dynamics as will be seen in the next section.

We note here that the use of a rotating incompressible
fluid on a rectangle domain to represent the large-scale atmo-
spheric circulations in (2.1) has some inherent drawbacks, as
the real atmosphere is compressible and the Coriolis force is
not a constant but varies with latitudes. While the compress-
ibility issue can be overcome by some coordinate transfor-
mations or use of the anelastic approximation, the assump-
tion of a constant Coriolis force is admittedly rough, as the
constant Coriolis force is more suitable for laboratory exper-
iments than for the actual atmosphere.15 Inspired by numer-
ous laboratory studies and theoretical works on the stability
of the Hadley circulation using simplified models similar to
(2.1), our main attempt in this study is thus limited to exam-
ining the main properties of the ZSC on an f−plane, i.e., how
much of the zonally symmetric atmospheric circulation can
be explained by the f-plane dynamics. The use of the f−plane
dynamics is certainly a caveat of (2.1) in describing the atmo-
spheric global circulations, but on the other hand anticipated
due to the complexity of the atmosphere. As emphasized by
Lorenz,21 a complete description of the general atmospheric
circulations would seem to be impractical from the theoret-
ical perspective, because any analytical research can only be
applied to one or two specific aspects of the atmospheric
circulations rather than for the entire atmosphere. With this
caveat in mind, we will limit our focus on how much of the ZSC
dynamics that we can learn from Eq. (2.1), which we now turn
into.

B. A reduced model
The most challenging question that one has to first

address is how to realistically represent the net diabatic heat-
ing rate Q in our ZSC model (2.1). This is a very difficult problem
because this heating rate composes of various physical pro-
cesses that are currently not fully understood such as radia-
tive transfer, cloud physics, atmospheric gas concentration,
aerosol, or phase transition. Indeed, these processes are so
complex that it is unlikely, if at all possible, to find any func-
tional form for the term heating Q.8,12,20,21,32 As a result, many
previous models of the general atmospheric circulations often
assumed a simplified form for the diabatic heating such as
Q = (θE − θ)/τ, where θE is a given temperature structure
established by the radiative-convective equilibrium that the
atmosphere must relax to, and τ is the relaxation time.7,12,20,38

While a complete representation of this net heating term
is beyond our current knowledge, it happens in nature that
Q is dominated by latent heat release and radiative cooling
in the tropical troposphere.9,12,13,18,20,26 On average, the net
heating rate tends to be negative in the subtropical region due
to the dominance of the radiative cooling, and positive in the
tropical region due to the dominance of the latent heating.
These patterns of the large-scale heating and cooling turn out
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to be consistent with the large-scale structure of the vertical
motion associated with the general atmospheric circulations.
Specifically, the vertical motion is ascending in the tropical
region where net heating is positive due to the dominance of
the latent heating and is descending in the subtropical region
where the net heating is negative due to the dominance of
radiative cooling.

Given this consistency between the net heating rate
and the large-scale vertical motion, we consider a simplified
parameterization for the diabatic heating Q in our ZSC model
as follows

Q = ζw, (2.2)

where ζ is a proportional coefficient that determines the
water phase transition or cooling rate. With the typical large-
scale vertical motion w ∼ 10−2 m s−1, and corresponding
changes of temperature in the order of 1K day−1,18 the mag-
nitude of the proportional constant ζ is ∼ 10−4 K m−1 for the
large-scale circulation. The parameterization (2.2) may look
at first similar to the so-called the conditional instability of
second kind (CISK) feedback process first proposed by Char-
ney and Elliassen4,17 in tropical cyclone research. That is, a
stronger vertical motion would promote more latent heating,
thus resulting in the dominance of the latent heat release in
the atmosphere and warming the atmosphere up. Note how-
ever that the parameterization (2.2) by no means implies that
latent heat is the sole driving force of the general atmospheric
circulations as in the original CISK mechanism. This is because
(2.2) also allows for the dominance of radiative cooling in the
descending region that the original CISK mechanism does not
contain, i.e., a descending motion would correspond to the
dominance of radiative cooling and/or evaporative cooling
that tends to decrease the overall temperature. As a result of
this heating parameterization, a meridional temperature gra-
dient would emerge such that the atmospheric circulation can
develop.

Although the above CISK-like diabatic heating parameter-
ization differs from the previous radiative-adjustment approx-
imations and apparently naive for the real atmosphere,6 it
could at least capture the main features related to the large-
scale diabatic heating and temperature gradient in a broader
global circulation context as discussed in Refs. 28 and 32. We
should mention at this point that the use of a more popular
radiative-adjustment parameterization for the diabatic heat-
ing term Q that relaxes towards a given radiative-convective
state θE as Q = (θE − θ)/τ proposed in Refs. 7 and 12 only
changes the structure of the mean flow, but not the charac-
teristics of the transition dynamics (see the eigenvalue prob-
lem (3.3) below). This radiative-adjustment parameterization,
however, introduces some complication related to the depen-
dence of the eigenvalues on z, which requires numerical pro-
cedures and so not presented herein. Because of our main
focus in this work is on a dynamical model for idealized
ZSC model, this simplified diabatic heating parameterization
should be considered as a property of our ZSC model, rather
than the actual diabatic heating in the general atmospheric
circulations.

With the above representation for the net heating rate
Q, it is immediate to see that the system (2.1) admits a simple
steady state as follows

uc = (0, 0, 0), θc = θ1 −
(θ1 − θ2)z

H
. (2.3)

where θ1 and θ2 are the temperature at z = 0 and z = H.
This steady state is unique, and it strictly has no motion in
any direction (i.e., a completely quiescent atmosphere) with
the temperature gradient purely in the vertical direction. One
notices that this steady state is y-independent and so it does
not represent the actual physical state of the atmosphere. It
is simply a steady state of the governing system (2.1). Our goal
is to show that this steady state is unstable, thus allowing for
the dynamical transition process that produces a more realis-
tic structure of the general atmospheric circulations as will be
shown below (see (3.20) and (3.21)).

To achieve this goal, we consider next a perturbation
added to the steady state (2.3) and examine conditions for
which the dynamical transition can take place. Assume the
perturbation under consideration is zonally symmetric such
that ∂

∂x = 0, the flow vectors and temperature can be written
as

u = uc + u′, θ = θc + θ′. (2.4)

Plugging these perturbations into (2.1) leads to

∂u
∂t

+ (u · ∇)u − fv = ν1
∂2u
∂y2

+ ν2
∂2u
∂z2

,

∂v

∂t
+ (u · ∇)v + fu = ν1

∂2v

∂y2
+ ν2

∂2v

∂z2
−

1
ρ0

∂P
∂y

,

∂w

∂t
+ (u · ∇)w = ν1

∂2w

∂y2
+ ν2

∂2w

∂z2
−

1
ρ0

∂P
∂z

+ g
θ

θ0
,

∂θ

∂t
+ (u · ∇)θ −

(θ1 − θ2)w
H

= κ1
∂2θ

∂y2
+ κ2

∂2θ

∂z2
− ζw,

∂v

∂y
+
∂w

∂z
= 0,

(2.5)

where the primes have been dropped for convenience. We
next introduce a set of scales

