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1 EXECUTIVE SUMMARY

This report was motivated by recent work by M. Mondich, et al [1] of NRL
who demonstrated a radio-frequency (RF) receive-mode beamforming sys-
tem using a photonic architecture. An interesting challenge in the analysis
of that system, comprising multiple RF inputs, is the calculation of noise
figure. In an earlier NRL report we demonstrated a resolution of the issue of
defining noise figure for a multiple-input RF system. In this report we ap-
ply those results to calculate the noise figure for the photonic beamforming
system of Mondich. In addition, we compare the RF gain and noise figure
of the beamformer system to two other well-known RF-photonic systems: a
simple, single-laser, single-channel link; and a single-channel link employing
an array of lasers as the optical source. We discuss the trade-offs among
number of receive-array elements, number of beamformer modules, various
noise contributions and system performance.
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NF for Analog RF Photonic Receivers 1

2 INTRODUCTION

Beamforming is a technique for determining the angle-of-arrival of a sig-
nal or, equivalently, for measuring the radio-frequency (RF) signal content
in a solid angle along a particular direction in space. Systems employing
a hybrid of RF and fiber-optical technologies offer unique advantages over
purely-RF approaches. Among the benefits are a) true-time delay with ex-
tremely low RF attenuation over kilometers of delay lengths, b) use of the
entire optical C-band to provide many terahertz of RF signal-processing
bandwidth, and c) significantly reduced weight and volume compared to
RF-only systems. As a practical matter, for long delays and for RF fre-
quencies in the millimeter range and above, an RF photonic approach may
provide the only viable solution. However, RF photonic systems often suf-
fer from poor noise figure due to fundamental inefficiencies in converting
between electrical and optical domains and back again. Hence, significant
effort has been expended to improve the performance of RF photonic sys-
tems. The approaches include: 1) improving laser performance by increasing
laser power and reducing laser noise, both while maintaining a small phys-
ical and electrical footprint; 2) improving photodetector performance by
increasing power-handling capability and RF bandwidth while maintaining
high conversion efficiency; and 3) improving system design by incorporat-
ing, for example, wavelength-division multiplexing (WDM) techniques to
increase either optical power or to suppress optical noise.

Use of WDM techniques was shown to be effective in improving the noise
factor in a single-channel RF photonic link [2]. Recently, Mondich [1] utilized
a WDM array of laser sources in a receive-mode photonic beamforming
system.

In 2006, Froberg [3] analyzed the impact of various combining techniques
on the signal-to-noise ratio (SNR) of photonic beamformers, including beam-
formers that incorporate optical amplifiers. This report differs from the
Froberg work in two important respects. First, we do not include optical
amplifiers in our analysis since some applications of interest cannot tolerate
the additional SWAP required by an array of optical amplifiers. Secondly,
we believe the definition of input SNR used by Froberg is incorrect and can
lead to a non-physical result for noise factor.

In this report we derive the noise factor for a receive-mode, RF photonic
beamforming system of the type demonstrated by Mondich [1], a system
that utilizes multiple, coherent RF inputs for spatial directivity and multiple,
incoherent optical sources to both encode array element location onto optical
wavelengths and to suppress RF instability due to optical interference effects.

Distribution Statement A. Approved for public release, distribution is unlimited.
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2 Bucholtz, Mondich, Singley, McKinney, Williams

Noise factor for a system is not measured directly but is calculated
once RF gain and noise have been measured independently. For a single-
input/single-output system: a) the RF gain can be measured directly by,
for example, a vector network analyzer (VNA) to obtain the scattering co-
efficient S21 from which the power gain factor G = |S21|2; and b) the output
noise power spectral density (PSD), Nout, can be measured directly using
an electrical spectrum analyzer. Then the noise factor F is defined by

F =
SNRin
SNRout

=
Nout

GkBT0
(1)

where kB is Boltzmann’s constant and T0 = 290 K is the standard temper-
ature for noise figure.

In a system with multiple inputs, we expect to be able to measure the
gain with respect to any one input, but how do we define gain for the entire
system, that is, with signals and noise present at all M inputs? In an
earlier report [4], we resolved the issue of the SNR definitions for a multiple-
input/single-output RF system for a system of the type shown in Fig.1 and
we showed that the proper definition of gain and of input SNR depended
on whether the input RF signals were coherent or incoherent. Some of the
results from that report will be utilized in Section 4.3 of this report.

Figure 1: A purely-RF system with M parallel inputs having functionality
similar to the RF photonic system in Fig. 2(c).(See Bucholtz [4]). G = gain
factor, F = noise factor, L = loss factor, M = intrinsic power loss factor of
the summing junction Σ.

In this report we always calculate RF noise in terms of electrical PSD
(W/Hz) and we assume that, in the neighborhood of any RF frequency
of interest, the noise PSD is relatively flat so conversion to noise power
is accomplished simply by multiplication by the RF electrical bandwidth.

Distribution Statement A. Approved for public release, distribution is unlimited.



NF for Analog RF Photonic Receivers 3

Thus, RF signal-to-noise ratios are always expressed in units Hz−1. Al-
though the logarithmic quantity noise figure NF (dB) is the parameter most-
typically quoted to describe device and system performance, here we shall
calculate instead the more natural linear quantity noise factor F where
NF = 10 log10 F . However, plots will all be made in terms of noise figure
NF (dB).

In order to facilitate comparisons among photonic systems we define a
quantity IDC−S , discussed below, which is the DC photocurrent due to a
single laser source after modulation in a single modulator operating at the
quadrature point. IDC−S depends on the optical power from the laser, the
responsivity of the photodetector and the optical loss in between the laser
and the photodetector.

