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1. Project Overview

1) Title: Innovative Conjunction Prediction in Space Situational Awareness using
the Voronoi Diagram of 3D Spheres

2) Name of Principal Investigators: Deok-Soo Kim
- e-mail address: dskim@hanyang.ac.kr
- Institution: Hanyang University, Seoul, Republic of Korea

- Mailing Address: School of Mechanical Engineering 1102, IT/BT bldg., Hanyang
University 222 Wangsimni-ro, Seoul

- Phone: +82-2-2220-0472
- Fax: N/A

3) Period of Performance: September/30/2017 — September /29/2019

4) Abstract

Collision avoidance is one of the critical tasks to keep geospace safe and efficient. This research studies
the detection and resolution of conjunction for collision avoidance and develops an algorithm to predict
the conjunction based on the dynamic Voronoi diagram (DVD) of 3D spherical balls. We have
successfully developed, implemented, and tested the DVD algorithm for 3D spheres. Then we have
developed and implemented the COOP2 (Conjunctive Orbital Objects Predictor and Planner)
algorithm/program, based on the DVD algorithm. COOP2 shows a proven mathematical capability to
detect all conjunctions without any missing case. We tested COOP2 using the TLE data obtained from
Korea Aerospace Research Institute (KARI) which includes the orbital motions of the following five
Korean satellites: KOMPSAT-2, KOMPSAT-3, KOMPSAT-3A, and KOMPSAT-5. We developed an
advanced capability of COOP2 which, given a detected conjunction, produces the optimal maneuver
plan by quickly evaluating alternatives using the event history stored in the COOP-HSTRY file. We
have validated the correctness and performance of COOP2 algorithm and program using drone
swarming. Suppose that we fly a swarm of drones where each drone follows its own path in the 3D
space. In this scenario, just like Resident Space Objects (RSQO), we were able to use the COOP2 program
to generate the collision-free flight path of all drones so that the performance and correctness of the
algorithm/program could be validated and verified. (For the demonstration of drone swarming, refer to
Fig. 37 and YouTube link: https://www.youtube.com/watch?v=1kgo3AXquKw&t=3s.)
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2. Introduction

There are many man-made Resident Space Objects (RSOs) that orbits Earth. As of January 2019, more
than 5,400 rocket launches (excluding failures) since 1957 which placed about 8,950 satellites into Earth
orbit: about 5,000 satellites remained in orbit including about 1,950 operational ones. European Space
Agency (ESA) estimated approximately 34,000 debris of size bigger than 10 cm, about 900,000 debris
of size 1~10 cm, 128 million ones of size Imm ~ 1 cm [1]. This number will increase rapidly due to
accidental satellite collisions (e.g. 2009 collision between Iridium 33 and Kosmos 2251; Produced
>2,000 catalogued debris), planned anti-satellite missile test, new satellite launches, etc.

Among these, the anti-satellite (ASAT) missile test would be a main cause of creating debris and we
compile some historical events related to ASAT in Fig. 1(a-f). The world's first anti-satellite missile test
was carried out against a special target spacecraft, the DS-P1-M, in February 1970 by Soviet Union.
The US’ first successful anti-satellite missile test against a gamma ray spectroscopy satellite Solwind
P78-1 was completed on 13 September 1985. The test resulted in 285 cataloged pieces of orbital debris.
On 11 January 2007, the China destroyed a defunct Chinese weather satellite, Fungyun (FY-1C) [7].
This event was the largest recorded creation of space debris in history with more than 2,000 pieces
of trackable size (golf ball size or larger) officially catalogued in the immediate aftermath, and an
estimated 150,000 debris particles [8][9]. Ever since several anti-satellite tests were performed: e.g. on
21 February 2008, the U.S. Navy’s destruction of the malfunctioning U.S. spy satellite USA-193 [10],
on November 18 2015, the flight test of Russia's direct ascent anti-satellite missile [11], and on 27 March
2019, India’s test.

NOTAM

(d) (e) )

Fig. 1. The examples for anti-satellite tests:
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(a) The target satellite (DS-P1-M) of Soviet Union for the world's first successful intercept of satellite
completed in February 1970 by Soviet Union [2]: Many tests carried out against a special target
spacecraft, DS-P1-M, after the first and second test on 27 October 1967 and 28 April 1968,
respectively. The first successful test (the second overall) achieved 32 hits (each could penetrate 100
mm of armour) [3].

(b) The target satellite (Solwind P78-1) of US for the U.S.’s first successful anti-satellite missile test
on 13 September 1985: Solwind P78-1 was a gamma ray spectroscopy satellite launched in 1979 and
orbiting at 525 km [4]. Its main purpose had been the study of the solar wind, among other things.
An aircraft F-15 that carried a missile took off from Edwards Air Force Base, climbed to 11613 m
(38100 ft) and vertically launched the missile at the Solwind P78-1. The test resulted in 285 cataloged
pieces of orbital debris. 1 piece of debris remained in orbit to at least May 2004 [5] but had deorbited
by 2008 [6].

(c) The known orbit planes of the debris that produced by the destruction of a defunct Chinese
weather satellite, FY-1C on 11 January 2007 [7] (orbits exaggerated for visibility, source:
https://en.wikipedia.org/wiki/2007_Chinese_anti-satellite_missile_test): The destruction was
reportedly carried out by an SC-19 ASAT (Anti-satellite weapons) missile with a kinetic kill warhead
similar in concept to the American Exoatmospheric Kill Vehicle. FY-1C was a weather satellite
orbiting Earth in polar orbit at an altitude of about 865 km (537 mi). This event was the largest
recorded creation of space debris in history with more than 2,000 pieces of trackable size (golf ball
size and larger) officially catalogued in the immediate aftermath, and an estimated 150,000 debris
particles [8][9].

(d) The U.S. spy satellite (USA-193) launched on 14 December 2006 and destroyed on 21 February
2008 by the U.S. Navy using a ship-fired RIM-161 Standard Missile 3. due to its malfunctioning
(source: https://en.wikipedia.org/wiki/USA-193): The destruction of USA-193 created 174 pieces of
orbital debris that were cataloged by the U.S. military [10]. While most of this debris re-entered the
Earth's atmosphere within a few months, a few pieces lasted slightly longer due to the fact that they
were thrown into higher orbits. The final piece of USA-193 debris did not re-enter until 28 October
2009 [10].

(e) Russia’s anti-satellite missile (PL-19 Nudol) (source: https://twitter.com/mt_strat/status/
811697894877175808?lang=ca): The successful flight test of Russia's direct ascent anti-satellite
missile, known as PL-19 Nudol, took place on 18 November 2015, according to defence officials
familiar with reports of the test [11].

() Analysis and debris simulation of India's direct ascent anti-satellite weapons test conducted on 27
March 2019 called Mission Shakti [12] (source: https://www.space.com/india-anti-satellite-missile-
test-agi-simulations.html): The interceptor was able to strike a test satellite at a 300-kilometre (186
mi) altitude in low earth orbit (LEO), thus successfully testing its ASAT missile. The interceptor was
launched at around 05:40 UTC at the Integrated Test Range (ITR) in Chandipur, Odisha and hit its
target Microsat-R after 168 seconds. The impact generated more than 400 pieces of orbital debris
with 24 having apogee higher than 1SS orbit [13][14].
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Attention should also be provided for the increased number of deployed small satellites in geospace. In
recent years, the trend of deployment of spacecrafts is more, smaller, and lower cost civilian ones
compared to the few, large, and expensive government ones [15]. For example, SpaceX has permission
to launch 12,000 satellites to low Earth orbit for its Starlink project which is a satellite constellation
consisting of thousands of massively produced small satellites (Fig. 2).

These increasing space objects altogether, particularly in Low Earth Orbit (LEO), significantly
accelerate collision risks among space objects [16] as also implied by the Kessler syndrome (also called
collisional cascading) [17]. We have very recently observed a big event that could lead to a catastrophe
in LEO: a near-miss of the two defunct satellites on 29 January 2020, 23:39:35 UTC, IRAS (Infrared
Astronomical Satellite), launched in 1983, and GGSE-4 (Gravity Gradient Stabilization Experiment 4),
launched in 1967 (Fig. 3) [18].

As RSOs move at high speed of up to 16 km/s if head-on, the impact of collision between space objects
can be catastrophic. To better prevent unexpected conjunctions and collisions among objects and to
preserve the geospace, particularly LEO, for future, it is necessary to have a method to predict and
prevent collisions and eventually develop space traffic management (STM) system. STM will be
increasingly important as the geospace is more commercialized such as the expected popularity of
suborbital space tourism and/or commercial personal spaceflight [19, 20]. Since the prediction and
prevention of collision/conjunction among RSOs is one of the most critical issues in STM [21, 22],
the detection, tracking, identification, cataloging, etc. of all observable RSOs in the orbit, altogether
referred to as space situational awareness (SSA), is necessary. Securing a perfect SSA is both costly
and complicated. Joint Space Operations Center (JSpOC, https://www.space-track.org/) maintained by
the United States Strategic Command’s (USSTRATCOM) is a good resource [23].

The value of conjunction prediction is obvious in that, if a conjunction is correctly predicted, a
collision-avoiding evasive maneuver of an RSO can be planned and executed. When it is possible,
an optimal maneuver pathway might need to be determined or designed by possibly evaluating the effect
of each hypothesized maneuver to future conjunctions. The formulation of this optimization problem
involves parameters that can be obtained from multiple executions of conjunction prediction, each time
with modified ephemeris. This implies a very high frequency of executing conjunction prediction than
it is done today. E.g. Collision Risk Assessment tool (CRASS), developed by GMV/ESA, forecasts
conjunctions on daily basis with a prediction time window of one week, a policy made in the
consideration of a trade-off between orbit prediction accuracy and reaction time to a predicted
conjunction [24, 25].

Here we report the development and implementation of an innovative conjunction prediction and
maneuver planning algorithms using the (dynamic) Voronoi diagram of 3D spherical balls. The
developed COOP2! (Conjunctive Orbital Objects Predictor and Planner) algorithm/program can
predict conjunctions and find the optimal maneuver pathway to avoid a predicted conjunction
situation among the RSOs in JSpOC Space Catalogue. The COOP2 algorithm/program is event-based,
general purpose (beyond pairwise conjunction prediction), efficient, accurate, and independent of the
coordinate system. The algorithm is based on the dynamic Voronoi diagram of moving three-
dimensional spheres. Its computation result is efficiently re-playable for diverse analyses on the fly.

1 'We called COOP2 as DVD-COOP (Dynamic Voronoi Diagram-based Conjunctive Orbital Objects
Predictor) in our preliminary studies.
6
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Fig. 2. Starlink project (source: https://en.wikipedia.org/wiki/SpaceX_Starlink): Starlink is a satellite
constellation being constructed by SpaceX. The constellation will consist of thousands of massively
produced small satellites.

