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Major Goals:  The objective of this ARO Young Investigator Program proposal is to utilize a combined theoretical, 
computational, and experimental approach to study high strain rate shock wave propagation in, and the resulting 
failure of, self-assembled, three-dimensional ordered micro- to nanoscale (100 um to 100 nm) granular media. This 
combined approach includes nonlinear contact mechanics-based analytical models, discrete element model 
simulations, and experimental ultrafast photoacoustic pump-probe techniques. While granular materials are known 
to be highly effective at absorbing shocks from blast and impact, because of the material complexity, many 
fundamental questions remain open regarding the mechanisms that lead to their shock absorption properties and 
ultimate failure. This is in part because previous studies have focused on highly complex disordered granular 
materials (macro- and microscales) or ordered macroscale granular media (which do not take into account critical 
effects such as the role of interparticle adhesive forces). The proposed approach of simplifying the problem via 
ordered granular media, while maintaining relevance via micro- to nanoscale grains, is a dramatic shift from 
previous approaches that will lead to a birth of understanding of the dynamics of granular media and transform the 
way granular media is studied.



The three major tasks for the project are:



1. Characterize highly nonlinear shock velocities in 3D ordered microscale granular materials.

2. Characterize the decay rate of highly nonlinear shocks in 3D ordered microscale granular materials. 

3. Study spall and blast crater failure mechanisms in 3D ordered microscale granular materials.
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Training Opportunities:  Multiple training opportunities were conducted during the duration of this grant. Graduate 
students Morgan Hiraiwa and Samuel Wallen met weekly with the PI to discuss research progress. In addition, the 
students in the group present their findings, on a rotating schedule, in group meetings held every two weeks. In the 
group meetings the students have an opportunity to work on their scientific communication skills. The graduate 
students supported by this project authored multiple peer-reviewed journal articles, as listed in the products section 
of the report. 



The graduate students also presented their work at multiple research conferences. Graduate student Morgan 
Hiraiwa presented his findings at: the ASME 2015 Applied Mechanics and Materials Conference in Seattle, WA; the 
Materials Research Society (MRS) Fall Meeting 2015, Symposium II: Phonon Transport, Interactions and 
Manipulations in Nanoscale Materials and Devices-Fundamentals and Applications in Boston, MA; and the ASME 
2016 International Mechanical Engineering Congress and Exposition in Phoenix, AZ. Graduate student Samuel 
Wallen presented his findings at: the ASME 2015 Applied Mechanics and Materials Conference in Seattle, WA; and 
the 172nd Meeting of the Acoustical Society of America (The 5th Joint meeting of the Acoustical Society of America 
and the Acoustical Society of Japan) in Honolulu, HI. 



Samuel Wallen also successfully defended his thesis entitled "Analytical and Computational Modeling of 
Mechanical Waves in Microscale Granular Crystals: Nonlinear and Rotational Dynamics" in May 2017, and 
received his PhD degree in June 2017.
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Results Dissemination:  The research was disseminated through multiple journal publications as detailed in the 
Products section of the report. In addition, the following conference presentations were given: 



1. PI Boechler as presenter:

 

Seminar: 

- University of Washington, Nanoscience and Molecular Engineering Seminar (5/2015)

- Universite du Maine, LAUM Seminar (10/2015)

- University of California, San Diego, Department of Mechanical and Aerospace Engineering (2/2017)

- Boeing Propulsion Product Development team, Harbor Pointe Technical Center (2/2017)

- Lawrence Livermore National Laboratories (5/2017)

- University of Washington, Nanoscience and Molecular Engineering Seminar (5/2017)



Poster presentations:

- Wallen, S. P., Maznev, A. A., and Boechler, N., Phononics 2015: 3rd International Conference on Phononic 
Crystals/Metamaterials, Phonon Transport, and Phonon Coupling, pp. 378-379, France (6/2015)

- Boechler, N., Gordon’s Research Conference on Multifunctional Materials and Structures, Ventura, CA (2/2016)

- Boechler, N., Gordon’s Research Conference on Granular Matter, Easton, MA (7/2016)



Workshop presentations:

- Boechler, N., Biannual Purdue Energetic Materials Summit (PEMS), West Lafayette, IN (5/2017)

- Boechler, N., DENORMS (Designs for Noise Reducing Materilas and Structures) Training School 3, Le Mans 
University, Le Mans, France (12/2017)



Invited conference presentations: 

- Boechler, N., MRS Spring Meeting & Exhibit, Symposium H---Mechanics of Energy Storage and Conversion—
Batteries, Thermoelectrics and Fuel Cells, San Francisco, CA (4/2015)

- Boechler, N., SIAM Conference on Applications of Dynamical Systems, Snowbird, UT (5/2015)

- Hiraiwa, M., Khanolkar, A., Eliason, J. K., Wallen, S., Jenks, J., Abi Ghanem, M., Maznev, A. A., Nelson, K. A., 
and Boechler, N., Phononics 2015: 3rd International Conference on Phononic Crystals/Metamaterials, Phonon 
Transport, and Phonon Coupling, pp. 300-301, Paris, France (6/2015)

- Boechler, N., International Symposium of Optomechatronics Technology (ISOT), Neuchatel, Switzerland 
(10/2015)

- Boechler, N., SIAM Conference on Mathematical Aspects of Materials Science, Philadelphia, PA (5/2016)

- Boechler, N., Euromech Colloquium 580 on Strongly Nonlinear Dynamics and Acoustics of Granular 
Metamaterials, INRIA, Grenoble, France (7/2016)

- Boechler, N., ICTAM2016, 24th International Congress of Theoretical and Applied Mechanics, Contributions to the 
Foundations of Multidisciplinary Research in Mechanics, pp. 2324-2325, Montreal, Canada (8/2016) 

- Boechler, N., Acoustics ’17 Boston: The 3rd Joint Meeting of the Acoustical Society of America and the European 
Acoustics Association, J. Acoust. Soc. Am., Vol. 141, pp. 3734, Boston, MA (6/2017)

- Boechler, N., 2017 International Congress on Ultrasonics, Abstract Book, pp. 65, Honolulu, HI (12/2017)



2. Graduate student Samuel Wallen as presenter:



Conference presentations: 

- Wallen, S., Maznev, A. A., and Boechler, N., ASME 2015 Applied Mechanics and Materials Conference, Seattle, 
WA (7/2015)

- Wallen, S. and Boechler, N., 172nd Meeting of the Acoustical Society of America (The 5th Joint meeting of the 
Acoustical Society of America and the Acoustical Society of Japan), Honolulu, HI (11/2016) 

 



3. Graduate student Morgan Hiraiwa as presenter: 



Conference presentations:

- Hiraiwa, M. and Boechler, N., ASME 2015 Applied Mechanics and Materials Conference, Seattle, WA (7/2015)

- Hiraiwa, M., Khanolkar, A., Wallen, S., Abi Ghanem, M., Eliason, J. K., Vega-Flick, A., Maznev, A. A., Nelson, K. 
A., and Boechler, N., Materials Research Society (MRS) Fall Meeting 2015, Symposium II: Phonon Transport, 
Interactions and Manipulations in Nanoscale Materials and Devices-Fundamentals and Applications, Boston, MA 



(12/2015)

- Hiraiwa, M. and Boechler, N., ASME 2016 International Mechanical Engineering Congress and Exposition, 
Phoenix, AZ (11/2016)
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Honors and Awards:  - PI Boechler received the Young Investigator Program Award in 2016 from the Air Force 
Office for Scientific Research.

- PI Boechler was elected as Member of the Technical Committee on Vibration and Sound (TCVS), 2016-2019, 
American Society of Mechanical Engineers

- PI Boechler received the ICU Early Career Award (the “Silver Whistle Award”), 2017, International Congress on 
Ultrasonics, Honolulu, HI, USA

- Graduate student Samuel Wallen won the student-voted "outstanding teaching assistant award" in the University 
of Washington Mechanical Engineering Department for the 2016-2017 academic year.

Protocol Activity Status: 

Technology Transfer:  PI Boechler visited the Army Research Laboratory in July 2015, and presented a talk 
entitled: "Shock propagation in highly nonlinear microstructured materials: characterization and optimal design".
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Abstract:  We present a model for wave propagation in a monolayer of spheres on an elastic substrate. The 
model, which considers sagittally polarized waves, includes: horizontal, vertical, and rotational degrees of 
freedom; normal and shear coupling between the spheres and substrate, as well as between adjacent spheres; 
and the effects of wave propagation in the elastic substrate. For a monolayer of interacting spheres, we find three 
contact resonances, whose frequencies are given by simple closed-form expressions. For a monolayer of isolated 
spheres, only two resonances are present. The contact resonances couple to surface acoustic waves in the 
substrate, leading to mode hybridization and ``avoided crossing'' phenomena. We present dispersion curves for a 
monolayer of silica microspheres on a silica substrate, assuming adhesive, Hertzian interactions, and compare 
calculations using an effective medium approximation to a discrete model of a monolayer on a rigid substrate. 
While the effective mediu
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Abstract:  We present a model for wave propagation in a monolayer of spheres on an elastic substrate. The 
model, which considers sagittally polarized waves, includes: horizontal, vertical, and rotational degrees of 
freedom; normal and shear coupling between the spheres and substrate, as well as between adjacent spheres; 
and the effects of wave propagation in the elastic substrate. For a monolayer of interacting spheres, we find three 
contact resonances, whose frequencies are given by simple closed-form expressions. For a monolayer of isolated 
spheres, only two resonances are present. The contact resonances couple to surface acoustic waves in the 
substrate, leading to mode hybridization and “avoided crossing” phenomena. We present dispersion curves for a 
monolayer of silica microspheres on a silica substrate, assuming adhesive Hertzian interactions, and compare 
calculations using an effective medium approximation (including elasticity of the substrate) to a discrete model of 
a monolayer on a rigid
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Abstract:  The detachment of a semi-ordered monolayer of polystyrene microspheres adhered to an aluminum-
coated glass substrate is studied using a laser-induced spallation technique. The microsphere?substrate adhesion 
force is estimated from substrate surface displacement measurements obtained using optical interferometry, and 
a rigid-body model that accounts for the inertia of the microspheres. The estimated adhesion force is compared 
with estimates obtained using an adhesive contact model together with interferometric measurements of the out-
of-plane microsphere contact resonance, and with estimated work of adhesion values for the polystyrene?
aluminum interface. Scanning electron microscope images of detached monolayer regions reveal a unique 
morphology, namely, partially detached monolayer flakes composed of single hexagonal close packed crystalline 
domains. This work contributes to the fields of microsphere adhesion and contact dynamics, and demonstrates a 
unique monolayer delamination morpho
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intersite coupling and nonlinear, precompressed Hertzian local resonators, which is motivated by recent studies of 
the dynamics of microspheres adhered to elastic substrates. After predicting theoretically the existence of the 
discrete breathers in the continuum and anticontinuum limits of intersite coupling, we use numerical continuation 
to compute a family of breathers interpolating between the two regimes in a finite chain, where the displacement 
profiles of the breathers are localized around one or two lattice sites. We then analyze the frequency-amplitude 
dependence of the breathers by performing numerical continuation on a linear eigenmode (vanishing amplitude) 
solution of the system near the upper band gap edge. Finally, we use direct numerical integration of the equations 
of motion to demonstrate the formation and evolution of the identified localized modes in energy-conserving
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attenuation phenomena and was applied in three different scenarios: (i) Lamb-like modes in air-saturated porous 
materials in the low kHz regime, where the method enables the recovery of viscoelastic parameters, (ii) Lamb 
modes in a Duralumin plate in the MHz regime, where the method demonstrates the effect of leakage on the 
splitting of the forward S1 and backward S2 modes around the Zero-Group Velocity point, and (iii) surface 
acoustic waves in a two-dimensional microscale granular crystal adhered to a substrate near 100 MHz, where the 
method reveals the complex wavenumbers for an out-of-plane translational and two in-plane translational-
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laser generated acoustic waves traveling through a disordered, multilayer aggregate of 2  ?m  diameter silica 
microspheres, where the excited dynamic amplitudes are estimated to approach the level of the static overlap 
between the particles caused by adhesion and externally applied loads. Two cases are studied: a case where the 
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Accomplished under goals: Part of Final Report for “Shock mitigation with ordered 
microscale granular media” (Grant No. W911NF-15-1- 0030) 

Published results:  

Note: Figures and captions in this section are taken directly from the publication listed for each 
sub-section.  

