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Modelling of scattering by partially
buried elastic cylinders

John A. Fawcett

Executive Summary: The ability to model the acoustic scattering charac-
teristics of bottom laid objects is an important issue for sonar system design and
performance prediction. Under certain environmental conditions, bottom laid
objects can also become partially or completely buried into ocean sediments.
For proud and partially buried targets, target scattering consists of interfer-
ing contributions due to direct path energy (source to target to receiver), and
energy that has interacted with the sediment either before or after interacting
with the target. These interactions with the sediment can enhance or lessen the
overall backscattering from the target (compared to the free-space ‘character-
istics) depending on the constructive or destructive nature of the interference.
For completely buried targets, all energy scattered from the target must first
be transmitted into the sediment. This transmitted energy also plays a role
in the scattering characteristics for partially buried targets. For some types of
sediment (including most sandy seabeds), low grazing angle source geometries
result in transmitted energy levels in the sediment that fall off strongly with
increasing depth into the sediment and increasing acoustic frequency. All of
these effects must be taken into account in order to accurately model target
scattering levels.

Previous work in this area involved development of a mathematical treatment
and computer model for the case of partially or completely buried fluid cylin-
ders. In this memorandum we outline extensions to this work so that solid
or shelled cylinders can also be considered. These modifications allow for the
modelling of structures with realistic spectral characteristics. The results of
computations with this method are then presented both in the frequency and
temporal domains as the percentage of burial of the cylinder is varied. It is
hoped that in the future, models for the scattering from more realistic shapes
than the idealized two-dimensional cylinder dealt with here can be developed
for the case when these objects become partially or completely buried.
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Modelling of scattering by partially
buried elastic cylinders

John A. Fawcett

Abstract: The work of a previous memorandum on the modelling of scat-
tering by a partially buried cylinder is extended to allow the cylinder to have
full elasticity (and not just be a fluid structure as in the previous work). The
results of computations showing the effects of increasing burial on the backscat-
tered field, both in the spectral and temporal domains, are given. A shelled
and a solid aluminum cylinder are considered for a grazing angle of incidence
which is subcritical.

Keywords: cylinder, partially buried
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1

Introduction

The effect of burial in the seabed on the spectrum of the energy backscattered from
an elastic object is an area of current research [1]-[3]. In an earlier memorandum [1]
we presented a Boundary Integral Equation Method (BIEM) which could be used
to model the scattering from proud (above the seabed), partially buried, or fully
buried cylindrical structures. In that work the cylinder was taken to be a fluid
structure; shear properties were not modelled. In this memorandum we describe
a simple modification to allow the cylinder to be elastic in nature, and we present
computational examples of the effect of burial on the energy (both in the spectral
and temporal domains) backscattered from an evacuated steel-shelled cylinder and
from a solid aluminum cylinder as they are increasingly buried in a sediment layer.
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Theory

In this memorandum we will consider an infinitely long cylinder and use two-
dimensional modelling. Of course, in the real world a cylinder has finite length. It is
possible to use the two-dimensional solution and approximately account for its finite
length [4-6], yielding results which are accurate for broadside geometries. In fact, if
the receiver is located close to the cylinder in terms of Fresnel zone lengths then the
infinite cylinder solution is a good approximation to the finite cylinder solution for
broadside geometries. We expect that the above statements are also true in the case
that the cylinder is partially or fully buried. Thus, although the two-dimensional
theory of this memorandum has limitations in terms of modelling realistic cylinders,
it could be used to yield good approximations to the three-dimensional problem.

In [1] the pressure field within the cylinder was taken to have the form

N
p = Z am€1m0 (1)
m=-N
N .
pr = Z amame'™’ (2)

where p, is the radial derivative of the pressure (the range being measured from the
centre of the cylinder). The form of the coefficients o, can be determined from the
form of the solution in the interior of the cylinder. For example, in the case that
the cylinder was a homogeneous fluid then

1 dd(kier)
I kineT) dr ’ (3)

Qo

where the subscript “int” refers to the interior of the cylinder. In the case that the
interior is a layered fluid then the interior continuity equations can be used to derive
an expression for a,,. We now indicate the approach we take if the cylinder is a
shelled elastic cylinder with some interior fill (a solid cylinder is a subcase of this).
The outer radius of the cylinder is r = a and the interior radius is r = b.