(y, z) = H(y∗, z∗), t =
H2

κ2
t∗, u =

κ2

H
u∗,

P =
ρ0κ

2
2

H2
P∗, θ = (θ1 − θ2)θ∗,

(2.6)

where the asterisks denote nondimensional variables. If one
notes further that the continuity equation in (2.5) allows us to
define a stream function ψ such that (v∗, w∗) can be given by

(
∂ψ

∂z
,−
∂ψ

∂y

)
,
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(2.5) can be then written in nondimensional forms as

∂u
∂t
− J(ψ,u) − T

∂ψ

∂z
= Pr

(
E
∂2u
∂y2

+
∂2u
∂z2

)
,

∂∆ψ

∂t
− J(ψ,∆ψ) + T

∂u
∂z
= Pr

(
E
∂2∆ψ

∂y2
+
∂2∆ψ

∂z2

)
− R

∂θ

∂y
,

∂θ

∂t
− J(ψ, θ) +

∂ψ

∂y
= K

∂2θ

∂y2
+
∂2θ

∂z2
+ B

∂ψ

∂y
.

(2.7)

where the asterisks are dropped for the sake of notation,
J(ψ,ϕ) = ∂ψ

∂y
∂ϕ
∂z −

∂ψ
∂z

∂ϕ
∂y for the state ϕ ≡ (u,ψ, θ), and the nondi-

mensional parameters B, E, T, K, R, and Pr in (2.7) are defined
as follows

E =
ν1

ν2
,K =

κ1

κ2
,

T =
fH2

κ2
,R =

gH3(θ1 − θ2)
θ0κ

2
2

,B =
ζH

θ1 − θ2
< 1,

Pr =
ν1

κ1
=
ν2

κ2
.

Among these several parameters, we note that R is the
Rayleigh number, and the turbulent Prandtl number Pr
is typically ∼ 1 for the atmospheric flows, which will be
herein assumed for both the vertical and horizontal direc-
tions.1,2,12,14,20,29 The effects of diabatic heating is incorpo-
rated in the nondimensional B number.

Under the scaling given by (2.6), the domain for (2.7) is
thus reduced to

Ω = (0, a) × (0, 1), where a ≡
L
H

to which the following boundary conditions will be imposed

u(0, z) = ψ(0, z) = u(a, z) = ψ(a, z) = 0,
∂θ

∂y
(0, z) =

∂θ

∂y
(a, z) = 0,

∂u
∂z
= θ =

∂2ψ

∂z2
= ψ = 0, z = 0, 1,

(2.8)

Physically, the boundary conditions (2.8) imply that the wind is
non-slip in the y-direction, and it is free on the upper bound-
ary. More detailed discussion about this type of boundary
conditions can be found, e.g., in Ref. 12.

III. TRANSITION DYNAMICS
A. Eigenvalue problem

To facilitate our analyses, we first re-write (2.7) in terms
of differential operators as follows

dϕ
dt
=A−1Lϕ + A−1Gϕ. (3.1)

where the operators A,L, and G are defined as

Aϕ = *..
,

u
∆ψ

w

+//
-
,

Lϕ =

*......
,

Pr

(
E ∂2u
∂y2 + ∂2u

∂z2

)
+ T ∂ψ

∂z

Pr

(
E ∂2∆ψ

∂y2 + ∂2∆ψ

∂z2

)
− R ∂θ

∂y − T
∂u
∂z

K ∂2θ
∂y2 + ∂2θ

∂z2 − (1 − B) ∂ψ∂y

+//////
-

,

Gϕ =
*...
,

J(ϕ,u)

J(ϕ,∆ψ)

J(ϕ,w)

+///
-

.

(3.2)

The operator form of (2.7) brings a lot of convenience in deriv-
ing the corresponding transition number as will be shown
below. Following the standard procedures, the eigenvalue
problem for the linear differential operators in (2.7) is then
given by:

Pr

(
E
∂2u
∂y2

+
∂2u
∂z2

)
+ T

∂ψ

∂z
= λu,

Pr

(
E
∂2∆ψ

∂y2
+
∂2∆ψ

∂z2

)
− R

∂θ

∂y
− T

∂u
∂z
= λ∆ψ,

K
∂2θ

∂y2
+
∂2θ

∂z2
− (1 − B)

∂ψ

∂y
= λθ,

(3.3)

for a general eigenvalue λ along with boundary conditions
(2.8). It can be directly verified that for the eigenvalue problem
(3.3) a general eigenvector must have the following form,

u = U(z) sin bmy,

ψ = V(z) sin bmy,

θ = −W(z) cos bmy,

(3.4)

where bm = mπ
a ,m ∈ Z, and U(z), V (z) and W(z) satisfy the

following relationships

Pr
(
D2 − Eb2

m

)
U + TDV = λU,

Pr
(
D2 − Eb2

m

)
(D2 − b2

m)V − RbmW = λ(D2 − b2
m)V + TDU,(

D2 − Kb2
m

)
W + (1 − B)bmV = λW,

Boundary conditions: U′ = V = V′′ =W = 0, z = 0, 1.

(3.5)

where D ≡ d/dz, and the primes in the boundaries for (3.5) now
denote the derivative with respect to z. Using the boundary
conditions U′ = V = V′′ = W = 0, at z = 0, 1, it can be seen from
(3.5) that this system must contain only even order derivatives
of V, i.e.,

V = V′′ = V(4) = V(6) = · · · = 0, z = 0, 1. (3.6)

As a result, the solution to (3.5) must be of the form

Vm = A sinnπz, (3.7)

where A is any nonzero constant. Substituting (3.7) into (3.5)
gives
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U(z) =
ATnπ

Pr
(
n2π2 + Eb2

m

)
+ λ

cos(nπz). (3.8)

W(z) =
A(1 − B)bm

n2π2 + Eb2
m + λ

sin(nπz) (3.9)

Inserting (3.7)-(3.9) into the second equation of (3.5) and
assuming that the Prandtl number Pr ∼ 1, one obtains a
characteristic equation for the eigenvalue λ as follows

λ = −
Fm,n

2
±

√
F2
m,n

4
+
PrR(1 − B)b2

m − T2n2π2

PrAm,n
− PrG2

m,n, (3.10)

where

Gm,n =
(
n2π2 + Eb2

m

)
,

Fm,n = (Pr + 1)Gm,n,

Am,n = (n2π2 + b2
m).

The eigenvalues given by (3.10) imposes several important
constraints. First, these eigenvalues always have a real part −
Fm ,n/2 < 0 by definition of the function Fm ,n. Thus, (3.1) will
not contain any dynamical transition if the square root in the
eigenvalue (3.10) has a complex value, because a complex value
would imply that the steady state (2.3) is always stable. Second,
the eigenvalues given by (3.10) are a smooth function of the
parameter R with one class of values (the plus sign) increasing
with R and the other class (the minus sign) decreasing with R.
As a result, it is possible to order all eigenvalues based on the
real part of the eigenvalues as follows

· · ·Re[λn] < · · · < Re[λ3] < Re[λ2] < Re[λ1].

