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Abstract A shape estimation scheme based on precomputed frequency-domain solutions
of array motion is presented. The boundary conditions supporting each solution are
discrete Fourier transform (DFT) components of sensor measurements, which are
updated in real time. A prediction of array shape in the time domain is obtained by
performing an inverse DFT on the set of frequency-domain solutions. Extensions to
the method include the use of slope inputs instead of displacements as well as
inclusion of an arbitrary number of inputs to minimize the effect of measurement
error. A comparison of the results with data shows good agreement, and CPU time is
an order of magnitude faster than real time on the VAX 8800 (with an update rate of
0.74 sec).

1. Introduction

It is widely recognized that towed array shape must be addressed for future low
frequency active ASW operations. There are two principal areas of concem. The first
involves array shape during a gross maneuver (such as a turn), and the second involves
perturbations to the ideal array shape under steady tow conditions. This paper addresses
the latter problem.

Any prediction scheme intended for tactical use must be real time in nature. In addition,
it must use heading sensors rather than pingers as a source of input, because the former
are much more likely to be available. Finally, it must contain a scheme to minimize the
introduction of (potentially large) input errors. This implies the use of a least-squares
method to obtain the shape that best fits sensor measurements.

The approach taken in this paper is to determine the array shape that satisfies the physics
of its motion. In the next section, the equation governing array dynamics is expressed in
terms of both displacement and heading. A real-time solution to this equation and a
comparison with data are then presented. Finally, a method is discussed to fit this
solution to an arbitrary number of sensors.
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2. Governing Equation

Paidoussis [1],[2] formulated the problem of describing perturbations about the ideal
shape of a towed array, leading to the following partial differential equation:

A 3%y/3x? + B d%y/axat + C 3%y/at? + D dy/ox
+ Edy/dt + Fa*y/ax* =0 1)

where
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Here U is the tow speed, a is the array radius, p is the density of water and array, E, is the
array modulus of elasticity, Ct is the tangential drag coefficient, L is the distance from
the towpoint to the free end, and Cy equals oo Cp where 0 < o < 1 [3].

Equation (1) describes the transverse displacements y (x,t) at a distance x from the
towpoint in an array modeled as a neutrally buoyant circular cylinder towed through its
axis (except for small transverse displacements introduced at the towpoint). Many
methods have been used to solve this equation (e.g., [3],[4]). However, a numerical
solution of (1) in the time domain leads to numerical diffusion [5], which has the effect of
damping all but the low-frequency perturbations. For this reason, it is preferable to
solve (1) numerically in the frequency domain.

If the displacements take the form y (x, ) = Y (x, ®) ¢i®t (1) reduces to the following:

A dY/dx? + (iwB+D) dY/dx + (i0E-0’C) Y

+ Fd*y/dx* = 0. (2)
The finite difference method is used to solve (2) numerically. As boundary conditions,
measured displacements y (x;, t) are specified (where i =1, 2; x; =L;; xg = Ly; Ly, L, are

pinger locations) as well as zero slopes at these locations. Alternatively, an analytical
free-end boundary condition can be used in lieu of the conditions at x, [2]:
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d%y/dx? = 0

F d3y/dx? + —1/2fB (Jdy/dt+Udy/dx) = 0 A3)
where f is a nondimensional parameter [1].
In practice, imposing conditions at x, upstream of the free end yields significantly more
accurate solutions than (3). Therefore, it is necessary !0 make measurements at two

locations to obtain an accurate shape prediction.

Differentiating (1) with respect to x makes it suitable for heading sensor (slope) input:

A 3%/9x? + B 3%s[axat + C d%/* + (D+G) Is/dx
+ Eds/at + Fa*sfax* =0 4)

where

s(x,t) = dy(x,t)/dx
G —pzraCTUz.

As before, a harmonic time dependence is assumed, lcading to the following:

A d’s/dx? + (i0B+D+G) dS/dx + (iwE-0?C) S
+ Fd%s/dx?* = 0. ©))

Boundary conditions consist of specification of slopes s (x;, t). In addition, ds/dx is set to
zero at X;.

