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1.0 SUMMARY 

The work reported here includes two investigations related to the study and measurement of orbital 
angular momentum (OAM):  (I) a characterization of the variation of photonic orbital angular momentum 
(POAM) under Compton scattering, and (II) a design of new plasmonic metasurfaces that convert optical 
vortex beams into surface plasmon polaritons (SPPs). 

2.0 INTRODUCTION 

Photons can carry both spin and orbital angular momentum (OAM).[1] Spin angular momentum is 
associated with the polarization of the optical field whereas OAM involves a singularity associated with a 
dark spot in the intensity distribution and an azimuthal dependence of the wave phase front. The 
azimuthal dependence is typically a helical wavefront and is mathematically given by a complex 
exponential term with multiple OAM states or topological charges.[2, 3] This singularity structure is often 
called an optical vortex. The polarization of a photon provides a two dimensional Hilbert space. But in 
principle, OAM is associated with the spatial distribution of the wave function and has an infinite number 
of eigenstates.[4-8] Thus, OAM can be exploited in optical communication applications to increase the 
information carrying capacity of a beam. Optical beams that involve OAM include Laguerre-Gaussian 
beam modes, Bessel beams, Hermite-Bessel beams, Airy beams and helical Mathieu beams.  

Encoding information for optical communications is a direct application of OAM. In this case, the OAM 
of an optical beam or wave is artificially manipulated. However, OAM characteristics also arise naturally 
in other situations such as the propagation of an optical field through atmospheric turbulence.[9] 
Interaction with the refractive index variations of turbulent air can result in the creation of branch points 
pairs (two coupled, counter rotating helical phase structures) in the propagated field. These branch points 
are indicative of optical OAM. Recently, the type of field that leads to the formation of a pair of branch 
points has been identified.[10] Furthermore, the abundance and spacing of branch point pairs in the 
received optical field can be related to the turbulence strength and extent.[11] This relationship can be 
studied to gain a better understanding of turbulence and improved mitigation techniques, or it could even 
be applied as a diagnostic measurement approach. 

Although the singularity points (zero intensity) associated with OAM are not directly measurable due to 
the finite size of a measurement pixel, the helical phase around the point can be observed with 
interferometric or wavefront sensing approaches. Measurement methods that have been proposed 
include: (a) conversion of the helical wavefront to a planar wavefront using a holographic element and 
then focusing the result through a pinhole or to a fiber optic,[12] (b) circular dichroism angle resolved 
photoemission;[13] (c) interfering the input wave with an inverted or rotated copy of itself. This approach 
has been developed into a concept of cascaded of Mach-Zehnder interferometers for measuring the OAM 
of single photons;[14] (d) where in simulation a more complex computer-generated hologram has been 
demonstrated that can detect several different states but with an efficiency that cannot exceed the 
reciprocal of the number of states.[15] A typical example of an interferometric approach related to 
methods (a) and (c) and (d) is the concept of interfering a beam, described by a complex phase front 
exp(imφ), with its mirror image. This produces an interferogram with 2m radial spokes. A computer-
generated hologram with a fork-dislocation introduces a helical phase front in the diffracted beam. This 
type of hologram can be used to create a beam with OAM or, when operated in reverse, the hologram can 
flatten an input helical phase front. These techniques allow photons to be tested only for particular OAM 
states but they involve tabletop-sized interferometric setups and elements such as holograms, dove prisms 
and beam splitters. The efficiency of the holographic approaches also tends to be low. 
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3.0 METHODS, ASSUMPTIONS, AND PROCEDURES 

Previous work related to this effort included a new characterization of the influence of atmospheric 
turbulence on light OAM, a study of interferometic OAM measurement error, and the investigation of 
transferring OAM from photons to electrons. The objective of the work reported here is two-fold: 1) to 
consider the interaction of photons and electrons under Compton scattering to help understand this 
mechanism in terms of OAM detection, and 2) develop a photonic device concept for potential OAM 
detection. 