Finally we need to make some important comments about conventions
and the definition of noise figure. RF components with a single input and
single output come in two categories: active gain elements (amplifiers) and
passive loss elements (attenuators). For amplifiers, the power gain factor G
is defined as the ratio of output RF power to input RF power and where, by
convention, G ≥ 1. If the amplifier is turned off and G → 0 then the gain
is undefined. For attenuators, the gain factor is always less than one so,
instead, we define a loss factor L as the ratio of input RF power to output
RF power and where L ≥ 1. To be sure, an RF system comprising multiple
components can have an overall gain less than or equal to one, but each
component in the system is categorized as either a gain or a loss element.
In the RF domain, a single-channel RF photonic link, for all its internal
complexity, comprises just a single-input / single-output RF device. But in
stark contrast to purely-RF devices, the gain factor in an analog photonic
link can be greater than one or less than one depending on a combination of
system parameters, the most important of which is the laser optical output
power. This feature of photonic links has important consequences for the
calculation of output noise and, hence, of noise figure. In a purely-RF
component the output thermal noise is Nout, therm = β (Nin + kBTe) where
β = G or β = 1/L depending on whether the component is an amplifier or
attenuator, respectively, and where Nin is the noise at the device input and
Te is the noise-equivalent temperature of the device [4]. In calculating noise
figure we must assume Nin = kBT0 and, if the device were ideal (Te = 0)
then the output noise is entirely amplified input noise. In a photonic link,
the thermal contribution to the output noise Nout, therm = (G+ 1) kBT0
comprises both amplified input thermal noise and an additional kBT0. This
additional term must be present because of the possibility that G < 1 in the
photonic link. In the limit G→ 0, Nout, therm → kBT0.

Distribution Statement A. Approved for public release, distribution is unlimited.



4 Bucholtz, Mondich, Singley, McKinney, Williams

3 OVERVIEW

The three RF configurations to be analyzed in this report are shown in Fig. 2.
Operating principles of the simple, single-channel link in Fig. 2(a) are well
known. (See, for example, Urick [5], Cox [6] or Chang [7].) The WDM
link in Fig. 2(b) is essentially the simple, single-channel link but with the
single laser replaced by a WDM array of lasers to suppress the RIN (relative-
intensity noise) contribution to RF noise at the output. Finally, the receive-
beamformer architecture in Fig. 2(c) uses M lasers to encode the RF signals
vin,m from each receiving element onto a single optical fiber for transmission
to an array of K beamformer modules (BFMs) [1]. The goal of this report
is to provide detailed derivations of the gain, noise and noise factor for the
photonic beamformer system. Summaries of the same performance metrics
for the other two systems are provided here for comparison.

Figure 1 shows an RF topology that we analyzed in an earlier report [4].
We see that the summing function inside the dotted box in Fig. 1 is here
replaced with a significantly more complex electro-optical system inside the
dotted box in Fig. 2(c). The added complexity and cost are happily borne
because of the advantages offered by performing the delay and summation of
signals entirely in the optical domain summarized above in the Introduction.

A complete list of symbols is provided in Appendix A.

Distribution Statement A. Approved for public release, distribution is unlimited.



NF for Analog RF Photonic Receivers 5

Figure 2: The three RF photonic configurations analyzed in this report. (a)
Simple, single-channel link; (b) single-channel link with WDM source; (c)
receive-mode beamformer employing multiple lasers. LNA = low noise (RF)
amplifier, λm = wavelength of m-th laser, MZM = Mach-Zehnder modulator,
PD = photodetector, AWG = arrayed-waveguide grating, 1×K = fiber-optic
splitter, and BFM = beamforming module. RF paths are shown in black
and optical fiber paths are shown in yellow.

Distribution Statement A. Approved for public release, distribution is unlimited.



6 Bucholtz, Mondich, Singley, McKinney, Williams

4 ANALYSIS OF RF PHOTONIC SYSTEMS

In this section we provide the results of RF noise factor analysis of each
of the systems in Fig. 2. Results for the simple, single-channel link and
for the single-channel WDM link will only be summarized since they have
appeared previously in the literature. However, some details of the simple,
single-channel system are provided in Appendix B. A detailed analysis for
the beamformer architecture in Fig. 2(c) is presented in Section 4.3.

In the following we use upper case P to denote rms RF power and lower
case p to denote rms optical power. We define a quantity κ that relates
optical power to the magnitude squared of the scalar optical E-field E,

p =
|E|2

2κ
or |E| =

√
2κp. (2)

4.1 Simple, single-channel link

Figure 3 shows a simple, single-RF-channel photonic link comprising a pho-
tonic section (inside the dotted box) driven by a conventional RF low-noise
amplifier (LNA). We will first determine the noise factor of the photonic
section alone with the input reference plane defined at the input to the
Mach-Zehnder modulator (MZM). We then calculate the noise factor for the
entire link using two approaches − a) the well-known formula for cascaded
noise factors, and b) directly using the definition in Eq.(1). The following
is a summary of terms used in this section.

vlna = vlna0 sin (Ωt− ψ) = LNA input RF voltage,
v = v0 sin (Ωt− ψ) = MZM input RF voltage,
iout = output photocurrent,
Ω = RF (radian) frequency,
ψ = RF phase at MZM i/p,
θ = RF phase at PD i/p,
Glna = RF power gain of LNA,
Flna = noise factor of LNA = §21|2,
λ = laser operating wavelength,
p = laser output optical rms power,
RIN = laser relative intensity noise,
Vπ = MZM half-wave voltage,
α ≥ 1 is the optical power loss factor,

Distribution Statement A. Approved for public release, distribution is unlimited.



NF for Analog RF Photonic Receivers 7

Figure 3: A simple, single-RF-channel photonic link comprising a low-noise
amplifier (LNA), laser, Mach-Zehnder modulator (MZM), and photodetec-
tor (PD). Symbols are defined in the text.

PD = photodetector,
R = PD responsivity (A/W), and
ρ is a factor to account for the presence of an internal matching load

inside the PD. Internal load: ρ = 1/2; no internal load: ρ = 1.

The loss factor α includes optical loss anywhere between the laser and
the PD except for intrinsic loss in the MZM due to choice of operating point.

Some details of the analysis of the photonic portion of the link are pro-
vided in Appendix B. Here we summarize the results. The scalar optical
field at the PD input is

EPD = j

√
2κ p

α
cos

φ

2
(3)

where φ is the phase shift impressed on the optical E-field by the MZM.
φ = φbias + φRF and the RF phase shift is given by φRF = (π/Vπ) v.