3. A Real-Time Solution and Results
The solution to (1) in the time domain can be expressed as follows:

N-1
y(x,t) = ZY(x,wn)t’,i“""l ©®
n=0

where @, = n/(NAt).
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To speed up computation of Y (x, @), special frequency-domain solutions ¥, (x, @) are
precomputed and stored. Each of the precomputed solutions has the property
¥, (x, @) = &, i.e., zero displacement is specified on one boundary and a unit
displacement is specified on the other. Zero slopes are also specified on both boundaries.
The solution Y (x, @,) can be written as [6]

2
Y(x'wn) =zbi(wn)tpi(x’wn)' )

i=1

Here b; (w,) are the discrete Fourier transform (DFT) components of the boundary
displacement inputs y (x;, t). After b; (@,) are calculated from N time steps, they can be
updated using the following algorithm:

bi(@a) = bi(@s) + (/N)[y(x.t) — y(x,t —NAt)]e 27, (8)

Figures 1 and 2 compare array shape predictions with displacement data measured at an
intermediate location between x; and Xx,. Displacement measurements from pingers
mounted in the array [7] provided boundary condition displacement inputs y (x;, t). The
distance between x; and x, is 55 m. Each run took approximately 15 sec of CPU time on
a VAX 8800 to simulate more than 300 sec (with a time step/update rate of 0.74 sec).

The comparison, which was made 27 m from x;, is generally good. The largest
differences, which are on the order of measurement error, are in the high-frequency
components in figure 2. Measurement error can affect the solution through the boundary
conditions, and it can be present in the data used for comparison. The next section
addresses the minimization of the effects of measurement error.

The methods in this section apply equally well to (4), making possible a real-time shape
estimation scheme using only heading sensor (slope) input. The computation is slower,
however, since displacements y (x, t) must be integrated from s (x, t).

4. Inclusion of Additional Sensor Input Data

A shape prediction method derived from solving the equations of array motion is limited
to two sensor inputs (i.e., those used for boundary conditions). Introduction of
measurement errors by one or both of the sensors can degrade the predicted shape
significantly. In this section, a method is presented that minimizes the error (in a least-
squares sense) between the solution to (1) or (4) and an arbitrary number of sensor inputs.

Applying the finite difference method to (2) or (5) leads to a system of equations that can
be written in the form A-X = B, where A is an M by M matrix, and X and B are
vectors of length M (M is the number of nodes in the finite difference scheme). The
system of equations is overdetermined, however, when more than two sensor inputs are
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Figure 2. Vertical Displacement as a Function of Time
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used. If there are P sensors, A becomes a P + M — 2 by M matrix, X has length M, and B
has length P+ M — 2. Such a system of equations can be "solved" using the singular
value decomposition [8] by representing A as the product of orthogonal matrices
U @ +M-2byM)and VT (M by M) and a diagonal matrix W (M by M):

A=UW-VT ©)
Therefore, the "solution," X, can be expressed as follows:
X=A1B=v.wlUuTB (10)

It can be shown [8] that (10) represents the best least-squares fit to the overdetermined
system. Therefore, the solution does not necessarily pass through each measurement.
Instead, the difference between the solution and each measurement is minimized in a
least-squares sense. This also minimizes the effect of any sensor measurement error.

The above procedure can also be implemented in real time as a solution to either (1)
or (4). For example, if there are P sensors, a best-fit solution Y (x, @,) to (2) is obtained
by precomputing solutions ¥; (x, @) for P cases, each corresponding to a unit input at
x; (i= 1, P) and zero input for all others (i.e., ¥; (X, @) = 8. The solution is then

P
Y (x,0y) =Zbi(wn)?’i(x’wn)' an
i=1

As before, b; (@,) is the DFT component of y (x;, t) at frequency @, Storage of the
precomputed solutions ¥; (x, @,) allows real-time computation of Y (x, @,) and y (x, t)
using a procedure similar to that in section 3.

5. Conclusions

An accurate, real-time shape estimation scheme can be derived from the solution to the
equations of array motion. Heading sensor (slope) input can be used instead of
displacements, and the limitation of two inputs can be removed to minimize the effect of
measurement €rror.
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