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1.0 SUMMARY 

Despite the excitement brought on by recent technological breakthroughs that have made 

quantum annealing computing (QuAnCo) optimizers consisting of thousands of quantum 

bits commercially available, quantum adiabatic protocols have so far failed to deliver on 

their promise to serve as useful optimizers, i.e., to find bit assignments that minimize the 

energy, or cost, of discrete combinatorial optimization problems faster than is possible 

classically. Thus far, no examples, neither experimental nor theoretical, of practical 

relevance have been found to indicate a superiority of quantum adiabatic optimization 

(QAO) over traditional methods. 

It is now widely believed that one possibly necessary missing ingredient in the quest for 

quantum superiority, both within the experimental and the theoretical frameworks of 

quantum annealing optimization, is the use of so-called `non-stoquastic' Hamiltonians --   

Hamiltonians that cannot, or are not known to, be efficiently simulable via classical 

algorithms such as quantum Monte Carlo (QMC) methods. This is due to the sign problem, 

which prohibits the efficient simulation of non-stoquastic Hamiltonians by classical means. 

The objective of this effort was to develop a clear understanding of the type of advantages 

that non-stoquastic quantum fluctuations may have to offer in the field of quantum 

annealing optimization. The effort focused on comparing the projected performance of 

quantum adiabatic algorithms equipped with non-stoquastic driving quantum fluctuations 

with the corresponding performance of their stoquastic, efficiently simulable, analogues and 

with state-of-the-art conventional solvers running on standard computers.   
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This effort produced four journal articles: 

1. Elucidating the Interplay Between Non-stoquasticity and the Sign Problem [1]. The

sign problem is a key challenge in computational physics, encapsulating our inability to 

properly understand many important quantum many-body phenomena in physics, 

chemistry and the material sciences. Despite its centrality, the circumstances under which 

the problem arises or can be resolved as well as its interplay with the related notion of 

`non-stoquasticity' are often not very well understood. We studied the circumstances 

under which the sign problem emerges and cleared up some of the confusion surrounding 

this intricate computational phenomenon. We made use of the recently introduced off-

diagonal series expansion quantum Monte Carlo scheme with which we analyzed a 

number of examples that capture the essence of our results. 

2. De-Signing Hamiltonians for Quantum Adiabatic Optimization [2]. Quantum

fluctuations driven by non-stoquastic Hamiltonians have been conjectured to be an 

important and perhaps essential missing ingredient for achieving a quantum advantage 

with adiabatic optimization. We introduced a transformation that maps every non-

stoquastic adiabatic path ending in a classical Hamiltonian to a corresponding stoquastic 

adiabatic path by appropriately adjusting the phase of each matrix entry in the 

computational basis.  We compared the spectral gaps of these adiabatic paths and found 

numerically that the paths based on non-stoquastic Hamiltonians have generically smaller 

spectral gaps between the ground and first excited states, suggesting they are less useful 

than stoquastic Hamiltonians for quantum adiabatic optimization.    
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3. Quantum Annealing Advantages with Non-stoquastic Hamiltonians [3]. We studied the 

performance of ideal quantum annealers functioning as estimators of expectation values 

of physical observables for quantum non-stoquastic Hamiltonians. By contrasting the 

required effort against that of quantum Monte Carlo algorithms for random Max-Cut 

instances, we found that an ideal quantum device may provide clear scaling runtime 

advantages over its classical competitors, which encounter a severe sign problem.  

4. Efficient simulations of so-called non-stoquastic superconducting flux circuits [4]. One 

of the main avenues being explored as of late to obtain quantum speedups by annealing is 

that of quantum simulations, wherein one performs measurements mid-anneal. To that 

aim, there is a tremendous ongoing effort to fabricate superconducting flux circuits which 

are non-stoquastic in their qubit representation, as these circuits are thought to be 

``unsimulable'' by classical approaches such as quantum Monte Carlo. We devised a 

method that successfully simulates in a scalable way the circuit Hamiltonian directly, by 

utilizing an infinite Hilbert representation that is, in fact, stoquastic.  