Note: The MZM has two output ports and the expression in Eq.(3)
corresponds to a particular choice of output port. If the other MZM output
had been chosen, then EPD = j

√
2κp/α sin (φ/2).

The optical power at the PD input is

pPD =
|EPD|2

2κ
=
p

α
(1 + cosφ) . (4)

If we assume the MZM is biased at quadrature (φbias = π/2) and that
the amplitude of the RF voltage v0 is small enough that πv0/Vπ << 1, then

pPD →
p

α

(
1 +

π

Vπ
v0 sin (Ωt− θ)

)
. (5)

Distribution Statement A. Approved for public release, distribution is unlimited.



8 Bucholtz, Mondich, Singley, McKinney, Williams

The photocurrent at the PD output

iout =
Rp
α

[
1 + ρ

(
π

Vπ

)
v0 sin (Ωt− θ)

]
= IDC−S + iRF0 sin (Ωt− θ),

(6)

comprises a DC term and an RF term, where

IDC−S =

(
Rp
α

)
(7)

and

iRF0 = IDC−S

(
πρ

Vπ

)
v0. (8)

Note that the RF phase angle is now θ and not (the original) ψ to indicate
that the RF phase will have changed as the signal propagates from the MZM
input to the PD input.

Here we designate the DC photocurrent by ”DC-S” to indicate it is the
DC current for a simple, single-channel link, a designation that will facilitate
performance comparisons among the three system types.

The RF power across output load impedance Zout is

Pout =
i2RF0Zout

2
=

(
π2ρ2ZinZout

V 2
π

)
I2DC−S

(
v20

2Zin

)
. (9)

Since Pin = v20/2Zin for MZM input load impedance Zin, the RF gain
of the photonic section is

Gpho−S =
Pout
Pin

=

(
π2ZinZoutρ

2

V 2
π

)(
R
α
p

)2

= γI2DC−S (10)

where we define

γ ≡
(
π2ZinZoutρ

2

V 2
π

)
. (11)

Incidentally, note that the photonic portion of the link becomes trans-
parent, Gpho−S = 1, when

IDC−S (Gpho−S = 1) =
1
√
γ

=
Vπ

πρ
√
ZinZout

. (12)

So, for example, at Vπ = 4 V, Zin = Zout = 50 ohms, and ρ = 1/2, we find
IDC−S (Gpho−S=1) ' 50 mA, a value well above the photocurrent that can

Distribution Statement A. Approved for public release, distribution is unlimited.



NF for Analog RF Photonic Receivers 9

be supplied by typical commercial diode lasers. Hence, bare photonic links
typically operate at RF loss.

The output RF noise spectral density

Npho = (1 +Gpho−S) kBT0 + 2qρ2ZoutIDC−S + ρ2RIN · Zout I2DC−S (13)

comprises contributions from
a) output thermal noise kBT0,
b) amplified input thermal noise Gpho−SkBT0,
c) shot noise 2qρ2ZoutIDC−S , and
d) relative intensity noise ρ2ZoutRIN · I2DC−S .

Here, kB is Boltzmann’s constant, T0 = 290K is the standard temper-
ature, q is the electron charge, and RIN is the RF power spectral density
due to laser RIN normalized to I2DC−SZout.

The noise factor is

Fpho =
Npho

Gpho−SkBT0
. (14)

Hence

Fpho = 1 +
1

γ

[
1

I2DC−S

+

(
2qρ2Zout
kBT0

)
1

IDC−S

+

(
ρ2Zout
kBT0

)
RIN

]
.

(15)

We see that the contributions to Fpho due to output thermal noise and
shot noise can be reduced by increasing the DC photocurrent but, for a
single-laser link, the RIN contribution can be suppressed by increasing the
γ factor, for example, by decreasing Vπ or by reducing the RIN itself. But it
should be remembered that reducing Vπ degrades the spurious-free dynamic
range [8].

Finally, for the entire end-to-end, simple, single-channel link, including
the LNA, the gain is

GS = GlnaGpho−S (16)

and, by the cascade formula for noise factors,

FS = Flna +
Fpho − 1

Glna
. (17)

Distribution Statement A. Approved for public release, distribution is unlimited.



10 Bucholtz, Mondich, Singley, McKinney, Williams

The same result is obtained if, instead of using the cascade formula, we
used Eq.(1) directly using the overall gain GS in the denominator. But, in
that case, we must account for the noise figure of the LNA, Flna, and write
the output noise as

NS = (1 +Gpho−SGlnaFlna) kBT0 + 2qρ2ZoutIDC−S + ρ2RIN · ZoutI2DC−S .
(18)

That is, in writing the output noise from only the photonic link, as we did
in Eq.(15), we correctly assumed the MZM input noise was kBT0. However,
once the LNA is connected, it is the noise at the LNA input that is kBT0
while the noise at the MZM input is now GlnaFlnakBT0.

Hence, for the complete simple, single-channel link,

FS = Flna +
1

γGlna

[
1

I2DC−S

+

(
2qρ2Zout
kBT0

)
1

IDC−S

+

(
ρ2Zout
kBT0

)
RIN

]
.

(19)

Figure 4 compares the noise figure NF as a function of DC photocurrent
IDC−S for the photonic link alone to the photonic link with an LNA at the
MZM input. At large values of IDC−S the NF is limited by the RIN of the
laser and, since the RIN contribution to noise factor is independent of DC
photocurrent, further increases in optical power provide no improvement.
This flattening of the curve occurs for relatively low DC photocurrents. As
the photocurrent approaches zero, the noise factor is dominated by shot and
output thermal noises. Even for a relatively low RIN level at −150 dBc/Hz
and large IDC−S the noise factor for the bare photonic link is unacceptably
large, and use of an LNA on the front end is typically necessary. But even
then the NF is large by RF standards, especially for RIN levels > −150
dBc/Hz. One approach to reducing RIN is through the use of an array of
independent lasers as the optical source.