Fig. 3. The near-miss of the defucnt GGSE-4 and IRSA satellites: (source:
https://www.nasaspaceflight.com/2020/01/close-call-two-satellites-avoid-collision/). On 29 January
2020, 23:39:35 UTC, two satellites, IRAS (Infrared Astronomical Satellite), launched in 1983, and
GGSE-4 (Gravity Gradient Stabilization Experiment 4), launched in 1967, was expected to pass as
closely as 12 meters with an estimated risk of collision of 5%. Fortunately, it turns out that there
were no new tracked debris following the incident.
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3. Project Objectives

3.1. Literature Review

A naive approach to conjunction prediction might be as follows. Suppose that Space Catalogue has N
objects (or equivalently N orbits) and thus O(N?) object pairs. It is easy to make linear approximations
of two orbits corresponding to some discrete moments in time. Consider a line segment L with an
approximation error &. Let O be the replica of an object O, for notational convenience, with a null size:
0 moves through L while O moves through its elliptic orbit. Let S be a sphere, called a replica sphere,
with the radius & It can be easily shown that, at an arbitrary moment of time, if two objects are
conjunctive, the replica spheres corresponding to the two objects are also conjunctive. Hence, a real
conjunction can be detected by checking the intersection between two replica spheres enlarged to
appropriate sizes according to the linear approximation errors of paths. Without loss of generality, it
can be assumed that each full elliptic orbit is approximated by My line segments. This leads to O(M_N?)
pairs of line segments to be tested for the interference between two enlarged moving replica spheres.

Suppose that some point locations are sampled from the two line segments, say L; and L», corresponding
to replica spheres S; and Sy, respectively, and the replica spheres are placed at these sampled locations
to check if they intersect each other or not. Hence, it takes O(Mg) intersection tests for a sphere pair for
Mg sampling points on each line segment (assuming that moving speed is properly considered). Hence,
it takes O(MLMrN?) time for a single complete elliptic orbit for each of all the space objects.
Considering the size of satellite compared to the lengths of L; and L, (i.e. the size vs. traveling distance
of satellites), Mg should be very big. The main idea of this naive method can be said to enumerate the
space as effectively as possible with sampled points in the absence of efficiency consideration.

The naive approach is to check all pairwise objects for all possible moments — This is infeasible due to
computational requirement. A trade-off exists between sampling frequency and computation cost: A
high computation cost is required in order to reduce the chance of missing conjunction (as shown in Fig.
4(b)). Be aware that this approach cannot eliminate the possibility of missing intersection regardless
how high a sampling frequency is.

£ |
tf+23‘ ti+38 o Liga(=t+M8)
6= (i — t)/M

t; ti+8

Fig. 4. Naive approach for conjunction prediction. (a) Piecewise linear approximation of an orbit
with five segments. (b) Enumerating locations on the linear approximation with a finite points
seperated by §in time. The collision at t;" is not detected by the suggested sampling.

To reduce the computational requirement of the naive approach, many studies were conducted. Most
existing studies were about the reduction of search space by filtering out orbit combinations that
were guaranteed to be free of any conjunction [26-35] which were the improvements of the initial
idea of the three-filter approach proposed by Hoots et al. (1984) [36]: Apogee/perigee filter (Filter 1),
orbit path filter (Filter 11), and time filter (Filter 111). Note that the first two filters (I and II) are time-
independent and geometric. Casanova et al. (2014) reported the following [23]: Given 372,816
(=864*863/2) object pairs from 864 objects, Filter | reduces the number of pairs down to 218,459 and
Filter 11 further reduces to 49,739 pairs, resulting into a total of 86.7% reduction of object pairs in the
explicit intersection test. Filter 11 needs to be applied to the rest, 13.3%.

8
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A natural effort to speed-up the computation efficiency would be to use a spatial hash which was
devised for a more direct access to objects thus hopefully reducing the search space of the naive
approach. The kd-trees were introduced for conjunction prediction. Let & be the time step of each
prediction time slice. Then the idea of using a kd-tree in conjunction prediction is to extend that of
spatial hash in that the trajectory of each orbit during a time step &'in the prediction time window is a
basic unit of information. For each of X-, Y-, and Z-axis motions, both the minimum and maximum of
travel interval is stored in a six-dimensional kd-tree. Two objects whose trajectory during & do not
overlap is safely filtered out from further study of conjunction. Fig. 5 shows the example of
checking whether the trajectories of two objects overlap. The red, blue, and green curves represent the
trajectory of three objects, x,, xg, and x., respectively. Note that the x-axis of the graph is temporal
axis while y-axis is spatial axis. Therefore, the graphs given in Fig. 5 represents the one-dimensional
movements by time. There is overlap between coordinate range of x, and x. Therefore, object pair
{x4, x5} is considered as possible conjunction pair and passed for further investigation. Meanwhile,
object pair {x,, x-} is considered as conjunction free pair because there is no overlap.

X¢max

Xgmax

X min

XAmax

Xamin] oo
X

Bmin

. £
to tl

Fig. 5. The example of checking whether the trajectories of two objects overlap. The trajectories of
X4, Xg,and x. are represented as red, blue, and green lines [23].

As far as we are aware of, the initial use of a kd-tree in conjunction prediction was the Moving Object
Processing System (MOPS) system of University of Hawaii’s Pan-STARRS began in 2002 [37-40].
Kd-trees were used to efficiently answer a variety of spatial queries in conjunction prediction [41].
CAOS-D system also employed the kd-tree for conjunction prediction [23]. They suggested to define a
three-dimensional grid system, say G, which should include all orbits and contain a sufficient number
of buckets which were represented as a three-dimensional array. During a time step ¢ of each prediction
time slice, each object orbits through an elliptic arc, say & whose positions and tangent vectors
corresponding to the beginning and ending of & provide a planar triangle T on the plane of travel in the
three-dimensional space. We observe that this triangle is identical to the control polygon of the rational
quadratic Bezier curve of the elliptic arc. Hence, for each orbit arc (and thus each object), the
elements of the grid system G which intersect the triangle T can be marked. Hence, the grid element
marked by both objects only needs to be further studied for the possible conjunction. [23] reported an
experimental result: An object in Low Earth Orbit (LEO) with a 60 s time step required a bounding box
with dimensions of over 400 km whereas a grid cell dimension was 50 km by 100 km. Spatial hash
requires to fine tune several parameters.

Kd-trees recursively subdivide in principle both the set of data points and the corresponding Euclidean
space into progressively finer subsets and sub-regions. A node of the tree corresponds to both a subset
of the space and a subset of the input data points. Given a height-balanced kd-tree constructed in
O(N log N) time and stored in O(N) memory, an insertion or a nearest neighbor search could be done
in O(log N) time on average. Many other queries can also be done very efficiently.
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Summary: The previous approaches have the following properties:

® Tailored for pairwise conjunctions
® Coordinate system dependency

® Difficulty to replay
® Time increment-based

The previous approaches seem not easy to replay computation results in order to answer other
spatial queries than that was done during the computation. One of the reasons is each kd-tree (or spatial
hash) corresponding to each time step o requires O(N) memory. It seems that the kd-tree and spatial
hash methods can find all conjunctions if correctly implemented while the naive method may miss a
conjunction. We emphasize that there must be other types of queries, beyond pairwise conjunction,
in diverse applications which are both theoretically more involved and computationally more
demanding: E.g. triplet-wise and quadruplet-wise conjunctions. Another useful capability might be
a quick and efficient replay of a prediction result with different analyses. To deal the conjunction
between object pairs, the kd-tree approach is fast enough. However, this approach could not be applied
to the conjunction between object triplets and quadruplet case. This is the reason why we propose
the VVoronoi diagram in this project.

3.2.Research Goals and Summary on Performance

(Research Goals) This research studies the detection and resolution of conjunction for collision
avoidance and develops an algorithm to predict the conjunction based on the dynamic VVoronoi diagram
of 3D spherical balls. The research goals of this project are as follows:

Development of the dynamic VVoronoi diagram (DVD) algorithm for 3D spherical balls,
Implementation and test of the DVD algorithm,

Development of the conjunction prediction algorithm,

Implementation of the conjunction prediction algorithm, and

Validation of the conjunction prediction algorithm using drones.

(Summary on Performances) We have successfully developed, implemented, and tested the DVD
algorithm for 3D spherical balls. Then we developed and implemented the COOP2 (Conjunctive
Orbital Objects Predictor and Planner) algorithm/program, based on the DVD algorithm for 3D
spherical balls, which showed a proven mathematical capability to detect all conjunctions without any
missing case. We reported the prior results in the AMOS2017 conference. We tested the COOP2 using
small TLE data obtained from Korea Aerospace Research Institute (KARI) which includes the orbital
movements of the following five Korean satellites: KOMPSAT-2, KOMPSAT-3, KOMPSAT-3A, and
KOMPSAT-5. We developed a new capability of COOP2 which, given a detected conjunction,
produces the optimal maneuver plan by quickly evaluating alternatives using the event history
stored in the COOP-HSTRY file. We reported this result in the AMOS2018 conference and filed
patent applications with the ideas in COOP2. We implemented and tested the developed COOP2
algorithm as a web server (http://voronoi.hanyang.ac.kr/fCOOP2)

We have validated the correctness and performance of COOP2 algorithm and program using drone
swarming. Suppose that we fly a swarm of drones where each drone follows its own path in the 3d
space. In this scenario, just like Resident Space Objects (RSOs), we used the COOP2 program to
generate the collision-free flight path of each drone so that the performance and correctness of the
algorithm/program could be validated and verified. As our access to the motion change of RSOs is
almost impossible, this validation using drones was necessary (For drone swarming demonstration,
Refer to Fig. 37 and YouTube link: https://www.youtube.com/watch?v=Ikgo3AXquKw&t=3s).
We published the ideas in COOP2 using the DVD algorithm and its application to drone swarming in a
top-notch journal, IEEE Transactions on Visualization and Computer Graphics (Refer to the
attachment “A-1.PDF”).

10
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4. Brief Review on VVoronoi Diagrams

4.1. Concept of Voronoi diagrams

Given a set P = {p1, p2, ..., pn} Where p; is a point generator in a d-dimensional space, the ordinary
Voronoi diagram Vor(P) of P is a tessellation of the space where each cell of the tessellation is the
set of locations where each location is closer to the generator of the cell than to the other
generators [42, 43]. Usually the Euclidean distance is employed. Fig. 6(a) shows an example of such
an ordinary VVoronoi diagram in the plane. The boundary between two adjacent point generators is the
perpendicular bisector of the two generators. Given a Voronoi diagram, many spatial queries can be
efficiently and correctly (or at least most accurately) answered. The red dotted circle is the biggest
empty circle that can be placed in the middle of the point generators where the empty circle does not
contain any input generator. This query can be correctly answered in O(N) time if Vor(P) is available.
The ordinary VVoronoi diagram has long been used for efficiently solving spatial reasoning problems in
a variety of disciplines. Vor(P) can be constructed in O(N? log N) time for d = 3 (O(N log N) for d = 2)
in the worst case. Note that the worst case combinatorial complexity of Vor(P) is O(N?). The average
time complexity of Vor(P) is O(N) for d both 2 and 3. However, its robust construction is in practice of
critical concern. Vor(P) can be robustly constructed by the topology-oriented incremental (TOI)
algorithm in O(N®) time in the worst case but O(N) time on average.

