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Toeplitz constrained adapt ive  
beamforming wi th  auxiliary data 

D. A. Abraham 

Executive Summary:  Active sonar detection of submarines and mines 
is often hindered by interfering signals such as reverberation from geological 
features on the sea-bottom or noises from nearby surface ships. When these 
interfering signals are near the target in bearing and range, adaptive beam- 
forming may be used to  form nulls in their directions, thereby increasing the 
beam output signal-teinterference ratio. This, however, requires estimation of 
the spatial covariance structure of the interfering signals a t  the receiving array. 
If the spatial covariance structure of the target signal is also estimated, it may 
be used to provide high angular resolution in the vicinity of the target which 
can improve target tracking performance in cluttered environments. 

Estimation of the target and interference spatial covariance structures is a 
difficult problem owing to the limited amount of available data. This re- 
port proposes a method that exploits both target-plus-interference data and 
interference-only (auxiliary) data and enforces a particular structure on the 
spatial covariance. It is shown that when the actual spatial covariance has a 
Toeplitz structure and it is enforced by the estimation algorithm, the spatial 
covariance can be estimated well enough to implement adaptive beamforming. 

NATO UNCLASSIFIED 

Report no. changed (Mar 2006): SR-261-UU



NATO UNCLASSIFIED 

N A T O  UNCLASSIFIED 

intentionally blank page 

Report no. changed (Mar 2006): SR-261-UU



NATO UNCLASSIFIED 

Toeplitz constrained adaptive 
beamforming wi th  auxiliary d a t a  

D. A. Abraham 

Abstract :  Submarine and mine detection using active sonar face similar 
problems when adaptive beamforming is required to provide high angular reso- 
lution or to suppress angularly isolated interferences. Both situations result in 
a very small amount of target-plus-interference data and a moderate amount of 
stationary interferenceonly data. From this data the target-plus-interference 
arid interferenceonly spatial covariance matrices (SCM's) must be estimated. 
When the SCM's have a Toeplitz structure, as will occur with an equi-spaced 
line array and plane wave propagation, beamforming performance may be im- 
proved by constraining the estimates to be Toeplitz as well. 

In this report, the expectation-maximization algorithm is used to obtain the 
Toeplitz constrained maximum likelihood estimates of the SCM's when target- 
plus-interference data and interference-only (auxiliary) data are available. When 
the target-plus-interference SCM estimate is used in an MVDR beamformer, it 
is shown that the beam output SNR is non-linearly dependent on the maximum 
beam output SNR (S,,,) in such a manner that when S,,, is large, accurate 
estimation of the SCM is crucial. Simulation analysis illustrates that the pr* 
posed algorithm can provide the necessary accuracy, with further improvement 
as the amount of auxiliary data increases. 

Keywords: adaptive beamforming o Toeplitz covariance o expectation max- 
imization 
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Introduction 

Submarine and mine detection using active sonar face similar problems when a d a p  
tive beamforming is required to provide high angular resolution or to  suppress an- 
gularly isolated interferences. In both applications the array sensor data charac- 
teristically have a time-varying interference background (i.e., reverberation and any 
moving interfering sources) and a target echo with a relatively short duration. Both 
of these characteristics lead to the requirement for accurate estimation of the spatial 
covariance matrix (SCM) of the array hydrophones using minimal data. To illustrate 
this problem, consider a continuous-wave (CW) transmit waveform with duration 
0.2 seconds and a 150 m long target. The resulting target echo would have approx- 
imately 2 independent samples at each sensor which must be used to estimate the 
N-by-N target-plus-interference SCM when there are N hydrophones in the array. 
Clearly this is a formidable problem, as the sample covariance matrix in this case will 
not even provide a full rank estimate for N > 2. Estimation of the interference-only 
SCM is easier as the time over which one can assume stationarity is typically longer 
than the duration of a target echo. However, use of the interference-only SCM in 
adaptive beamforming will not result in high angular resolution of the target echo. 

Often the full power of adaptively choosing all N of the beamforming weights is not 
required; that is, using fewer than all of the N spatial degrees-of-freedom (DOF) does 
not result in a substantial degradation in the average beamforming performance [I]. 
Reducing the spatial DOF also has the advantage of making the SCM estimation 
problem easier, resulting in improved detection performance [2]. The methods used 
to reduce the spatial DOF may be generally described as either nonparametric, in 
the sense of not assuming a particular form or structure for the SCM, or parametric, 
where a specific structure is assumed and exploited. The nonparametric techniques 
include beam-space and sub-array preprocessing where conventional beamforming 
(CBF) is used as a preprocessor to form M < N beam outputs which are then 
combined using adaptive beamforming. The parametric techniques include the en- 
hanced minimum variance distortionless response (MVDR) beamformer [3] and the 
exploitation of the Toeplitz structure induced by plane wave propagation for equi- 
spaced linear arrays [4, 5, 61. 