Because the complex eigenvalues will always imply a sta-
ble state, this order will be of most interest when the first
eigenvalue λ1, whose sign determines the local stability of the
steady-state (2.3), crosses a zero value. To analyze the tran-
sition and associated stability of the steady-state (2.3), it is
therefore necessary to derive a condition for which the first
eigenvalue λ1 changes its sign, which is presented in the next
section.

B. Principle of exchange of stabilities
The expression for the eigenvalues as given by (3.10)

allows us to examine a subtle behavior, the so-called dynami-
cal transition process. Unlike the traditional bifurcation that
only focuses on the number of model states as the model
parameter varies, the dynamical transition is more general
because it not only allows for studies of the transition from
one state to another but also determines whether the bifur-
cated states are physical or not even when the number of
model states does not change. In this regard, one notices
first from the expression (3.10) for the eigenvalues that there
exists indeed a particular set of parameters that allow for
a dynamical transition from one state to another state as
described by the PES condition. Mathematically, the PES con-
dition for a dynamical system is given by the following two

requirements:23–25

i.




Re[λ1] < 0, R < R0,

Re[λ1] = 0, R = R0,

Re[λ1] > 0, R > R0.

ii. λn < 0, R = R0 ∀n ≥ 2.

(3.11)

Depending on the nondimensional numbers B, T, E, and Pr,
there may exist a critical number R0 and an integer m ≥ 1 such
that the PES condition for the governing system (2.1) can be
satisfied. Indeed, a quick examination of (3.10) shows that this
number R0 is given by

R0 = min
m≥1,n=1

P2
rG2

m,nAm,n + T2n2π2

Pr(1 − B)b2
m

= min
m≥1

P2
rG2

m,1Am,1 + T2π2

Pr(1 − B)b2
m

,

(3.12)

where we have used the fact that the eigenvalue λ as given
by (3.10) is a monotonically increasing function of n such that
the search for the minimum in (3.12) is sufficiently applied for
n = 1. It is readily seen that R0 satisfies the PES condition (3.11)
as expected, which determines when the dynamical transition
of (2.1) will occur.

Evaluation of the minimum of (3.12) shows that the critical
value R0 will correspond to a value of b2

m given as follows (see
Appendix A)

b2
m ≈

√
P2
rπ

4 + T2

P2
r (E2 + 2E)

. (3.13)

This is a remarkable result, because it dictate how the number
of cells of the ZSC is determined by several parameters includ-
ing the Coriolis force f (or T), the turbulent Prandtl number Pr,
and the ratio of the momentum eddy coefficients E. To see
in more details the implication of this result, we recall from
the definition of bm that the integer number m represents the
meridional wavenumbers; a value m = 1 would correspond to
a single-cell circulation from the equator to the pole, while
m = 3 would correspond to a three-cell structure. Also, the
impact of the Earth’s rotation is represented by the nondi-
mensional number T = fH2/κ2, which is equal to zero in the
absence of the Earth rotation, i.e., T = 0 for f = 0.

Let mf and m0 represent the wavenumbers for the ZSC
in the presence and in the absence of the Coriolis force,
respectively. We then have

b2
mf

b2
m0

≈

√
1 +

T2

π4
. (3.14)

Taking the Prandtl number Pr ≡
ν2
κ2
∼ 1 and assuming other

typical scales in the atmosphere including13

H ∼ 10 km, f ∼ 10−5 s−1,

ν2 ∼ 10 m2s−1, L ∼ 6400 km.

we thus obtain
mf ≈ 3m0. (3.15)
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Literally, the relationship (3.15) indicates that the number
of meridional cells in the presence of the Earth’s rotation
is about three times the number of cells in the absence of
the Earth’s rotation. This remarkable result clearly highlights
the profound role of the Coriolis force in determining the
structure of the ZSC similar to what obtained from previous
modeling studies,7,42 which is obtained here as a direct con-
sequence of the PES condition under the zonally symmetric
configuration.

Further estimation of the wavenumber m0, using (3.13)
and assuming a ratio of the horizontal eddy coefficient over
the vertical eddy coefficient E ≡ ν1

ν2
∼ 4 × 105 gives

m0 =
L

H
√
E2 + 2E

∼ 1. (3.16)

This estimation reveals an intriguing feature that the Earth’s
large-scale atmospheric circulation appears to support only
one cell structure in the meridional plane in the absence of
the Coriolis force as speculated by Ref. 7. In the presence of
the Earth’s rotation, the number of cells is therefore equal to
three as a result of the consistency among vertical and hor-
izontal eddy viscosity, the Coriolis parameter, and the spa-
tial scales of the atmosphere as dictated by (3.14). Among
these scales, the role of the momentum eddy coefficients
E = ν1/ν2 ∼ 105 is somewhat least expected, as it is often
assumed in most idealized fluid dynamical systems that this
ratio is equal to one, i.e. ν1 = ν2, based on the homogeneity
of the fluid molecular viscosity. For the atmospheric circula-
tion, it is necessary that this ratio must be much larger than
1 to ensure the correct description of the number of cells in
the ZSC, which is consistent with the conclusion about the
role of eddy viscosity in maintaining the ZSC as discussed in
Pedlosky.29

We should emphasize that the above result regarding
the number of cells is obtained simply as a consequence of
the PES condition for the governing system (2.1). In the real
atmosphere, (2.1) is certainly too idealized, as we have not
accounted for a lot of detailed atmospheric physics. However,
the fact that (2.1) could expose the typical behaviors of the
dynamical transition indicates that the existence of the triple-
cell structure of the ZSC likely roots in the intrinsic dynamical
nature of the fluid system confined by the scales specific to
the Earth’s atmosphere. With the same mechanism, it is possi-
ble that a different number of large-scale cells may emerge in
different planets where these scales are different.

Two issues beyond the count of the number of cells for
the ZSC remain. The first issue is related to the structure of the
flow after the dynamical transition takes place. It is of impor-
tance to see the explicit structure of this new steady-state
solution, as the PES condition itself does not indicate how the
new steady state looks like. Second, it is critical that any new
steady-state solution has to be stable so that the ZSC can be
maintained over a long time. An unstable state after the tran-
sition would render any new state meaningless for all practical
purposes.

C. Structure of the ZSC
With the PES condition for the dynamical transition to

occur as demonstrated in the preceding section, our next task
is to derive an expression for the new states that the sys-
tem will bifurcate to. According to the PES condition, the new
steady state is nothing but the first eigenstate corresponding
to the first eigenvector λ1. Because of the fundamental role
of the Coriolis force, we will consider the structure of the
atmospheric circulation for two different cases.

1. No Coriolis force
Because the dynamical transition concerns with the first

eigenvector, let us denote the first eigenvector as φ1, which
has the following form at R = R0:

φ1 =

*.....
,

−TπC1
PrG1,1

sin b1y cos πz

−C1 sin b1y sin πz
(1−B)b1C1

G1,1
cos b1y sin πz

+/////
-

, (3.17)

where the explicit value m0 = 1 has been used in the absence of
the Coriolis force, and the amplitude C1 is obtained from the
normalized condition as (see Appendix B)

C1 =
2√

(Pr + 1)aA1,1

.