Let B={by, by, ..., bn} where b; is a spherical ball in the d-dimensional space whereb; N bj=¢,i # j.
The Voronoi diagram VD(B) of B can be similarly defined as a tessellation of the space where each
cell of the tessellation is the set of the locations where each location is closer to the boundary of
the corresponding ball than to the other balls. In VD where d = 3, we refer the set of locations
equidistant to a pair of balls as a VVoronoi face, abbreviated as a V-face, that to three balls a V-edge, and
that to four balls a V-vertex. It is relatively recent that important properties of this type of VVoronoi
diagram for d = 2 and 3 were discovered and the construction algorithms were devised [44-54]. Fig. 6(b)
shows an example in the plane with the biggest empty circle found in O(N) time. There are many
important applications that can be efficiently solved using this type of VVoronoi diagram. Fig. 6(c) shows
the Voronoi diagram of spheres where d = 3.

Numerical robustness is one of the most fundamental challenge of the VVoronoi diagram of circles and
spheres yet to be studied. No robust VVoronoi diagram construction algorithm has been known for 3-
dimensional spheres while its counterpart in the plane was recently reported with an implementation
[54]. We have recently succeeded to extend our TOIl-algorithm of the plane to the three-dimensional
space.

(@) (b) (©
Fig. 6. Voronoi diagrams (a) Voronoi diagram of points (2D). (b) Voronoi diagram of circular disks
(2D). (c) Voronoi diagram of spherical balls (3D)
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4.2. Useful Properties of Voronoi diagrams

Fig. 7 shows an application of offset of the VVoronoi diagram of disks in the plane to demonstrate its
capability: It shows how the Voronoi diagram can be used for solving difficult application problems
correctly, efficiently, and conveniently. Suppose that a set of N input disks is given (Fig. 7, the light
grey circles). The locus of the center of a circular black probe touching the input disks defines the offset
of constant distance (the red piecewise circular arc curve in Fig. 7(a)). Its computation takes O(N?) time
if we do a naive check between the offset circles of each input disk pair and the algorithm is complicated
to get correct solution. However, the intersection between two offset arcs occurs on the Voronoi
edge of the Voronoi diagram of the input disks. Hence, if the Voronoi diagram is available, the
correct offset can be computed in O(N) time simply by checking each V-edge in the Voronoi
diagram. The algorithm is simple and fast. In addition, the existence of void structure within the left
disk cluster and the tunnel (channel) structure between two clusters can also be easily recognized.

® Voronoi diagrams are useful for accurately, efficiently, and conveniently solving spatial
reasoning problems among particles.

(b)

Fig. 7. O(N) time computation of offset curves with the Voronoi diagram. An offset curve
corresponds to the center of circular probe (black). (a) Small probe. A void and two tunnels are
recognized. (b) Bigger probe. Both void and tunnels disappeared.

Fig. 7(b) shows that the same Voronoi diagram can be used for a bigger probe: The fact that neither
void nor tunnel exists can be also recognized. Similar observation holds for its three-dimensional
counterpart for the arrangement of spherical atoms and various application problems were solved,
particularly for molecular problems [55-62] as shown in Fig. 8 (a-d). The following summary is well-
known.

(a) Void structures of (b) Pore structure (tunnel) in
ferritin (32,952 atoms) metal organic framework
(IMFR, warehouse for Fe atoms)
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(c) Potassium channel (9,915 atoms) (d) Protein-ligand docking: Tyrosine Kinase vs.
(2vDD, K+ ion passage) Gleevec
Fig. 8. Applications for Voronoi diagram of 3d spherical balls

4.3. Dynamic Voronoi diagram (DVD)

The useful properties of Voronoi diagrams can be extended to the case where some particles move. In
this section, we discuss how we can obtain the dynamic Voronoi diagram of moving particles. In
summary, the useful properties extend to the dynamic case if the dynamic VVoronoi diagram can be
efficiently constructed.

(An example: 2D) Fig. 9 shows the Voronoi diagrams of disk generators where one disk moves to the
right according to its velocity vector indicated by the black arrow. Each of the eight VVoronoi diagram
instances is associated with its time stamp to, ti,..., t7. The algorithm of the dynamic VVoronoi diagram
(DVD) algorithm detects the moments where critical events occur to maintain a correct Voronoi
diagram. The DVD algorithm begins with the initial Voronoi diagram VD at to. The topology of VD;
at t is identical to that of VDo whereas the topology of VD3 is different from that of VD,. So, we compute
the moment t, when the topology changes. Note that this moment corresponds to the moment that a V-
edge of VDy shrinks to a point and at the same time the shrunk point begins to grow to another V-edge
at t3. Hence, t; is the moment of edge-flipping in that a VV-edge of VDo flips in the topology structure. In
the example, there are two more edge-flipping moments as indicated by the big blue ellipses. It is known
that the edge-flipping moment can be computed by solving an 8-th degree polynomial for four disks of
arbitrary sizes which linearly move with arbitrary speed in the plane. In three-dimensional space, the
flipping moment from a V-edge to a VV-face or vice versa can be computed by solving a 10-th degree
polynomial [63, 64]. Correctly solving the root-find problem of these polynomials is not trivial at all.

Fig. 9. Dynamic Voronoi diagram where one disk linearly moves. (to) Initial state. (t;) before the first
V-edge flips, (t2) the moment when a V-edge flips (i.e. a V-edge shrinks to a point). (ts) after the V-
edge flips. (t1) another VV-edge flips. Similar observations follow in (ts) (ts) and (t7).
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(Extension to 3D) Different from 2D examples in Fig. 9, in 3-dimensional space, there are two types
of flip event: edge-flip (from a V-edge to a VV-face) and face-flip (vice versa) as shown in Fig 10. Note
that the five spheres are involved in flip event of 3-dimensional space while four disks are concerned in
2-diensional space. This makes the flipping moment from a V-edge to a V-face or vice versa be
computed by solving a 10-th degree polynomial [65].

(a) (b) (©
Fig 10. Edge-flip/face-flip in a Voronoi diagram of spheres: (a)-(c)/(c)-(a), respectively. (a) Before
an edge-flip. (b) The edge contracts to a point. (c) After an edge-flip

(Flipping time in 3D) Let S = {s1(C1, r1), S2(C2, r2), S3(Cs, I3), Sa(Ca, I'4), S5(Cs, Is)} be a set of five spheres
where a sphere s; has the center ci(xi, yi, z) and radius r; > 0,i=1, 2, 3, 4, and 5. Suppose that ss is the

smallest. The flip time of S is computed by solving the following polynomial (1) which are about the
condition for a set of five spheres to be cotangent to a common circumsphere.

A2+ A2+ A2—A2=0 1)

X1 —X5 Y1— Vs Z1—Zs NN —T5
Xo=Xs Y2—YVs5 Zp— 25 T, T35
X3 —Xs Y3 —YVs5 Z3—Z25 1315
X4 = X5 Ya—YVs5 Z4—Zs Ty —T5

where A =

and 4; is obtained by replacing the i-th column of A by the column [pj]jzl,

where p; = (xj —x5)" + (7, —¥s5)" + (z— 2z5)" = (r; = 75)",j = 1,2,3,4 and the sphere motions
are analytic functions of time t. (See details in [65].)

If generators (points/disks/spherical balls) move linearly at constant speeds, the polynomial of Eq. (1)
for d-dimensional spherical balls is of degree 2(d + 2). Hence, the degree of polynomial is 8 for two-
dimensional disks and 10 for three-dimensional spherical balls. If generators are points in a plane, the
degree is 4. If generators are disks and the power distance is used, the degree is also 4. Table 1
summarizes this observation.

Table 1. The degree of the polynomial in Eq. (1) for the dynamic Voronoi diagram [65]
(Generators move linearly at constant speeds).

2-dimension 3-dimension d-dimension
Ordinary VD of points 4 5 d+2
VD of disks (spheres) 8 10 2(d+2)
Power diagram 4 5 d+2
14
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(DVD-algorithm) Let N be the number of spheres in the three-dimensional space. The DVD
algorithm of spheres consists of three major steps:

i) Construct the initial VVoronoi diagram.

i) Compute the initial events of the VVoronoi diagram.

iii) Process the most immediate event in future, propagate its influence in the neighbor, and
update the event set.

The algorithm repeats Step iii) for a sufficient number of times. Step i) takes O(N?) time in the worst
case but O(N) on average, particularly for the conjunction prediction problem. Be aware that the
combinatorial complexity of the VVoronoi diagram in the three-dimensional space is already quadratic:
l.e. M = O(N?) where M represents the number of VV-vertices, V-edges, and/or V-faces. However, M =
O(N) on average. It is safe to consider the average case in conjunction prediction. Step ii) takes O(M
log M) time if the events are stored in a priority queue implemented by heap data structure where each
of its nodes corresponds to a VV-edge using the event time as a key. Step iii) takes O(K log M) time for
processing K events during the prediction time window. This is because the processing of each event
from the queue takes O(log M) time if the heap is correctly maintained (i.e. height-balanced). Note that

KoN, KV, and Ko< T (V: the velocity of objects; T: the length of the prediction time). Both the VVoronoi

diagram and priority queue require O(M) memory. The events occurred over the prediction time horizon
is stored in an event history queue which takes O(K) memory. We store the predicted history of
consecutive flipping events in the COOP-HSTRY file taking O(K) memory.

Given the COOP-HSTRY file, the topology structure of the VVoronoi diagram of any arbitrary moment
t" in the prediction window can be efficiently produced (i.e. O(k) time for k flipping events before t*) by
scanning the appropriate portion of the flipping history. Then, the construction of the VVoronoi diagram
at t* requires only O(N) time with the valid topology structure information.

® Given the flipping history in the COOP-HSTRY file, it takes O(k + N) time for constructing
the Voronoi diagram at an arbitrary moment t* where there are k flipping events before t".

® This proves that the proposed algorithm is event-based, efficiently replay-able. Voronoi
diagrams are general-purpose and independent of coordinate system.
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(Root-finding of polynomials) One of the most critical and time-consuming step for DVD algorithm
is to find the roots of a polynomial in Eq. (1). If the root could not be computed correctly or accurately,
the topology of the Voronoi diagram would be also incorrect. Fig. 11 shows the catastrophic
consequence in dynamic Voronoi diagram of disks by using a poor root-finding library. Fig. 11 (a)
shows mutually disjoint disks and the corresponding VVoronoi diagram at to= 0 and Fig. 11 (b) a zoom-
up of the northeast corner. Consider a V-edge e in Fig. 11 (b) which is defined by two red disks. Because
the root of the polynomial for the event time of e is not correctly located, e does not flip. This false
decision results in incorrect Voronoi diagram. Fig. 11 (c) shows the disk set and its incorrect VVoronoi
diagram where some Voronoi edges crosses each other at t; > t* where t" is the flip time at which e
should have flipped. Continuing the algorithm propagates the incorrect topology of the VVoronoi diagram
as shown in Fig. 11 (d), (e), and (f). This erroneous situation shows the importance of the accuracy of
root-finding process for DVD algorithm.

Refer to the following article for the details on the content of this section.
® Chanyoung Song. Jehyun Cha, Mokwon Lee, Deok-Soo Kim, Dynamic Voronoi Diagram for

Moving Disks, IEEE Transactions on Visualization and Computer Graphics, DOI:
10.1109/TVCG.2019.2959321, 20109.