Of particular interest is the maximum likelihood estimation of a Toeplitz constrained 
SCM using the expectation-maximization algorithm described by Miller et al. in [7] 
and applied to adaptive beamforming and detection by Fuhrmann 161. This para- 
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metric adaptive beamforming technique assumes that the frequency domain array 
sensor data are independent multivariate complex Gaussian distributed random vec- 
tors with a Toeplitz covariance matrix, 

for i = 1, . . . , L where 0 is a vector of zeros and the notation x - CNN ( p ,  C) indi- 
cates that the dimension N random vector x has a multivariate complex Gaussian 
distribution with mean vector p and covariance matrix C. The joint probability 
density function (PDF) of the data X = [xl . . . xL] is 

- - 1 
exp {-tr ( R - ~ x x ~ ) } ,  

,rrNL 1 ~ 1 ~  
where t r  (A) is the trace (sum of the diagonal values) of the square matrix A and the 
superscript denotes the complex conjugate and transpose operation. Fuhrmann [6] 
illustrated that the Toeplitz constraint provided substantial improvement over using 
the unconstrained sample covariance matrix in adaptive beamforming and detection. 
Further, the algorithm provides full rank estimates of the covariance matrix with 
just one data vector - the sample covariance matrix technique requires N samples 
for this. These qualities imply that this type of algorithm may be successful in 
adaptive beamforming for active sonar. 

The array data from active sonar consists of a target echo superimposed on inter- 
fering signals composed of reverberation and background noises. The interfering 
signals are rarely spatially white and are certainly time-varying; however, they may 
be assumed stationary over short periods of time. Thus, auxiliary data from times 
near to the target echo may be used to  help estimate the the target-plus-interference 
and interference-only SCM's. 

If the amplitude of the target echo is assumed to  be a zero mean Gaussian random 
variable (i.e., Swerling I or 11 target which is also known as a Gaussian target 
model [8]), the resulting frequency domain array data for the target-plus-interference 
SCM will follow eq. (1) with 

where d is the array direction vector pointing to  the direction of the target, s is the 
power of the target echo and Q is the interference-only SCM. The auxiliary data are 
assumed to be independent and identically distributed according to  
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for j = 1, . . . , K. Similar to eq. (2), the joint PDF of the auxiliary data Y = 
[YI ' .  . YK] is 

If the array hydrophones are equally spaced in a straight line and the acoustic wave 
is assumed to propagate as a plane, the array steering vector has the form 

where the superscript denotes the transpose operation and y is the electrical angle 

= T sin (0)  [i] . 

Here, 6' is the angle from broadside to the array, d is the sensor spacing, X = 7 is 
the wavelength at frequency f when the speed of sound is c, and fd = & is the 
frequency at which the sensors are spaced every half wavelength. 

The steering vector of eq. (7) leads to a Toeplitz SCM if the signals impinging on 
the array are either point sources uncorrelated from each other, or the result of 
an incoherent integration over some angular sector. Correlated point sources from 
different directions will not result in a Toeplitz SCM. 

The intent of this report is to extend the Toeplitz constrained maximum likelihood 
estimator of Miller et al. [7] to the case where auxiliary data exists to augment the 
estimation of the target-plus-interference SCM for the Gaussian target model. The 
algorithm is derived in Section 2 and subjected to simulation analysis in Sections 3 
and 4. 
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2 
Algorithm 

2.1 Problem definition 

In order to  implement adaptive beamforming algorithms such as MVDR or direction 
finding algorithms such as MUSIC, the SCM must be estimated from the observed 
data. In beamforming algorithms, the SCM estimate is then used to form spatial FIR 
filters that are applied to the array data. Assuming that the primary data  (X) and 
the auxiliary data (Y)  are distributed as described in eqs. (1) and ( 5 ) ,  it is desired 
to  form a maximum likelihood estimate (MLE) of the target-plus-interference (R)  
and interference-only (Q) SCM's subject to  the following constraints: 

a The matrices P, Q ,  and thus R = P + Q are Toeplitz. 

a The matrix P is non-negative definite (i.e., P P 0). 

a The matrix Q is positive definite (i.e., Q > 0). 