1. Wallen, S., Maznev, A., and Boechler, N., “Dynamics of a Monolayer of Spheres on an Elastic 
Substrate” Physical Review B, 92, 174303 (2015) 

 
In this work, we developed the analytical model used to describe and analyze the microscale 
granular system presented in subsection 2, corresponding to Ref. [Hiraiwa, M. et al., Phys. Rev. 
Lett., 116, 198001 (2016)]. This quasi-one-dimensional (e.g. one-dimensional [1D] chain with 
two-dimensional [2D] motion) model formed the basis for our 2D microscale granular crystal 
model developed later in Ref. [Wallen, S. P. et al., Wave Motion, 68, 22 (2017)]. The model 
contained two translational, and one rotational, degrees of freedom per particle in the 1D chain, 
linear shear and normal interparticle and particle-substrate stiffnesses, and a deformable, 
continuum elastic substrate. 

 
 

2. Hiraiwa, M., Abi Ghanem, M., Wallen, S. P., Khanolkar, A., Maznev A. A., and Boechler, N., 
“Complex contact-based dynamics of microsphere monolayers revealed by resonant 
attenuation of surface acoustic waves”, Physical Review Letters, 116, 198001 (2016) 

 
As part of this work, we were the first to experimentally characterize the contact-based dynamics 
of a 2D microscale granular crystal. This was an important first step to characterizing nonlinear 
acoustic wave propagation in three-dimensional (3D) microscale granular crystals. This includes 
both advancing our laboratory’s microscale granular crystal manufacturing, and laser ultrasonic 
characterization, capabilities. Measurements of the resonant attenuation of laser-generated surface 
acoustic waves revealed three collective vibrational modes that involve displacements and 
rotations of the microspheres, as well as interparticle, and particle-substrate, interactions. To 
identify the modes, we tuned the interparticle stiffness, which shifted the frequency of the 
horizontal-rotational resonances while leaving the vertical resonance unaffected. Figure 1 provides 
a schematic overview of the project. Figure 2 shows the tuning of the acoustic transmission spectra, 
as a function of evaporated metal deposition at the interparticle contacts.  
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Figure 1: Overview of the experiment. (a) Microscope image of the interface between the monolayer and 
blank sample regions. The scale bar is 10 μm. (b) Schematic of the laser ultrasonic experimental setup. 
Normalized signal measured in the (c) blank region and (d) 132 μm inside the monolayer region. (e) 
Normalized Fourier spectra of the signals in (c) and (d) using the same colors. The red spectrum corresponds 
to a signal measured 400 μm inside the monolayer region. The vertical dashed lines denote the identified 
contact resonance frequencies. (f) Schematic of the dynamical model. 

 

 

Figure 2: (a)–(c) Transmission spectra showing absorption bands for SAWs propagating across the 
granular crystal edge. The color bar denotes the magnitude of the transmission coefficient. The horizontal 
dashed lines denote the identified contact resonance frequencies for the uncoated monolayer. The short 
horizontal lines on the right of the panels are the fitted contact resonance frequencies. Position denotes the 
distance from the interface. (a) Uncoated microsphere monolayer. (b) 20 nm of aluminum coating. (c) 40 
nm of aluminum coating. 

 

interparticle and particle-substrate contact stiffness and
offering insight into the role of shear contact rigidity.
Our sample is a monolayer of D ¼ 2.0 μm diameter

silica microspheres deposited on an aluminum-coated glass
substrate, as shown in Figs. 1(a) and 1(b). The aluminum
layer is 100 nm thick, and the glass is 1.5 mm thick. A
wedge-shaped cell convective self-assembly technique is
used to assemble the monolayer on the substrate [16]. To
obtain a planar interface between substrate regions with and
without the microsphere monolayer (hereafter referred to as
the monolayer and blank regions, respectively), we use a
microcontact-printing method, wherein a soft polydime-
thylsiloxane stamp is pressed into conformal contact with
the microsphere monolayer and then is removed, such that
the spheres detach from the substrate in the stamped region
[17,18]. A representative optical microscope image of the
resulting interface is shown in Fig. 1(a).
To generate and measure SAW propagation in our

sample, we utilize a scanning laser-ultrasonic technique,
as shown in Fig. 1(b) [18]. We focus a subnanosecond laser
pulse, which serves as a “pump,” into a line on the
aluminum surface of the blank region of the substrate.
The absorbed laser light launches broadband SAW pulses
that propagate as plane waves perpendicular to the line
source. The acoustic response of the sample is measured via
a knife-edge photodeflection technique [22]. A “probe”
beam is incident through the substrate and focused to a
small spot on the aluminum film. The reflected probe light
is focused onto a fast photodetector, after being partially
blocked by a knife edge. Changes in the surface slope and
refractive index caused by the SAWs deflect the probe

beam, which translates to a change in intensity on the
photodetector. To obtain spatial information, the sample is
automatically scanned in the direction of the SAW propa-
gation. Both the pump and probe are initially focused onto
the blank region, then moved progressively closer to the
interface, with the probe crossing into themonolayer region.
Figures 1(c) and 1(d) show typical measured signals S,

normalized to the maximum signal amplitude S0 measured
during the scan. Figure 1(c) corresponds to a probe position
in the blank region, and Fig. 1(d) corresponds to a probe
position 132 μm inside the monolayer region. The dis-
tortion of the signal in Fig. 1(d) is a result of dispersion and
dissipation induced by the monolayer.
The Fourier spectra of the normalized signals in Figs. 1(c)

and 1(d) are shown in Fig. 1(e). The spectrum corresponding
to the signal in the monolayer region shows a sharp dip at
108 MHz. We also observe two smaller dips surrounding
this resonance, and denote the three dips with vertical lines
drawn at fI;0¼ 49MHz, fII;0 ¼ 108MHz, fIII;0¼ 197MHz.
We also show a third spectrum, corresponding to a location
400 μm inside the monolayer region, which demonstrates
the evolution of the attenuation zones.
To obtain position-dependent transmission spectra of

SAWs traversing the interface, we normalize the Fourier
spectra at each position by the average Fourier spectra of
the incident SAW (averaged over all positions in the blank
region). Figure 2(a) shows themeasured transmission spectra
as a function of distance from the interface. Three distinct
attenuation maxima are evident, corresponding to the iden-
tified dips in Fig. 1(e).We interpret the measured attenuation
maxima as being caused by the interaction of SAWs with
contact resonances of the microsphere monolayer, as
described by the recently developed model of Ref. [14].
In this model, the microspheres are considered as rigid
bodies, and the sphere-substrate and sphere-sphere contacts
are represented as normal and shear springs, as is shown in
Fig. 1(f). This model predicts three collective vibrational
modes of the monolayer involving vertical, horizontal, and
rotational motion of spheres in the sagittal plane.
At long wavelengths (compared to the particle spacing),

one of the modes is purely vertical, with a frequency
given by
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FIG. 1. Overview of the experiment. (a) Microscope image of
the interface between the monolayer and blank sample regions.
The scale bar is 10 μm. (b) Schematic of the laser ultrasonic
experimental setup. Normalized signal measured in the (c) blank
region and (d) 132 μm inside the monolayer region. (e) Normal-
ized Fourier spectra of the signals in (c) and (d) using the same
colors. The red spectrum corresponds to a signal measured
400 μm inside the monolayer region. The vertical dashed lines
denote the identified contact resonance frequencies. (f) Schematic
of the dynamical model.
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where m ¼ ρπD3=6 is the microsphere mass, KN is the
particle-substrate normal stiffness, KS is the particle-
substrate shear stiffness, GS is the interparticle shear
stiffness, and γ ¼ GS=KS. The interparticle normal contact
stiffness GN does not affect these resonances at long
wavelengths. The frequency fRH corresponds to the pre-
dominantly rotational mode and is always higher than the
frequency of the predominantly horizontal mode fHR. If the
monolayer is placed on an elastic substrate, all three modes
are predicted to interact with SAWs [14]. In the absence of
dissipation, this interaction results in the hybridization and
avoided crossing of the Rayleigh SAW with the contact
resonances. In the presence of dissipation, avoided crossing
may or may not take place, but one would invariably expect
a peak in attenuation at the contact resonance frequency
[23]. As can be seen from Eqs. (1) and (2), fN is determined
solely by the particle-substrate contact, whereas fRH and
fHR are affected by both contacts. Hence, if we increase
the interparticle contact stiffness, only fRH and fHR are
expected to increase.
To test the model and verify the nature of the observed

contact resonances, we coat the microsphere monolayer
with a thin aluminum layer using electron beam evapora-
tion, which stiffens the interparticle contact without affect-
ing the particle-substrate contact [18]. Figures 2(b) and 2(c)
show transmission spectra for the samples coated with
aluminum. The highest and the lowest attenuation maxima
shift upwards upon the deposition of the aluminum, while
the middle maximum remains nearly unaffected. The
relatively small downshift of the middle resonance, which
is approximately consistent with the predicted frequency
downshift of ∼4% due to extra mass loading, confirms our
assignment of the middle resonance to fN . In all cases, the
middle zone has the largest attenuation, indicating stronger
coupling of this resonance to the propagating SAWs.
For further confirmation of the assignment of the

resonances, we conduct a separate experiment on the

sample coated with 40 nm of aluminum, wherein a pump
beam entering through the substrate is focused to a large
diameter (240 μm at 1=e2 intensity level) spot. In this
configuration, thermal expansion of the aluminum layer
excites the vertical contact resonance of the spheres
directly, while horizontal-rotational resonances are not
excited because of symmetry constraints. The displacement
of the spheres is measured with a grating interferometer
[24], which is also only sensitive to vertical motion. The
measured signal shown in Fig. 3(b) contains oscillations at
a frequency of ∼100 MHz, as can be seen from the Fourier
spectrum in Fig. 3(c), thus confirming the middle resonance
in Figs. 2(a)–2(c) as the vertical mode.
We compare the frequencies of the observed attenuation

maxima shown in Fig. 2 with those predicted by Eqs. (1) and
(2). While the equations have three unknown parameters
(KN ,KS, andGS), we relateKS toKN via the Hertz-Mindlin
contact model [25], which leaves two independent
parameters. In the Hertz-Mindlin contact model, assuming
a no-slip condition at the contact, the normal stiffness
for a given contact is related to the shear stiffness, such
that KS=KN¼4G"=E", where E"¼½ð1−ν21Þ=E1þð1−
ν22Þ=E2'−1 is the effective Young’s modulus of the contact
and G" ¼ ½ð2 − ν1Þ=G1 þ ð2 − ν2Þ=G2'−1 is the effective
shear modulus, whereE1 andG1 are the moduli for the silica

FIG. 2. (a)–(c) Transmission spectra for SAWs propagating across the interface between the blank and monolayer regions. The color
bar denotes the magnitude of the transmission coefficient. The horizontal dashed lines denote the identified contact resonance
frequencies for the uncoated monolayer. The short horizontal lines on the right of the panels are the fitted contact resonance frequencies.
Position denotes the distance from the interface. (a) Uncoated microsphere monolayer. (b) 20 nm of aluminum coating. (c) 40 nm of
aluminum coating.