Fig 11. Missing an edge-flip event due to incorrect polynomial root finding in 2-diminsion. (a) A
set of 324 static disks and the VVoronoi diagram at to, (b) a zoom-up of the northeast corner of (a),
(c) a missed edge-flip at ty, (d), (€), and (f) the undetected disk collisions due to the missing edge-
fIIp (tz, t3, and t4) (to <t <...< t4).
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5. COOP2 (Conjunctive Orbital Object Predictor and Planner)

Suppose that we model Resident Space Objects (RSOs) catalogued in JSpOC using spherical balls. Then
we can define and compute the dynamic Voronoi diagram (DVD) of moving spherical balls. Given the
DVD, we develop the COOP2 (Conjunctive Orbital Object Predictor and Planner) algorithm/program
as shown in Fig. 12 using the powerful capabilities of DVD in spatial reasoning accurately, efficiently,
and conveniently. COOP2 predicts the conjunctions among moving RSOs and generates COOP-HSTRY
files. Once COOP2 predicted conjunction(s) and generated COOP-HSTRY, COOP2 can find the
optimal maneuver pathway using the algorithm explained in Section 6. The developed DVD and
COOP2 algorithms are based on the Voronoi Diagram (V) library which is developed by \Voronoi
Diagram Research Center (http://voronoi.hanyang.ac.kr).

1) Predicted Conjunction
JSpocC COOP-HSTRY | | 2) ManeuverPlanning
Catalogue
A ‘ A
I P — -

. Conjunctive Conjunctive
A Orbital Orbital
Diagram Object Object

g Predictor Planner
¥ i
[ Voronoi Diagram (V) Library ]

Fig. 12. Computational flow of COOP2 (Conjunctive Orbital Objects Predictor and Planner):

The DVD assumes that the generators (points, disks, spherical balls) move linearly at constant
speeds as discussed in Section 4.3. In this section, we discuss the proximity analysis to define a model
which is used for the DVD and COOP2. Then we develop the COOP2 algorithm which can predict all
of the conjunctions of the space objects using spherical ball model that move linearly at constant speeds.

5.1. Analysis of Proximity among Orbital Objects in COOP2

Fig. 13(a) shows the replicas of 10 geospace objects in Space Catalogue at an arbitrary moment, their
orbits, and the piecewise linear approximations with five line segments. Recall that in this report an
object follows an elliptic orbit whereas an object replica moves through a linear approximated path. Fig.
13(b) shows the closest replica pair (the red line segment) which defines the shortest distance between
two replicas, the closest triplet which defines the minimum radius circle (the green circle), and the
minimal triplet which defines the minimum area triangle (the blue triangle). Fig. 13(c) shows the
proximal pairs whose distances are within a threshold, in this case 6,000 km. Given the Voronoi
diagram of the moment of interest in the prediction time window, all answers of the queries in Fig. 13(b)
and (c) can be produced in O(M) time in the worst case where M is the number of entities (i.e. VV-vertices,
V-edges, and V-faces) of the Voronoi diagram. For the space objects, M = O(N) on average where N
represents the number of replicas.

Fig. 14 shows the same analyses as Fig. 13 but with 250 replicas: Fig. 14(c) shows the proximal pairs
within 1,500 km. Fig 6 and 7 correspond to Fig 13 and 14 with the orbit resolution level of 20 line
segments, respectively. We observe that the outputs are different depending on the resolution level. Be
aware that the results in Fig. 13 through 16 are from object replicas, not from objects.
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(@) (b) (©
Fig. 13. An example of proximity analysis for COOP2. Ten object replicas. Orbit approximation with
five line segments. Object replicas follow approximated piecewise linear paths. (a) Orbits and their
linear approximations. (b) Object replicas: The closest pair (the red line segment), the closest triplet
(which defines the minimum radius circle; the green circle), and the minimal triplet (which defines
the minimum area triangle; the blue triangle). (c) Object replicas: The proximal pairs whose distances
are within 6,000 km.

¥

(b) (c)
Fig. 14. Same as Fig. 13 with 250 object replicas. (a) Object replicas and the approximations of the
orbits. (b) Proximity analysis as Fig. 13. (c) The pairs within 1,500 km.

(@) (b) (©

Fig. 15. Repeat of Fig. 13 with the orbit approximation with 20 line segments. The output is different
from Fig. 13.

(a) (b) (©)
Fig. 16. Repeat of Fig. 13 with the orbit approximation with 20 line segments. The output is different
from Fig. 13.
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Fig. 17 shows the distances of 10,000 replica pairs with short distances over prediction time window of
30 seconds. The red curve corresponds to the distance between two closest replicas; The blue one for
the replica pair with the second shortest distance; The green one for the third shortest distance. Fig. 17(a)
and (b) correspond to the resolution levels of five and one thousand line segments, respectively. The
three curve values at an arbitrary moment can be all computed in O(M) time for M Voronoi
entities if the Voronoi diagram is available. Similar analyses can also be done easily for the closest
triplet, the minimal triplet, etc., all in O(M) time. Recall that M = O(N) on average for N replicas.

Replica Pair Distance Replica Pair Distance
(Resolution level: 5) (Resolution level: 1,000)
40 40
£30 E30
2 2
220 220
210 Z10
0 0
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Predicted time(s) Predicted time(s)
<15t closest =2nd closest =3rd closest -+ |st closest +2nd closest =3rd closest
(@) (b)

Fig. 17. Distances between replicas in the neighbor. 10,000 replicas of objects from Space Catalogue.
30 seconds prediction time window. (Red: The closest pair; Blue: The second closest pair; Green:
The third closest pair). (2) Approximation with 5 line segments. (b) Approximation with 1,000 line
segments.

5.2. Quality and Efficiency of COOP2 Solutions

The COOP2 (Conjunctive Orbital Object Predictor and Planner) algorithm guarantees to include the
globally shortest distance pair of orbit objects in the reduced replica pair set. Therefore, if such an object
pair defines a conjunction, the algorithm guarantees to find it with a small size of search space. In
addition, it can be easily and effectively parallelized.

5.2.1. Guaranteed conjunction solution

Let Oa and Og be two objects on the respective orbits and consider two consecutive moments t; and ti+1
in the prediction time window (Fig. 18). Let L be the line segment connecting the two points O; and Oi+1
corresponding to the two moments on the orbit of Oa (i.e. O;j= Oa; = Oa(ti),). Suppose that a replica of
Oa, say 0,, is moving through L (= La) during the time interval At = t;,, —t; with a constant speed.

Let £, be the positional error of the replica 0, from the orbit object Oa. Suppose that At is small.
We model the elliptic orbit corresponding to At with a circular arc: r(t;) = r(t;;,) where r(t;)
represents the distance of Oa from the earth at ti. We further model as Oa moves at a constant angular
velocity: 6(t) — 0(t;) = 2w(t —t;), 0 < w € R, where 6(t) is the true anomaly at t (i.e. the angle
between the orbit object and the direction of periapsis as seen from the earth). 0, moves linearly at a
constant speed.

For notational convenience, let 0 = 0(t), 0 = 0(t), and r =7r(t;)) = r(t;y,). Let T =t —t; be
the elapsed time from ¢; and @ = 6(t) — 6(t;) be the angular displacement of O from ti. Let 0/2 =
wT for some constant w as @ is linear to T (explained above). Then, the positional error € = ¢4 is
given by the law of cosine as

e2=12+q?-2lgcosp D

from the triangle A 0,00. Let | be the displacement of 0 from 0;, q the distance between 0 and
0;,and B = 2£00;0.
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Then,
l=|L|T/At 2

where |L| is the length of L. Note that O moves along L with a constant speed. From the isosceles
A 0,;0F, the following equations are obtained.

q=2r sing = 2rsinwT 3)
-0

ﬁ:T—a=g—((uT+a) (4)

where a = 200;F and do not change between t; and ti1. Substituting Eq.s (2), (3), and (4) into Eq.
(1) produces

4|L|Tr sin wT sin(wT+a) 5
AL - (5

2m2
g2 =lz+q2—21qcosﬁ=lz+q2—2lqsin(wT+a)=|LAIT:+4r25in2wT—

Fig. 18. Positional error between an orbit object and its replica at an arbitrary moment ti < £ < tjs.
The elliptic orbit is approximated by a circular arc with a constant angular velocity for a small time
interval.

We verified Eqg. (5) by calculating the true positional errors of a linearly moving replicas from the
corresponding objects on their elliptic orbit in Space Catalogue. Orbits are approximated by ten line
segments in the way that traveling time between consecutive vertices are identical. Fig. 19(a) shows the
experimental result of the object INS-1A (Eccentricity: 0.001; Semi-major axis: 6,878 km). The red
circles are the calculated errors CalcError by Eq. (5) which are almost identical to the real errors
RealError (thus hidden by the red circles). The green curve corresponds to CalcError — RealError. For
each line segment approximation, we evaluated 100 sample points with a constant time increment. As
r(t;) # r(t;+1) on the elliptic orbit, we used r = (r(t;) + r(t;+1))/2 for the circle approximation.
Note that the calculated, predicted positional error by Eq. (5) in this case is very close to the real one
only with ten line segment approximation.

Fig. 19(b) and (c) show the same experiments with the objects BREEZE-M R/B (Eccentricity: 0.05;
Semi-major axis: 45,461 km) and DELTA 1 R/B(1) (Eccentricity: 0.2; Semi-major axis: 8,642 km),
respectively. The blue circles denote the real errors. We observe that the deviation of predicted
positional error increases as orbit eccentricity increases. In Fig. 19(c), the largest deviation is even
about 100 km: Recall that we approximated the orbits with just ten line segments!
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Note that the green curve behaves in a bit weird fashion at the common locations between elliptic orbit
and its piecewise linear approximation. This is because we assumed that r = r(t;) = r(t;+,) in the
error formula in Eq. (5). We also observe that the positional error decreases as the true anomaly
approaches 180 degree. Fig. 19(d) shows the profile of orbit eccentricity in the entire Space Catalogue.

Positional Error Positional Error
(Space object name: INS-1A, {Space object name: BREEZE-M R/B,
Eccentricity: 0.001, Semi-major axis: 6,878km) Eccentricity: 0,05, Semi-major axis: 45 461km)
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Fig. 19. The real and calculated positional errors. Red: calculated error; Blue: real error; Green: Red
— Blue. (a) Space object INS-1A (Eccentricity: 0.001; Semi-major axis: 6,878 km), (b) BREEZE-M
R/B (Eccentricity: 0.05; Semi-major axis: 45,461 km), (c) DELTA 1 R/B(1) (Eccentricity: 0.2; Semi-
major axis: 8,642 km), (d) The profile of the eccentricity of the orbits in Space Catalogue.

In asimilar fashion, Lgand Oy of the orbital object Og can be defined together with the positional error
eg. Recall that the replicas move through piecewise linear paths with constant speeds while objects
move through their respective elliptic orbits under Keplerian motion.

Suppose that the true shortest distance djg between Oa and Og occurs at t; < t* < ti+1 at the locations,
say Ox and Oy, on their respective orbits. Suppose that 0, and Oy are identified, from the Voronoi
diagram, as the closest pair among all possible replica pairs at tj < £ <ty (Fig. 19). Note that this
closest pair between replicas can be found from the Voronoi diagram by checking the V-faces, thus
taking O(M) time for M Voronoi faces where M = O(N) on average for our problem for N orbital objects.
It is important to note that t" is not necessarily identical to £.