In the exterior fluid, at a particular angular order m, there is a single unknown
compressional coefficient k57 for the Hankel function of order m, Hy, (kr). In the shell

there are 4 unknowns hZ’, 5%, hS®, and j¢° (“es” denotes elastic shell) where these
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are the coefficients for the Hankel and Bessel functions for the compressional and
shear potentials, respectively. Finally, within the innermost section of the cylinder
we have j;;"t and ji*. Thus for a specified incident field, there is a 7 x 7 system of
equations for the unknown coefficients ¥,

A7 =T (4)
where _ '
¥ = (he®,5e0 b 50 RS gy 3T (5)
and 7 has the form
(rlv T2709 0709 0, 0)T7 (6)

where 7, and r, are expressions involving the incident compressional potential. Thus,
only the first two equations of Eq.(4) involve h7”.

If we consider the bottom righthand 5 x 6 submatrix of A (i.e., the last five rows
and 6 columns), Ay, and the last 6 coefficients of v, we can write
Apys = 0. (7)
Arbitrarily setting j;° equal to unity we can write
Ay = —i (8)

where A is the right 5 x 5 submatrix of Ay, 4 are the 5 unknown interior coefficients
(assuming that j;° = 1) and d; is the first column of A,. Thus we can express
the radial stress,s,,, and the radial displacement, u,, at the interior surface of the
cylinder in terms of the unknown coefficient for j;*. In particular,

orr x (fi+ 31 2 + o203 + 4b,3f4)

ur X (g1 + 95,192 + 75,293 + Y5,394) 9)
where
—Aw?
fi = —5—Jm +2up(kpa)
=
—dw?
f2 = o Hp, + 2uHy, (kpa)

p
fo = 2wiT(T(kea) = 2Im(ksa))
fi = 2T (H(ka) = S Hn(kea) (10)

g1 = Jrln(kpa)
g2 = H;n(kpa)

m
g3 = TJm(ksa)

tm
g4 = _a_Hm(ksaf)-
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The prime symbol denotes a derivative with respect to r and v;; denotes the :th
element of the solution vector y,. We note that o,, and u, are continuous across
the cylinder surface and that in the surrounding fluids p = —o,, and p. = —pwiu,.
Thus we can write for the pressure p and its normal derivative p, on the exterior of
the cylinder’s surface,

N
p = Z _amtmeimﬁ
m=—N
N .
pr = Z —puiamume™ (11)
m=-=N

where t; and uj are the expressions in brackets in Eq.(9). The remainder of the
BIEM approach follows that of [1] for the fluid cylinder. The basic BIEM now takes
the form

2T @y = im — Amktiar + Bmrw’ upak (12)
where or 2
A = alim G.la+ €, 0;a,0)e ™00 dode’ (13)
c—=LJo 0
2n P2 . oy
Bk = a lim Gla+€,0;a,8)e ™% p(8)dode’ (14)
= 0 0

where G is the half-space Green’s function. The details of computing these integrals
are given in [1].

There is a problem with this approach (and also in [1]) in the case that the cylinder
is partially buried. Because the fluid approximation is used for the surrounding
environment, the tangential component of displacement is not continuous across the
water-basement interface. Thus the displacement in the radial direction (defined
with respect to the cylinder centre) is also not continuous. Hence where the cylinder’s
surface intersects the interface (we denote the corresponding angles as +6.) we expect
the series expansion of and u, and p, (Eq.(11)) to behave poorly. This problem is
improved by the fact that the series are involved in integrals, Eqs.(13) and (14).
However, for cases where the values of p, near 8. are particularly important in the
total scattering solution, there may be poor convergence with respect to the series
expansion. One ad hoc solution to this problem is to compute the numerical solution
for N Fourier coefficients and then for a larger number (say N+10) (by saving the
integral results for the N case, the increased computation is not large) and see if
the solutions are sufficiently converged. If they are not, this computed value should
be ignored or replaced by a smoothed value.
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Numerical examples