3.1 Characterize of OAM under Compton scattering. 

In this part of the study, we briefly analyze a change in the OAM of twisted light in a Compton scattering 
situation by evaluating the associated scattering matrix within a semi classical physics framework. This 
work illustrates the possibility for OAM to be transferred through scattering to atomic electrons. It also 
emphasizes the conservation of total angular momentum in the exchange of OAM to the relatively 
massive electrons. An analytical expression is evaluated for the scattering matrix of Compton scatter for 
twisted light. The expression is valid for any axial symmetric beam that carries well defined OAM. In 
addition, two different beam types are examined and related numerical calculations are implemented. 

Figure 1. Schematic of Compton scattering with associated parameters. 

The schematic diagram of Compton scattering in Fig. 1 identifies the scattered photonic wave number (k) 
as well as the OAM topical charge (l) by primed parameters, while the associated wave number and 
orbital angular momentum of the recoil electron is indicated by ke′ and me′, respectively. The scattering 
angle (θ) is defined as the angle between the incident beam and the scattering direction. The analysis is 
based on a semi classical evaluation of the scattering matrix of Compton scatter and illustrates the 
fundamental exchange the orbital angular momentum between the twisted light wave and the electrons. 

The Compton scattering matrix is defined as fefS rkki 
).( −′′= where f ′ and f  represent the scattered 

and initial state of the system, k


, k ′


are the incident and scattered wave vectors, and r is a position
vector.[16] The cylindrical coordinates are applied such that the optical axis is along the z-axis. In this 
analysis, both the spatial electronic and photonic wave functions, Φ and Ψ, are considered so the 
Compton scattering matrix can be described as  

k, l

lk ′′,  

ee mk ′′,
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* * ( ).( ) ( ) ( ) ( ) ,i k k rS r r e r r′−′ ′= Φ Ψ Φ Ψ
       (1) 

where * indicates the  conjugate, and 

( ) ( , ) ,im
mr P z e ϕr −Φ =

  and (2) 

( ) ( , ) ,il
lr R z e ϕr −Ψ =

  (3) 

where m and l indicate the electronic state and the OAM state, respectively. Due to the azimuthal 
symmetry of twisted light, normalized wave functions in cylindrical coordinates are applied in Eq. (1). 
Substituting Eqs. (2) and (3) into Eq. (1) yields 

( ) ( ). ( )( , ) ( , ) ( , ) ( , ) ,i m l i k k r i m l
m l m lS P z e R z e P z e R zϕ ϕr r r r′ ′ ′∗ + ∗ − − +
′ ′′ ′ ′ ′=

  

 (4) 

Reorganizing Eq. (4) leads to 

* * ( ). ( )( , ) ( , ) ( , ) ( , ) .i k k r i m l
m l m lS P z R z e P z R z e ϕr r r r′− ∆ +∆
′ ′′ ′ ′ ′=

  

 (5) 

where mmm −′=∆ and lll −′=∆ ; these represent the change in the electronic and the OAM state due to 
the scattering process. The last angle bracket of Eq. (5) is evaluated directly using the Dirac delta 
function, 

( ) ( ).i m le m lϕ δ∆ +∆ = ∆ + ∆ (6) 

Eq. (6) shows that a decrease in OAM is equivalent to an increase of its electron counterpart, Δm = –Δl. 
Consequently, the Compton scattering matrix is not terminated as long as OAM exchanges between the 
photon and the electron and is conserved through scattering. 

Evaluating the Compton scattering matrix requires resolving the wave functions as well as the middle 
exponential term. The electronic radial wave function Pm (ρ, z) is a separable and generally given by 

( , ) ( ) ,eik z
m m eP z J eρ k ρ=  (7) 

where Jm is the Bessel function, ke and ke are transverse and longitudinal electronic pointing vectors, 
respectively. On the other hand, the wave vector of collimated twisted light is generally composed of two 
components – orbital and longitudinal [17] and can be presented as 

.k kzkϕ= +
    (8) 

Hence, the middle term in the scattering matrix in Eq. (5) is simplified as 

exp[ ( ). ] exp[ ( ) ].i k k r i k k z′ ′− = −
    (9) 

Equations (6), (7) and (9) are implemented to define the scattering matrix as follow 

* *( ) ( , ) ( ) ( , ) ( ).m e l m e l eS J R z J R z k kk ρρ  k ρρ  δ′ ′ ′ ′ ′= ∆ + ∆  (10)
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The Dirac delta term indicates that the longitudinal component of the pointing vector, which represents 
the linear momentum, is also exchanged between the electron and the photon. An increase of the linear 
momentum of the electron is equivalent to decreasing the photon linear momentumn, which is consistent 
with the well-known Compton’s formula.[18] Conservation of both linear and orbital momentum 
emphasizes the conservation of the total momentum for twisted photons in Compton scattering.  