Let d,p be the distance between the centers of the replicas 0, and O at £. Then, it is obvious that
the shortest distance djg between two elliptic orbits satisfies

— (ea+p) S djp < dyp + (4 + €5). (6)
Let & = max(e,, €5). Then,
aAB - 28 S dZB S dAB + 28. (7)

Eq. (6) and (7) imply that the replica pair 0, and 0y with the shortest distance d,p on the
linear approximations may not necessarily correspond to the object pairs with the shortest
distance djg among all objects on orbits.
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The same equation, however, also implies that we can exclude to filter out any replica pair 0, and 5]
which satisfies the condition

|621/ - aABl > 2¢ (8)

from the consideration. The globally shortest distance pair of objects on the orbits can be correctly
found from the set of replica pairs after the filter in Eq. (8) is applied. Let X be the set of replica
pairs, called the reduced replica pair set, after the filtering process.

It can be shown that t*, 04, Og, and djgz can be found by applying numerical procedure to each
reduced replica pair (04, Op) using £ as an initial condition. We make the following observations:

® (Obs 1. Existence of Solution) The shortest distance object pair exists in the reduced replica
pair set X.

® (Obs 2. Size of Search Space) The value of ¢ and the size of X have a strong positive
correlation.

5.2.2. Size of search space

The history of the events (i.e. V-edge flip and V-face flip events) during the entire prediction time
window is stored in the COOP-HSTRY file. Given a COOP-HSTRY file, the topology of the Voronoi
diagram of any arbitrary moment, say t, in the conjunction prediction time window can be quickly
computed in the linear time of the number k of events up to t and the geometry of the Voronoi diagram
VD(t) at t can be computed in the linear time of the number N of object replicas. The COOP2 program
can be easily modified to efficiently solve many other useful spatial queries. Two examples:

® Suppose that a user wants to identify the neighbor replicas of a particular replica, say 0,
within a threshold 7 at t. Then, locating the replica of the object O in VD(t) and checking
the V-faces of the V-cell of O can solve the problem. Given VD(t), this query can be done in
O(N) time.

® Suppose that a user wants to see the distance of the nearest neighbor of a particular replica
O over the entire prediction time window. This can also be done quickly by scanning the
entire COOP-HSTRY file by performing the flipping events and checking the V-faces of the
V-cell corresponding to 0. This query can be done in O(k N) time.
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Fig. 20. Approximation error with respect to the number of approximating line segments of an orbit.
(a) Absolute error. (b) Log-scale error.
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Approximation error is obviously a function of resolution level. See Fig. 20. The resolution level
eventually transforms to computational requirement, firstly, to find conjunctions among replicas and
secondly, to find the conjunctions among real orbital objects. Fig. 21(a) shows the computation time to
find the conjunctions among replicas, not among orbital objects, including the computation of the
\Voronoi diagram of both the initial and the dynamic over the entire prediction time window. Note that
the curve in Fig. 21(a) increases in a strongly linear fashion. This is because there are more velocity
vector changes as there are more approximating line segments for orbits during the prediction
time. When a velocity vector is modified, to maintain a correct Voronoi diagram, it is necessary to
update the V-flipping time of the V-edges and V-faces in the neighborhood of the velocity-changed
replica. The number of velocity changes is obviously linear to the number of the line segments.

The search space size observation (Obs 2) above says that if we approximate two orbits with more line
segments, we need to check a smaller set of reduced replicas which guarantees no missing conjunctions
among orbital objects. Fig. 21(b) shows the size of the reduced replica pair set which contains the
shortest distance (i.e. the real conjunction) among orbital objects as the consequence of Obs 2 above.
As the resolution level gets higher (i.e. the approximation error becomes smaller), there are fewer
replica pairs from which the real conjunction should be tested.

However, Fig. 21(a) says that the computation to get the reduced replica set takes more time for
resolution level increase. Fig. 21(a) and (b) together yield a trade-off which implies the existence of an
optimal condition of resolution level which can be determined by a computational experiment
conjunction problem. The optimality may depend on platform. Thus, we make the following observation.

® (Obs 3. Optimality of Efficiency) There exists an optimal resolution level for the minimum
computation time in conjunction prediction.

Computation Time #Reduced Replica Pairs
1350 80000 RO
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g 900 . :4{](]{]0 20000
é 750 / :‘g’mnon 10000
g - 2 20000 0 10 0 3 40 50
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40 =7 0
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Fig. 21. The influence of approximation quality by resolution level (10,000 objects from Space
Catalogue, 30 seconds prediction time window, Intel Core i7-6700 3.4Ghz, 16Gb RAM, Win10 64bit,
one core used). An orbit approximation resolution level is the number of line segments approximating
an orbit. (@) Computation time of both the initial Voronoi diagram and the dynamic Voronoi diagram
(i.e. the V-flip history) over the entire conjunction prediction time window. (b) The number of
reduced replica pairs.
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6. Conjunction Prediction and Maneuver Planning with COOP2

The COOP2 algorithm/program can perform spatial reasoning among RSOs accurately, efficiently, and
conveniently. When it runs to predict future events, the COOP2 program produces the COOP-HSTRY
data which stores the information about topology change in the Voronoi diagram of n RSOs during the
prediction time. With the COOP-HSTRY data and the initial static Voronoi diagram at t = 0, the static
Voronoi diagram for arbitrary time t can be computed in O(|H| + n) time in the worst case
where |H| represents the size of COOP-HSTRY data before t. Hence, any spatial reasoning at t can
be done by the efficiently computed static VVoronoi diagram at that moment.

Among diverse applications of the COOP-HSTRY data, we are interested in the following two problems:
Conjunction interval search problem (CIS-problem) and maneuver path optimization problem (MPO-
problem). The CIS-problem is to find the conjunction interval between all possible pairs of RSOs. MPO-
problem is to find the best conjunction-avoiding maneuver path by generating-and-testing through
quick-and-accurate evaluation of multiple hypothesized paths.

Suppose that Space Catalogue has n RSOs (or equivalently n orbits) and thus O(n?) RSO pairs. We
make a linear approximation of each orbit with M. line segments corresponding to some discrete
moments in time. Consider a line segment L approximating an elliptic orbit. Let O be the replicas of
an RSOs O: 0 move through L with a constant speed whereas O move through its elliptic orbit. Let ¢
be the positional error between O and 0. We take advantage of the fact that reasoning the spatial
proximity among the linearly moving replicas can be easily done via the Voronoi diagram of the replicas.

6.1. Conjunction Interval Search (CIS)

A conjunction interval is an interval within a prediction time window where the mean distance between
any two RSOs is less than a predefined threshold 6. A conjunction interval contains one or more Time
of Closest Approach (TCA) which gives a local minimum of the distance between any two RSOs. A
CIS-problem is to find all RSO pairs and time interval where each has an inter-object distance less
than 6. In a CIS-problem, being a building block of SSA/STM, we are interested in an efficient,
convenient, and robust algorithm that finds all conjunction intervals within a prediction time window
using the COOP-HSTRY data. We emphasize that the CIS-problem is one of the most fundamental
geometric problems in SSA/STM.

Suppose that Space Catalogue is a set of n RSOs where each RSO follows an elliptic orbit, i.e. 0(t) =
{01(t),0,(t),...,0,(t)} where O(t) isthe Catalogue. Consider a line segment L; that approximates
the elliptic orbit of o;. Let O(t) = {6,(t), 6,(t),...,6,(t)} denotes the replicas for the objects of
0(t). The object o; moves through its elliptic orbit and 8; moves through L; and has a positional
error g from o;.

Mathematically, the CIS-problem is to find all RSO pairs o; and o;where each pair is associated
with a time interval tg .. and t,.,; where

for the inter-object distance d;;(t) and T € [tgqre, teng]- I Other words, a CIS-problem is to find all
{0, 0j, tstares tena}, Called the Cl-quadruplet, satisfying Eq. (9).

Let d; ; denotes the distance between two replicas 6; and 9;. We showed in Eq. (6) that

dij - (Ei + Ej) < dij < dAij + (Ei + Ej) (10)
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Eqg. (10) implies that the true distance between RSOs can be bound by the distance between replicas if
their positional errors are correctly estimated. From Eq. (9) and (10), the equation below is satisfied:

(zij—(fi+£j)SdijS9 (11)
Eqg. (11) can be easily transformed to

(21']' <6 + (Si + Sj). (12)

Eq. (12) leads to the following Lemma.

Lemmal. If d;; <6 + (& +¢) then d;; < 6.
Lemma 1 implies that the proper distance threshold for replicas can be bounded with the original
threshold and positional errors. Let [£sqre tena] D€ the conjunction interval for a replica pair
satisfying Eq. (12). In other words, d;;(t) <6 + (& + &), T € [fstares tenal-  From Lemma 1, it can
be also shown that

[tstart' tend] c [fstart' fend]- (13)

Eqg. (13) implies that we are guaranteed not to miss any conjunction interval if we find the replica pairs
satisfying Eq. (12) and closely investigate their corresponding orbital objects. Hence, the following
theorem holds.

Theorem 2. The conjunction interval for replica always contains the conjunction interval for
RSOs.

(Example: 2D) Fig. 22 shows an example of the process to track the inter-replica distance using the
COOP-HSTRY data in the plane. Note that the figure illustrates a relative motion analysis. While we
give the explanation in the plane, the observation easily applies to the three-dimensional space. All
particles in the figure are fixed except the horizontally moving red one and we want to analyze the
distance between the red and green. Suppose Fig. 22(a) is an initial state at time t,: The red and green
are not V-neighbors to each other which implies that they are not the first order neighbors in the VVoronoi
diagram (We call two objects V-neighbors if they share a VVoronoi edge). In this case, we consider they
do not define a distance.

Suppose the red moves linearly with a constant speed to the direction given by the arrow and also
suppose that there exists t; > t, such that four objects, including both the green and the red, define
a common empty tangent circle as shown in Fig. 22(b). This implies that, at ¢, the red and green begin
to be V-neighbors and thus the inter-object distance is defined. From the algorithm point of view, the
Voronoi edge which shrinks to the point (corresponding to the center of the tangent circle) flips. The
distance is well-defined until t; > t; where another edge-flip occurs at t; as shown in Fig. 22(d).
Note that the local closest approach occurs at t,,;, as shown in Fig. 22(c). The red and green are not
V-neighbors any more after t, and thus no distance is defined between the red and green at t,, > t;
in Fig. 22(e). Fig. 22(f) shows the distance function between the red and green objects. For the relative
position p = {p;,p,} and velocity v = {v;,v,}, p,v € R?, the distance d between linearly moving
replicas with constant speeds is given as a square-rooted quadratic function

d? =Y v?t? + 2Y vip;it + X p?. (14)
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Fig. 22. An example of distance curve generation using the COOP-HSTRY data in the plane
without velocity change. Suppose that we want to analyze the distance between the red(moving) and
green(fixed). (a) Initial state at time t, (b) Edge-flip event time. (c) Moment of local closest
approach. (d) Another edge-flip event time. (e) Arrival time. (f) Arbitrary distance curve between the
red and green.

Therefore, the following lemma holds.

Lemma 3. Suppose that there is no velocity change for two linearly moving objects. Then, the
distance between the two objects consists of one, and only one, curve segment of the function in Eq.
(14).

The non-zero segment of the distance function is bounded by the two times, say t, and t;, given by
the two edge-flip events available from the COOP-HSTRY data.