To find an expression for the eigenvectors in the neighbor-
hood of R0, we recall that the steady state given by (2.3) is
stable if R < R0. For R is larger but still sufficiently close
to R0, (2.7) is however reduced to a set of ordinary equa-
tions on the central manifold around the first eigenvectors
(B9) at the critical value R0. Detailed derivations of the eigen-
functions on this central manifold spanned by these first
eigvenvectors at R = R0 show that for R > R0 (2.7) bifur-
cates to an attractor consisting of two new steady states
{ϕ1, ϕ2 }. Detailed analysis of these new state requires addi-
tional analysis on the central manifold with the full nonlinear
terms included. The nonlinear analysis needed to derive the
approximated structure of the solution near the critical point
is given in Appendix C, which results in an expressions for
the new steady states on the central manifold are given as
follows:

ϕ1 ≈ *
,

−λ1

G(φ1,Ψ1),φ∗1 )
+
-

1
2

φ1,

ϕ2 ≈ −*
,

−λ1

G(φ1,Ψ1),φ∗1 )
+
-

1
2

φ1.

(3.18)

where operator G is a bilinear mapping defined as

G(φ1,Ψ1) =
*...
,

J(φ12,Ψ11)

J(φ12,∆Ψ12)

J(φ12,Ψ13),

+///
-

(3.19)

with Ψ1 given by (see the derivation of (3.18) in Appendix C)
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Ψ1 =
*...
,

Ψ11

Ψ12

Ψ13

+///
-

=

*......
,

−TC2
1 π

2b1

2G1,1(2λ1+4Eb2
1 )

sin 2b1y

0
−π(1−B)πC2

1 b
2
1

2G1,1(2λ1+4π2) sin 2πz

+//////
-

.

The existence of these two stable steady states ϕ1, ϕ2 is
important, as it implies two opposite directions for the gen-
eral atmospheric circulations in two Hemispheres. To see the
implication of these new steady states in more details, we
recall that the first component of the eigenvectors ϕi, i = 1,
2 describes the zonal motion in x-direction, the second com-
ponent describes the streamfunction on the (y, z)-plane, and
the third component corresponds to temperature perturba-
tion θ. Explicit calculations of all wind components from the
streamfunction and temperature corresponding to the first
eigenvector ϕ1 is

*......
,

u(y, z)

v(y, z)

w(y, z)

θ(y, z)

+//////
-

=

*.......
,

0

−Γ1π sin πy
a cos πz

Γ1π
a cos πy

a sin πz

Υ1 cos πy
a sin πz + θ1

θ1−θ2
− z

+///////
-

, (3.20)

where the parameter T = 0 has been used in the u component
due to f = 0, and two amplitudes Γ and Υ are defined as

Γ1 = *
,

−λ1

G(φ1,Ψ1),φ∗1 )
+
-

1
2

C1,

Υ1 = *
,

−λ1

G(φ1,Ψ1),φ∗1 )
+
-

1
2 (1 − B)b1C1

G1,1
.

There are several noteworthy properties about the steady
state ϕ1 that can be immediately seen from (3.20). First, one
notices that (3.20) represents indeed a single-cell circula-
tion with a northerly wind (v < 0) in the lower half of tro-
posphere (i.e., z < 0.5) and a southerly wind in the upper
half of the troposphere. Corresponding to this meridional
flow is an ascending motion in the equator and a descend-
ing motion in the pole. This large-scale circulation is expected
for a thermally direct cell circulation, as the warmer air
tends to flow towards the polar region at the upper level,
descends and returns back to the equator near the surface
as constrained by the north-south temperature gradient (see
Figure 2)

Given the aspect ratio of the horizontal to the vertical
scales of the ZSC a = L/H ∼ 103, it can be further seen from
(3.20) that the ratio w/v = H/L ∼ 10−3, which is again consis-
tent with the observation that the vertical motion is roughly
10−2 ms−1, while the horizontal wind is ∼ 10 ms−1. In addition
to this single-cell meridional structure, it is also seen that the
zonal wind u is strictly zero everywhere, and so the ZSC must
be entirely confined within the (y, z) plane in the absence of the
Coriolis force. In this regard, the ZSC is simply a pure thermal
direct cell with no zonal circulation. Such a single-cell struc-
ture could maintain the heat balance between the equator and
the pole, while on the other hand ensure the conservation of
the absolute angular momentum.21,39

Of further interest is that the physical requirement of
the north-south temperature gradient with a warmer equator
than the polar regions breaks the symmetry between the two-
state attractor ϕ1 and ϕ2 in each hemisphere. Recall that the

FIG. 2. (a) Vertical cross section of
the (3, 4) components in the (z, y)
plane after the dynamical transition takes
place when R > R0 in the absence
of the Earth’s rotation; (b) the stream-
function, and (c) the total temperature
as obtained from the analytical solution
(3.20), assuming the following scales: θ1
= 300 K, θ2 = 297 K, H = 10 km, κ2 = 100
m2 s−1, Prandtl number Pr = 1, and the
diabatic heating coefficient ζ = 10−4 K
s−1.
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components for the second eigenvector ϕ2 differs from those
in ϕ1 only by the minus sign as seen in (3.18). Such a difference
turns out to be important, because it indicates that the tem-
perature gradient will be oriented towards the equator for ϕ2,
i.e., warmer in the poles and colder in the equator. A reverse
temperature gradient for the steady state ϕ2 means ϕ2 is an
unphysical solution in the Northern Hemisphere, and is appar-
ently not consistent with the actual temperature gradient in
the atmosphere. In the Southern Hemisphere, it is noted, how-
ever, that T ∼ f < 0. Thus, it is now the solution ϕ2 that has the
right structure of the large-scale circulation in the Southern
Hemisphere, because it could maintain not only the right cir-
culation orientation in the meridional plane, which is opposite
to that in the Northern Hemisphere, but also ensure the cor-
rect temperature gradient direction from the equator to the
pole as expected.

2. With Coriolis force
In the presence of the Earth rotation with f , 0, the struc-

ture of the large-scale circulation changes dramatically. Fol-
lowing the same procedure as for the case of f = 0 in the
preceding subsection, we obtain the following steady state in
the Northern Hemisphere for f , 0:

*......
,

u(y, z)

v(y, z)

w(y, z)

θ(y, z)

+//////
-

=

*........
,

−
TπΓ3
PrG3,1

sin 3πy
a cos πz.

−Γ3π sin 3πy
a cos πz

3Γ3π
a cos 3πy

a sin πz

Υ3 cos 3πy
a sin πz + θ1

θ1−θ2
− z

+////////
-

, (3.21)

where the amplitudes are

Γ3 = *
,

−λ1

(G(φ1,Ψ1),φ∗1 )
+
-

1
2

C3, C3 =
2√

(Pr + 1)aA3,1

,

Υ3 = *
,

−λ1

G(φ1,Ψ1),φ∗1 )
+
-

1
2 (1 − B)b3C3

G3,1
, (3.22)

We note that that above expression for the eigenvectors near
the critical point R0 is under an approximation that 0 <

R−R0
R �

1, i.e. the Rayleigh number has to be sufficiently close to its
critical value (see Appendix C). A larger value of R would
require high-order contributions from the nonlinear terms
that are unnecessarily complex for our analyses. A closer
examination of this solution shows several more interesting
features than the case of f = 0. First, in terms of the meridional
circulation (v, w), it can be explicitly seen now that there exist
three different cells as illustrated in Figure 3, with the vertical
motion w much less than the meridional wind component v as
expected.