Our objective is to focus on the change of photonic orbital angular momentum in Compton scattering. 
The analysis leads to evaluating the scattering matrix regardless of the initial OAM state. It is computed 
for a given change in OAM relative to the zero order state or “untwisted mode” i.e.:  

* *
0 0( ) ( , ) ( ) ( , ) .l lS J R z J R zκρρκρρ    ∆ ∆′ ′=  (11) 

The assumptions for Eqs. (5) and (9) are that there is no change in radial parameter (r) through scattering 
and the axial parameter (z) depends only on the scattering angle (θ ). As a result, the scattering matrix is 
evaluated for a specific axial distance.  

3.2 Design of a plasmonic metasurface to measure OAM. 

Optical vortex beams have opened up novel applications in optical communications, optical trapping and 
imaging, and even quantum information processing. Efficient detection of OAM in light beams is 
imperative for these applications; however, it is challenging task.[19] Recently, metasurfaces have 
received considerable attention as elements for optical sensing systems due to their properties of increased 
operational bandwidth and reduced loss.[20, 21] Plasmonic metasurfaces are broadly defined as two-
dimensional metamaterials constructed with a periodic or a random arrangement of subwavelength 
building blocks, or meta-atoms.[22, 23] The optical properties of metasurfaces can be precisely tailored 
through the engineered interaction of meta-atoms with light, allowing control of the spatial distribution of 
the fundamental electromagnetic properties: permittivity e and permeability µ. 

Figure 2. Metasurface illustration: ka – incident light; α – incident angle; t – metal layer thickness; 
Λ – period of metasurface; εa, εm, εs – emissivity of air, metal, and the substrate, respectively. 

In this study, we report a new plasmonic metasurface design that can potentially convert optical vortex 
beams into surface plasmon polaritons (SPPs). A typical metasurface is illustrated in Fig. 2 and is 
composed of free space or air (εa), a periodic subwavelength metal (εm) layer and the substrate (εs). The 
structure resonantly couples to the electric and/or magnetic components of the incident light ka and 
exhibits properties that are not found in nature. It excites surface waves, which are known as surface 

 α 
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plasmon polaritons (SPPs) and they are scattered by variation in the surface impedance to produce a 
desired radiation output. The excitation satisfies the phase-matching condition  

spp ak k sin k ,a= ± ∆  (12) 

where  kSPP is the electromagnetic field of the surface waves and the net momentum Δk provided by the 
metasurface is related to the phase gradient. The dispersion relationship of the surface plasmon wave in 
the thin metal films satisfies 

( ) ( )( )
( )( )

exp 2 ,m a a m m s s m
m

m a a m m s s m

k k k k
t k

k k k k
e e e e
e e e e

− −
=

+ +
 (13) 

where 

2 2 2
0 , .i spp ik k - k ε i = a, m, s=  (14) 

In addition, the dielectric constant of a real metal is [24] 

2 '2

, 2 2
1

1 ,
( ) ( )

k
p p

m intraband f interband, f
m m mj j

ω ω
e e e

ω ω ω ω ω ω=

= + = − +
− Γ − + Γ∑ (15) 

This expression includes both intraband and interband transitions, which are the two most important 
processes involved in the study of its electronic properties.  