4.2 Single-channel WDM link

Consider the link shown in Fig. 5 where, instead of a single laser source,
an array of M lasers, each operating at a different wavelength, is used.
(Because of its gross similarity to wavelength-division multiplexed digital

Distribution Statement A. Approved for public release, distribution is unlimited.



NF for Analog RF Photonic Receivers 11

Figure 4: Noise figure versus DC photocurrent for the bare (no LNA) pho-
tonic link and for a link with an LNA at the MZM input (Refer to Fig. 3)
at two RIN levels as indicated. For these plots: Vπ = 4 V, ρ = 1/2, T0 =
290 K, Zin = Zout = 50 ohms, Glna = 30 dB and NFlna = 3.0 dB.

communications systems, this architecture will be referred to as a WDM
link.) We will see that multiple, independent lasers functioning as a single
source act to suppress the RIN contribution to the output noise [2].

The gain of the photonic portion of the link, referenced to the MZM
input, is

Gpho−wdm = γ

(
M∑
m=1

IDC−S,m

)2

, (20)

Distribution Statement A. Approved for public release, distribution is unlimited.



12 Bucholtz, Mondich, Singley, McKinney, Williams

Figure 5: WDM link comprising a simple, single-channel link as in Fig. 3
but with the single laser replaced with an array of lasers. AWG = arrayed-
waveguide grating.

the total output noise is

Npho−wdm = kBT0 (1 +Gpho−wdm)

+ 2qρ2Zout

M∑
m=1

IDC−S,m

+ ρ2Zout

M∑
m=1

RINmI
2
DC−S,m,

(21)

and the general expression for the noise factor is

Fpho−wdm =
Npho−wdm

Gpho−wdmkBT0
. (22)

Assume now that each laser has the same output power as the single
laser in the simple, single-channel system. Then the DC photocurrent is
M · IDC−S and the RF gain becomes

Gpho−wdm −→M2γI2DC−S

−→M2Gpho−S .
(23)

Compared to the simple, single-channel link, the WDM link has M2 larger
gain.

After assuming the RIN of all lasers is the same, RINm → RIN , the
output RF noise PSD becomes

Npho−wdm −→
(
1 +M2Gpho−S

)
kBT0

+M
(
2qρ2Zout

)
IDC−S

+M
(
ρ2 ·RIN · Zout

)
I2DC−S .

(24)

Distribution Statement A. Approved for public release, distribution is unlimited.



NF for Analog RF Photonic Receivers 13

The benefit of this approach is seen clearly by comparing the gain in
Eq. 23 with the RIN term in the output noise in Eq. 24. The gain has
improved by M2 but the shot and RIN contribution to the noise has in-
creased by only M owing to the the fact that intensity noises from multiple,
independent lasers add incoherently.

For the photonic portion of the single-channel WDM system, the noise
factor becomes

Fpho−wdm −→ 1 +
1

γ

[
1

M2

1

I2DC−S

+
1

M

(
2qρ2Zout
kBT0

)
1

IDC−S

+
1

M

(
ρ2Zout
kBT0

)
RIN

]
.

(25)

This result can be viewed in two ways. I) For fixed output power from
each laser, increasing the number of lasers significantly improves the noise
figure of the photonic portion of the system. The effect here is two-fold.
Firstly, increasing the optical power increases I2DC−S → M2I2DC−S which
makes everything better. Secondly, in using an array of independent lasers
as the source, the RIN contribution to the noise increases only linearly,
not quadratically, with M [2]. II) Alternatively, we could consider keeping
IDC−S fixed and evaluate system performance for increasing M . That is,
let IDC−S → IDC−S/M . Then

Fpho−wdm −−−−−−−−→
IDC−S fixed

1 +
1

γ

[
1

I2DC−S

+

(
2qρ2Zout
kBT0

)
1

IDC−S

+
1

M

(
ρ2Zout
kBT0

)
RIN

]
.

(26)

In this case, for the same total DC photocurrent as in the simple, single-
channel system, thermal and shot noise contributions to F remain un-
changed but the RIN contribution has been suppressed by M .

If we now include the LNA on the front-end the overall RF gain for the
end-to-end link is

GWDM = GlnaGpho−wdm, (27)
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and the noise factor

FWDM = Flna +
Fpho−wdm − 1

Glna
(28)

becomes

FWDM = Flna +
1

γGlna

[
1

I2DC−S

+

(
2qρ2Zout
kBT0

)
1

IDC−S

+
1

M

(
ρ2Zout
kBT0

)
RIN

]
.

(29)

The noise factor can be no smaller than the noise factor Flna of the
LNA, all the other contributions are suppressed by the LNA gain Glna, and
the RIN contribution can be further suppressed using multiple, incoherent
lasers.

Some representative plots of gain and noise figure for the single-channel
WDM systems are shown in Fig. 6. We see that reasonable noise figures
can be obtained for IDC−S ≥ 1 mA and M ≥ 4 provided Glna ∼ 30 dB and
the noise factor of the LNA is reasonably low, say, NFlna ≤ 3.0 dB. Also, at
low RIN levels, IDC−S ≥ 1 mA, and for the particular system parameters
chosen here, increasing M beyond M = 4 provides little improvement in F .
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Figure 6: Top: Gain; Middle: NF for RIN = −130 dBc/Hz; Bottom: NF
for RIN = −150 dBc/Hz. For these plots: Vπ = 4 V, ρ = 1/2, T0 = 290 K,
Zin = Zout = 50 ohms, Glna = 30 dB and NFlna = 3.0 dB.
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4.3 WDM Receive-Mode Beamformer

4.3.1 Receiver Beamformer with Multiple Inputs

In this section we analyze the multiple-laser receive-beamformer system
shown in Fig. 2(c) which is reproduced in greater detail below in Fig. 7.
The subsystem shown in the dotted box will be referred to as a beamformer
module (BFM). Its purpose is to introduce carefully-chosen delays into each
path so that, for some given angle-of-arrival of the RF wave incident on the
receiver antenna array, the RF phases of the M optical signals reaching the
PD all line up, that is, add constructively. The 1×K optical coupler divides
the optical signal − containing RF information from all M array inputs −
equally among the K BFMs.