 

2.0 INTRODUCTION 
 

Despite the excitement brought on by recent technological breakthroughs that have made 

quantum annealing computing (QuAnCo) optimizers consisting of thousands of quantum 

bits commercially available [5-9], quantum adiabatic protocols have so far failed to deliver 

on their promise to serve as useful optimizers, i.e., to find bit assignments that minimize the 

energy, or cost, of discrete combinatorial optimization problems faster than is possible 
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classically [10-13]. Thus far, no examples, neither experimental nor theoretical, of practical 

relevance have been found to indicate a superiority of quantum adiabatic optimization 

(QAO) over traditional methods.  

It is now widely believed that one possibly necessary missing ingredient in the quest for 

quantum superiority, both within the experimental and the theoretical frameworks of 

quantum annealing optimization, is the use of so-called `non-stoquastic' Hamiltonians ---  

Hamiltonians that cannot, or are not known to, be efficiently simulable via classical 

algorithms such as quantum Monte Carlo (QMC) methods [14-17]. This is due to the sign 

problem which prohibits the efficient simulation of non-stoquastic Hamiltonians by 

classical means [18-25]. 

This effort was devoted to the exploration of the inherent power of QuAnCo systems driven 

by non-stoquastic quantum fluctuations to accelerate the runtimes to solution of hard 

optimization problems. So far, attempts to find quantum speedups on problems of this type 

have focused on using stoquastic driver Hamiltonians to drive the annealing. This is partly 

because stoquastic fluctuations are easier to simulate on standard computers and also 

because these type of fluctuations are the only ones that are currently available in 

experimental settings. To date however, no stoquastically driven speedups have been 

exhibited.  

The present effort focused on comparing the projected performance of quantum adiabatic 

algorithms equipped with non-stoquastic driving quantum fluctuations with the 

corresponding performance of their stoquastic, efficiently simulable, analogues and with 

Approved for Public Release; Distribution Unlimited. 
4



state-of-the-art conventional solvers running on standard computers.  By studying the 

minimum gaps of the quantum annealing Hamiltonians we answered the question of 

whether or not quantum annealing optimization algorithms with non-stoquastic drivers can 

solve `hard' sets of problems -- those which belong to the NP-complete category and for 

which all known algorithms take an exponential amount of time (exponential complexity) at 

least in the worst case.  

Previous numerical studies have so far been unable to find indications of quantum speedups 

on QuAnCo systems. These examined the typical minimum gaps of constraint satisfaction 

problems and showed that very small gaps could appear in the spectrum of the Hamiltonian 

due to avoided crossings between the ground state and the first excited state, corresponding 

to a local minimum of the optimization problem.  This `bottleneck' was shown to appear in 

larger and larger fractions of the instances as the problem size N increases, indicating the 

existence of a first-order quantum phase transition ultimately leading to an exponentially 

small typical gap and therefore also to the failure of adiabatic quantum optimization. 

However, most studies to date have only utilized stoquastic driver Hamiltonians 

(specifically, the generic transverse-field driver). 

To ascertain the prospects of quantum annealing optimization algorithms driven by non-

stoquastic drivers, we studied systematically the typical minimum gaps of Hamiltonians 

interpolating between non-stoquastic drivers and the problem Hamiltonians that encode the 

optimization problems of interest. We compared the scaling with problem size of the typical 

minimum gaps of these Hamiltonians against those of the analogous stoquastically driven 

Hamiltonians. This scaling serves as an indicator of the running times that quantum 
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annealing optimization algorithms require to solve the input problems with high probability, 

as promised by the adiabatic theorem of Quantum Mechanics. As we discuss in detail 

below, we find generally that stoquastic Hamiltonians have larger gaps than non-stoquastic 

ones. This calls into question the utility of non-stoquastic drivers in quantum adiabatic 

optimization.     

In direct continuation to the above, we continued to examine the ability of quantum 

annealers to function as `quantum adiabatic simulators' (QASs), i.e., we tested their 

potential to mimic the operation of quantum Monte Carlo (QMC), that is, to calculate 

expectation values of observables.  QMC is used to simulate systems beyond the reach of 

exact-diagonalization techniques (under about two dozen particles). However, QMC 

simulations of non-stoquastic systems are stymied by the infamous sign problem, while a 

QAS with rich enough interactions is believed not to be afflicted by it.  One may therefore 

ask what sort of advantages, if any, a QAS might offer over standard computers when it 

comes to simulations of quantum systems and whether it could eventually replace QMC 

algorithms as the de-facto approach for studying the ground state properties of novel new 

systems. If indeed QAS devices could offer scaling advantages, QASs will find practical 

use in a variety of fields from quantum chemistry, material sciences through Condensed 

Matter Physics to Quantum Chromodynamics and beyond. 