Fig. 23 shows a more general example with a velocity change while two particles maintain their V-
neighborhood. In this example, all conditions are identical with those of the example of Fig. 22 except
the red changes its velocity vector. When the velocity change event occurs at t,,, as shown in Fig. 23(c),
the distance function changes as well. Therefore, the whole non-zero distance function of this example
consists of two curve segments where each is defined by Eqg. (14) and has its own local minima.
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Fig. 23. An example of distance curve generation using the COOP-HSTRY data in the plane with

velocity change. Suppose that we want to analyze the distance between the red(moving) and

green(fixed). (a) Initial state at time t, (b) Edge-flip event time. (c) Moment of one local closest

approach. (d) velocity change event time. (e) Another edge-flip event time. (f) Arbitrary distance

curve between the red and green.

Suppose that there are h, velocity changes in COOP-HSTRY data between t, and tr. Then, the
distance function consists of h, + 1 non-zero curve segments where the junctions between two
consecutive segments are given by the velocity-change events in the COOP-HSTRY data. In 2D, the
distance between two replicas begins to be defined when the V-edge between them is created via an
edge-flip operation and vanishes when the V-edge vanishes via another edge-flip operation. In 3D, the
distance between two replicas begins to be defined when the V-face between them is created via the
edge-flip operation and vanishes when the V-face between them vanishes via a face-flip. Note that, in
3D, a V-face flips to a VV-edge and a V-edge flips to a V-face.

Let |Finivp| be the number of the V-faces in the initial Voronoi diagram and |Hep;,| the number
of the edge-flip events in the COOP-HSTRY file. Then, in 3D, the number of total distance functions
defined within the entire prediction time window is |Fiieyp| + |Hepiip|, Which is the number of V-
faces. For each distance function, a velocity change creates a new segment of distance function. Thus,
the total number of distance function segments within the entire prediction time window is
O(|Finievp| + |H|), where the |H| is the size of COOP-HSTRY during the entire prediction time
window. As each distance curve can be computed in a constant time, the next theorem holds.

Theorem 5. Time and space complexities of the CIS-problem are O(|F;.vp| + [H|) in the worst
case.

We want to emphasize, in 2D, that the distance function between two RSOs is defined if, and only if,
the two RSOs share a VVoronoi edge. Hence, there are O(n) distance functions in the system at an
arbitrary moment for n RSOs as there are O(n) Voronoi edges. In 3D, there can be O(n?) distance
functions for n RSOs because two RSOs define a distance function if, and only if, the two RSOs share
a Voronoi face.
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6.2. Maneuver Path Optimization (MPO)

If two RSOs are predicted to be sufficiently close to require a collision mitigating maneuver, we need
to maneuver one RSO so that the collision risk can be resolved. Given a configuration of two RSOs,
there are usually many alternatives of maneuvers and one would be better than another in terms of a
given measure. Hence, these alternatives need to be evaluated by the measure. To the best of our
knowledge, subjective judgements by human experts are inputs to the decision-making process of these
maneuvers.

In this report, we propose an efficient, convenient, and robust method using the COOP2 algorithm and
COOP-HSTRY data as follows. Consider a Cl-quadruplet {o;, 0}, tsiqre, tena} With d;; < 6 for the
threshold 6. We want to maneuver o;, called an intruding RSO or intruder, while o; stays on its
original orbit. Suppose that the COOP-HSTRY data and a CIS-problem solver are available. Then, we
take the “generate-and-test approach” in that we first quickly generate multiple hypothetical
maneuver paths for o; and test each hypothesis by solving the CIS-problem quickly. We call the
imaginary RSO orbiting through the hypothesized path an image of the intruding RSO. We simply
collect the hypothesized paths which are guaranteed to be safe and choose the best one in the given
measure as the optimal maneuver path. For simplicity in this report, we generate hypothesized paths
by modifying the orbiting plane. However, in practice, a maneuver hypothesis has either a higher or
a lower altitude than its original orbit.

In this section, we explain an algorithm to evaluate a hypothesized path using the COOP-HISTRY
data. Note that the hypothesized path, also its image on the hypothesized path, does not exist in the
COOP-HSTRY data. To solve the CIS-problem for each hypothesized path, it is necessary to find the
neighbor of the object image on the hypothesized path to define the inter-object distance. Thus, the
MPO-problem solving process consists of two steps for each hypothesized path: i) Search the
neighbors and ii) solve the CIS-problem.

6.2.1.  Neighbor Search for each Hypothesized Maneuver Path

We want to solve the CIS-problem of the imaginary object | on the hypothesized path 7 against
all RSOs, but using the replicas of the RSOs. In order to do it, we also need to create the replica of the
image | following through a piecewise linear path. Let [ be the replica of | and 6,,,4,05:(t) be the
nearest neighbor of I. This means that the nearest neighbor of I is the owner of the Voronoi cell that
contains . The set of neighbors of [ is its nearest neighbor 0,.qrsc(t) plus the neighbors of
Onearest (t) 1n a similar concept introduced earlier. Note that 0,,cqres:(t) IS indeed the replica of an

orbital object. Let d! be the Euclidean distance between I of an intruder on a hypothesized path 77 and
aRSO o; on an arbitrary orbit. Let d! be the counterpart of d! for the replicas.

For a given moment t, we can find 0,,.4es: SiMply by finding the owner of the Voronoi cell containing
I. To find 8,0qrs¢(t) for an arbitrary moment t, we trace the COOP-HSTRY data until t is reached
while we detect the moment, called the transition moment, that the nearest neighbor is changed by the
motion of . We call this process the Nearest Neighbor Traversal (NNT). Given an initial nearest
neighbor 8,,.4res¢(t) OF I, the moment that the nearest neighbor changes is one that the distance from
I 10 B,pqrese(t) is equal to the distance from [ to one of the neighbors of 8,,,4,.5: (t). Therefore, the
following lemma is proved.

Lemma 6. Let 6, be one of the Voronoi neighbors of 6,,.4es:(t). Then, a nearest neighbor
transition occurs when  dl,qrese = db.

If all transition moments are computed for a given initial nearest neighbor, 6,45 (t) for arbitrary

time t can be found.
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(Example: 2D) Fig. 24 shows an example of the NNT process. Orange ball in Fig. 24(a) denotes I and
red ball denotes the nearest neighbor 6,,.4.es:(to), respectively. Fig. 24(b) shows the Voronoi
neighbors of 6,,.4.e5:(to) (i.€. the blue and green balls). Suppose that the green ball has the transition
moment t.. Then, at t. in Fig. 24(c), the orange ball crosses the VVoronoi edge between the VVoronoi
cells of the red and green balls and the nearest neighbor of the orange changes to the green ball at ¢..

I'.I ® @ ® | @ 19 ® I'.I ®
@ ] . ®
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Fig. 24. An example of the NNT process. (a) The initial state at t, with an image (i.e. the orange
ball) and its nearest neighbour (i.e. the red ball). (b) Transition moment search with the neighbours
of the current nearest neighbour (i.e. the green and blue balls). (c) Transition moment t. when the
orange ball crosses the VVoronoi edge between the red and green balls.

The transition moment needs to be updated when the following occurs:
1. The velocity of any of the associated balls (i.e. the red, blue, and green balls) changes.
2. One of the V-neighbors are changed through the topology update.

The computation of the transition depends on the size of COOP-HSTRY and the following lemma can
be proved.

Lemma 7. For a given imaginary RSO I, the nearest neighbor for the entire prediction time window can
be found in O(|H|) in the worst case.

6.2.2. CIS-problem for an Imaginary RSO

The CIS-problem for an imaginary RSO | can be solved as before except that the neighbor changes not
only when topology update occurs but also when a nearest neighbor transition occurs.

(Example: 2D) Fig. 25 shows an example of the process to track the inter-object distance using the
COOP-HSTRY data in the plane. In Fig. 25, suppose that we want to analyze the distance between the
replica of the imaginary RSO I (i.e. the orange) and the fixed object (i.e. the green) where the orange
moves horizontally. The nearest neighbor and its V-cell are shown as the red ball and polygon,
respectively. Fig. 25(a) is the initial state at t,: The distance between the orange and green balls is not
defined because the green is not a neighbor of the red. At t; , the first transition in Fig. 25(b), the
nearest neighbor is changed so that the green becomes a neighbor of the orange. Thus, the distance
begins to be defined from t;. In Fig. 25(c) and (d), new transitions occur at t, and ts, respectively,
and the neighbourhood condition between the orange and green is maintained until t5. After ts, as
shown in Fig. 25(e), they are not neighbor anymore and thus no distance function can be defined. The
distance function from ¢; to t; consists of one, and only one, curve segment as there is no velocity
change at all.
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Fig. 25. An example of the distance function generation for the replica of an imaginary RSO using
the COOP-HSTRY data with a velocity change in the plane. We want to study the distance between
the orange and the green. (a) Initial state at t, (b) First transition at t,: The green becomes a
neighbour of the yellow. (c) Next transition. (d) The last transition at t5: The orange and green are
no more neighbours. (e) No distance defined after t5.

In summary, there are three events in processing the COOP-HSTRY data as follows:

® Topology update event: If a topology update changes the neighbor of the candidate, a
distance function is either created or disappears.

® Velocity change event: If a neighbor replica changes its velocity, a new segment of
distance function is created.

® Nearest neighbor transition event: Given a transition, a distance function is created or
disappears for the new neighbor or the old neighbor, respectively. The distance functions for
all the common neighbors for the new nearest and old nearest neighbors remain identical.

The number of distance function segments for an imaginary RSO depends on the size of the COOP-
HSTRY data. Thus, the worst-case time complexity of CIS for the hypothesis is O(|H|).

Lemma 8. There are O(JH|) segments of distance functions for an imaginary RSO over the entire
prediction time window in the worst case.

Corollary 9. The CIS-problem of an imaginary RSO can be solved in O(|H]|) time in the worst case.
Lemma 7 and Corollary 9 lead to the following theorem.

Theorem 10. The optimal maneuver plan among m hypothesis can be found in O(m|H|) time in the
worst case.
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6.3. Scalability of Conjunction Prediction and Planning

The conjunction-prediction using the COOP2 algorithm is scalable in many aspects.

Prediction-window scalability (PW-scalability): PW-scalability is based on the observation
that the prediction time window can split into a set of mutually exclusive time slices and
the conjunction prediction of each time slice can be done independent of each other. Thus, the
predictions of all time slices can be done in parallel, if an actual collision does not occur
between two objects in a preceding time slice. Note that the beginning configuration of each
time slice can be easily found. This type of scalability has been commonly used by other
existing algorithms/programs.

Flip-influence scalability (FI-scalability): Fl-scalability is unique in the COOP2 algorithm.
When a V-edge (or a VV-face) flips in the topology structure of the VVoronoi diagram, there are
a number of V-edges and V-faces whose flipping event time in future need to be re-
calculated and these re-calculations are independent of each other. Hence, these re-
calculations can be done in parallel. According to our current experiment, the number of re-
calculations per flip is 46 on average and 64 in the worst case. These numbers refer to the
possible scale of the speed-up due to Fl-scalability. As the largest portion of the computation
time of DVD-COOP is this re-calculation of event time, the Fl-scalability will easily achieve
46 times acceleration if it is appropriately reflected in algorithm design.