It turns out that analysis of this system is reasonably straightforward,
albeit a bit tedious. Wavelengths λm of the individual lasers are chosen
such that difference frequencies occur well out of band of any RF signals
of interest. At the same time, the RF signals arriving at the MZM inputs
all come from a common RF wave as it washes across the receiving array.
Each antenna array element provides a voltage that modulates the light
from one laser, and that light follows a particular path through any of the
beamformers and, without interacting with any of the other optical signals,
eventually reaches the photodiode at the output of a BFM. Hence, this
system is RF-coherent but optically-incoherent and this property simplifies
the analysis considerably.

We only need to determine the noise factor FBF for any one BFM output
since that is really the only quantity of interest. The following is a list of
symbols used in this section. It is the same list as for the simple, single-
channel link but, here, with an index m, 1 ≤ m ≤M .

vlna,m = vlna0,m sin (Ωt− ψm) = voltage at input to mth LNA,
vm = v0m sin (Ωt− ψm) = voltage input to MZMm,
iout = total output photocurrent,
iout,m = output photocurrent due to the m− th path,
Ω = RF (radian) frequency,
ψm = RF phase in m− th path at LNA input,
θm = RF phase in m− th path at the position of the PD,
Glna,m = RF power gain of LNAm,
Flna,m = noise factor of LNAm,
λm = operating wavelength of mth laser,
pm = rms optical power at MZMm,
RINm = laser m’s relative intensity noise,
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Figure 7: A receive-mode WDM beamformer system comprising a coher-
ent RF system and an incoherent optical system. Light from a particular
laser λm is modulated by the voltage vin,m incoming from the correspond-
ing array element and propagates in the optical domain through the entire
system without interacting with any other optical signals until reaching the
photodetector PD. Two example paths are shown as heavy shaded lines.
The subsystem in the dotted box is a beamformer module (BFM). A 1×K
optical splitter distributes optical power equally among all K BFMs.

Vπ,m = half-wave voltage of MZMm,
αm ≥ 1 is the optical power loss factor in path m,
PD = photodetector,
R = PD responsivity, and
ρ is a factor to account for the presence of an internal matching load

inside the PD. Internal load: ρ = 1/2; no internal load: ρ = 1.

The loss factor αm accounts for all optical loss in the mth path: insertion
losses in the three AWGs, intentional shaping loss (variable optical attenua-
tors, VOAs) in the BFM, and any other optical loss other than the intrinsic
loss in the MZMs due to choice of operating point. αm does not include
the intrinsic loss of the 1 × K coupler; this optical loss factor K will al-
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ways be shown explicitly. The phase θm accounts for both phase differences
due to angle-of-arrival of the incoming RF wave, as well as RF phase shifts
introduced by the true-time delays (TTDm) in the beamformer module.

We begin by calculating the RF gain for just the photonic portion of
any one channel starting at an MZM input voltage vm = v0msin (Ωt− ψm).
When this signal reaches the photodetector it’s RF phase becomes θm due
to the intervening RF path length including, importantly, the RF true-time
delays built into the BFM. The resultant photocurrent is given by Eq.(6)

iout,m =
1

K

(
Rpm
αm

)[
1 + ρ

(
π

Vπ,m

)
v0m sin (Ωt− θm)

]
= IDC,m + iRF,m

(30)

where
iRF,m = iRF0,m sin (Ωt− θm) (31)

and

iRF0,m = ρ

(
π

Vπ,m

)
v0mIDC,m, (32)

and where the DC photocurrent here is decreased by the optical loss K of
the 1×K optical splitter,

IDC,m =
1

K

(
Rpm
αm

)
=

1

K
IDC−S,m. (33)

And where, similar to the definition in Eq.(7),

IDC−S,m =

(
Rpm
αm

)
. (34)

Finally, note that
v0m =

√
Glna,mvlna0,m. (35)

So the RF gain is

Gpho,m =
i2RF0,mZout/2

v20m/2Zin

=
1

K2
γmI

2
DC−S,m

(36)

where (cf. Eq.(11))

γm =

(
π2ZinZoutρ

2

V 2
π,m

)
. (37)
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We next write an expression for the output noise PSD that includes the effect
of the noise factor of the mth LNA, Flna,m. If we assume the noise input to
the LNA is kBT0, then the noise out of the LNA is Glna,mFlna,mkBT0. This
noise is then amplified by the photonic portion of the channel to produce
a noise contribution Gpho,mGlna,mFlna,mkBT0 at the output. Hence, the
output noise PSD due to just the mth channel is

Nbf,m = Gpho,mGlna,mFlna,mkBT0

+
1

K

(
2qρ2Zout

)
IDC−S,m

+
1

K2

(
ρ2Zout ·RINm

)
I2DC−S,m

(38)

or, writing the photonic gain explicitly in terms of IDC−S,m from Eq.(36),
Gpho,m = (γm/K

2)I2DC−S ,

Nbf,m =
1

K2
(γmGlna,mFlna,mkBT0) I

2
DC−S,m

+
1

K

(
2qρ2Zout

)
IDC−S,m

+
1

K2

(
ρ2Zout ·RINm

)
I2DC−S,m.

(39)

We see that every term in the noise contribution from a particular path
depends on the DC photocurrent.

Since the noise contributions are all mutually incoherent, the total output
noise PSD is just the sum of all the individual PSDs, but with one additional
term − we must add a single kBT0 to the output noise. That is, if the lasers
are all turned off and the DC photocurrent goes to zero, kBT0 noise must
still be present at the output. Hence, the total RF noise PSD at the output
of any BFM is

NBF = kBT0 +
1

K2

(
kBT0

M∑
m=1

γmGlna,mFlna,mI
2
DC−S,m

)

+
1

K

(
2qρ2Zout

M∑
m=1

IDC−S,m

)

+
1

K2

(
ρ2Zout

M∑
m=1

RINm · I2DC−S,m

)
.