FIG. 3. (a) Schematic of the experiment with large spot
excitation and grating interferometer detection. (b) Normalized
signal measured with the interferometer. (c) Fourier spectrum of
the signal in (b).
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3. Hiraiwa, M., Stossel, M., Wang, J., and Boechler, N., “Laser-induced spallation of 
microsphere monolayers”, Langmuir, 32, 7730 (2016) 

 
In this work, we experimentally demonstrated a novel fracture morphology that occurs during the 
laser-induced spallation of 2D microscale granular crystals. This was an important first step 
towards characterizing highly nonlinear wave (or shock) propagation via high-amplitude laser 
ultrasonics, and could be conducted in parallel, as our 3D microscale granular crystal 
manufacturing capabilities were being advanced. An image of the experimental setup and 
delamination morphology is shown in Figs. 3 and 4 below (respectively).  

 

 
Figure 3: (a) Schematic of the sample and the laser-induced spallation setup. (b) SEM image of an untested 
monolayer. (c) Measured surface displacement (black solid curve) and calculated surface acceleration (red 
dashed curve) for a pump energy of 32 mJ. The marker indicates the identified point of maximum tensile 
force at the microsphere−substrate contact. 

 

with an estimated diameter of approximately 30 μm (at the 1/e2

intensity level). Interferometer signals are measured with a photo-
detector of 300 ps rise time (Electro-Optics Technology, model ET-
2030) and digitized on a 2.5 GHz oscilloscope (Tektronix DPO
7245C) at a sample rate of 20 Gsample/s. Surface displacements are
obtained from the measured signal via the interference equation.13

■ RESULTS AND DISCUSSION
Figure 1c shows an example of the measured surface
displacements induced by a 32 mJ pump pulse, for a case in
which spallation occurred. We observe the arrival of an acoustic
pulse of greater than 40 ns duration traveling at the longitudinal
sound speed in the glass. We obtain the acceleration of the
substrate by numerically differentiating the measured substrate
displacement twice, and applying numerical smoothing to the
photodetector output, displacement, velocity, and acceleration
signals.13 An example of such an acceleration profile,

corresponding to the plotted displacement signal, is also
shown in Figure 1c.
To calculate the force acting at the particle−substrate

contact, we employ a simple model that accounts for the
inertia of the microspheres and considers the microspheres to
be rigid bodies that follow the substrate surface motion until
detachment.9 We calculate the force applied to the contact as F
= ma, where m is the microsphere mass, calculated using a
density provided by the manufacturer (Corpuscular, Inc.) of
1.06 g/cm3, and a is the measured substrate acceleration. This
type of model is valid when the pulse duration is significantly
longer than the period of the microsphere contact resonance (a
vibrational mode where the microsphere moves like a rigid
body, but has localized deformation around the point of contact
that acts as a spring14). If the maximum tensile force induced at
the contact exceeds the adhesive force, microsphere detach-
ment occurs.
To identify the threshold at which spallation occurs, and thus

the microsphere−substrate adhesive force, we make measure-
ments over a range of pump pulse energies and search each
measurement location for potential monolayer detachment
using an optical microscope. For each pump energy, we observe
a significant distribution in the measured surface acceleration,
which we attribute to variations in the pump laser intensity and
sample variations, such as the local thickness or consistency of
the water glass layer. We identify a pump pulse energy of 32 mJ
as an approximate threshold for which spallation occurs.
Monolayer detachment is not consistently observed for pump
pulse energies below 32 mJ, while the opposite is true for
energies above 32 mJ. For a pump pulse energy of 32 mJ,
spallation of the monolayer was observed for 5 out of the 10
tests conducted. By taking the average maximum deceleration
measured for the 10 tests with 32 mJ pump pulse energy, and
applying the inertial microsphere model, we obtain an
estimated adhesion force of Fspall = 0.22 ± 0.07 μN. The
magnitude of the uncertainty of the estimated adhesive force is
the sum of the standard deviation of the identified maximum
deceleration, and the average of the difference between the
smoothed and unsmoothed acceleration signals at the identified
point of maximum deceleration, multiplied by the microsphere
mass, for the 10 measurements.13 As such, we note that the
amplitude of the error bars do not account for inaccuracies that
may result from fast changes in the substrate motion and the
use of the inertial model, for instance, in the case of resonant
particle removal where the rigid body assumption no longer
holds.

Figure 1. (a) Schematic of the sample and the laser-induced spallation
setup. (b) SEM image of an untested monolayer. (c) Measured surface
displacement (black solid curve) and calculated surface acceleration
(red dashed curve) for a pump energy of 32 mJ. The marker indicates
the identified point of maximum tensile force at the microsphere−
substrate contact.

Figure 2. SEM images of a monolayer after excitation, which had surface acceleration (a) below, (b) just above, and (c) significantly above the
spallation threshold.
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Figure 4: SEM images of a monolayer after excitation, which had surface acceleration (a) below, (b) just 
above, and (c) significantly above the spallation threshold. 
 

 
4. Geslain, A., Raetz, S., Hiraiwa, M., Abi Ghanem, M., Wallen, S. P., Khanolkar, A., Boechler, 

N., Laurent, J., Prada, C., Duclos, A., Leclaire, P., Groby, J.-P., “Spatial Laplace transform for 
complex wavenumber recovery and its application in the analysis of attenuation in acoustic 
systems”, Journal of Applied Physics, 120, 135107 (2016) 
 

In this work, using our experimental data from Ref. [Hiraiwa, M. et al., Phys. Rev. Lett., 116, 
198001 (2016)], we worked with collaborators developing a method to analyze the dispersion of 
acoustic waves wherein significant attenuation is present.  
 
 
5. Wallen, S. P., and Boechler, N., “Shear to longitudinal mode conversion via second harmonic 

generation in a two-dimensional microscale granular crystal”, Wave Motion, 68, 22 (2017)  
 
Extending the model we developed in Ref. [Wallen, S. et al., Phys. Rev. B, 92, 174303 (2015)], 
we studied shear-to-longitudinal mode conversion in a 2D microscale granular crystal model. This 
model formed the basis for our 2D microscale granular crystal computational model developed 
later, and shown in Ref. [Wallen, S., PhD Thesis, University of Washington (2017)]. The model 
contained two-translational and one rotational degree of freedom per particle in the hexagonally-
close-packed 2D array, as well as nonlinear shear and normal interparticle contact stiffnesses. We 
observed weakly nonlinear shear-to-longitudinal mode conversion, where the conversion exhibited 
resonant and anti-resonant wavenumbers. Anti-resonant wavenumbers were found not to exist 
without the presence of rotations. A schematic of the model is shown in Fig. 5, and the shear-to-
longitudinal wave conversion efficiency is shown in Fig. 6. 
 

with an estimated diameter of approximately 30 μm (at the 1/e2

intensity level). Interferometer signals are measured with a photo-
detector of 300 ps rise time (Electro-Optics Technology, model ET-
2030) and digitized on a 2.5 GHz oscilloscope (Tektronix DPO
7245C) at a sample rate of 20 Gsample/s. Surface displacements are
obtained from the measured signal via the interference equation.13

■ RESULTS AND DISCUSSION
Figure 1c shows an example of the measured surface
displacements induced by a 32 mJ pump pulse, for a case in
which spallation occurred. We observe the arrival of an acoustic
pulse of greater than 40 ns duration traveling at the longitudinal
sound speed in the glass. We obtain the acceleration of the
substrate by numerically differentiating the measured substrate
displacement twice, and applying numerical smoothing to the
photodetector output, displacement, velocity, and acceleration
signals.13 An example of such an acceleration profile,

corresponding to the plotted displacement signal, is also
shown in Figure 1c.
To calculate the force acting at the particle−substrate

contact, we employ a simple model that accounts for the
inertia of the microspheres and considers the microspheres to
be rigid bodies that follow the substrate surface motion until
detachment.9 We calculate the force applied to the contact as F
= ma, where m is the microsphere mass, calculated using a
density provided by the manufacturer (Corpuscular, Inc.) of
1.06 g/cm3, and a is the measured substrate acceleration. This
type of model is valid when the pulse duration is significantly
longer than the period of the microsphere contact resonance (a
vibrational mode where the microsphere moves like a rigid
body, but has localized deformation around the point of contact
that acts as a spring14). If the maximum tensile force induced at
the contact exceeds the adhesive force, microsphere detach-
ment occurs.
To identify the threshold at which spallation occurs, and thus

the microsphere−substrate adhesive force, we make measure-
ments over a range of pump pulse energies and search each
measurement location for potential monolayer detachment
using an optical microscope. For each pump energy, we observe
a significant distribution in the measured surface acceleration,
which we attribute to variations in the pump laser intensity and
sample variations, such as the local thickness or consistency of
the water glass layer. We identify a pump pulse energy of 32 mJ
as an approximate threshold for which spallation occurs.
Monolayer detachment is not consistently observed for pump
pulse energies below 32 mJ, while the opposite is true for
energies above 32 mJ. For a pump pulse energy of 32 mJ,
spallation of the monolayer was observed for 5 out of the 10
tests conducted. By taking the average maximum deceleration
measured for the 10 tests with 32 mJ pump pulse energy, and
applying the inertial microsphere model, we obtain an
estimated adhesion force of Fspall = 0.22 ± 0.07 μN. The
magnitude of the uncertainty of the estimated adhesive force is
the sum of the standard deviation of the identified maximum
deceleration, and the average of the difference between the
smoothed and unsmoothed acceleration signals at the identified
point of maximum deceleration, multiplied by the microsphere
mass, for the 10 measurements.13 As such, we note that the
amplitude of the error bars do not account for inaccuracies that
may result from fast changes in the substrate motion and the
use of the inertial model, for instance, in the case of resonant
particle removal where the rigid body assumption no longer
holds.

Figure 1. (a) Schematic of the sample and the laser-induced spallation
setup. (b) SEM image of an untested monolayer. (c) Measured surface
displacement (black solid curve) and calculated surface acceleration
(red dashed curve) for a pump energy of 32 mJ. The marker indicates
the identified point of maximum tensile force at the microsphere−
substrate contact.

Figure 2. SEM images of a monolayer after excitation, which had surface acceleration (a) below, (b) just above, and (c) significantly above the
spallation threshold.
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Figure 5: (a) Schematic of the model of a 2D, hexagonally close-packed granular membrane. The black 
arrow indicates the direction of wave propagation. (b–d) Illustrations of longitudinal, shear, and rotational 
motions activating normal and shear nonlinear contact springs. 
 