3.1 Steel-shelled cylinder with an evacuated interior

As a numerical example, we first consider a steel-shelled cylinder (6 mm thick) with
an evacuated interior (which we model by using near zero values of ¢,,c, and p) and
an outer radius of 0.25 m. We consider the water with sound speed 1500 m/s and
p = 1 g/cm? overlying the basement with sound speed 1700 m/s and p=1.5 g/cm?3.
The steel has parameters: ¢, = 5950 m/s, ¢, = 3240 m/s and p= 7.7 g/cm®. We
consider an incident plane-wave, comprised of the direct and reflected wave in the
water column and the transmitted wave in the basement (see Fig. 1). The grazing
angle of incidence is 18.4° which is significantly subcritical. A receiver is in the
water column at a range of 3.16 m at an angle of 18.4° with respect to the origin on
the interface.  In Figs. 2a-2c we present the spectra of the backscattered energy

w INCIDENT FIELD
“"--—...______- .
Transmitted

SCATTERED FIELD

Figure 1: Schematic of geometry for partially-buried cylinder with direct and reflected
planes waves incident in the water column and evanescent wave in the bottom

for 15 levels of fractional burial of the cylinder, starting at a burial of -1.5a and
ending with a burial depth of 1.3a. Fractional burial depth denotes the number of
cylinder radii that the cylinder is offset from the interface. In terms of percentages,
an offset of 1 radius above the interface is 0% burial and an offset of 1 radius below
the interface corresponds to 100% burial.
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Figure 2: Plots of backscattered power spectra from steel-shelled cylinder as a func-
tion of fractional burial, from above the seabed interface to totally buried.
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Figure 3: Backscattered power levels from steel-shelled cylinder as a function of
fractional burial for 5, 10, and 15 kHz.

In Fig. 2a the cylinder is either proud or slightly buried; in these cases the inter-
ference effects between the direct and seabed-reflected energy are evident. For the
curves of Fig. 2b the cylinder has become significantly buried and although there is
a decrease in amplitude with increasing burial, the curves look similar to each other.
For these curves, the direct and reflected raypaths for the source/receiver/object are
almost identical to each other and hence the interference effects are less. Finally, in
Fig. 2c the cylinder is totally or almost totally buried. There is a rapid decrease in
backscattering amplitude for increasing frequency (for burials > 95%) and the last 2
curves are starting to show some interference effects. Also the 85% and 95% curves
seem to show some numerical problems at some of the higher frequencies (although,
it is difficult to know sometimes whether a particular frequency corresponds to a
resonance or the spectral amplitude is numerically inaccurate).

We now give a different presentation of the spectral information. We consider the
frequency fixed at 5, 10, and 15 kHz and in Fig. 3 show the variation of the backscat-
tered level with respect to the fraction of burial. We have computed these curves for
101 depths of burial. As can be seen for fractions of burial, slightly less than 0 (50%
burial), the fall-off of amplitude is rapid, more rapid with increasing frequency, as
one would expect due to the evanescent nature of the energy in the bottom.

Thus far we have dealt with the amplitude or power of the backscattered spectra.
However, the phase of the spectra is also important when Fourier synthesizing the
time domain scattered pulse. We construct the scattered pulse in the time domain

-7 -
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Figure 4: Ricker pulse used in time domain computations and the corresponding
power spectrum
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Figure 5: Backscattered time series from steel-shelled cylinder as a function of frac-
tional burial. (Please note the scale change in plots 3 and 4.)

by multiplying the complex-valued Fourier spectra with the source spectrum for a
7-kHz Ricker wavelet; the Ricker wavelet in the time domain and its spectrum are
shown in Fig. 4.

The resulting time series are shown in Fig. 5 for different amounts of fractional burial:
1.5a above the interface, burial of 5%, burial of 45%, and burial of 95%. Also shown
is the time series for the cylinder surrounded only by water. For the first two curves
there is coherent combination of the direct and reflected wavefields for both the
incident and scattered wavefields. This has the effect of producing a sequence of
overlapping pulses for the top time series. These pulses become increasingly merged
in time until for values of burial near 50%, the resultant pulse is similar to that
scattered by the cylinder in freespace but there is an amplitude enhancement by a
factor of almost 2.5. For 95% burial, the amplitude of the backscattred time series
has decreased significantly.