(40)
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We now calculate the gain. Unlike the incoherent sum of noise contri-
butions, the total output signal photocurrent is the coherent sum of the
contributions from each path,

iout =
M∑
m=1

iout,m =
M∑
m=1

IDC,m +
M∑
m=1

iRF,m (41)

and the rms output signal power at RF frequency Ω becomes

Pout =

〈∣∣∣∣∣
M∑
m=1

iRF,m

∣∣∣∣∣
2〉

Zout (42)

where brackets ”〈 〉” indicate time average. (Note that there is no leading
factor 1/2 here since that factor arises for a monochromatic wave only after
taking the time average; it makes its appearance in this calculation anon.)

Performing the summation yields〈∣∣∣∣∣
M∑
m=1

iRF,m

∣∣∣∣∣
2〉

=

〈(
M∑
m=1

iRF,m

)(
M∑
n=1

iRF,n

)〉

=

〈
M∑

m,n=1

iRF,miRF,n

〉

=

〈
M∑

m,n=1

iRF0,miRF0,n sin (Ωt− θm) sin (Ωt− θn)

〉
.

(43)

(Note: In the second line of the above equation we needed to use a second
dummy index n when calculating the square of a sum of terms.) Using the
trigonometric identity

sin (Ωt− θm) sin (Ωt− θn) =
1

2
[cos (θn − θm)− cos (2Ωt+ θn + θm)] , (44)

and we can ignore the second term, oscillating at 2Ω, since it time-averages
to zero. Hence,〈∣∣∣∣∣

M∑
m=1

iRF,m

∣∣∣∣∣
2〉

=
1

2

M∑
m,n=1

iRF0,miRF0,n cos (θn − θm). (45)

Distribution Statement A. Approved for public release, distribution is unlimited.



NF for Analog RF Photonic Receivers 21

This sum can be separated into two sums: a first sum where m = n con-
taining M terms, and a second sum, where m 6= n, containing

(
M2 −M

)
terms: 〈∣∣∣∣∣

M∑
m=1

iRF,m

∣∣∣∣∣
2〉

=
1

2

 M∑
m=1

i2RF0,m +
M∑

m 6=n=1

iRF0,miRF0,n cos (∆θnm)


≡ 1

2
B(M)

(46)

where ∆θnm = (θn − θm) and where we define B(M) as the entire quantity
in brackets on the right-hand side.

It is instructive at this point to consider the case where the amplitudes
of all the RF photocurrents are equal iRF0,m = iRF0 ∀m. Then

B(M) = i2RF0

M +
M∑

m6=n=1

cos (∆θnm)

 . (47)

To ”beamform” at some angle of incidence for the incoming RF wave
means to adjust the TTDs in the BFM such that all the ∆θnm = 0. In this
case, B(M) attains its maximum value

B(M) = i2RF0

[
M +M2 −M

]
= M2i2RF,0 (48)

and the output RF power is thus M2 times the rms RF power from any one
element.

Pout = M2

(
i2RF0Zout

2

)
. (49)

In general, however,

Pout = B(M)Zout/2 (50)

where

B(M) =

 M∑
m=1

i2RF0,m +

M∑
m6=n=1

iRF0,miRF0,n cos (∆θnm)

 . (51)
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Hence, the general expression for the beamformer system gain is

GBF =
B(M)Zout/2

M∑
m=1

v2lna0,m/2Zin

(52)

where vlna0,m is the voltage amplitude from the mth array antenna element
at the input to the LNA. Although completely accurate for computational
purposes, this expression is not particularly helpful in understanding the
general performance characteristics of the system.

Toward that end, let us again assume all the channels are equivalent
and the phases are all properly aligned in the BFM. That is, for all m,

vlna0,m → vlna0,
Glna,m → Glna,
Flna,m → Flna,
pm → p,
RINm → RIN ,
Vπ,m → Vπ,
αm → α,
IDC−S,m → IDC−S .

Then, by Eqs.(50) and (52), the gain becomes

GBF −→
M2i2RF0Zout/2

Mv2lna0/2Zin
= M

i2RF0

v2lna0
ZinZout. (53)

From Eq.(35) v0 =
√
Glnavlna0 and from Eq.(32) iRF0 =

(1/K)(πρ/Vπ)v0IDC−S . Inserting these results into the gain equation yields,
for the overall end-to-end system with equivalent channels,

GBF −→MZinZout
1

K2

π2ρ2

V 2
π

GlnaI
2
DC−S

−→ M

K2
γGlnaI

2
DC−S .

(54)

For the same system the output noise Eq.(40) becomes

NBF −→kBT0
[
1 +

M

K2
γGlnaFlnaI

2
DC−S

]
+
M

K

(
2qρ2Zout

)
IDC−S

+
M

K2

(
ρ2Zout ·RIN

)
I2DC−S .

(55)
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Finally, the noise factor

FBF =
NBF

GBFkBT0
(56)

becomes

FBF −→ Flna +
1

γGlna

[
K2

M

1

I2DC−S

+K

(
2qρ2Zout
kBT0

)
1

IDC−S

+

(
ρ2Zout
kBT0

)
RIN

]
.

(57)

This expression is very similar to the simple, single-channel result in
Eq.(19) except for two terms that are modified by the factors M and K: the
output thermal noise term is multiplied by K2/M and the shot noise term is
multiplied by K. Otherwise, all the other terms are just the single-channel
factors.

We see immediately that, although the beamformer system utilizes M
laser sources, it does not enjoy the suppression of RIN seen in the WDM
link Eq.(29). In that WDM system, all M lasers were brought to bear on a
single MZM and, hence, on a single RF channel. In the beamformer system,
each laser drives its own MZM so the beneficial effect of mutual incoherence
of laser RINs is lost. However, the great benefit of independent lasers here
is that the system is guaranteed to be optically incoherent and, thus, free of
RF instabilities due to optical interference effects.

As expected, in the limit K,M → 1, FBF reduces to FS , the simple,
single-channel noise factor in Eq.(19). In the limit of large IDC−S , FBF is
limited by laser RIN and, ultimately, by the noise factor of the low-noise
amplifier.