 

 
Figure 6: (a) Dispersion of plane waves traveling in the direction indicated in Fig. 1(a). Longitudinal 
(black), TR (blue), and RT (red) modes are denoted by the solid lines. The blue dashed curve is a frequency- 
and wave number-doubled representation of the TR mode, which is shown to intersect with the L mode. 
The black dash-dotted curve defines the antiresonance condition, wherein its intersection with the TR 
branch denotes the antiresonance frequency and wavenumber. (b, c) Amplitudes of second harmonic 
longitudinal waves (black solid curves) generated from fundamental waves in the RT and TR modes, 
respectively. Blue and red dashed curves show the transverse and rotational displacements, normalized such 
that the sum of squares is unity. The second harmonic amplitudes are normalized by the small parameter ε.  
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Fig. 1. (a) Schematic of the model of a 2D, hexagonally close-packed granular membrane. The black arrow indicates the direction of wave propagation.
(b–d) Illustrations of longitudinal, shear, and rotational motions activating normal and shear nonlinear contact springs.

G, and Poisson’s ratio ⌫. As shown in Fig. 1(b)–(d), the normal springs are activated by axial sphere displacements, while the
shear springs can be activated by both transverse displacements and rotations.

We expand the nonlinear spring forces given by Eqs. (4) and (5) in Taylor series up to quadratic order as
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where A = (4/3)E⇤R1/2
c and B = 8G⇤R1/2

c . We name the linear and quadratic stiffnesses k1 = (3/2)A�
1/2
0 , g1 = B�1/2

0 ,
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�1/2
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0 , and define the nonlinearity parameter ✏ = (3/2)D0(g2 + 3k2)/(g1 + 3k1).
We restrict our analysis to planewaves traveling in the positive y direction; hence, the equations of motion take the form

of an effective 1D latticewith three degrees of freedom, andwe adopt the single index n, where n = k. We also transform the
system to dimensionless variables p = v/D0, q = �u/D0, � = R✓/D0, where D0 is a characteristic displacement amplitude,
and ⌧ = t!L, where !L = 2

p
(g1 + 3k1)/(2m) is the cutoff frequency for longitudinal waves in the linearized system.

Finally, the equations of motion are reduced to a simpler form, which is valid for small nonlinearity (|✏| ⌧ 1):
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where the (·)00 notation denotes the second derivative with respect to ⌧ , the parameters µ1 = (3g1 + k1)/(g1 + 3k1),
µ2 = g1/(g1+3k1),↵ = (g2�k2)/(g2+3k2),� = g2/(g2+3k2), � = (g2+k2)/(g2+3k2), and Ĩ = I/(mR2), and the operators
D1(·)n = (·)n+1�(·)n�1,D2(·)n = (·)n+1�2(·)n+(·)n�1,D3(·)n = (·)n+1+(·)n�1, andD4(·)n = (·)n+1+2(·)n+(·)n�1.We
note that the rescaled variables pn and qn represent displacements parallel and transverse to the direction of propagation,
respectively.

In all numerical results that follow, we use, as a case study, the geometric andmaterial properties of 1µm silica spheres:
elastic constants E = 73 GPa and ⌫ = 0.17 [32], and work of adhesion w = 0.063 J/m2 [30].

2.2. Quasi-linear regime

In the limit of vanishing amplitude, the dynamics are linear, and themedium behaves as the 2D hexagonal lattice studied
in [13] (neglecting rotational springs). Using Eqs. (8)–(10) with ✏ = 0, we derive the dispersion relation, and find three
modes, as shown in Fig. 2(a): one that involves only longitudinalmotion, and two involving coupled transverse and rotational
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Fig. 2. (a) Dispersion of plane waves traveling in the direction indicated in Fig. 1(a). Longitudinal (black), TR (blue), and RT (red) modes are denoted by the
solid lines. The blue dashed curve is a frequency- and wave number-doubled representation of the TR mode, which is shown to intersect with the L mode.
The black dash-dotted curve defines the antiresonance condition, wherein its intersection with the TR branch denotes the antiresonance frequency and
wavenumber. (b, c) Amplitudes of second harmonic longitudinal waves (black solid curves) generated from fundamental waves in the RT and TR modes,
respectively. Blue and red dashed curves show the transverse and rotational displacements, normalized such that the sum of squares is unity. The second
harmonic amplitudes are normalized by the small parameter ✏. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

motions [13,15]. The dispersion equations are:

⌦ = sin
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det(M) = 0, (12)

where ⇠ and ⌦ are the dimensionless wave number and angular frequency (normalized to the lattice spacing in the y
direction and longitudinal mode cutoff frequency [33], respectively), and the transverse–rotational dispersion matrix M
is given by
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Following conventions used in previous works [16,17], we denote the longitudinal mode ‘‘L’’, and the lower and
upper transverse–rotational modes as ‘‘TR’’ and ‘‘RT’’, respectively, where the first letter corresponds to the predominant
displacement of each mode. While models for 3D hexagonally close-packed granular crystals [16], which include shear
interactions and particle rotations, predict faster wave speeds, due to additional interparticle coupling terms, and additional
planewavemodes due to periodically alternating layers (including purely rotationalmodes), we suggest that ourmodelmay
also be utilized to gain qualitative understanding of certain 3D scenarios. This is due to the similarity of acoustic-type L and
TR modes, as well as one of the optical-type RT modes, present in both 2D and 3D systems.

2.3. Weakly-nonlinear regime: second harmonic generation and nonlinear mode conversion

For |✏| ⌧ 1, the nonlinear response can be predicted using a successive-approximations approach, in the manner of
Refs. [22,23]. Using this approach, we represent the displacements as power series in ✏:

pn(⌧ ) = P0,n(⌧ ) + ✏P1,n(⌧ ) + ✏2P2,n(⌧ ) + · · · (14)

qn(⌧ ) = Q0,n(⌧ ) + ✏Q1,n(⌧ ) + ✏2Q2,n(⌧ ) + · · · (15)

�n(⌧ ) = �0,n(⌧ ) + ✏�1,n(⌧ ) + ✏2�2,n(⌧ ) + · · · , (16)

and explore second harmonic generation in the granular medium, separately considering the cases of TR/RT and L modes
as FF waves. While previous works employing this approach have focused on finite-length and semi-infinite lattices
[22,23] with a harmonic boundary condition, we consider an infinite lattice, and use a single plane wave of infinite extent
that travels in the positive-n direction as the initial condition; that is,

pn(0) = P0,n(0) = P̃0ei(⇠n), (17)

p0
n(0) = P 0

0,n(0) = �i⌦ P̃0ei(⇠n), (18)
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In this work, we extended our model of Ref. [Wallen, S. et al., Phys. Rev. B, 92, 174303 (2015)] 
to include nonlinear particle-substrate interactions, while simplifying our model by removing the 
interparticle interactions and treating the surface acoustic waves propagating in the substrate as an 
effective 1D wave. In this system, we studied discrete breathers (DBs, a type of nonlinear intrinsic 
localized mode). This served as a stepping stone to study other types of nonlinear intrinsic localized 
modes (like solitary waves), which we expected may exist in higher dimensional systems (such as 
Ref. [Wallen, S. P. et al., Wave Motion, 68, 22 (2017)]). After predicting theoretically the existence 
of DBs, we used numerical continuation to compute a family of DBs localized around one lattice 
site. We then analyzed the frequency-amplitude dependence of a DB near the upper band gap edge, 
and demonstrated the evolution of their dynamics in dissipative scenarios. Figure 7 shows a 
schematic of the model, and Fig. 8 and Fig. 9 shows the simulated dynamical evolution of sample 
breathers and linear eigenmodes at varied amplitudes in non-dissipative and dissipative scenarios, 
respectively.  
 

  
Figure 7: (a) Granular metamaterial composed of a monolayer of microspheres on an elastic half space. (b) 
Schematic of the 1D, discrete granular metamaterial model. 
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of microspheres adhered to a thick elastic substrate. The
two independent model parameters are fit to an experimental
system used in past work [17] so as to provide realistic
parameter values to the model wherever possible. Beginning
with the Hamiltonian version of our model, we predict the
existence of DBs in the extreme limits of vanishing and
strong intersite coupling, numerically compute a family of
DBs connecting the two regimes, and examine the frequency-
energy dependence of the DBs along the relevant branch
of solutions. We then study the formation and evolution of
the DBs via direct numerical simulations, considering both
energy-conserving and dissipative cases, including within
contexts that may be relevant to future experimental studies.
While these results are presented in the context of a specific
microscale system, we note that our model is given in
dimensionless form such that the results presented herein can
be applied and extended to related systems via a suitable
choice of parameters (for example, one could create a model
macroscale, locally resonant chain similar to the one studied
in Ref. [10], but instead use linear springs to connect the main
chain and Hertzian contacts in the internal resonators).

II. MODEL

A. Motivating physical scenario

Our chosen motivating physical scenario is shown in the
schematic of Fig. 1(a), which describes sagittally polarized,
plane SAWs traveling along the surface of a thick substrate.
Rayleigh SAWs are surface localized elastic waves that travel
along a solid surface (represented as an elastic half space in
theoretical descriptions) and have both in- and out-of-plane
(with respect to the sample surface plane) displacement com-
ponents [36]. Previous studies on monolayers of microspheres
adhered to thick substrates have shown that Rayleigh SAWs in
the substrate hybridize with, and excite, microsphere contact
resonances having translational out-of-plane [17] and coupled
in-plane translational and rotational motion [18,37]. The
hybridization with each of these resonances leads to classic
avoided crossing phenomena [38] characteristic of locally
resonant metamaterials and mass-in-mass chains. For the

(a)

(b)

Direction of Propagation

FIG. 1. (a) Granular metamaterial composed of a monolayer of
microspheres on an elastic half space. (b) Schematic of the 1D,
discrete granular metamaterial model.

analysis herein, we focus on the avoided crossing with the con-
tact resonance having solely out-of-plane motion [17,18,37].
Because a plane SAW is confined to the surface of the medium,
it can be considered as traveling in one dimension, and as
such, we represent the portion of the substrate through which
the SAW is traveling as an infinite lattice of lumped masses
m1 connected by springs with linear stiffness k1. Because
the contact-based modes of the microspheres [17,18,39,40]
have frequencies much lower than the intrinsic spheroidal
vibrational frequencies of the isolated spheres [41] (e.g. for
the microspheres studied in Ref. [17], the out-of-plane contact
resonance was measured to be 215 MHz, while the spheroidal
resonance was predicted to be 2.9 GHz), we model the
microspheres as point masses (of mass m2) connected to the
main chain by nonlinear springs modeling Hertzian contact
with a static adhesive load. The resulting discrete model of our
locally resonant granular metamaterial is shown in Fig. 1(b).
As can be seen in Fig. 1(b), the chain elements are both
drawn such that their motion is in the horizontal direction.
We note that this depiction simply represents the coupling
between a substrate (or chain) and a resonator, each having
a single degree of freedom with the same, albeit arbitrary,
direction of motion. Within the context of the previously
described physical scenario, this degree of freedom represents
out-of-plane motion of the substrate and the microsphere, as
the SAWs propagate along the sample surface indexed by j .