3.2 Solid aluminum cylinder

We now repeat many of the previous computations for a solid aluminum cylin-
der with the acousto-elastic parameters: ¢, = 6380 m/s, ¢, = 3100 m/s and p =
2.79 g/cm?. In Figs. 6a-c we present the backscattered spectra for the same 15 levels
of fractional burial as Figures 2. In Fig.6a the interference effects between the direct
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Figure 6: Plots of backscatiered power spectra from solid aluminum cylinder as a
function of fractional burial, from above the seabed interface to totally buried.
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and seabed-reflected paths are evident. These effects disappear in Fig. 6b as the
object becomes partially buried and the 5 curves seem qualitatively similar to one
another. As the cylinder is increasingly buried in Fig. 6¢, the level of backscatter
decreases significantly and there is now additional interference effects in the spectra,
but at a low amplitude level. The position of the null in the spectra at about 4.5
kHz changes slightly as a function of burial.

As in the previous example, we now compute the amplitude of the backscattered
field for 5, 10, and 15 kHz as the cylinder’s location varies from 1.5a above the
seabed interface to 1.5a below. Although some of the details are different than for
the steel shell case, the general features in Fig. 7 are the same as those of Fig. 3;
there is some variation in the backscattered amplitude wth respect to the burial
depth for the cylinder buried less than 50% and a rapid decrease in amplitude,
especially for the 10 and 15 kHz curves after 50% burial. Finally we compute

FULLY
_PROUD | | | BURIED

— S5 kHz
90 - - - 10kHz
'—-- 15 kHz
100 | : . : |
-15 -1 -0.5 0 0.5 1 1.5
Fractional Burial Depth
0% 50% 100%

Figure 7: Backscattered power levels from solid aluminum cylinder as a function of
fractional burial for 5, 10, and 15 kHz.

the backscattered time series for the different amounts of burial (Fig. 8). For this
cylinder the specular reflection of the pulse has positive polarity because the solid
cylinder “appears” rigid to the incident pulse (in contrast to the shell case where the
interior was a pressure release surface). Above or partially above the seabed, the
results of reflections from the seabed can be seen in the time series. These features
disappear as the cylinder becomes approximately 50% buried. For 95% burial the
backscattered series is diminished in amplitude and the arrival at approximately
2 ms, which appeared weakly in the 45% curve and in the free-space curve, is now
almost equal in amplitude to the specular reflection.

- 11 -
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Figure 8: Backscattered time series from solid aluminum cylinder as a function of
fractional burial. (Please not the scale change and plots 3 and 4.)
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Summary

We have presented a method for computing exactly the scattering from a partially
buried elastic cylinder. The form of the solution within the cylinder is utilized to
specify the relation between the coefficients for the internal radial stress and the
radial displacement. This relation is then used in the external BIEM to obtain a
system of equations for the Fourier coefficients of the pressure field on the cylinder
surface. There are some situations where the method may have difficulties due to
the poor convergence properties of the series expansions, but, in general, the method
performed well.

The backscattered spectra for a shelled and a solid cylinder as well as backscattered
time series were computed for various amounts of burial. The incident field was
a generalized plane wave (i.e., direct,reflected and transmitted components) with a
subcritical grazing angle. For the cylinder above the seabed or only slightly buried,
the spectra and the time series were complicated by the interferences between direct
and seabed reflected paths. As the cylinder became close to 50% buried, the spectra
and time series became simpler in structure and the amplitudes were larger than
for the corresponding free-space result. After approximately 50% burial, the levels
began to decrease rapidly with greater loss for higher frequencies. This is expected
from the evanescent behaviour of the incident field in the bottom. The time series
became smaller in amplitude for burial amounts greater than 50% with the higher
frequency components of the incident spectrum being stripped out.

- 13 -
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