Along with this triple-cell structure, it is of particular
interest to note that the zonal wind shows a consistent pat-
tern at the surface with an easterly wind for the first cell,
followed by a westerly flow for the second cell, and finally
easterly flow again for the third cell (Figure 4). These alterna-
tive easterly and westerly winds accord well with the observed
surface wind distribution related to the Hadley, the Ferrell,
and the Polar cells. At the upper troposphere z > 1/2, the zonal
wind changes its directions and exhibits a westerly jet for the
first cell, albeit its magnitude is not comparable to that of the

FIG. 3. Similar to Figure 2 but for the
meridional circulation given by (3.21)
in the presence of the Coriolis force,
assuming the same set of parameters
and f = 10−5 s−1.
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FIG. 4. Three-dimensional illustration of the zonally symmetric circulation in the
presence of the Coriolis force after the transition takes place when R > R0. The
illustration is drawn from the stable steady state ϕ1 given by (3.21) in the Northern
Hemisphere. Vectors denote the zonal wind at the surface.

real upper-level easterly jet around 35N. Such a specific pat-
tern of the zonal and meridional winds in this first cell is again
consistent with the flow structure of the Hadley circulation.
Likewise, the second and the third cells are also naturally con-
sistent with Ferrell and Polar circulations as observed. One can
see here the importance of the vertical eddy term in main-
taining these cell structures similar to the Rayleigh-Beńard
convective cells.

That these results are obtained directly from the gov-
erning equation (2.1) reveals an interesting fact that the key
characteristics of the ZSC appear to be understood within
the framework of the dynamical transition on the f-plane.
Unlike modeling studies that contain many internal feedbacks
that are often hard to understand how the development of
the three-cell structure of the atmospheric general circula-
tion takes place, our analytical model provides a condition
for such a structure to happen, which is well applied to the
Earth’s atmosphere. Specifically, the nondimensional number
R ≡ gH3(θ1 − θ2)/θ0κ

2
2 has to be larger than a critical value R0,

which is ∼ 8 × 108 as can be directly estimated from (3.12).
Given H ∼ 104 m, θ0 ≈ 300 K, κ2 ≈ 10 m−1, this condition
on R0 imposes that the difference in temperature between
the top and the surface layer ∆θ = θ1 − θ2 must be larger
than ∼ 2.5 K so that the PES condition can be realized. This
requirement is indeed well applied to the equivalent poten-
tial temperature difference in the real atmosphere. Physically,
this condition just reiterates that the temperature difference
between the surface and the tropopause must be sufficiently
large so that large-scale thermal cells can emerge, similar to
Rayleigh-Bénard convection.

Regarding the ZSC in the Southern Hemisphere, it should
be remarked that all of the aforementioned discussions about
the ZSC structure and transition can be well applied, using the
other steady state ϕ2. Indeed, in the Southern Hemisphere for
which the nondimensional number T ∼ f < 0, the zonal flow
is still the same as that in the Northern Hemisphere, because
the function sin(3πy/a) < 0 for y < 0. Thus, there is no net
change in the sign of the zonal flow (see the u component
in (3.21)). On the other hand, the meridional circulation will
have its orientation reversed, because the sign of the vertical

motion is unchanged whereas the meridional wind changes its
sign due to the sin(3πy/a) function. As such, the flow struc-
ture for both the zonal and the meridional circulations are
consistent with observations in the Southern Hemisphere as
expected.

D. Stability of the ZSC
The last important issue concerns the stability of the ZSC

structure obtained in the previous section. To prove the sta-
bility of the steady state ϕ1 for the Northern Hemisphere and
ϕ2 for the Southern Hemisphere, we use Ma and Wang’s struc-
tural stability theorem25 for a 2D divergence-free vector field
to show that this new state is structurally stable. To be spe-
cific, we will demonstrate the stability proof for case of f = 0.
The other case of f , 0 can be proven in very similar way (see
Appendix C).

Recall that the necessary and sufficient conditions for the
structural stability of a 2D divergence-free vector field u ≡ (v,
w) as established in Ma and Wang25 (see Chapter 4) are

1. (v, w) must be regular, i.e., det(J(u)) , 0.
2. All interior saddle points of u are self-connected.
3. Each boundary saddle point is connected to a saddle

point by the same connected component of boundary.

Because there is no saddle point for the steady state ϕ1, the
last two conditions are trivial. Hence, all we have to do is
to simply check for the regularity property of the flow field
(v, w) associated with ϕ1. Indeed, a straightforward calculation
of the Jacobien of the flow field u = (v, w) then gives

det(J(u)) =
�������

−
Γ1π

2

a cos πy
a cos πz −Γ1π

2 sin πy
a y sin πz

−
Γ1π

2

a2 sin πy
a y sin πz Γ1π

2

a π cos πy
a y cos π

�������

= −
Γ2

1 π
4

a2

(
cos2(

πy
a
y) cos2(πz) + sin2(

πy
a
y) sin2(πz)

)
< 0,

(3.23)

which implies that u is a D-regular vector field. Clearly, u does
not contain any interior saddle points and ∂-saddle points.
Thus, Ma and Wang’s stability theorem holds true, and the
new state given by ϕ1 as shown in Fig. 2 is topologically stable.
Because this method can be well applied in both the pres-
ence and in the absence of the Earth’s rotation, we conclude
that both structures shown in Fig. 2 and Fig. 3 are stable, thus
justifying the persistent existence of the triple-cell structure
for the atmospheric general circulation in the presence of the
Earth’s rotation.

IV. APPLICATION TO THE ATMOSPHERIC
GLOBAL CIRCULATIONS

While the ZSC model presented in this study could cap-
ture some interesting behaviors of the zonally symmetric
structure with a single cell in the absence of the Earth’s rota-
tion and a 3-cell structure in the presence of the Earth’s ration,
a number of major simplifications in this model raise several
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questions about the possible application of the ZSC model to
the real atmospheric general circulation.

For the case without the Coriolis force ( f = 0), the result
obtained from our ZSC model can be in fact compared to
previous theoretical and modelling studies of the zonally sym-
metric global circulation with fixed sea surface tempera-
ture.13,31,33,35,37,41 One of the most common feature in all of
these previous studies of the zonal symmetric circulation is
the existence of one single-cell circulation in each hemisphere
in the absence of Earth’s rotation. For example, the idealized
simulation in Ref. 33 showed a dominant cell as a result of
radiative-convective instability, which is very sensitive to the
cloud absorption parameter. Likewise, the three-dimensional
simulations on an aqua-planet with fixed surface temperature
in Refs. 31 and 35 captured also a single-cell structure in each
hemisphere (see, e.g., Figure 1 in Reed et al.35).