Neighbor-pair scalability (NP-scalability): NP-scalability is based on the observation that
the conjunction interval search for each distance function can be done independently.
Suppose that we have found the distance functions between the replica pairs. The conjunction
interval for replicas can be found instantly from the distance function. To find the true
conjunction interval for the orbiting RSOs and the TCA, the solution space search in the
conjunction interval for replicas is needed. The solution process of the CIS-problem (distance
function — CI for replicas — CI for RSOs — TCA) is independent of each distance function
and thus can be solved independently.

Hypothesis-evaluation scalability (HE-scalability): HE-scalability is based on the
observation that the evaluation of each hypothesized maneuver path can be processed
independently. Suppose that we have generated several hypotheses that follow different orbits.
Each hypothesis needs to be evaluated in terms of its Cl and TCA and the evaluation for each
hypothesis can be processed independently. Recall that each hypothesis evaluation can also
be parallelized by the NP-scalability.

Fig. 26 summarizes the structure of these scalabilities. The current version of COOP2 runs on a single
core: The computation speed can be significantly improved if these scalabilities are properly
incorporated. We plan to implement the scalable version of the proposed algorithm soon.

Scalabilities in DVD-COOP

. COOP-HSTRY CIS-problem MPO-problem
Generation

Scalabili

Prediction-window scalability(PW)
: Depends on #Cores.

Flip-influence Neighbor-pair Hypothesis-
scalability(Fl) scalability(NP) evaluation
: Depends on adjacent : #Neighbor pairs scalability(HE)
Voronoi entities( = 10 ) (= #V-faces/#Cores) : #Hypothesis

Fig. 26. The structure of scalability properties in the COOP2 algorithm.
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7. Experiments and Discussion

We have implemented the developed maneuver path optimization algorithm and tested for performance
evaluation. Computation environment: i7-6700 3.4Ghz CPU, 16Gb RAM, Microsoft Visual Studio C++
2017. Note that we used only one core in this experiment. All data used in the experiment is TLE data
downloaded from JSpOC.

7.1. Experiment on Computational Efficiency

Fig. 27(a) depicts the computation time for generating the COOP-HSTRY data vs. the number of RSOs.
The curve shows a super linear pattern. Fig. 27(b) depicts the search time for conjunction interval (Cl-
search time) vs. the number of objects: It shows a super linear pattern. Fig. 27(c) depicts the computation
time for generating the COOP-HSTRY data vs. the number of line segments for approximating each
orbit: It shows a linear pattern. Fig. 27(d) depicts the Cl-search time vs. the number of line segments
for approximating each orbit: It shows a linear pattern.

Summary: Both the time for COOP-HSTRY generation and Cl-search show super linear trends to the
number of RSOs whereas both show linear trends with respect to the number of line segments per orbit.
Because the time for COOP-HSTRY generation is in proportion to the size of the COOP-HSTRY data,
the time for Cl-search time is positively correlated with the size of the COOP-HSTRY data: This
observation supports Theorem 2 and 10.
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Fig. 27. Computation time graphs. (a) COOP-HSTRY generation time vs. #RSOs. (b) Conjunction
Interval Search Time vs. # RSOs (c) COOP-HSTRY generation time vs. #Line segments/orbit. (d)
Conjunction Interval Search Time vs. #Line segments/orbit
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7.2. Verification and Validation: Maneuver Planning for Satellites

We have tested the maneuver path optimization for the Korean KOMPSAT satellite series against 1,000
RSOs downloaded on July 10, 2018 from the low earth orbit (LEO) NORAD TLE data. We predicted
10,000 seconds (about 3h) from 0:00 AM of July 12, 2018. In this experiment, we changed the angle of
the plane containing the orbit of each satellite to generate hypothesized maneuver path: In practice, a
maneuver hypothesis has either a higher or a lower altitude than its original orbit. This hypothesis
generation might be rather simple to be realistic but is used in this study to demonstrate the capability
of the COOP2 for SSA and STM.

The results are shown in Fig. 28. See Fig. 28(c): The green curve represents the orbit of KOMPSAT-4
(NORAD ID 40536) RSO shown as the green ball. Note that the ball radius is 100km. COOP2 reported
the KOMPSAT-4 was swing by 38km away from the RSO 15505 after 4,742 seconds. See the zoom-
up view shown as the box in the right: The green and red balls are very close. The blue curve and ball
similarly represent the hypothesized path and the imaginary RSO. In the examples in Fig. 28, except
Fig. 28(d) for 10 degrees, we rotate the planes containing the orbits 20 degrees about the line passing
through the RSO position at the initial location at t = 0 and the center of the earth. Running the MPO-
problem with one hypothesized maneuver path of the given rotation angle, we find the TCA situation
predicted by the CIS-problem is resolved. The blue balls represent the imaginary RSOs at the identical
time with the green RSOs which were at TCA situations. Recall that we currently solve this problem
using replicas: This is the reason why the blue ball in Fig. 28(b) is off the blue curve in the zoom-up.
This observation does not preclude the existence of a TCA of the imaginary RSO with another RSO. In
this example of Fig. 28(c), the solving the C1S-problem of the hypothesized path against all RSOs yields
anew TCA with the distance 76km with RSO 19256 in a certain time within the prediction time window.
Hence, we can conclude from this computational experiment that the imaginary RSO following the
hypothesized path is safer than the original. The other figures show other KOMPSAT series satellites:
KOMPSAT-2 (Fig. 28(a)); KOMPSAT-3 (Fig. 28(b)), and KOPSAT-5 (Fig. 28(d)).

TCA Before: 53km at 35455 20 deg. rotated: 79km at 2899s TCA Before: 30km at 73245 20 deg. rotated: 41km at 5775s
with {ID 12645) with (1D 00162) with (ID 15331) with (1D 05903)
- -
‘-
L :
.
°
L]
@ °
L]
. w
TCA Before: 38km at 47425 20 deg. rotated: 76km at 17285
with [ID 15505) with (ID 19256} TCA Before: 25km at 9113s — 10 deg. rotated: 60km at 7300s
with (1D 20436) with (1D 13067)
(©) (d)

Fig. 28. MPO-problems for four satellites in the KOMPSAT series. The green curve is the orbit of
the satellite shown as the green ball. The red ball represents the secondary RSO at the TCA. The blue
curve represents a hypothesized path of an imaginary RSO shown as the blue ball. (a) KOMPSAT-2
(NORAD ID 29268). (b) KOMPSAT-3 (NORAD ID 38338). (c) KOMPSAT-4 (NORAD ID 40536).
(d) KOMPSAT-5 (NORAD ID 39227).
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7.3. Report of the Developed Web Server COOP2

We have implemented COOP2 algorithm as a web server (address: http://voronoi.hanyang.ac.kr/coop2)
so that anyone connects to COOP2 server and tests the functionalities of COOP2. Fig. 29 shows the
overview of COOP2 web server. COOP2 downloads TLE data from JSpOC catalogue and updates
COOP-HSTRY data for the prediction time window.

COOP2 Server

~ JSpOC Catalogue
o= -— | — I )
S

PEE2EE 0N CQOP-

HSTRY
Fig. 29. Overview of COOP2 Web Server

Currently, COOP2 web server provides the answers for the following three queries in conjunction
assessment.

® Query 1. Find all proximal events in time horizon.
® Query 2. Find proximal events for an object-of-interest.
® Query 3. Find optimal maneuver plan for an object-of-interest.

where

1) Object-of-interest (OOI): The object that we are investigating, e.g. a particular satellite,

2) Proximal event: An event that two objects (including OOI) are closer than a predefined
threshold distance, and

3) Optimal maneuver plan: The best maneuver path among possible variations of the current path
of OOI. In current implementation, we modify angle of the plane containing the orbit. Here
the angle is defined by the plane which passes through the center of Earth. In this experimental
program, we enumerate the angle by +- 1 degree from the current plane.

Running environment of COOP?2 is as follows.
1) Hardware: Intel Xeon 6132 Gold CPU(14 Cores), 196G RAM, Nvidia Tesla V100 GPU (5,120
cuda cores, 16G VRAM)
2) Software: NVIDIA® NSight™ Eclipse Edition on Ubuntu 18.04 LTS

Fig.30 shows the user interface of COOP2 server. Fig.31. and Fig.32. show the examples of the summary
web pages for computed results. Fig.31 shows the result of Query 1 which reports all proximal events.
Finding all proximal event within 24h time window for 300 objects takes 39 seconds. Query 2 takes the
object id and reports the proximal events for a satellite that we are interested in. Fig.32 shows the result
for Query 2. Finding all proximal events that object with ID 00446 involved with the same condition
takes about 7.5 seconds. Query 3 takes both the object id and the moment-of-maneuver. Then COOP2
finds optimal maneuver path by evaluating 20 alternatives. The alternatives are generated within a
prediction time window (1 h). Note: Maneuver path modification occurs instantaneously (without a
smooth transition).
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COOP2
A Web Server to Predict and Plan Conjunctions among Orbital Objects
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Fig.30. The main interface of COOP2 webserver.

COOP2: Summary on Scanned Proximities

Q1 complete - Tine elapsed: 39.013 sec
HWinimal pair: [OPS 8364 (DMSP 4)
#6787(6787), COSHOS 494
(6059)], Distance: 15.131, Date : [2019/8/20, 1:2:28]
Hinimal triplet: [COSHOS 444
(5547), COSHOS 312
(4254), OPS 4078 (DMSP 4B F2)
(3510)], Badius: 0.251741, Date - [2019/8/20, 0:46-58]
Winimal Quadruplet: [NIMBUS 3
(3890}, TRANMSIT 5B-1
(G70). RADIATION SAT (GE 1)
(671), OPS 0100 (TRAMSIT 15)
(2754)], Badius: 67.6844, Date : [2019/8/20, 1:1:11]

Fig.31. The summary page for computed result of COOP2 web server for Query 1.

COOP2: Summary on Scanned Proximities

02 complete — Time elapsed: 7.57259 sec
Hinimal pair: [ANNA 1B
#446(446), SECOR 13 (EGRS 13)
(3891)1, Distance: 131.664, Date - [2019/8/20, 0:46:17]
Hinimal triplet: [COSHOS B35
(6270}, ANMA 1B
(446), OPS G630 (2)
(6938)]1. Radius: 322.26, Date : [2019/8/20. 0:20:56]
HWinimal Quadruplet: [ANNA 1B
(446), OPS 7869 (DMSP 4B F1)
(3266), COSHOS 521
(6206}, OP5 5712 (P/L 153)
(2874)]1. Radius: 385.425, Date - [2019/8/20, 0:35:42]

Fig.32. The summary page for computed result of COOP2 web server for Query 2.

35

Distribution A Distribution Approved for Public Release: Distribution Unlimited



7.4.1dea Validation using Drones

COOP2 (Conjunctive Orbital Object Predictor and Planner) algorithm can be a vital tool for collision-
free path planning of moving objects in space. One of the key technical challenges of
choreographing a big swarm of drones, such as the opening ceremony of the 2018 Winter Olympic
in Pyeongchang, Korea, is to avoid a collision between drones. Fig. 33 shows collision-free path
planning among five moving disks in the plane. For presentation convenience, the disks are of the same
size, assuming the same level of location uncertainty, and the path of each disk is assumed to be linear.
The five disks are vertically located at to on the left, and each disk moves to the location corresponding

to t., on the right. Each disk moves linearly with a constant initial speed at to given by the line segment

between the two points at t, and t., and the time difference t., - to. Suppose that the disks are d-, da, dp,

dc, and dq from bottom to top at to and their speeds are v, Va, Vi, Ve, and vg, respectively. Let VD(to) be
the Voronoi diagram of the five disks at to. The disks are configured so that d~ contacts daat ta > to,
which can be predicted from VD(to). Hence, we change the speeds of both d- and da at ta” < ta
respectively to v+" and va’ so that the predicted collision can be avoided. The red and green colors
of d« and d, denote speed changes. Then, after the collision is avoided at t,* > t,, we change the speeds
of the two disks once more, v+"* and v,’’, so that the original goal of simultaneous arrival is met. Note
that there are different strategies to decide t, - ta, ta" - ta, v+°, V', v+"", and v,’” where all can be easily
calculated. In the figure, the red and green colors correspond to the changed and unchanged speeds,
respectively, while the path geometries remain linear. In fact, the collisions are avoided by slowing
down the speeds of the red disks.