FBF −−−−−−−→
IDC−S→∞

Flna +
1

γGlna

(
ρ2Zout
kBT0

)
RIN. (58)

In the low photocurrent regime, IDC−S → 0, two contributions dominate,
namely, output thermal noise and shot noise

FBF −−−−−−→
IDC−S→0

1

γGlna

[
K2

M

1

I2DC−S
+K

(
2ρ2Zout
kBT0

)
1

IDC−S

]
. (59)

In the intermediate regime, the degree of degradation of FBF due to
M,K 6= 1 depends on the values of all the other parameters, including
IDC−S . These effects are seen in Fig. 8.
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Figure 8: Noise figure as a function of IDC−S for a beamformer with M = 16
receive-array elements and K BFMs for RIN = -130 dBc/Hz and RIN =
-150 dBc/Hz. For these plots: Vπ = 4 V, ρ = 1/2, T0 = 290 K, Zin = Zout =
50 ohms, Glna = 30 dB and NFlna = 3.0 dB.
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4.3.2 Receiver Beamformer with Inputs Derived from a Single
Source

A natural way to measure the gain of the beamformer system is to use a
vector network analyzer and an RF splitter, such as a Wilkinson divider, to
provide voltages at each of the M inputs as shown in Fig. 9.

Figure 9: Test set-up for a receive-beamformer system using a vector network
analyzer (VNA) and a Wilkinson-type 1×M RF splitter.

It is of interest to understand how the performance of this system scales
with the number M of receive-array elements. Such a measurement could
be performed in two ways as shown in Fig. 10. In the first approach, the
amplitude of vvna is fixed and we insert splitters with successively larger tap
numbers M = 2, 4, 8, · · · , for example, and measure the gain as a function
of M . In the second approach, we keep both the amplitude of vvna and the

Distribution Statement A. Approved for public release, distribution is unlimited.



26 Bucholtz, Mondich, Singley, McKinney, Williams

Figure 10: Two approaches for determining how the gain of the beamformer
scales with number M of receive-array elements. (A) Vary the size of the
splitter, and (B) Fix the size of the splitter but vary the number of output
ports connected to the beamformer.

number of splitter taps M fixed, but we only connect M ′ ≤M of the split-
ter outputs at a time, properly terminating the unconnected outputs, and
measure gain as a function of M ′. These two measurements yield different
answers!

We will calculate first the gain for approach (A) even though this method
is entirely impractical as it would require rebuilding the entire system with
each change in M . This calculation answers the question “If the beamformer
is built with M array elements, what is the gain?” The second approach is
very accessible experimentally but it answers a different question, namely,
“For a fixed system architecture, how does the gain change as the number of
array elements that receive radiation is changed?” It is perhaps unsurprising
then that different questions produce different answers.

To determine the gain for approach (A) note that the Wilkinson device
divides power equally among all M outputs and, hence, divides input voltage
by
√
M so vlna0,m = vvna0/

√
M .

Assuming that all channels are equivalent, we can insert this result di-
rectly into Eqs.(32) − (35) to obtain

iRF0,m −→
(
πρ
√
Glna
Vπ

)
IDC−S
K

vvna0√
M

. (60)

As before, we assume the beamformer module is arranged to maximize the
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sum Q(M) = M2 −M in which case

B(M) = M2i2RF0. (61)

The output power is

Pout =
1

2
M2i2RF0Zout =

M

K2
Gpho−SGlnaPin (62)

for input power Pin = v2vna0Zin/2.
So, finally, the gain is

GBF =
M

K2
Gpho−SGlna =

M

K2
γGlnaI

2
DC−S (63)

which is exactly the gain we obtained earlier in Eq.(54). The reason is
clear. In the multiple-input case, as we argued in the earlier report [4],
the correct input power to use is the sum of the input RF powers on all
the array elements. But the sum of the input powers in this case is just
the output power from the VNA. Perhaps more remarkable is the fact that
the gain scales linearly with M . In fact, why should the gain depend at
all on M? After all, the total input power from the VNA is fixed and the
power divider only distributes that constant power over different numbers
of elements. The reason stems from the coherent addition of currents that
occurs in the photodiode, that is, from the nature of interferometric RF
mixing.

In Approach (B) in which, say, only M ′ of the M inputs are present, we
note the following. The input power from the VNA does not change with
M ′ but B(M) is now B(M ′) = M ′2i2RF0 and, as a result, the gain is

G′BF =
M ′2

K2M
Gpho−SGlna. (64)

Since M ′ ≤ M , G′BF ≤ GBF , as must be the case. But we see that G′BF
increases with M ′2 that is, with the square of the number of inputs that are
connected. This dependence of gain on M ′2 was observed by Mondich [1].

Finally, what about noise in Approach (B)? For this system, the output
noise is entirely agnostic to the manner in which input signals are applied.
Hence, regardless of whether approach (A) or (B) is used to measure gain,
the output noise PSD for equivalent channels is given by Eq.(55). However,
we must assume in approach (B) that, if only M ′ input ports are connected
then only M ′ lasers are turned on in which case there are only M ′ contri-
butions to the output thermal noise, the shot noise, and the RIN. Mondich
[1] also observed this change in noise with M ′.
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5 Summary and Discussion

Figure 11 is a comparison of the expressions for gain, noise PSD, and
noise factor for the three architectures analyzed in this report under the
assumption that all channels are equivalent. Here IDC−S = Rp/α and
γ = π2ρ2ZinZout/V

2
π . Recall that all these performance metrics are defined

with respect to the output of a single beamformer module, that is, just one
of the K BFMs. Some notable features for the performance of the beam-
former system are the following.

1) By using multiple, independent laser sources, the photonic receive
beamformer system is RF coherent but optically incoherent thus eliminat-
ing RF instability due to optical interference.

2) To calculate gain and noise factor for a system with coherent RF in-
puts, the input RF power must be properly defined as the total combined
RF power from all receive elements [4].

3) Both the total input RF power from the M receive-array elements
and the total optical power from the M lasers are divided up among the
K BFMs and this splitting occurs in the optical domain. Hence, K has a
significant deleterious effect on performance.