We carried out a study to determine the prospects of observing quantum advantages using 

QASs for sampling from the ground states of quantum non-stoquastic Hamiltonians. For a 

specific class of non-stoquastic Hamiltonians, we were able to show that QMC runtimes 

scale exponentially in the inverse-temperature. This to be contrasted with what is expected 
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from the adiabatic theorem, which dictates that a QAS will only require runtimes scaling as 

a polynomial in the minimum gap along its interpolating path.  This result suggests a clear 

scaling advantage for QAS over QMC.   

 

3.0 METHODS,  ASSUMPTIONS  AND PROCEDURES 
 

3.1 Non-stoquastic quantum adiabatic optimization: Stoquastization of quantum 
adiabatic Hamiltonians 
 

We introduced a transformation that maps every non-stoquastic adiabatic path ending in a 

classical Hamiltonian to a corresponding stoquastic adiabatic path by appropriately 

adjusting the phase of each matrix entry in the computational basis [1].  We compared the 

spectral gaps of these adiabatic paths and find both theoretically and numerically that the 

paths based on non-stoquastic Hamiltonians have generically smaller spectral gaps between 

the ground and first excited states, suggesting they are less useful than stoquastic 

Hamiltonians for quantum adiabatic optimization.   These results apply to any adiabatic 

algorithm which interpolates to a final Hamiltonian that is diagonal in the computational 

basis. In this work we define a locality-preserving mapping which takes every non-

stoquastic quantum adiabatic optimization protocol to a corresponding stoquastic protocol.  

Considering various ensembles (dense matrices, signed graphs, and local Hamiltonians) we 

find that the non-stoquastic adiabatic paths have smaller spectral gaps than the 

corresponding stoquastic adiabatic paths, with high probability.    
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3.2 Numerical QMC simulations of non-stoquastic Hamiltonians 

We carried out a numerical study to determine the prospects of observing quantum 

advantages using quantum annealing simulators (QASs) for sampling from the ground 

states of quantum non-stoquastic Hamiltonians -- Hamiltonians with positive off-diagonal 

elements that cannot, or are not known to, be efficiently simulatable by quantum Monte 

Carlo algorithms due to the sign problem [3].   

For a specific class of non-stoquastic Hamiltonians, we show that QMC runtimes scale 

exponentially in the inverse-temperature β, and if β must be chosen to be at least 

proportional to the inverse energy gap of the Hamiltonian in order to sample closely from 

the ground state, then QMC algorithms will typically scale inversely proportional to the 

gap. This is to be contrasted with what is expected from the adiabatic theorem, which 

dictates that a QAS will only require runtimes scaling as a polynomial in the minimum gap 

along its interpolating path.   

To ascertain the computational power of QASs tasked with the estimation of ground-state 

properties of non-stoquastic Hamiltonians [26,27], we consider a time-dependent 

Hamiltonian of the form: 

𝐻𝐻(𝑠𝑠) = (1− 𝑠𝑠)𝐻𝐻𝐷𝐷 + 𝑠𝑠(1− 𝑠𝑠)𝐻𝐻𝐸𝐸 + 𝑠𝑠 𝐻𝐻𝐼𝐼.                            (1) 

 where s is the dimensionless annealing parameter.  For H_D, we chose the standard 

transverse-field 𝐻𝐻𝐷𝐷 = ∑ 𝑋𝑋𝑖𝑖𝑖𝑖    [here, 𝑋𝑋𝑖𝑖 (𝑍𝑍𝑖𝑖) is the Pauli-x (-z) matrix acting on spin i] 

whose ground state, the uniform superposition state, is easy to prepare, while for the 

Ising Hamiltonian 𝐻𝐻𝐼𝐼 we take Max-Cut instances defined on random 3-regular graphs 
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with Hamiltonian of the form 𝐻𝐻𝐼𝐼 = ∑ 𝑍𝑍𝑖𝑖 𝑍𝑍𝑗𝑗〈𝑖𝑖𝑖𝑖〉  (see Fig. 1).  