The proposed metasurface design structure is demonstrated in Fig. 3(a). An incident optical vortex is 
coupled into resonant surface plasmon waves via a circular resonator. When an optical vortex beam 
ka(r, φ) in free space is not able to provide enough momentum to directly launch SPPs on a metal surface, 
the extra momentum KG that is introduced by the proposed structure can overcome this challenge. 
Referring to Eq. (12) and assuming a normally incidence vortex beam, the phase-matching condition is 
modified as 

( , ) ( , ) ,a G SPPr rϕ ϕ+ =k K k
  

 (16) 

where KG in the proposed structure is 

2( , ) ,G r N
r
πϕ
ϕ

=K


 (17) 

and N is an integer. Specifically, as a vortex beam is normally incident on the metasurface, is excites two 
counter propagating surface waves from two small portions of the angular field components of the 
incident vortex beam, η1 and η2, as illustrated in Fig. 3(b). The resulting surface wave ηt is a superposition 
of the two components with ηt = η1 + η2. Hence, the total field intensity at the center of the metasurface, It, 
is determined by the relative phase difference between the two components, that is,  

*
t t tI ηη∝  (18) 

where * indicates the complex conjugate. 
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Figure 3. (a) Proposed metasurface structure. Note: r – radius; ϕ – angle; (b) two example counter 
surface waves η1 and η2 that are excited from a vortex beam. 

4.0 RESULTS AND DISCUSSION 

The following subsections describe the primary results achieved for the two topics introduced in Section 
3. More details can be found in the articles [25, 26].

4.1 Characterization of OAM under Compton scattering

The scattering matrix of Eq. (11) is calculated for two twisted light beams: a Laguerre Gaussian (LG)
beam and a Bessel Gaussian (BG) beam. The spatial wave function of the LG beam is given by [27]

2 2 2

2 2 2 2

2 2( , ) exp exp ( ) ,
( ) ( ) ( ) ( ) 2( )

ll
p l lLG

l p q
R

C ik zR z L iG z
w z w z w z w z z z

ρρρρ   ρ
      = − +       +      

(19) 

where Cp
i
 is a normalization constant, p is a radial index, Lp

| i | (·) is associated with the Laguerre 
polynomial, w(z) is the beam width at distance z and is given by  

( )2( ) 1 / ,o Rw z w z z= + (20) 

where w0 is the original beam width and zR is Rayleigh range, defined as: λπ /2
oR wz = . Gp

| i | (z) is the 
Gouy phase given as  

( ) 1( ) 2 1 tan ( / ).l
p RG z i p l z z−= − + + (21) 

It should be noted that the scattered axial parameter z ′ varies only through the scattering angle θ. z is fixed 
in the following calculation.  

Equations (11) and (19) are used to evaluate the scattering matrix of an x-ray of 1 nm wavelength and 
1 µm waist width through a wide scattering angle range, −π/2 < θ < π/2. It is assumed that there is no 
change in the Gouy phase through scattering.  

Figure 4 illustrates the Compton scattering matrix value S versus scattering angle for several changes in 
OAM (∆l). The curves are generated by computing the normalized scattering matrix over the wide angle 

ϕ 

r 
η1

η2

(a) (b) 
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range for four successive state changes in OAM. The normalized result in Fig. 2 can be interpreted as 
representing the probability of changing OAM state under Compton scattering. The results are bounded 
by the corresponding solid angle at which OAM states are invariant through Compton scattering. 
However, a change by just one-order state could happen with low probability, as the curve for Δl = 1 
shows. 

Figure 4. Normalized Compton scattering matrix versus scattering angle for an LG beam 
and small changes in OAM.   

Figure 5. Normalized Compton scattering matrix versus scattering angle for an LG beam 
and large changes in OAM.   

High probability of changing OAM states through scattering are represented by the peaks in Fig. 4. 
Scattering matrix elements are relatively small for higher change in OAM. This could be interpreted as a 
low probability for a large change in OAM due to Compton Scattering. Negative-value elements in Fig. 4 
indicate the flipping of OAM states, and the curves indicate that scattering at wide angles can cause a flip 
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of the azimuthal phase. Consequently, OAM states are twisted “oppositely” for wide angle Compton-
scattering. However; Scattering matrices are terminated at right angle scattering due to the minimization 
of the differential cross section of the Compton scattering process [28].  

The scattering matrix norm is also calculated for large changes in photonic OAM states and the results are 
plotted in Fig. 5. This result again demonstrates the low probability of scattered twisted photons with 
large changes in their OAM. In addition, it indicates Compton scattering at wide angles is more likely to 
occur with the opposite twisted orientation. Dominant negative peaks in Fig. 5 represent a tendency for 
large changes in photonic OAM to be in an opposite orientation.  