Due to various setting and configurations in these mod-
els, one notices that the single-cell structure obtained from
these studies has somewhat different sizes and strength. In
the study of Raymond,33 the horizontal scale of a moisture
anomaly imposed at the initial time is limited to a region of
2000 km wide and it is placed about 5 degree north of the
Equator to mimic the location of the ITCZ during the summer
time in the Northern Hemisphere. As a result, the single-cell
circulation obtained from this simulation is confined within
the a region of 30S-30N instead of expanding all the way to
the poles. In contrast, the meridional extent of the single-
cell circulation in other studies31,35,37 is much larger than
those in the Raymond’s simulation, which could reach as far
as ∼60S-65N. Of course, this comparison is not fully justi-
fied, as some simulations were based on a three-dimensional
model,31,35 whereas the two-dimensional zonally symmetric
configuration was used in other simulations.33,37 Nonetheless,
the dominance of a single-cell structure in all of these mod-
elling studies in the absence of the Earths rotation to some
extent supports the analytical result obtained from our ZSC
model as well as Farrells early conjecture in the limit of inviscid
flows.7

Regarding the case with the Coriolis effects taken into
account, the interpretation of the 3-cell structure derived
from our ZSC model as the classical Hadley, Ferrel, and Polar
cells is far more nontrivial and must be examined with cau-
tions. While the nature of the Hadley cell as a consequence of
the thermal direct circulation is plausibly captured by one of
the cells in the ZSC model, the identification of the second cell
in our ZSC model as the Ferrel cell is much harder to convince.
This is because the Ferrel cell has been well known to be a
thermally indirect circulation as a result of the eddy momen-
tum and heat flux convergences.3,13,30,40,41 In the diagnostic
framework based on the Kuo-Eliassen equation for the mass
streamfunction, it can be demonstrated that both the eddy
heat flux and the eddy momentum flux could offset the direct
diabatic forcing at midlatitudes, thus driving mean merid-
ional cells in each hemisphere with rising motion poleward of
45◦ and sinking motion equatorward of 45◦. Note that these
large-scale eddy flux convergences cannot be independently

prescribed, but they must respect both the force balance for
the eddy momentum flux convergence and the baroclinic heat
transfer balance for the eddy heat flux.3,13

In our ZSC model, the emergence of the second ther-
mally indirect cell comes naturally from the governing equa-
tions, much like convective cells in Reynold-Bénards convec-
tion. Physically, the appearance of the thermally indirect cell
can be understood as a combination of the Coriolis force,
the thermal equation, the continuity equation, and the eddy
terms in Eq. (2.1). As the Coriolis force is allowed, the pole-
ward wind component of the first cell at the upper level will be
soon deflected to the east and eventually descend due to its
cooler temperature at the upper level, forming the descend-
ing of the Hadley cell. This descending motion will reach the
surface around 30N and spread out as a consequence of the
continuity equation and boundary condition, generating two
branches of the surface wind at 30N; one returns to the Equa-
tor, and the other moves to the pole. The poleward component
at the surface, which is now a part of the surface flow of the
second cell, will become warmer due to its interaction with
the surface and at some point must raise, thus forming the
upward branch of the Ferrel cell. Without the Earth rotation,
the upper branch of the first cell can continue all the way to
the pole before descending due to the absence of the Coriolis
acceleration in the zonal direction. From this perspective, the
Coriolis effect intuitively makes a big difference in the zonally
symmetric global circulation.

In the above physical interpretation, the importance of
the large-scale eddy momentum fluxes is implicitly encoded
in the eddy term ν2

∂2v
∂z2 and the boundary conditions, which

ensures that the meridional flows must be always maximum
at the surface and the top boundary. As such, the v compo-
nent has to decrease with height so that ν2

∂2v
∂z2 is positive in

the lower half and negative in the upper half of the tropo-
sphere. This negative eddy-induced acceleration at upper half
of the troposphere means that the upper branch of the Fer-
rel cell must turn towards the Equator in the 30N-60N region
as would expected from the classical eddy momentum flux
convergence. In this regard, the term ν2

∂2v
∂z2 in our ZSC model

should not be interpreted as a diffusion term, but more as a
parameterization of the large-scale eddy momentum fluxes

that are often written in the form of eddy stress ∂(v′w′)
∂z , and

similarly for the eddy heat flux. Of course, this interpretation
may not account for the zonal drag term, which could enhance
substantially the strength of the Ferrel cell as demonstrated
in Ref. 3. However, the fact that a thermally indirect cell can
develop in the ZSC model confirms that the role of the eddy
momentum and heat fluxes is critical. The thermally indirect
cell obtained from the ZSC model in this regard proposes a
mechanism for the Ferrel cell that is similar to the convective
cells in the Reynolds-Bénard problem.

Our above interpretation of the 3-cell structure in the
ZSC model by no mean indicates that the ZSC model can real-
istically describe the Earth’s atmospheric general circulations
due to various simplifications and approximations. Among
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these simplifications, the simple diabatic heating approxima-
tion in terms of vertical motion given by Eq. (2.2) is perhaps
the most severe drawback, which limits the applicability of
the ZSC model to the real atmosphere. While this parame-
terization of the diabatic heating is reasonable in the trop-
ical region, it implies however that the equivalent potential
temperature anomaly is positive the midlatitude region (i.e.,
a warmer anomaly in the ascending branch of the Ferrel cell)
than in the subtropical region (i.e., a colder anomaly in the
descending branch of the Ferrel cell) as seen in Figure 3c. Of
course, the realistic surface temperature has a large negative
gradient such that the tropical region is always much warmer
than the polar region, and so a warmer anomaly does not
necessarily mean an overall warmer total temperature. Nev-
ertheless, a warmer anomaly in the midlatitude atmosphere as
compared to the subtropical atmosphere is difficult to verify,
because there is no reference atmospheric temperature with
no atmospheric circulations so that the temperature anomaly
associated with the thermally indirect cell can be calculated
and validated.

Second, our investigation of the ZSC structure in this
study is based on the nonlinear analyses on the central mani-
fold, instead of using the traditional approaches that linearize
the model state around a given steady solution as in previ-
ous studies of general atmospheric circulations. An expense
for such a rigor in our model is the sacrifice of few impor-
tant properties of the real atmospheric circulation such as the
variation of the tropospheric depth with latitude, the detailed
moist processes, the cloud-radiative feedbacks, the curva-
ture effects of the Earth’s surface, the β effects, the atmo-
spheric boundary layer processes, or the Rhines scales. In this
sense, our model is more appropriate in the laboratory set-
ting with a rotating tank.15 Such shortcomings are to a large
extent unavoidable for any analytical model, which would be
otherwise buried due to the complicated nonlinearity of the
Navier-Stokes equations.