 

  

 

Figure 1: Connectivity of a randomly generated N=36-spin 3-regular MAX2SAT 
instance. Here the diamonds denote spins and the edges denote antiferromagnetic 

couplings with strength J_ij=1. Each spin is connected to three other randomly chosen 
spins. 

This class of instances corresponds to a particular choice of an Ising Hamiltonian, whereby 

each spin is coupled antiferromagnetically (with strength 𝐽𝐽𝑖𝑖𝑖𝑖 = 1) with exactly three other 

spins picked at random and is known to be NP-hard. To incorporate non-stoquasticity we 

chose the `extra' Hamiltonian 𝐻𝐻𝐸𝐸  to be 

                                                                                                                        (2) 

with the same connectivities 〈ij〉 as  𝐻𝐻𝐼𝐼. 

The value chosen for the parameter b in the above equation determines whether H(s) is 
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`standard' (b=0), stoquastic (b=-1) or non-stoquastic (b=1). The b=1 choice is the focus of 

the present work. The annealing parameter s is varied smoothly from 0 at t=0 to a certain 

target value 𝑠𝑠∗ < 1 at t=T, ensuring that the final Hamiltonian 𝐻𝐻(𝑠𝑠∗) has a non-negligible 

quantum component (see Fig. 2). This is to be contrasted with standard quantum annealing 

where the annealing proceeds all the way to s=1 in an attempt to solve an optimization 

problem encoded in 𝐻𝐻𝐼𝐼. At this point, a computational-basis measurement takes place and 

the entire process is repeated to gather an appropriate number of samples.  Here we study 

100 random 3-regular Max-Cut instances at sizes N in the range [6,24]. The target s values 

we focus on are 𝑠𝑠∗ = 0.3,0.4,0.5. 

 

Figure 2: A quantum adiabatic process with a mid-anneal measurement. 
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4.0 RESULTS AND DISCUSSION 
 
4.1 Gaps of stoquasticized  quantum adiabatic Hamiltonians 

 

We demonstrated that the stoquasticized variants of various classes of random matrices 

become increasingly more favorable to their non-stoquastic versions with increasing system 

size. We studied the gaps of dense and local matrices as well as quantum annealing 

runtimes for a few classes of problems. In each case we considered both the de-signed and 

shifted stoquastizations.  

We generated random (i) real-valued and (ii) complex-valued Hermitian matrices of 

different dimensions and compute their gaps. In the real case, matrix entries are drawn 

independently and uniformly from the range [-1,1] whereas in the complex case the 

sampling is carried out for the real and imaginary parts separately. To enforce Hermiticity, 

we average the generated matrices with their conjugate transpositions.  As a next step, we 

 

Figure 3:Fraction of non-stoquastic wins for dense matrices as a function of matrix 
dimension N. Each data point is the mean over 10 million matrix instances, with the 

error bars being twice the standard error of the mean. 
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calculated numerically the gaps of the stoquasticized counterparts of the generated matrices. 

We consider the two forms of stoquastization: de-signed and shifted (see Fig. 3) and 

Ref.[2].  

The figure of merit we focused on is the `fraction of non-stoquastic wins'--- the fraction of 

occurrences for which the energy gap of the (generally) non-stoquastic matrix is strictly 

larger than its stoquasticized counterpart. We examined the behavior of this fraction as a 

function of matrix dimension. The results are summarized in the above figure. As is evident, 

the fraction decays with the matrix dimension, and already at N=10 the fraction is 

incredibly small. 