The other twisted light beam that is investigated is the Bessel Gaussian (BG) beam, which has a spatial 
wave given by [29]  

2 2
1 2

2 2

1( , ) exp tan exp ,
2 (1 / ) 2 ( )( )

GB
l l

R R

z ikR z A i k z i J z
k z iz z R zw z k

k kρ kρρ − −         = − − + +          +          
 (22) 

where A is a normalization constant and R(z) is the phase front radius of curvature with 

2( ) 1 ( / ) ,RR z z z z= +  (23) 

Figure 6. Normalized Compton scattering matrix norm versus scattering angle for the BG 
beam for several cases where OAM change is relatively small.   

Equation (23) has been implanted in Eq. (11) to compute the corresponding scattering matrix with the 
same parameters – an x-ray source with 1 nm wavelength, 1 µm beam waist and constant Gouy phase. 
The associated scattering matrix is evaluated for first order changes in orbital angular as shown in Fig. 6. 
One can see that scattering matrix norm of the Bessel Gauss beam changes very slowly, with relatively 
higher values around scattering angle of π/3 compared with smaller values at small scattering angles, |θ| ≤ 
π/6, which is a similar result as the LG beam. The OAM of the BG beam tends to be invariant at small 
angle scattering and more variable in wide scattering. However the extreme minimum scattering element 
is at right angle scattering where the classical cross section is at minimum.
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Figure 7. Normalized Compton scattering matrix norm versus scattering angle for the BG 
beam for several cases where OAM change is relatively large. 

The scattering matrix is also examined for higher order changes in OAM of the Bessel Gaussian beam as 
illustrated in Fig. 7. The order is changed by varying associated the azimuthal parameter to 2, 3 and 4, 
respectively. The curves emphasize the high possibility of changing the OAM state under wide scattering 
conditions compared with small angle scattering. 

4.2 Design of a plasmonic metasurface to measure OAM. 

Figure 8. Example calculated spectral response at wavelength 678 nm (a) normalized 
transmittance versus wavelength. The inset shows a schematic of the metasurface. (b) the electric 
field distribution on the metasurface. 

With the proposed metasurface structure, the optical vortex beam can be detected by monitoring the near-
field pattern of the metasurface. Fig. 8 shows an example of the calculated spectral response for a 
particular metasurface design at λ = 678 nm. For the purpose of demonstration, the display in Fig. 8 (b) 
shows the field distribution on the device when there is resonance and a standing wave at its center. In 
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Fig. 8(a), we observe that there is sharp peak intensity approximately at the wavelength. The presence of 
the feature is interpreted as arising from Fabry-Perot resonance that is created by the reflectance and 
transmittance properties of the metasurface structure. The inset presents the three-dimensional 
metasurface profile which is at the several micrometer order. The corresponding electric field distribution 
is illustrated in Fig. 8(b), showing the selective excitation of the surface plasmon waves. The structure and 
corresponding calculated response spectra of the metasurface is implemented using a finite-element-
method solver and COMSOL Multiphysics software. 

5.0 CONCLUSIONS 

The conversation of OAM at Compton scattering was analyzed. The norm of the scattering matrix for 
twisted light that is scattered by atomic electrons was calculated. The results indicate that the OAM of a 
twisted light can be changed through Compton scattering. Specific numerical values were determined for 
Compton scattering of Laguerre Gaussian and Bessel Gaussian light beams. It was concluded from the 
analysis that OAM states were invariant at forward scattering at small angle scattering but could vary 
significantly at wide angle scattering. 

A compact and efficient approach was proposed to detect vortex beams with OAM using plasmonic 
metasurfaces. An example metasurface structure that couples normally incident optical vortex beams into 
to resonant plasmon waves was depicted. The example calculated spectra response was presented and 
further electromagnetic simulations can be performed using the finite-difference time-domain solver and 
COMSOL software. This study provided an important step towards the development a highly compact 
OAM detector. 
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LIST OF ABBREVIATIONS 

BG Bessel Gaussian 

LG Laguerre Gaussian 

OAM Orbital Angular Momentum 

SPP Surface Plasmon Polariton 
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