V. CONCLUSION
In this study, an f−plane dynamical model for incom-

pressible flows was proposed to understand the structure and
stability of the zonally symmetric circulation (ZSC). The funda-
mental questions that we wish to address here are 1) whether
the ZSC possesses a triple-cell structure similar to the Hadley,
Ferrel, and Polar cells in the Earth’s global atmospheric cir-
culations, 2) does the ZSC accept a single-cell structure in
the absence of the Coriolis force as previously hypothesized?,
and 3) what is the condition for the triple-cell structure to
emerge as a consequence of the Earth’s rotation? In addi-
tion to these questions, it is of importance to examine also
the stability of these single-cell and triple-cell structures such
that these structures can represent a real configuration of the
atmospheric circulations.

Using the dynamical transition framework developed by
Ma and Wang, it was found that the incompressible Navier-
Stokes equations under the zonally symmetric configura-
tion could naturally support intricate structures of the ZSC

similar to those in the global atmospheric circulations, even
within the f−plane dynamics. Specifically, two findings were
obtained as a result of the Principle of Exchange of Stabilities
(PES) condition in the absence of the Coriolis force: i) there
exists a single circulation similar to the single-cell structure
from the equator to the pole in response to the warmer tropi-
cal region and a colder pole region as previously hypothesized,
and ii) there is no zonal wind. Physically, this result implies that
the ZSC will be completely confined in the meridional plane
if the Coriolis effects are not accounted, which is consistent
with laboratory tank experiments.15

In the presence of the Coriolis force, detailed analyses of
the PES condition showed that the Coriolis force is indeed
a critical parameter for the triple-cell structure of the ZSC.
The most direct effect is that the Coriolis force allows for a
transition to a new steady state consisting of exactly three
cells, provided that the rotation rate, the horizontal and ver-
tical eddy viscosity coefficients, and the vertical temperature
gradient between the surface and the top boundary satisfy a
certain constraint. The new steady state emerged as a result
of the dynamical transition displays all essential features of the
realistic global atmospheric circulations including the triple-
cell structure, the easterly zonal surface wind in the tropical
region, the westerly zonal surface wind in the midlatitude, and
the easterly zonal surface wind in the polar region. The dras-
tic difference in the magnitude of the vertical and horizontal
winds is also well reflected, despite the simplified physics and
diabatic heating parameterizations in our model.

It is of interest to note that the topology of the ZSC struc-
ture in our model does not appear to depend upon the specific
functional form of the diabatic heating parametrization, but
more on the rotation rate, the scale of the Earth’s atmosphere,
the vertical temperature gradient, and the ratio of the hori-
zontal to the vertical momentum eddy coefficients. Unlike the
traditional model for the general circulation, our ZSC model
shows that the vertical temperature gradient and the scale
ratio of the fluid layer are among the key factors in deter-
mining the structure of the ZSC. Furthermore, a ratio between
the horizontal and the vertical eddy coefficients ν1

ν2
∼ 105 is

required to allow for three but not an arbitrary number of
cells. Such a vital role of the momentum eddy coefficients in
maintaining the ZSC structure was in fact well perceived in
early studies,29,39 but not yet fully proven. In this regard, our
model could explicitly highlight the roles of the large-scale
eddy coefficients in the real Earth’s atmosphere consistent
with previous studies.

Given the drawbacks in our model, it is apparent that
the ZSC model will not provide satisfactory explanation for
several essential aspects of the general atmospheric circula-
tions including moist radiative-convective equilibrium, baro-
clinic zonal jets, Rhines scale cascade, or the size of the
general atmospheric circulations cells.5,34,36,43 As such, the
interpretation of our results should be confined to a simple
context of the three questions stated above. That is, we wish
to explore to the maximum extent how the zonally symmet-
ric dry f−plane dynamics can allow us to capture the main
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structure and stability properties of the general atmospheric
circulations as observed. On the other hand, the exact nature
of the results presented in this study brings some insights into
why the general atmospheric circulations possesses triple-
cell structure but not four or five cells. In addition, we have
obtained a criterion for such a triple-cell structure to exist,
which depends sensitively on the Earth’s rotation rate, the
ratio of vertical over horizontal momentum eddy coefficients,
the scales of the Earth’s atmosphere, and the vertical tem-
perature gradient. From this perspective, our study comple-
ments the observational and modeling studies of the gen-
eral atmospheric circulations by providing alternative insights
into the characteristics of the atmosphere, and explains the
well-observed structure of the Earth’s general atmospheric
circulations.
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APPENDIX A: CRITICAL RAYLEIGH NUMBER
In Eq. (3.10), it is clear that λ is proportional to R, and for

R = + ∞, λ > 0 is always true. Thus, there must exist R = Rmn
> 0 such that λ = 0. In fact, one can derive from the condition
λ = 0 that

Rmn =
P2
rG2

m,nAm,n + T2n2π2

Pr(1 − B)b2
m

, (A1)

which increases with n. Let

R0 = min
m≥1,n=1

Rmn, (A2)

and observe that only bm = mπ
L contains m in Rm1. All other

terms are constant. Thus, let b2
m as x. Then R0 is the minimum

value of the following function

F(x) =
P2
r

(
π2 + Ex

)2 (
π2 + x

)
+ T2π2

Pr(1 − B)x
.

One notices that the function F(x) has following properties:

F(x)→ +∞, as x→ 0+,

F(x)→ +∞, as x→ +∞,

F(x) > 0, for any x ∈ (0, +∞).

These properties yield that F(x) must have a minimum value in
(0, + ∞), which is determined by F′(x) = 0, i.e.,

x3 +
(
π2

2
+
π2

E

)
x2 −

P2
rπ

6 + T2π2

2P2
rE2

= 0.

If the positive zero of preceding equation is very small, we can
obtain an approximate value for xT as follows:

b2
m ≡ xT ≈

√
P2
rπ

4 + T2

P2
r (E2 + 2E)

.

which is Eq. (3.13) in the main text. Apparent, if Coriolis force
is neglected, the above expression for xT will reduce to

b2
0 ≡ x0 ≈

π2√
(E2 + 2E)

.

APPENDIX B: THE FIRST EIGENVECTOR AT CRITICAL
RAYLEIGH NUMBER R0

It is known from (3.3) that its first eigenvector can be
expressed in a separable form. For convenience in determining
transition number in foregoing section, it is necessary to get
exact expression of this first eigenvector. From Eqs. (3.4), (3.8),
and (3.9) in the main text, one can easy see that the second
component of the first eigenvector at R0 is

ψ = −A sin bm0y sinnπz, (B1)

with which one obtains other fields

u =
−TπA
PrGm0 ,1

sin bm0y cos πz, (B2)

θ =
(1 − B)Abm0

Gm0 ,1
cos bm0y sin πz. (B3)

Following a similar approach as in the main text, the dual
eigenvalue problem of (3.3) is then easily obtained as:

Pr

(
E
∂2u∗

∂y2
+
∂2u∗

∂z2

)
+ T

∂ψ∗

∂z
= λu∗,

Pr

(
E
∂2∆ψ∗

∂y2
+
∂2∆ψ∗

∂z2

)
− T

∂u∗

∂z
+ (1 − B)

∂θ∗

∂y
= λ∆ψ∗,

K
∂2θ∗

∂y2
+
∂2θ∗

∂z2
+ R

∂ψ∗

∂y
= λθ∗.