We note that the fraction of non-stoquastic wins as measured by the gaps in the figure above 

does not necessarily translate to the same fraction of wins as measured by an optimized 

computational cost often referred to as the `average time to solution'.  For each instance, we 

find the annealing time that minimizes this quantity and calculate the median computational 

cost as a function of system size for the same group of instances.  We show our results in 

Fig. 4 and we see no increase in the fraction of non-stoquastic wins.  This discrepancy 

between the gaps and the computational cost can be attributed to the smallness of the 

problem instances: these small instances still have relatively large gaps (we still do not see 

the exponential decay with system size that might be expected for this class of instances), so 

the gap alone does not quantitatively predict the computational cost.   
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Figure 4: Fraction of non-stoquastic occurrences of smaller non-stoquastic average 
time to solution relative to their stoquasticized analogues as a function of problem size, 
for Max-Cut problems with an interpolating Hamiltonian. Error bars correspond to 
two standard deviations confidence calculated with a bootstrap over 1000 instances  

 
4.2 Quantum annealers as quantum simulators 

 

We studied the behavior of a typical small instances (N=6...14) as a function of the inverse-

temperature β of the QMC algorithm [28-29], to compare against the projected performance 

of a quantum annealer simulator (QAS).  

The partition function associated with the non-stoquastic quantum Hamiltonians cannot (or 

is not known to) be broken up into positive-valued Monte Carlo weights.  The common 
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practice to tackle this is by using the absolute value of the weights to determine the 

probabilities associated with the Markov process. For models that do not have a sign 

problem, all weights are positive. For non-stoquastic systems, negative weights are equally 

dominant and, in this case, thermal averages of physical observables will fluctuate rapidly, 

resulting in extremely large error bars and requiring an exponentially large number of 

measurements. An appropriate figure of merit for how adverse the sign problem is for a 

given QMC algorithm is given by the `weighted sign' ⟨𝑠𝑠𝑠𝑠𝑛𝑛⟩: the ratio of the sum of all 

weights divided by the sum of their absolute values. Its value is inversely proportional to 

the QMC runtime (see Ref.[1] for more details).  

We studied the behavior of a typical small instances (N=6…14) as a function of the inverse-

temperature β of the QMC algorithm. For our QMC algorithm, we use the ``off-diagonal 

expansion'' QMC algorithm [1], which expands the partition function in terms of products 

of the off-diagonal operators. We find that even these small sizes pose severe challenges to 

QMC which does not allow studying larger problem sizes or colder temperature 

As shown in Figure 5, we find an exponential growth in the number of required samples 

with increasing inverse temperature β and with problem size N. This is associated with an 

exponential decrease in the weighted sign.   

We note that even these small sizes pose severe challenges to QMC which does not allow 

studying larger problem sizes or colder temperature. As shown in Fig. 5 we find an 

exponential growth in the number of required samples with increasing inverse temperature 

β and with problem size N at a fixed s*.   
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Figure 5: QMC sign-problem scaling. (a) Number of QMC samples and typical 
expectation value of the weighted sign as measured with the number of samples 

required to achieve p=0.1 for a typical N=6 instance as a function of inverse 
temperature. (b): Number of samples required to achieve p=0.1 and weighted sign as a 

function of problem size (here, β=2 =. Solid lines are guides for the eye. Error bars 
correspond to two standard deviations statistical confidence. 

  

We contrasted the typical runtime scaling with problem size of QMC and QAS, in Figure 6. 

For comparison, we also include the runtime scaling of the Lanczos exact diagonalization 

algorithm. Exact diagonalization scales exponentially with problem size n but only as a 

power-law in the inverse gap. Unlike QMC however, the memory requirements of the 

Lanczos algorithm are exponential in n whereas those of QMC are linear in n. As is evident 

from the figure, the QAS runtimes scale far more mildly than both QMC and exact-

diagonalization, assuming the ground state can be reached by QAS.  These results are 

positive indications of a quantum scaling advantage over these algorithms for the study of 

non-stoquastic quantum systems.  
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Figure 6: Typical runtime scaling of QAS, QMC and Lanczos (exact diagonalization), 
median runtime over all instances as a function of system size n. The error bars 

correspond to one standard deviation confidence intervals calculated over the instances. 