B. Hamiltonian 1D discrete model

In dimensionless form, the associated Hamiltonian equa-
tions of motion of the system shown in Fig. 1(b) read

Müj + K(−uj+1 + 2uj − uj−1) + 2
3 ([uj − vj + 1]3/2

+ − 1)

= 0 (1)

v̈j − 2
3 ([uj − vj + 1]3/2

+ − 1) = 0, (2)

where uj and vj are, respectively, the displacements from
equilibrium of the main chain and resonators, M = m1

m2
, K =

k1
(3/2)A

√
δ0

characterizes the relative strength of the elastic and
Hertzian terms, where the Hertzian coefficient A depends
on the geometry and material properties of the particles in
contact [9], and δ0 is the static overlap induced by the adhesive
force at equilibrium. The dimensionless time variable τ is
defined in terms of the physical time t by τ = ωhs

0 t , where
ωhs

0 =
√

(3/2)A
√

δ0/m2 is the resonant frequency of the local
oscillator on the elastic half space (measured as 215 MHz for
the system in Ref. [17]), and the displacements uj and vj are
normalized to δ0. Here [ ]+ indicates that the contact force
vanishes for resonators that lose contact with the main chain,
i.e., when the relative displacement vj − uj exceeds the static
overlap. The Hamiltonian (energy) corresponding to Eqs. (1)
and (2) is

H =
∑

j

[
M

u̇j
2

2
+ v̇j

2

2
+ K

2

(
u2

j+1 − 2uj+1uj + u2
j

)

+ 2
3

(
2
5

[uj − vj + 1]5/2
+ − (uj − vj )

)
− 4

15

]
. (3)
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Figure 8: Spatiotemporal plots of the relative displacements of the simulated lattice for high- and low-
amplitude excitations, using eigenmode and DB profiles as initial shapes. Side panels contain spatial 
profiles at the final time step, normalized to the maximum value. (a) Eigenmode shape with low amplitude 
(approximate periodic solution). (b) DB shape rescaled to low amplitude. (c) Eigenmode shape rescaled to 
high amplitude. (d) DB shape with high amplitude (exact periodic solution). 
 

 
Figure 9: Spatiotemporal plots of the relative displacements of the simulated lattice for several damping 
coefficients. Left and right panels correspond to the eigenmode (rescaled to high amplitude) and DB 
excitations.  
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FIG. 7. Spatiotemporal plots of the relative displacements
vj − uj of the simulated lattice for high- and low-amplitude ex-
citations, using eigenmode and DB profiles as initial shapes. Side
panels contain spatial profiles of vj − uj at the final time step,
normalized to the maximum value. (a) Eigenmode shape with low
amplitude (approximate periodic solution). (b) DB shape rescaled to
low amplitude. (c) Eigenmode shape rescaled to high amplitude. (d)
DB shape with high amplitude (exact periodic solution).

V. NUMERICAL SIMULATIONS

A. Hamiltonian case

To explore the dynamics of DBs in our model, we simulate
a lattice with 201 unit cells via direct numerical integration
of the equations of motion given by Eqs. (1) and (2). We
consider initial conditions in two shapes: the profile of the DB
with frequency ω̃b = 1.01 and maximum Floquet multiplier
magnitude max(|λi |) = 1.001 [as shown in Fig. 3(b) and
denoted by the star in Fig. 5(a)], as well as the profile of
the seeding eigenmode used in Sec. IV B.

For each of these shapes, we scale the amplitude in two
ways. In the case of the DB shape, we consider the exact
breather shape computed via continuation (high), and then
consider a rescaled DB shape, such that the initial displacement
v101 of the local resonator at the central lattice site is equal to
one-hundredth of that of the exact solution (low). Similarly,
we consider the shape of the seeding eigenmode, scaled
such that the initial displacement v101 of the local resonator
at the central lattice site is matched to the low-amplitude,
rescaled DB shape (low), and then finally consider a rescaled
eigenmode shape, such that the initial displacement v101 of the
local resonator at the central lattice site is equal to that of the
exact DB solution (high). Thus, there are four sets of initial
conditions: the DB shape with high amplitude [Fig. 7(d)],
which results in an exact periodic solution of Eqs. (1) and (2);

the eigenmode shape with low amplitude [Fig. 7(a)], which
closely approximates a periodic solution; the DB shape
rescaled to low amplitude [Fig. 7(b)], which is not a true
periodic solution; and the eigenmode shape rescaled to high
amplitude [Fig. 7(c)], which also is not a periodic solution.
The duration of all simulations is 200Tb, where Tb = 2π/ω̃b

is the period of the exact DB solution.
Spatiotemporal plots of the relative displacements vj − uj

of the simulated lattice, using the low- and high-amplitude
DB profiles as initial conditions (i.e., the rescaled DB and
exact solution), are shown in Figs. 7(b) and 7(d), respectively,
and the corresponding cases using the eigenmode shape (i.e.,
the approximate periodic solution and corresponding rescaled
profile) are shown in Figs. 7(a) and 7(c). As shown in
Figs. 7(b) and 7(d), the breather shape spreads out from
the central lattice sites at low amplitude, but remains highly
localized when initiated with the energy of the exact solution.
Conversely, as shown in Figs. 7(a) and 7(c), the eigenmode
shape shows no noticeable distortion at low amplitude, but
self-localizes and eventually breaks up at high amplitude. In
this breakup, many smaller DBs are formed, a process arguably
reminiscent of multiple filamentation in nonlinear optics [51],
which also move in space. Thus, in future experiments on
this system (e.g., using photoacoustic techniques, as in [17]),
DBs could be detected by impulsively exciting a large spot on
the substrate surface and observing the formation of smaller,
highly localized wave packets.

B. Effects of energy leakage

While we have considered a Hamiltonian model in this
work as a foundation, energy losses may play an important
role in the dynamics. The effects of losses have previously
been examined in macroscopic granular systems [8,30,52–
54] and also in the study of the attenuation of Rayleigh
waves by randomly distributed surface resonators [44,55].
In this section, we conduct a preliminary study of energy
losses on the DB dynamics, focusing on losses caused by
radiation of energy into the bulk of the material, which
is incurred by the long-wavelength leaky modes satisfying
ω > kcT considered in previous sections. We first estimate
the strength of dissipation by considering the rate of energy
leakage into the substrate in the system studied in Ref. [17],
in the long-wavelength limit. For a plane wave with real
wave number k and complex frequency ω + iη, the amplitude
decays in time proportionally to e−ηt ; thus, the rate of decay
is found by solving the dispersion relation for this complex
frequency, with wave number k = 0. The dispersion relation
(reproduced from Ref. [17] and substituting our own variable
symbols) is given by

(
ω2

(
ωhs

0

)2 − 1

)[(
2 − ω2

k2c2
T

)2

− 4
(

1 − ω2

k2c2
L

)1/2(
1 − ω2

k2c2
T

)1/2
]

= m2

Acρ1

ω4
(
1 − ω2

k2c2
L

)1/2

k3c4
T

, (19)

where m2 and ωhs
0 are the mass and undamped natural

frequency of the local resonator, respectively; Ac =
√

3/2D2

is the area of a unit cell containing a single microsphere of
diameter D; ρ1 is the density of the substrate; and cL and
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FIG. 8. Schematic of a single unit cell of the damped mass-in-
mass lattice, with dimensionless parameters.

cT are the longitudinal and transverse bulk sound speeds of
the substrate, respectively. We find a decay rate at k = 0 of
η0 = m2(ωhs

0 )2/2Acρ1cL.
To facilitate comparison of the decay rate with other

systems, we define the normalized decay rate η̃ = 2πη/ω,
where 1/η̃ can be interpreted as the number of oscillation
cycles needed to reduce the amplitude by a factor of e (at some
characteristic frequency ω). For the material and geometric
properties considered in this work, we estimate the normalized
decay rate to be η̃0 = 2πη0/ω

hs
0 ≈ 0.4.

Effects related to disorder, which have been discussed [17]
and studied [44,55] in prior works on interactions between
Rayleigh waves and surface oscillators, are also a potential
major source of loss; however, in this study, we consider the
possibility of highly ordered systems. In addition to radiative
and disorder-related sources of loss, other types of dissipation
will be present, but we expect them to be relatively small.
For example, acoustic absorption in glass is about 0.5 dB/cm
at frequencies near 200 MHz and room temperature [56];
assuming a Rayleigh wave with frequency ωhs

0 and velocity
of 3409 m/s [17], this results in η̃ = 9 × 10−5. Aerodynamic
drag in air (modeled by Stokes’ Law, assuming 1 µm
diameter spheres [57]) results in η̃ = 3 × 10−4. Finally, plastic
deformation due to contact forces, if present, will not cause
significant hysteresis during the elastic loading-unloading
cycles.

To account for energy losses, in a way that is consistent with
radiation into the bulk in the continuous granular metamaterial
model, we modify our conservative system of equations (1)
and (2) by placing a linear damper in each local resonator (as
shown in Fig. 8) with a damping coefficient defined as % =
η̃/π such that the exponential decay in time is proportional
to e−η̃/(2π)τ and %0 = η̃0/π . With the damping included, the
equations of motion become

Müj + K(−uj+1 + 2uj − uj−1)

+ 2
3 ([uj − vj + 1]3/2

+ − 1) + %(u̇j − v̇j ) = 0, (20)

v̈j − 2
3 ([uj − vj + 1]3/2

+ − 1) − %(u̇j − v̇j ) = 0. (21)

Using Eqs. (20) and (21), we repeat simulations of the 201-cell
mass-in-mass chain, using the high-amplitude eigenmode and
exact DB shapes [as in Figs. 7(c) and 7(d)] as initial conditions.
The case % = %0 is shown in Figs. 9(a) and 9(b), where it can
be seen that the oscillations die out after only a few oscillation
cycles; this estimate indicates that the leakage of energy
into the substrate may prohibit the observation of a standing
localized mode in experiments on the particular system of

FIG. 9. Spatiotemporal plots of the relative displacements
vj − uj of the simulated lattice for several damping coefficients:
(a) and (b) % = %0, (c) and (d) % = %0/4, (e) and (f) % = %0/16,
and (g) and (h) % = %0/100. Left and right panels correspond to the
eigenmode (rescaled to high amplitude) and DB excitations used in
Figs. 7(c) and 7(d).

Ref. [17], without adding further energy into the system to
support the DB structure. However, this does not necessarily
prohibit localized structures stemming from nonleaky modes.
In this system, this corresponds to wave-number–frequency
pairs below the line with slope cT in Fig. 2. Such solutions
would be traveling breathers and can be easily obtained from
our analysis of Sec. III B by choosing a nonzero wave number
in Eq. (16). A detailed investigation of such solutions would
be a topic for future study.

In addition, while the attenuation due to energy leakage is
significant for the monolayer of Ref. [17], it is straightforward
to modify the system to reduce these losses by orders of
magnitude; for example, if the spheres were instead placed
with a spacing of 10D, the unit cell area Ac would increase
by a factor of 100, causing a proportional reduction in the
damping coefficient %. As shown in Figs. 9(g) and 9(h),
for the case % = %0/100, the dynamics of the Hamiltonian
model are retained for roughly half the simulation time (on
the order of 100 oscillations) and localization around the
central lattice site persists. Two intermediate cases are shown
in Fig. 9(c) and 9(d) and Figs. 9(e) and 9(f), corresponding
to damping coefficients % = %0/4 (sphere spacing 2D) and
% = %0/16 (sphere spacing 4D), respectively. Very light
damping could also be achieved in systems with different
geometries, such as a thin substrate (e.g., the locally resonant
membrane of Ref. [19]) without altering the unit cell spacing,
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microscale granular media under compression”, Granular Matter, 19, 62 (2017) 
 
In this work, we studied the sound speed tunability with variation of static compression applied to, 
and wave amplitude in, a disordered monodisperse granular medium composed of 2 um silica 
particles. We were the first to demonstrate nonlinear effects (consistent with Hertzian models) in 
such a 3D monodisperse microscale granular medium.  We observed significant effects from the 
evaporative manufacturing process (pre- and post-collapse states in the medium). This was an 
important intermediary step to validate our process for characterizing laser-generated, nonlinear 
acoustic wave propagation in 3D microscale granular media, while we were advancing our 3D 
microscale granular crystal self-assembly manufacturing capabilities. Figure 10 shows an 
overview of the experiment. Figure 11 shows the difference in pulse propagation in a collapsed 
microscale granular medium as a result of increased static loading. Figure 12 shows the differences 
between the pre- and post-collapse states as a function of applied static load and acoustic wave 
amplitude.  
 