After the first collision is avoided, a second collision is predicted between d- and d at t, from VD(t.").
We change the speeds of both d- and dy at t,” < t,, respectively to v+’"" and v’ so that the second collision
can be avoided and, at t,* > t,, we change the speeds of the two disks once more, say v+""" and vy,’’, to
simultaneously arrive at the targets. Similar processes can avoid a third predicted collision between d=«
and d. and a fourth one between d~ and dg.

y
di @——g@ i i i i )
e - 0le . @i a i @
“ei-e oo oo 1620 o
i e -9 ig i
to-—gig i ; el o
0@ 1 i ;
d. @ ! .. ® - o g T @@ xt
to  ta ti bty tc t& tg t;  te

Fig.33. Collision avoiding path planning for a swarm of drones. Five drones are moving linearly through
the dotted line segments during the period from t to t... The predicted collision between d~ and d, at t,

is avoided by slowing down the speed of d, (red) while keeping the speed for d- (green) the same. The
other predicted collisions at t, t, and ty can be similarly avoided.

There could be a number of ways to avoid a predicted collision between two disks. The approach
used above is to change the speeds of the disks while the geometry of their respective linear paths
is preserved and can be applied to copters with four, six, eight, or more wings. On the other hand, it is
also possible to provide curved path(s) for one of either disk or both by taking advantage of the
information available in the VVoronoi diagram. This applies to those drones with fixed wings where a
changed speed cannot be realized due to the aerodynamic constraints. We note that collision-avoidance
may require a series of more complicated operations.

36

Distribution A Distribution Approved for Public Release: Distribution Unlimited



See Fig. 34(a). We want to transform twenty objects from the configuration of a rectangle at to to

that of a circle at t,. Consider that the dotted line segments between the objects of the two configuration
denote a 1-to-1 correspondence. We want the objects move linearly through the 1-to-1 mapping. Fig.
34(b) and (c) show the Voronoi diagrams of the objects in the two configurations. Fig. 35 shows some
intermediate states of the transformation at to < t,, ts, tc, and tg < t.. Fig. 36 shows the step-by-step of

Fig. 35. Note that the red and green objects in each red ellipse denote that their speeds are modified
to avoid anticipated collisions.

(b) (c)
Fig. 34. (a) The tiny disks initially positioned on a square moves linearly through the black dotted line
segments to arrive at the circle. (b) and (c) The Voronoi diagrams

X, t

o
>

to tq tp te tq

Fig. 35. Motion planning of 20 vehicles through collision-free paths. Each dot represents a linearly
moving vehicle. The scene transforms from the initial scene (at to) to the final scene (at t..) after going

through intermediate scenes (t,, ts, tc, and tq). Each region bounded by a dotted vertical separator
corresponds to the space where the vehicles are located at the corresponding moment. Hence, the
horizontal axis corresponds to both time t and the x-coordinate.
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Fig. 36. Collision-free vehicle motion plan produced using a dynamic VVoronoi diagram. The pair of red
and green dots in each red ellipse is the vehicles that need to adjust speeds to avoid a predicted collision.

(a) Initial scene (to = 0), (b), (c), (d), (e) intermediate scenes (t,, tv, tc, and tq, resp.), (f) Final scene (t.).

(Drone Swarming) For the validation of COOP2 algorithm, we demonstrated drone swarming using
58 drones. To this end, we computed the collision-free flight path of each drone. Fig.37 (a) and (b)
shows the snapshots of two scenes from the demonstration: an airplane and taegeuk mark.

(a) (b)

Fig. 37. Still images of drone swarming (58 drones, November 05 2018). (a) airplane. (b)

taegeuk mark. (YouTube link:
https://www.youtube.com/watch?v=1kgo3AXguKw&t=3s)
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(Drone specification) We used quadcopter drones for choreographing swarms of drone as shown in
Fig. 38. Note that the GPS of a drone is low-cost/low-accuracy equipment: precision < 2.5 m, which
makes it difficult to choreograph the drones delicately.

(b)
Fig 38. Quadcopter for drone swarming. (Size: 25cm X 25cm X 24cm; Total weight: 600g; Flight
time: 11-12 min. (with hovering); Flight firmware: PX4 v1.8.2; Frame/PDB(power distribution
boards): custom-made); GPS: Mini uBLOX NEO-M8N, precision: < 2.5m; Electric Speed Control
(ESC): Littlebee Pro, current: 20A; Motor: EMAX MT2206 11, 1900KV; Propeller: Gemfan Prop
5040 Tri Blade; Battery: LiPo 3S, 2200mAh; Flight controller: Pixracer, CPU: 180MHz ARM
Cortex, SRAM: 256KB; Wifi module: ESP8266, 2.4GHz; LED: Adafruit WS2812S) (a) Top view.
(b) Side view. (c) Bottom view.

1. Basic information

a. Size: 25cm X 25cm X 24cm
b. Total weight: 600g
c. Flight time: 11-12 min. (with hovering)
d. Flight firmware: PX4 v1.8.2
e. Frame/PDB(power distribution boards): custom-made
2. GPS
a. Model: Mini uBLOX NEO-M8N
b. Precision: < 2.5m
3.  Electric Speed Control (ESC)
a. Littlebee Pro
b. Current: 20A
4. Motor
a. EMAX MT2206 I, 1900KV
5. Propeller
a. Gemfan Prop 5040 Tri Blade
6. Battery
a. LiPo3S
b. 2200mAh

7.  Flight controller
a. Model: Pixracer

b. CPU: 180MHz ARM Cortex
c. SRAM: 256KB

8.  Wifi module
a. Model: ESP8266
b. Frequency: 2.4GHz
9. LED

a. Model: Adafruit WS2812S
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8. Future Studies

This study assumes that Resident Space Objects (RSOs) in orbital environment do not have any
uncertainty in their locations (Note: The proposed COOP2 algorithm/program currently represents the
locational uncertainty of an orbital object as a fixed-radius sphere.). Hence, the COOP2 algorithm
should be enhanced in order to include realistic physics dominating the orbital motion of RSOs around
Earth. Ellipsoidal covariance contours are used for realistic modeling of RSO’s orbital movement where
the ellipsoid changes its shape over time [66] (See Fig. 39).

(@) (b)

Fig. 39. location uncertainty as ellipsoidal covariance contours: (a) the ellipsoidal covariance
contours for different probability (source: https://ai-

solutions.com/_help_Files/orbitdetermination_smp.htm). (b) conjunction assessment using the
covariance contours (source: https://en.wikipedia.org/wiki/FreeFlyer).

To properly model the ellipsoidal time-varying covariance and develop (accurate and efficient)
algorithms to predict and best avoid conjunctions among orbital objects, a computational geometry
theory for the dynamic Voronoi diagram of shape-changing 3D ellipsoidal objects should be developed
and implemented. Fig. 40 shows an example of the VVoronoi diagrams for circular disks and ellipses in
2D whose topologies are determined at the vertices. It is known that the VVoronoi vertex (shown as the
center of the red dotted circle) of (non-moving) 2D ellipses is a root of polynomial of degree higher
than 150. PI and its research group of this project have endeavored to solve this problem and they
successively completed a research project on 3D printing which uses the Voronoi diagram of ellipses
and ellipsoids.

(b)

Fig. 40. Voronoi diagrams in 2D space. The center of red circle corresponds to a VVoronoi vertex and
determines the Voronoi diagram topology. (a) Voronoi diagram of circular disks. (b) Voronoi
diagram of ellipses.
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Suppose that we print a product using a 3D mesh model in Fig. 41(a). We could have a polygonal shape
(a cross-sectional polygon) by intersecting the mesh model with a plane. Fig. 41(c) shows that ellipses
are packed inside the polygonal shape using the VVoronoi diagram of ellipses in a polygon. The idea was
to exploit the Voronoi diagram of circular disks in a polygon where a set of disks approximates each
ellipse (Fig. 41(b)). We project the packed ellipses onto other parallel cross sections and then create
elliptical cylinders by extruding the ellipses (Fig. 41(d)). We applied this technique to eliminate the
materials inside a 3D-printing product [67] (See Fig. 41(f)). This research output could result in the
reduction of the printing time, product weight, energy consumption, and eventually cost.

Very recently, we developed a novel approach to hollowing with ellipsoidal voids (Fig. 41(e)) which
uses the VVoronoi diagram of ellipsoids [68]. The method for correct and efficient maintenance of the
Voronoi diagram of moving and shape-changing 3D ellipsoids is much harder and is a challenge. Once
we have the Voronoi diagram of moving and shape-changing 3D ellipsoids, the covariance propagation
for uncertainty prediction will be included in COOP2 to improve the accuracy of the prediction. We
believe that this future research work will substantially and significantly contribute to the SSA
community.

Pl e
(a) intersection between 3D (b) Voronoi diagram an ellipse  (c) ellipse packing in a polygon

mesh model and plane inside a polygon

(d) creation of elliptical (e) creation of ellipsoidal (f) printed product
cylinders inside (a) using (c) voids using Voronoi diagram
Fig. 41. Hollowing with elliptical voids for 3D printing
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9. Conclusion

Collision avoidance is one of the critical tasks to keep geospace safe and efficient. This research studies
the detection and resolution of conjunction for collision avoidance and develops and implements an
algorithm to predict the conjunction based on the dynamic Voronoi diagram (DVD) of 3D spherical
balls. We have successfully developed, implemented, and tested the DVD algorithm for spherical balls.
Then we developed and implemented COOP2 (Conjunctive Orbital Objects Predictor and Planner)
algorithm/program, based on the DVD algorithm, which showed a proven mathematical capability to
detect all conjunctions without any missing case. We tested the COOP2 using TLE data obtained from
Korea Aerospace Research Institute (KARI) which includes the orbital movements of the following five
Korean satellites: KOMPSAT-2, KOMPSAT-3, KOMPSAT-3A, and KOMPSAT-5. Given a detected
conjunction, The COOP2 algorithm/program can produce the optimal maneuver plan by quickly
evaluating alternatives using the event history stored in the COOP-HSTRY file. We have validated the
correctness and performance of COOP2 using drone swarming. We could use the COOP2 to generate
the collision-free flight path of each drone so that the performance and correctness of the
algorithm/program could be validated and verified. (For the demonstration of drone swarming, refer to
Fig. 37 and YouTube link: https://www.youtube.com/watch?v=1kgo3AXquKw&t=3s) We believe
that the COOP2 algorithm/program will play a key role for Space Situational Awareness and Space
Traffic Management.
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