(B4)

The dual eigenvalue problem (B4) is introduced here so that
the orthogonal property is ensured, i.e. (u,ψ, θ) ·(u∗,φ∗, θ∗)T , 0
if the eigenvalue λ corresponding to (u, ψ, θ) is conjugate to
that of (u∗, ψ∗, θ∗), and (u,ψ, θ) · (u∗,ψ∗, θ∗)T = 0 otherwise. This
orthogonal property is required to derive the corresponding
reduced equation on the central manifold (see more details in
Ref. 25).

It can be now seen that the dual eigenvalue problem (B4)
leads to a set of relationships for U∗(z), V∗(z) and W∗(z), which
satisfy the following dual system

Pr
(
D2 − Eb2

m

)
U∗ + TDV∗ = λU∗,

Pr
(
D2 − Eb2

m

)
(D2 − b2

m)V∗ − TDU∗

= λ(D2 − b2
m)V∗ − (1 − B)bmW∗(

D2 − Kb2
m

)
W∗ − RbmV∗ = λW∗,

Boundary: U∗
′

= V∗ = V∗
′′

=W∗ = 0, z = 0, 1,

(B5)
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As a result, one can get the dual first eigenvector as follows

u∗ =
TπA

PrGm0 ,1
sin bm0y cos πz, (B6)

ψ∗ = A sin bm0y sin πz, (B7)

θ∗ =
Rbm0A
Gm0 ,1

cos bm0y sin πz. (B8)

To finally determine the amplitude A of the first eigenvector
φ1 ≡ (u, ψ, θ)T and the corresponding dual eigenvector φ∗1 ≡
(u∗,ψ∗, θ∗)T, we recall the normalization condition given by

(Aφ1,φ∗1 ) = 1.

Direct calculation of this condition thus results in

φ1 =

*......
,

−TπCm0
PrGm0,1

sin bm0y cos πz

−Cm0 sin bm0y sin πz
(1−B)bm0Cm0

Gm0,1
cos bm0y sin πz

+//////
-

, (B9)

φ∗1 =

*......
,

TπCm0
PrGm0,1

sin bm0y cos πz

Cm0 sin bm0y sin πz
Rbm0Cm0
Gm0,1

cos bm0y sin πz

+//////
-

, (B10)

where Cm0 is given by

Cm0 =
2√

(Pr + 1)aAm0 ,1

.

APPENDIX C: THE REDUCED EQUATION
It is well known that the transition of problem (3.10) at

critical values R0 with specified parameters T, E and Pr is well
described by its reduced equations on the associated with
central manifold. On the central manifold, the partial differen-
tial equations can be reduced into a ordinary equations which
bring convenience to study of transition from one state to
another state. Denote the central space as Hc which is span
of all first eigenvectors, i.e. for any element φ in Hc can be
expressed as

φ = ηφ1. (C1)

Using operator G given as (C2) defines a bilinear mapping from
H1 × H1 to H2 as follows

G(ϕ1,ϕ2) =
*...
,

J(ψ1,u2)

J(ψ1,∆ψ2)

J(ψ1,w2)

+///
-

. (C2)

Therefore, it follows preceding expression that

G(φ,φ) = η2G(φ1,φ1). (C3)

Straightly computing gives that

G(φ1,φ1) =

*.......
,

−TC2
m0,1π

2bm0

2PrGm0,1
sin 2bm0y

0
−(1−B)πC2

m0,1b
2
m0

2Gm0,1
sin 2πz

+///////
-

The following derives the expression of central manifold
function h(φ). Let

h(φ) = h2(φ) + o( |η |2), (C4)

in which h2 is the quadratic leading order approximation of the
center manifold function, which is uniquely determined by the
equations

2λ1Ah2(ϕ) −Lh2(ϕ) = G(ϕ,ϕ) = η2G(ϕ1,ϕ1) (C5)

Above equation plays a key role in deriving reduced equa-
tion, the process deriving the equation is in section of centre
manifold.

Now, let h2 = η2Ψ1, then Ψ1 is determined by

2λ1AΨ1 − LΨ1 = G(ϕ1,ϕ1). (C6)

It is easy to obtain that

Ψ1 =

*.......
,

−TC2
m0,1π

2bm0

2PrGm0,1(2λ1+4Eb2
m0

)
sin 2bm0y

0
−π(1−B)πC2

m0,1b
2
m0

2Gm0,1(2λ1+4π2) sin 2πz

+///////
-

Then, on the centre manifold, (3.10) can be reduced to

dη
dt
= λ1η + (G(φ1,Ψ1),φ∗1 )η3 + o(η3). (C7)

Straightly calculation gives

G(φ1,Ψ1),φ∗1 ) =
aπ4C4

m0 ,1b
2
m0

(2λ1 + 4π2)T2

8APr2G2
m0 ,1

−
(1 − B)aπ2(2λ1 + 4Eb2

m0
)b4

m0
C4
m0 ,1R0

8AG2
m0 ,1

< 0,

A =(2λ1 + 4Eb2
m0

)(2λ1 + 4π2).

Then, for

R > R0,
R − R0

R
� 1, (C8)

the dynamical behavior of (3.10) is totally described by (C7).
From (C7) one can get that the new steady-state for per-
turbation equations (3.10) with (C8) is approximately given
by

ϕ1 ≈ *
,

−λ1

G(φ1,Ψ1),φ∗1 )
+
-

1
2

φ1,

ϕ2 ≈ −*
,

−λ1

G(φ1,Ψ1),φ∗1 )
+
-

1
2

φ1.

ϕ1 is the new state of system (3.10), whose first compo-
nent describes motion in x-direction, the second compo-
nent describes structure of flow on (y,z)-plane, and the
third component together with θc is the new distribution of
temperature.
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APPENDIX D: STRUCTURAL STABILITY
OF CONVECTION STRUCTURE

We provide herein the proof of the stability of the ZSC
structure in the case of f , 0. Similar to the case of f = 0,
we will use Ma and Wang’s structural stability theorem of 2D
divergence-free vector field to show that the new large scale
convection structure is structurally stable. First, we recall the
necessary and sufficient conditions for the structural stability
of a 2D divergence-free vector field (3, w) are

1. (3, w) must be regular. Namely, det(J(u)) , 0.
2. All interior saddle points of u are self- connected.
3. Each boundary saddle point is connected to a saddle

point with same connected component of boundary.

Given these conditions, let’ denote

D = Cm0
*
,

−λ1

G(φ1,Ψ1),φ∗1 )
+
-

1
2

,

it is then apparent that for f , 0 and m0 = 3 as discussed in the
main text we will have

det(J
(
uy,z

)
) =

������

−Db3π cos b3y cos πz −Dπ2 sin b3y sin πz

−Db2
3 sin b3y sin πz Db3π cos b3y cos π

������
= −D2b2

3π
2
(
cos2 b3y cos2 πz + sin2 b3y sin2 πz

)
< 0,

which means that

uy,z = *
,

v

w
+
-

is a D-regular vector field. Clearly, uy ,z does not contain
any interior saddle points and ∂-saddle points. Following Ma
and Wang’s Theorem, we can see that the new ZSC struc-
ture approximately given by uy ,z is structurally stable as
expected.
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