 
Figure 10: Overview of the experiment. (a) Schematic of the compression setup. (b) SEM image of the as-
deposited multilayer surface, prior to modification with the razor blade and application of compression. (c) 
Photograph of a post-collapse multilayer, taken at a 45 degree angle.  
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ticity near the contact [24], and increase the role of shear
interactions [23].

In this work, we investigate the dependence of acoustic
wave speeds and pulse rise times on applied dynamic and
uniaxial static loading for a disordered, multilayer aggregate
of 2 µm diameter silica microspheres, where the excita-
tion amplitudes are estimated to approach the level of the
adhesion- and external-load-induced static overlap between
the particles. The wave speed is determined from the time of
flight of a laser generated acoustic pulse traveling through
the multilayer. Two cases are considered: a “pre-collapse”
case, in which the as-fabricated particle network is mostly
retained, and a “post-collapse” case, where the particle net-
work has rearranged after the applied static compressive
stress was increased to a point where the multilayer col-
lapses. We find that these two cases exhibit distinct behaviors.
In the post-collapse case, we see a power law dependence
of the sound speed c on the static load F of approxi-
mately c ∝ F1/6, consistent with previous experimental
studies [3,10,11,13–15] on granular assemblies, theoreti-
cal models [3,7,8] based on Hertzian contact mechanics,
and studies of the contact- and breathing-mode dynamics
of isolated sub-micron spheres [25]. In the pre-collapse case,
we find an anomalous dependence of sound speed on static
load (where the sound speed increases much less than pre-
dicted by Hertz theory). Deviation from the Hertzian 1/6
power law dependence has been observed experimentally
in systems consisting of spheres with diameters of a few
hundred microns or greater [3,5,11,13] and also predicted
theoretically [8,12]. However, in contrast to our work, these
studies found a power law dependence with an exponent
greater than the Hertzian prediction (e.g. 1/4) and, in many
cases, the exponent was found to be static load dependent,
wherein the exponent transitioned from 1/4 to 1/6 as static
load increased [3,8,11–13]. In addition to the wave speed
dependence on static load, we observe that the rise time
of the first-arriving acoustic pulse decreases with increas-
ing applied static load for both cases. Finally, we study
the amplitude dependence of the wave speeds in both pre-
and post-collapse cases. We find the amplitude dependence
of wave speed depends on the level of static loading, and
whether the system is in the pre- or post-collapse state.
The dependence on amplitude and static load is found to be
in qualitative agreement with a one-dimensional (1D), dis-
crete element model (DEM) describing waves propagating
through a compressed chain of adhesive spheres, although the
observed differences between pre- and post-collapse states
are not captured.

(a)

(b) (c)

Fig. 1 [Color online] Overview of the experiment. a Schematic of
the compression setup. b SEM image of the as-deposited multilayer
surface, prior to modification with the razor blade and application of
compression. c Photograph of a post-collapse multilayer, taken at a 45◦

angle

2 Experimental setup

A schematic of the apparatus used for the experiments is
shown in Fig. 1a. The microsphere array is fabricated by
depositing a suspension of microspheres into a well, which
dries to form a multilayer microgranular adhesive network.
The microsphere suspension consists of silica spheres, with
D = 2 µm diameter, in water, and has a concentration of
25 mg/mL (purchased from Corpuscular Inc.). The micro-
sphere suspension is deposited on a 1.5 mm thick glass
microscope slide coated with a 100 nm thick aluminum (Al)
film (purchased from EMF Corp.), which serves as the sub-
strate. Sections of 180 µm thick glass coverslips are glued
onto the Al- coated side of the substrate, such that the arrange-
ment creates an approximately 5 mm by 5 mm square well
with a depth equal to the coverslip thickness. To ensure the
multilayer is thicker than the coverslip thickness, we use a
solution volume greater than the volume enclosed by the
coverslips, which we contain by adding a slab of 3 mm
thick polydimethylsiloxane (PDMS) on top of the coverslip
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Figure 11: (a,b) Representative measured signals for the post-collapse case using the low amplitude 
excitation. Black and red curves correspond to static loads of FR = 5.3 and FR = 36, where FR denotes the 
ratio of applied static load to adhesive force. Vertical solid and dashed lines denote the arrival times of the 
1L and 3L pulses, respectively, for curves of the same color (where L denotes the length of the sample). 
The vertical dotted line is the time of first pulse arrival, plus the estimated round trip time for acoustic 
pulses traveling in the glass substrates. (a) Extended time window for the signal measured at FR = 5.3. (b) 
Shortened time window, comparing the signals measured at static loads of FR = 5.3 and FR = 36.  
 

 
Figure 12: Percent increase in sound speed of high amplitude excitation, relative to low amplitude 
excitation, as a function of static load. The black circles represent the pre-collapse case and the red x’s 
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Fig. 6 [Color online] a, b Representative measured signals for the
post-collapse case using the low amplitude excitation. Black and red
curves correspond to static loads of Fmin (FR = 5.3) and F0 = 2.0 N
(FR = 36). Vertical solid and dashed lines denote the arrival times of
the 1L and 3L pulses, respectively, for curves of the same color. The
vertical dotted line is the time of first pulse arrival, plus the estimated
round trip time for acoustic pulses traveling in the glass substrates. a
Extended time window for the signal measured at Fmin. b Shortened
time window, comparing the signals measured at static loads of Fmin
and F0 = 2.0 N

amount during the application of the static load. However,
as can be seen in Fig. 5, by accounting for the change in
thickness using displacements obtained with the laser dis-
tance measurements, this results in a nearly constant sound
speed.

4.2 Post-collapse case

Representative time domain signals for the post-collapse case
are shown in Fig. 6 in the same manner as in Fig. 4. The signal
is noticeably different from the pre-collapse case, displaying
a sharp rise followed by a slow decay superimposed with
echoes, and a reduced 1L arrival time. The rise time has
also decreased by approximately 45%. These observations
(excepting the slower decay) are consistent with expectations
for a decrease in multilayer thickness, where the reduced
rise time is expected as a result of the decreased length for
scattering and dispersive effects to occur. An enlarged view
of the data in Fig. 6a is shown in Fig. 6b, superimposed
with the time domain signal at F0 = 2.0 N. Similar to the
pre-collapse case, the measured 1L arrival time decreases
when the static load is increased, and the 3L pulse arrives
approximately when it is expected based on the 1L transit
time. This alignment can be contrasted with the estimated

Fig. 7 [Color online] Dependence of sound speed CL (normalized to
the sound speedCL ,min at the static load Fmin) on normalized static load
FR , for the post-collapse case, plotted in logarithmic scale on both axes.
Circle markers correspond to microscale granular experiments, with the
colors denoting experiments performed at different positions on two
samples, as denoted in Appendix A. Error bars denote the difference
between normalized sound speeds calculated with the thresholds of
S/S0 = 0.1 or 0.9. Horizontal error is estimated to be 0.44 in terms of
normalized static load. The dashed black line is fitted to the data, and has
a slope of 0.16. Thedotted red linehas a slope of 1/6. Theblack triangles
denote sound speeds measured for a 270 µm thick PDMS sample as a
function of applied static load. The blue markers correspond to the data
shown in Fig. 6

arrival times corresponding to reflections within the glass
substrates, which is denoted by the vertical dotted lines in
Figs. 4 and 6.

The measured dependence of normalized sound speed on
static load is shown in Fig. 7 for four different regions across
two samples. The dependence of normalized sound speed
versus normalized static load between the different experi-
ments shows significantly more scatter than the pre-collapse
case, with exponents ranging from β = 0.11 to 0.25. By aver-
aging all four experiments, we find an exponent for the static
load and sound speed power law relationship of β = 0.16,
which is in approximate agreement with the 1/6 exponent
predicted based on Hertzian contact mechanics. Focusing
the pump and probe onto different regions of the transducer
revealed that the rate of increase of the sound speed with static
load is highly position dependent, as is shown in Appendix
B. However, we observed no consistent pattern of the spatial
dependence when comparing pre- and post-collapse states,
likely due to the random nature in which the multilayer rear-
ranges during the collapse.

123
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Fig. 10 Percent increase in sound speed of high amplitude excitation,
relative to low amplitude excitation, as a function of static load. The
black circles represent the pre-collapse case and the red x’s represent
the post-collapse case. Data obtained from the same location and state
(pre- or post-collapse) are connected by solid lines. The error bar height
corresponds to the difference between sound speeds being calculated
using thresholds of S/S0 = 0.1 and S/S0 = 0.3. The average increase
in sound speed at Fmin is 1.2 ± 0.8% and 4.3 ± 2.5% for the pre- and
post-collapse cases, respectively, where the error is equal to the standard
deviation of all four experiments. Black and red dashed lines represent
simulation results for the pre- and post-collapse cases, respectively

low- amplitude excitations are characterized at Fmin and then
Fmax. Acoustic signals measured over three repetitions of
this process are shown in Fig. 9. The amplitude dependence
for all experiments is shown in Fig. 10 (see also footnote
1), where the lower static load is set to Fmin and the high
static load is set to the various levels of Fmax, ranging from
F0 = 2.0 N (FR = 36) to F0 = 6.3 N (FR = 110). In all
cases, the increase of the high amplitude excitation sound
speed relative to the low amplitude excitation is greater at
smaller static loads. The data appears to fall mostly into two
groups, namely, pre- and post-collapse cases. Overall, the
post-collapse data generally shows a larger increase in sound
speed compared to the pre-collapse data. A possible expla-
nation for this result is that the contact geometry, and thus
nonlinearity of the contact, is altered as a result of the mul-
tilayer collapse and particle rearrangement.

6 Simulation of dependence on excitation
amplitude

We compare the experimental results with simulations of a
DEM of waves propagating through a 1D chain of adhesive

spheres. We consider the sound speed as a function of exci-
tation amplitude and static load. The equations of motion
(shown in Appendix C) are solved via direct numerical inte-
gration, using a fourth-order Runge–Kutta scheme. The chain
is composed of 2 µm diameter silica spheres represented
as point masses connected by Hertzian springs. Adhesion
is modeled as a constant static load of Fadh. We model the
pre- and post-collapse cases by probing the 90th and 25th
spheres to approximately match the experimental multilayer
thicknesses. To avoid capturing signals that contain boundary
reflections, chain lengths are chosen to be 30 spheres longer
than the probing lengths. The externally applied static loads
considered range from 0.83 to 22 µN, such that FR in our
simulations spans the entire range tested in the experiments,
as determined from the range of F0 tested, divided by the
number of spheres covering the transducer area, assuming
a hexagonal-close-packed arrangement. The excitations are
modeled as a displacement applied to the first sphere, with
a time profile obtained by interferometrically measuring the
surface displacement of the previously described separate
Au-coated microscope slide. In analyzing the simulated data,
arrival times are determined using the same criteria as for
the experimental data. Simulated time domain signals, with
static loads chosen to match those used in Fig. 9, are shown
in Fig. 11. We note significant differences between the mea-
sured and simulated pulse shapes, which we attribute, in part,
to disorder of the granular media. The percent increase in
sound speed for the high amplitude excitation with respect
to the low amplitude excitation as a function of the full
range of static loads tested is shown in Fig. 10. We find that
while the simulated trend of less amplitude dependence of
the sound speed with increasing static load is in qualitative
agreement with the experimental data, the experimentally
observed difference between pre- and post-collapse cases
is not captured in the simulations. Additional plots show-
ing the simulated dependence of sound speed on excitation
amplitude and static load, for a larger range of excitation
amplitudes, can be found in the supplementary material (see
footnote 1).