4) In the single-channel WDM system discussed in this report for com-
parison purposes, a significant reduction in the RIN contribution to noise
factor was achieved due to the incoherent summation of RINs from M in-
dependent lasers. In the beamformer system, however, although M inde-
pendent lasers were utilized, each laser provided the carrier for only one of
M RF channels. As a result, the noise factor of the beamformer does not
improve with M .

5) In the case where all the channels have equivalent RF and optical
characteristics, the form of the expressions for gain, noise and noise factor
are very similar to the case of just one equivalent channel, but with each
term in an expression worsened by a function of M and K. For example,
the gain of a single, equivalent channel is GS = γGlnaI

2
DC−S while the gain

at a BFM output, assuming the lasers all emit the same optical power as in
the single-channel system, is only GBF = (M/K2)γGlnaI

2
DC−S .

6) In a subtle but important distinction, the method in which gain is
measured as a function of the number of RF channels strongly affects the
result as discussed in Sect. 4.3.2. Hence, care must be taken in the compar-
ison of theory and measurement.
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Figure 11: Summary of expressions. M = of array elements, K = of beam-
former modules.
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Figures 12 and 13 compare the gain and noise figure as a function of
IDC−S for the three system designs assuming reasonable, practical values for
operational parameters as specified in the caption and, in the beamformer
case, assuming all channels are equivalent. From Fig. 12 we see that the
WDM system exhibits the largest gain at all levels of DC photocurrent
because, as discussed in the previous section, the optical power from all M
lasers is modulated by the single RF signal. Interestingly, the beamformer
gain for K = 1 is significantly larger than the gain of the simple, single-
channel system owing to effects of coherent addition of the RF signals at
the PD. But for K >

√
M the beamformer gain is always smaller than the

single-channel gain.
Figure 13 compares the behavior of the noise figures. We see that, in the

limit of large IDC−S , the K = 1 beamformer has the same NF as the simple,
single-channel link. Otherwise, the noise factor worsens linearly with K. At
low-enough RIN, the NF is limited by K times the shot-noise limit which, in
the case of an M = 16 WDM link, can approach the ultimate system limit,
namely, NFlna.

Finally, Figure 14 summarizes the general expressions for the beam-
former RF metrics.

Distribution Statement A. Approved for public release, distribution is unlimited.



NF for Analog RF Photonic Receivers 31

Figure 12: Gain as a function of IDC−S for a beamformer with M = 16
receive-array elements and K BFMs. For these plots: Vπ = 4 V, ρ = 1/2,
T0 = 290 K, Zin = Zout = 50 ohms and Glna = 30 dB.
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Figure 13: Noise figure as a function of IDC−S for (a) RIN = -130 dBc/Hz
and (b) RIN = -150 dBc/Hz. For these plots: Vπ = 4 V, ρ = 1/2, T0 =
290 K, Zin = Zout = 50 ohms, Glna = 30 dB and NFlna = 3.0 dB. For the
beamformer plots, M = 16 receive-array elements and K = 1, M/2, and M
BFMs.
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Figure 14: General expressions for the photonic beamformer RF metrics.
M = of array elements, K = of beamformer modules.
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A APPENDIX A: LIST OF SYMBOLS

Distribution Statement A. Approved for public release, distribution is unlimited.



NF for Analog RF Photonic Receivers 35

Distribution Statement A. Approved for public release, distribution is unlimited.



36 Bucholtz, Mondich, Singley, McKinney, Williams

Distribution Statement A. Approved for public release, distribution is unlimited.



NF for Analog RF Photonic Receivers 37

Distribution Statement A. Approved for public release, distribution is unlimited.



38 Bucholtz, Mondich, Singley, McKinney, Williams

B APPENDIX B: ANALYSIS OF E-FIELDS IN
SIMPLE, SINGLE-CHANNEL LINK

In the diagram on the next page we present some details of the standard
analysis of a simple, single RF-channel link at the level of E-fields.
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C APPENDIX C: ALTERNATE DERIVATION
OF THE BEAMFORMER EQUATION

In this Appendix we provide an alternate derivation of the beamformer result
Eq.(47). The RF portion of the photocurrent iout in Eq.(41) is

M∑
m=1

iRF,m =
M∑
m=1

iRF0,m sin (Ωt− θm) . (65)

Since each sinusoidal term in the summation has the same RF frequency,
the sum itself can be written as a single sinusoid by first expanding
sin (Ωt− θm) = sin Ωt cos θm − cos Ωt sin θm and then

M∑
m=1

iRF0,m sin (Ωt− θm) = iRFtot sin (Ωt−Θ) . (66)

where

i2RFtot =

(
M∑
m=1

iRF0,m cos θm

)2

+

(
M∑
m=1

iRF0,m sin θm

)2

(67)

and

tan Θ =

M∑
m=1

iRF0,m sin θm

M∑
m=1

iRF0,m cos θm

. (68)

Written in this way, the RF output power is

Pout =
1

2
i2RFtotZout. (69)

Assume that the amplitudes of the photocurrent contributions from each
path are equivalent, iRF0,m = iRF0 for all m. Then the sums

i2RFtot = i2RF0

( M∑
m=1

cos θm

)2

+

(
M∑
m=1

sin θm

)2
 (70)
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can be evaluated as follows:

i2RFtot = i2RF0

[
M∑
m=1

(
cos2 θm + sin2 θm

)
+

M∑
m6=n=1

cos θm cos θn

+

M∑
k 6=l=1

sin θk sin θl

 .
(71)

But cos2 θm + sin2 θm = 1 for all m and, by properly pairing up terms,

M∑
m6=n=1

cos θm cos θn +
M∑

k 6=l=1

sin θk sin θl =
M∑

m 6=n=1

cos (θn − θm) . (72)

Hence,

i2RFtot = i2RF0

M +
M∑

m 6=n=1

cos (θn − θm)

 . (73)

where the sum here contains
(
M2 −M

)
terms. This is the same result as

in (47).
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