5.0  CONCLUSIONS 

In this effort we made an attempt to elucidate the QMC sign problem, one of the most 

fundamental bottlenecks of many-body physics simulations and alleviate the confusion 

surrounding certain aspects of the problem. Along the way, we derived a formalism that 

allowed us to characterize the conditions under which the sign problem emerges and to 

analyze several core examples that illustrate a number of important observations. First and 

foremost, we demonstrated that non-stoquasticity --- the non-positivity or complex-

valuedness of the off-diagonal entries of the matrix representation of Hamiltonians --- does 

not imply the existence of a sign problem. We have shown rather that the emergence of a 

sign problem is tightly connected to the cumulative phase of products of off-diagonal terms 

along closed paths in the hypercube of basis states. We have also shown that a single spin-
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1/2 particle cannot possess a sign problem but that a single spin-one particle can. We have 

additionally provided an example illustrating that a physical model may be non-stoquastic 

and have a severe sign problem despite having all-positive ground-state amplitudes, a 

property that is usually linked with stoquasticity. 

Developing a true understanding of the nature of the QMC sign problem is important in 

physics, chemistry, the material sciences and well beyond those, and is crucial to the 

potential resolution of the problem. We therefore hope that our work will provide a useful 

framework for studying the nature of the sign problem in models of physical relevance 

beyond those analyzed here and will allow addressing the sign problem in more general 

settings. Another area in which developing a true understanding of the problem is important 

is the field of quantum computing. This is because quantum simulations or simulations of 

quantum many-body systems on quantum computers, as originally envisioned by Richard 

Feynman is one of the most promising applications of near-term quantum devices (as well 

as the more distant fault-tolerant universal quantum computers). The existence of quantum 

simulation speedups hinges on the premise that simulating quantum systems is an 

intractable task for standard computers and relies (at least in part) on the intractability of the 

sign problem. In this context, it is worth noting in particular the common misconception 

that the resolution of the sign problem would imply in general a polynomial-time 

equilibration of QMC simulations or that it would somehow provide as a result a resolution 

to the famous P versus NP problem of computer science.  

We also provided analytical as well as numerical evidence in favor of the assertion that non-

stoquastoic driver Hamiltonians are inferior to their stoquastic variants for quantum 
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annealing optimization tasks. We analyzed the gaps of several types of random non-

stoquastic Hamiltonians comparing them against their `stoquasticized' counterparts. We find 

that generically the non-positivity of the latter Hamiltonians renders their gap larger than 

that of non-stoquastic ones, making non-stoquastic Hamiltonian less favorable for quantum 

annealing optimization.  Our results imply that stoquastic Hamiltonians should generally be 

preferable to non-stoquastic ones, at least as far as runtimes of quantum adiabatic 

algorithms are concerned. It should be noted that examples to the contrary nonetheless exist.  

While the above examples provide flashes of optimism about the prospects of non-

stoquastic drivers in QAO, our results call into question the promise attributed to non-

stoquastic drivers to serve as generic catalysts of quantum speedups.   

We have compared the effort required from quantum adiabatic simulators and its classical 

competitor, the quantum Monte Carlo algorithm, to estimate ground-state properties of non-

stoquastic quantum Hamiltonians. We have shown that the number of samples, and hence 

the runtime, required by QMC scales exponentially with system size and inverse gap, while 

QAS runtimes scale only polynomially with the inverse minimum gap.  We have thus 

demonstrated that QASs may very well function as promising candidates to study non-

simulable quantum systems in that they offer a practical and more efficient way to avoid the 

sign problem.  

While promising, our work does not perform a complete survey of classical algorithms that 

can be used to study the ground state of non-stoquastic Hamiltonians.  Depending on the 

accuracy required in the simulation, tensor network based methods can be used.  These 

methods are unaffected by the sign problem and are polynomially efficient in problem size 
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but scale exponentially with the `bond dimension'.  We leave the question of how the bond 

dimension needs to scale with problem size to maintain a suitable level of accuracy.  It 

would be interesting to see how bond dimension must scale with problem size to maintain 

the required accuracy to accurately reproduce ground state expectation values of non-

stoquastic Hamiltonians.  Another candidate classical algorithm is to use an artificial neural 

network as an ansatz for the ground state wavefunction. How the number of nodes in the 

neural network and the number of steps needed to 'train' it to achieve the necessary accuracy 

for the ground state of non-stoquastic Hamiltonians is an important question that we leave 

for future study. 
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List of Symbols, Abbreviations and Acronyms 

QAS - Quantum Annealing simulator 

QAO - Quantum Annealing Optimization 

QuAnCo - Quantum annealing computing 

QMC - Quantum Monte Carlo 
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