7 Discussion

A surprising finding of this study is the stark difference
between the measured dependence of sound speed on applied
static load for the pre- and post-collapse states. A poten-
tial cause for this observation is that, during the drying
process, small amounts of contaminants in the colloidal
suspension may be drawn to the interparticle contacts via
capillary forces, forming solid bridges. Possible sources
of contaminants could be residual silica, or polymers that
have leached from the plastic vial containing the micro-
sphere solution. Solid bridges could weaken the nonlinearity

123
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represent the post-collapse case. Data obtained from the same location and state (pre- or post-collapse) are 
connected by solid lines. The error bar height corresponds to the difference between sound speeds being 
calculated using thresholds of S/S0 = 0.1 and S/S0 = 0.3. The average increase in sound speed at Fmin is 1.2 
± 0.8% and 4.3 ± 2.5% for the pre- and post-collapse cases, respectively, where the error is equal to the 
standard deviation of all four experiments. Black and red dashed lines represent simulation results for the 
pre- and post-collapse cases, respectively.  
 
 
8. Abi Ghanem, M., Khanolkar, A., Helwig, M., Wallen, S. P., Hiraiwa, M., Vogel, N., and 

Boechler, N., “Longitudinal Eigenvibration of Multilayer Colloidal Crystals and the Effect of 
Nanoscale Contact Bridges”, under review, posted on arXiv: 
https://arxiv.org/abs/1810.03771 (2018) 

 
In this work, we studied longitudinal eigenvibrations in multilayer microscale granular crystals, 
generated by laser ultrasonic excitation. We found that solid bridges of nanometric thickness 
drastically alter the stiffness of the contacts, and their presence is found to be dependent on the 
self-assembly process wherein they were deposited. Measurements of the eigenmode quality 
factors suggest that energy leakage into the substrate plays a role for low frequency modes but is 
overcome by disorder- or material-induced losses at higher frequencies. This was a critical step 
towards characterizing highly nonlinear wave propagation in 3D microscale granular crystals, by 
using the same planned technique to first characterize few-layer 3D microscale granular crystals 
at low acoustic excitation amplitude. Figure 13 shows an overview of the study. Figure 14 shows 
acoustic signals measured in our system, and our discrete element model used to describe the 
results. Table 1 shows the differences in contact stiffnesses revealed by our acoustic 
measurements, between samples made using different self-assembly manufacturing techniques. 
Figure 15 shows the morphology of the contacts for differing self-assembly manufacturing 
methods.  
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Figure 13: a) Schematic of the multilayer convective self-assembly technique. (b) Illustration of the laser 
ultrasonic technique used to excite and measure eigenmodes of the colloidal crystal. (c) Optical microscope 
image showing multiple regions of the colloidal crystal with different layer thicknesses. (d) Representative 
SEM image of the colloidal crystal. 
 
 

 
Figure 14: (a) Time domain signal corresponding to the out-of-plane eigenvibrations of a 12-layer-thick 
colloidal crystal. The signal amplitude S is normalized to its maximum amplitude S0. (b) The solid red line 

Figure 1: (a) Schematic of the multilayer convective self-assembly technique. (b) Illustration
of the laser ultrasonic technique used to excite and measure eigenmodes of the colloidal
crystal. (c) Optical microscope image showing multiple regions of the colloidal crystal with
di↵erent layer thicknesses. (d) Representative SEM image of the colloidal crystal.
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Figure 2: (a) Time domain signal corresponding to the out-of-plane eigenvibrations of a 12-
layer-thick colloidal crystal. The signal amplitude S is normalized to its maximum amplitude
S0. (b) The solid red line denotes the power spectrum of the time-derivative of the signal
in (a), and the dashed blue line denotes the sum of five Lorentzians fitted to the measured
spectrum. (c) Schematic of the quasi-one-dimensional coupled oscillator model. (d) Modal
frequencies as a function of mode number. Black diamond markers are the modes identified
in (b) denoted by the same marker type. The blue circle markers represent the calculated
modal frequencies for a fixed-free continuum film adhered to a rigid substrate, where the first
mode is matched to the measured fundamental mode. The blue dashed line is a visual guide
to the blue circle markers, and represents a wave speed of 1060 m/s. The green markers
represent the calculated modal frequencies of the coupled oscillator system using a particle-
substrate sti↵ness obtained via a monolayer region of the same sample measured in (a,b)
and an interlayer contact sti↵ness fitted to the fundamental measured mode (open square
markers), and to all five measured modes (filled circle markers). The error bar half-widths
in the measured spectral peaks denote the maximum shift in the position of the peaks when
the power spectrum time window is adjusted by up to 4 ns.
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denotes the power spectrum of the time-derivative of the signal in (a), and the dashed blue line denotes the 
sum of five Lorentzians fitted to the measured spectrum. (c) Schematic of the quasi-one-dimensional 
coupled oscillator model. (d) Modal frequencies as a function of mode number. Black diamond markers are 
the modes identified in (b) denoted by the same marker type. The blue circle markers represent the 
calculated modal frequencies for a fixed-free continuum film adhered to a rigid substrate, where the first 
mode is matched to the measured fundamental mode. The blue dashed line is a visual guide to the blue 
circle markers, and represents a wave speed of 1060 m/s. The green markers represent the calculated modal 
frequencies of the coupled oscillator system using a particle- substrate stiffness obtained via a monolayer 
region of the same sample measured in (a,b) and an interlayer contact stiffness fitted to the fundamental 
measured mode (open square markers), and to all five measured modes (filled circle markers). The error 
bar half-widths in the measured spectral peaks denote the maximum shift in the position of the peaks when 
the power spectrum time window is adjusted by up to 4 ns. 
 
 
Table 1: Measured and predicted (using the Derjaguin-Muller-Toporov, or “DMT” adhesive elastic 
contact model) particle-substrate and average interlayer contact stiffness. The DMT model assumes wP-S = 
0.06 J/m2 and wP−P = 0.06 J/m2, where w denotes the work of adhesion and subscripts p and s refer to 
particle and substrate, respectively. 

 
 
 
 

KN

(kN/m)
Ge,avg

(kN/m)
Sample 1 1.3 0.4
Sample 2 1.6 0.7
Air/water
monolayer

0.4 -

DMT Model 0.1 0.1

Table 1. Measured and predicted (using the Derjaguin-Muller-Toporov, or
“DMT” adhesive elastic contact model) particle-substrate and average inter-
layer contact sti↵ness. The DMT model assumes wP�S = 0.06 J/m2 and wP�P

= 0.06 J/m2.

32
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Figure 15: Scanning electron microscopy images of the monolayer regions in: (a) the air/water monolayer 
sample; (b) Sample 1; and (c) Sample 2. We note some minor lateral image distortion in the SEM image in 
panel (c). Scale bars represent 500 nm in all panels. (d) - (f) Tapping-mode Atomic Force Microscopy 
images of the substrate after removal of the spheres. (g) - (i) The surface topology of the substrate along 
the dashed line is shown in the corresponding panel directly above. (j) - (l) Isometric views of the AFM 
images of single ‘well’-like features on a 0.4 μm x 0.4 μm area of the substrate. All panels in the same 
column correspond to the same sample. 
 
 
9. PhD Thesis: Wallen, S., Analytical and Computational Modeling of Mechanical Waves in 

Microscale Granular Crystals: Nonlinear and Rotational Dynamics, University of 
Washington (2017) 
 

In chapter 7 of Samuel Wallen’s PhD thesis, our computational studies of energy partition in a 2D 
microscale granular crystal subject to an impulsive point load are described. This utilizes the 
computational model developed in Ref. [Wallen, S. P. et al., Wave Motion, 68, 22 (2017)], 

Figure 4: Scanning electron microscopy images of the monolayer regions in: (a) the air/water
monolayer sample; (b) Sample 1; and (c) Sample 2. We note some minor lateral image
distortion in the SEM image in panel (c). Scale bars represent 250 nm in all panels, however
significant uncertainty should be assumed due to variations in the distance between the
focal plane and the contact. (d) - (f) Tapping-mode Atomic Force Microscopy images of the
substrate after removal of the spheres. (g) - (i) The surface topology of the substrate along
the dashed line is shown in the corresponding panel directly above. (j) - (l) Isometric views
of the AFM images of single ‘well’-like features on a 0.4 µm x 0.4 µm area of the substrate.
All panels in the same column correspond to the same sample.

30
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augmented in collaboration with Dan Negrut’s research group to include particle detachment and 
re-attachment. The resulting dynamics show highly nonlinear, amplitude-dependent, energy 
partition dynamics that are unique from previous studies in non-adhesive, macroscale granular 
media. We are still currently working to explore these dynamics, and to assemble a journal 
publication on this topic. Figure 16 shows a schematic of the simulation setup. Figure 17 shows 
the definition of longitudinal, transverse, and rotational energy components. Figure 18 shows the 
low amplitude kinetic energy distribution, and Fig. 19 the high energy kinetic energy distribution. 
Figure 20 shows the amplitude dependence of the longitudinal particle velocity directly below the 
impactor sphere at the 30th layer, normalized to the initial particle velocity. Finally, Fig. 21 shows 
the amplitude dependence of each wave polarization along the surface of the granular crystal. In 
each case, we see discontinuities at sufficiently large particle velocities, which we attribute to 
particle detachment.  

 

Figure 16: Schematic of the simulation setup for a 2D, HCP multilayer of microspheres. 

 

 

Figure 17: Diagram depicting the transformation from cartesian velocity components (simulation output) 
to longitudinal, transverse, and rotational velocity components. 
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surfaces; thus, it holds greater physical relevance than the angular velocity !z itself. The

transformation from the simulation output velocities to the quantities used here is given by
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Figure 7.3: Diagram depicting the transformation from cartesian velocity components (simu-
lation output) to longitudinal, transverse, and rotational velocity components.

7.4 Results and Discussion

The results presented here were obtained from simulations with a time step of 1.4 ps. This

time step satisfies the convergence criterion1

max (|En � T0|/T0) < 1e�5
,

1
See Appendix B for an explanation of this convergence criterion.
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Figure 18: Spatial distributions of normalized kinetic energy for the case v0 = 1, where v0 is initial particle 
velocity. Panels (a), (b), and (c) correspond to longitudinal, transverse, and rotational parts of the kinetic 
energy. 

 

 

Figure 19: Spatial distributions of normalized kinetic energy for the case v0 = 10. Panels (a), (b), and (c) 
correspond to longitudinal, transverse, and rotational parts of the kinetic energy. 
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where En is the total energy at the n
th time step and T0 = (1/2)mv

2
0 is the kinetic energy of

the excited sphere at the initial time step. That is, the largest variation in total energy over

all time steps should be greater than five orders of magnitude less than the energy input by

the excitation.

7.4.1 Spatial Distribution of Kinetic Energy

We observe qualitative di↵erences in the distribution of kinetic energy for di↵erent excitation

amplitudes. We normalize each part of the kinetic energy by the input kinetic energy

T0, such that the normalized longitudinal, transverse, and rotational parts are defined as

T̃L = (1/2)mv
2
L
/T0, T̃T = (1/2)mv

2
T
/T0, and T̃R = (1/2)(I/m)v2

R
/T0, respectively. The

spatial distribution of normalized kinetic energy after 50 ns of simulation time (just before the

fastest-moving waves first reach the lower boundary) is shown below for the initial velocities

v0, low = 0.355 m/s and v0, high = 10 v0, low in Fig. 7.4 and Fig. 7.5, respectively. Since the

excitation and domain are symmetric about the line X = 0, only the right half of the domain

is shown.
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Figure 7.4: Spatial distributions of normalized kinetic energy for the case v0 = 1. Panels (a),
(b), and (c) correspond to longitudinal, transverse, and rotational parts of the kinetic energy.

In the distributions of longitudinal kinetic energy, shown in panels (a) of Fig. 7.4 and

Fig. 7.5, we observe a longitudinal wave front that travels primarily downward in the low
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Figure 7.5: Spatial distributions of normalized kinetic energy for the case v0 = 10. Panels (a),
(b), and (c) correspond to longitudinal, transverse, and rotational parts of the kinetic energy.

amplitude case, but extends upward to the surface in the high amplitude case. The front

also travels slightly faster in the high amplitude case, which is in agreement with established

theory of granular crystals [4, 5]. For the transverse kinetic energy, as shown in panels (b),

the low amplitude case shows a strong concentration along the lattice symmetry direction

30o below the surface, and also in surface-localized waves. These regions are less prevalent in

the high amplitude case, where the surface waves show less transverse kinetic energy, and the

concentrated region along the 30o symmetry direction has disappeared. Finally, the rotational

parts of the kinetic energy, shown in panels (c) of Fig. 7.4 and Fig. 7.5, exist in the same

general region as the transverse parts, but the amplitude dependence is di↵erent: in the high

amplitude case, there is more rotational kinetic energy near the surface, and also along the

30o symmetry direction. While it is known that the transverse and rotational motions are

coupled along the symmetry directions (and decoupled from the longitudinal motion) [34],

nonlinear e↵ects that may govern energy transfer between these motions have been much less

explored.
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Figure 20: Amplitude dependence of (a) maximum particle velocity and (b) first peak arrival time for 
longitudinal waves along the vertical line below the excited sphere, at the 30th layer. 

 

Figure 21: (a) Amplitude dependence of maximum particle velocity at the surface layer, at the 15th sphere. 
Black, blue, and red circles correspond to longitudinal, transverse, and rotational velocities. (b) Amplitude 
dependence of first peak arrival time for longitudinal velocity, for the same sphere as (a). 
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packing [32] and in Cosserat media [176, 177], in contrast to classical Rayleigh waves in a

linear elastic, isotropic solid, for which only one mode exists [93]. It is intuitive that di↵erent

linear modes could depend di↵erently on amplitude in the nonlinear regime. Theories of

nonlinear SAWs in isotropic and anisotropic elastic solids have existed for some time, but

they typically describe either non-dispersive media or media with dispersion induced by an

adhered layer [184, 185, 186], and do not consider particle rotations.
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Figure 7.8: Amplitude dependence of (a) maximum particle velocity and (b) first peak arrival
time for longitudinal waves along the vertical line below the excited sphere, at the 30th layer.

An erratic amplitude dependence of the maximum particle velocities, though most obvious

for the transverse and rotational components in Fig. 7.9(a), can be seen for all components,

and at both sites, for source amplitudes above 1 m/s. Specifically, noticeable fluctuations can

be seen near v0 ⇡ 1 m/s and v0 ⇡ 3 m/s in Fig. 7.8(a) and in both panels of Fig. 7.9. We

speculate that these fluctuations are caused by broken contacts, which create defects in the
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Figure 7.9: (a) Amplitude dependence of maximum particle velocity at the surface layer,
at the 15th sphere. Black, blue, and red circles correspond to longitudinal, transverse, and
rotational velocities. (b) Amplitude dependence of first peak arrival time for longitudinal
velocity, for the same sphere as (a).

lattice, and happen with greater frequency at higher amplitudes.

7.5 Conclusion

In this chapter, we used multibody dynamics simulations to investigate amplitude dependence

of wave propagation in a 2D, HCP multilayer of microspheres subjected to an impulsive

point load. Varying the source amplitude over two orders of magnitude, we observed drastic

qualitative changes in the spatial distribution of kinetic energy, as well as the partition of

energy into longitudinal, transverse, and rotational motions. We found that the amplitude

dependences of maximum particle velocity and arrival time for bulk longitudinal waves agree
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Unpublished results and future directions:  

After encountering initial challenges, we succeeded in being able to manufacture “thick” 3D 
microscale granular crystals towards the later portion of the project, via vertical deposition 
convective self-assembly, as is shown in Fig. 13(a). An example of a manufactured 3D microscale 
granular crystal, composed of 390 nm diameter polystyrene spheres is shown in Fig. 22.  
 
 

 
 
Figure 22: Scanning electron microscope image of 3D microscale granular crystal, composed of 390 nm 
diameter polystyrene spheres.  

 

After this success, we achieved the following preliminary results.  

 
1. Highly nonlinear shock velocities in 3D microscale granular crystals 
 
We conducted experiments on polystyrene 3D microscale granular crystals, such as those shown 
in Fig. 22, using the setup shown in Fig. 23. A ~450 ns duration laser pulse excited the wave in 
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the granular crystal, which was measured on the other side using a grating interferometer. Initial 
results showed an amplitude dependence of shock velocity upon shock amplitude, as shown in Fig. 
24. We caution that these results should be considered as preliminary, as we are currently trying 
to confirm whether effects such as signal filtering, as may be due to photodiode bandwidth 
limitations, are contributing to the observed amplitude dependence. In future tests, we would like 
to try to confirm these effects with shorter pulse duration excitation (either due to a shorter laser 
pulse or a microprojectile impactor), higher bandwidth interferometry, and thicker microscale 
granular crystals. We are also interested in comparing the polystyrene results with 3D microscale 
granular crystals with silica particles of similar diameter.  
 

 
Figure 23: Schematic of experimental setup for studying amplitude dependent highly nonlinear wave 
speeds in 3D microscale granular crystals.  

 

 
 
Figure 24: [Left] Time history pulse measured after traveling once through the microscale granular crystal 
with a low (thermoelastic) and high (ablative) amplitude excitation. [Right] Dependence of normalized 
wave speed on normalized particle velocity measured upon arrival of the wave. 
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and probe configuration shown in Fig. 4(a) is being used for half of our experiments, and being 
reversed for the other half.    

	
Figure 4: [Left] Schematic of experimental setup. [Right] Three-dimensional microscale granular crystal 
composed of 390 nm diameter polystyrene spheres. 

In our current experiments, while we are seeing a clear dependence of wave speed on excitation 
amplitude, we the dependence is much weaker than the predicted Hertzian 1/5 power law 
scaling. This can be seen in Fig. 5.  

	
Figure 5: Time history pulse measured after traveling once through the microscale granular crystal with a 
low (thermoelastic) and high (ablative) amplitude excitation. Dependence of normalized wave speed on 
normalized particle velocity measured upon arrival of the wave. 

To further understand the physics we are observing, we would like to compare these results to 
comparable assemblies of silica spheres, and to bulk, monolithic version of the same spheres. In 
addition, we are aiming also to study the decay rate over multiple pulse reflections for the varied 
excitation amplitudes.  
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amplitude, we the dependence is much weaker than the predicted Hertzian 1/5 power law 
scaling. This can be seen in Fig. 5.  

	
Figure 5: Time history pulse measured after traveling once through the microscale granular crystal with a 
low (thermoelastic) and high (ablative) amplitude excitation. Dependence of normalized wave speed on 
normalized particle velocity measured upon arrival of the wave. 

To further understand the physics we are observing, we would like to compare these results to 
comparable assemblies of silica spheres, and to bulk, monolithic version of the same spheres. In 
addition, we are aiming also to study the decay rate over multiple pulse reflections for the varied 
excitation amplitudes.  
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2. Spallation and blast crater formation in 3D microscale granular crystals 
 
In addition to studying amplitude-dependent, highly nonlinear wave, or shock, velocities in 3D 
microscale granular crystals, we also studied dynamic failure phenomena, including spallation and 
blast crater formation. Excitation was either applied at the substrate-microscale granular crystal 
interface, or, the microscale granular crystal was coated with a thin layer of aluminum, and the 
excitation was applied on the free surface, as is shown in Fig. 23. Several interesting phenomena 
were observed. For the first case, where excitation was applied at the substrate-microscale granular 
crystal interface, we routinely saw the spallation of entire large “grains” of self-assembled 3D 
microscale granular crystal, as is shown in Fig. 25.  
 

 
 
Figure 25: Microscope image of spalled region of 3D microscale granular crystal induced by laser-
generated shock, where the laser excitation was applied at the substrate-microscale granular crystal 
interface. 

 

In contrast to the phenomenon observed in Fig. 25, when the excitation was applied from the 
reverse direction (the second scenario previously mentioned), we observed both spallation and 
crater formation, which differed drastically for 3D microscale granular crystals composted of 
polystyrene vs. silica spheres. As can be seen in Fig. 26, which is a 3D microscale granular crystal 
composed of 390 nm diameter polystyrene spheres, the metal surface layer has seemed to peel 
back, and a melted crater formed into the microscale granular crystal. In contrast, Fig. 27 and Fig. 
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28, where experiments were performed on 3D microscale crystals composed of 500 nm diameter 
silica particles, we did not observe such melting. Instead, we saw either nearly complete ejection 
of the crystal within the excitation region (Fig. 27) or fragmentation and fracture of the microscale 
granular crystal into large “grains” (Fig. 28). We are currently planning (given sufficient available 
resources) to follow up on these early results to better understand the underlying physics governing 
the observed phenomena.  

 

 

Figure 26: Scanning electron microscope image of melted-crater region, induced by laser-generated shock, 
created on the 3D microscale granular crystal composed of 390 nm diameter polystyrene spheres. In this 
case, the excitation was applied to the free metal-coated micrsocale granular crystal surface. The laser pulse 
had an energy of 50.7 µJ.  

 

390 nm Polystyrene multilayer sample, single pule ablation

Experiment performed by Morgan
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Figure 27: Scanning electron microscope image of complete spallation within the excitation region, in a  
3D microscale granular crystal composed of 500 nm diameter silica spheres. In this case, the excitation was 
applied to the free metal-coated micrsocale granular crystal surface. The laser pulse had an energy of 57 
µJ. 

 

 
Figure 28: Scanning electron microscope image of partial spallation, and fragmentation into grains, within 
the excitation region in a 3D microscale granular crystal composed of 500 nm diameter silica spheres. In 
this case, the excitation was applied to the free metal-coated micrsocale granular crystal surface. The laser 
pulse had an energy of 57 µJ. 

500 nm silica multilayer sample, multiple pule ablation (57 μJ pulse energy)

Bare Glass Slide is 
visible

500 nm silica multilayer sample, single pule ablation (57 μJ pulse energy)