Note that the MLE of R may be obtained by first forming the MLE's for P and Q and 
that by their nature the SCM's are complex-conjugate symmetric (i.e., R = R ~ ) .  

The Toeplitz matrices P and Q ,  having constant diagonal elements and being 
complex-conjugate symmetric are completely described by their first columns, 

T 
P = [PO PI ' . '  PN-I] 

and 
T q = [q0 91 " '  qN-l] 

which may be combined into the parameter vector O, 

Combining eqs. (2) and (6) leads to  the log-likelihood function of O given the com- 
bined primary and auxiliary data  

-K log 141 - t r  ( Q - ~ Y Y ~ )  - N (K + L) log(n) . (12) 
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The desired MLE's for P and Q are those matrices that maximize L ( O  IX,Y)  
subject to the constraints previously mentioned. 

2.2 Algorithm derivation 

Miller et al. [7] utilized the expectation-maximization (EM) algorithm [9] to obtain 
the MLE of a Toeplitz constrained covariance matrix when the data are zero-mean 
multivariate complex Gaussian distributed. The same technique is applied here to 
the case when auxiliary data exists. 

The EM algorithm [9] is an iterative method for obtaining a maximum likelihood 
estimate of O when the maximization of the likelihood function (eq. (12)) given the 
observed data 2, = [X,Y] is not straightforward and the data may be described 
as part of a larger observation with a simpler likelihood function. Following Miller 
e t  al. [7], assume that the observed data are part of a complete data set with the 
form 

and 

where the data Zm = [X,? Y,] are considered to be missing or not observable. The 
marginal PDF of the observed data must correspond to that described by eqs. (2) 
and (6), so the choice of distribution for the complete data is somewhat restricted. 
Suppose that each column of Xc is zero-mean complex Gaussian distributed with 
covariance matrix R and that each column of Yc is similarly distributed with covari- 
ance matrix Q. In this manner, the marginal distributions will be exactly eqs. (2) 
and (6) if R and Q are the primary N-by-N submatrices of R and Q, respectively. 

F'urther suppose that P = R-Q and Q are M-by-M circulant matrices. A circulant 
matrix [lo] is a Toeplitz matrix with the special form where each column (row) 
contains the same elements as the previous one shifted down (to the right) one 
space; for example, 
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If P and Q are to respectively form the primary N-by-N submatrices of P and Q, 
then clearly M 1 2N - 1. The convenience of the circulant extension of P and Q lies 
in the straightforward diagonalization of P and Q. The eigenvectors of a circulant 
matrix are exactly the discrete Fourier transform (DFT) vectors, 

for i = 0, . . . , M - 1. Thus, P, Q and R are diagonalized by the matrix of DFT 
vectors W = [WO . . .  WM-11, 

C p  = W P W ~  = diag { u p  ( j ) } g l ,  (17) 

C ,  = wQwH = diag { u ,  ( j ) } z l  (18) 

and 

C ,  = wRwH. 
Restriction of the complete data to  having non-negative definite circulant covari- 
ance matrices is more strongly justified by the results of Fuhrmann and Miller [l:I.], 
indicating that this restriction guarantees a positive definite maximum likelihood 
estimate of the covariance matrix of the observed data. 

The expectation step of the EM algorithm [12] requires forming the expectation 
of the log-likelihood function of O over the missing data Zm conditioned on the 
observed data Z, and an assumed set of values for the unknown parameters, say Oi, 

The log-likelihood function of O given the complete data is 

-K log I Q  I - t r  (Q-'Y,Y;) - M (K + L) log (n) (21) 

where the parameters from O (not Oi) are used to  form P and Q. As noted in 
eq. (20), the expectation of L (O JZ,, Zm) is performed over the PDF of the missing 
data conditioned on the observed data. Fkom eq. (21) it can be seen that this will 
result in the expected value of the outer products of the columns of X, and Y,. Let 
the kth column of Xc be 
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where ~i is formed from the elements of Oi. The distribution of x c , k  conditioned 
on the observed value of x k  is complex multivariate Gaussian [13], 

where I?, represents the correlation between %,k and x k .  The observed data may 
be isolated from the complete data by the matrix operation 

where premultiplying by UN = [IN 0] picks off the first N elements of x , k  (IN is 
the N-by-N identity matrix and 0 is a matrix of zeros). The correlation matrix I?, 
may then be described as 

Substituting eq. (25) into eq. (23) and forming the conditional expectation of the 
outer product of %,k results in 

Summing eq. (26) over k and substituting k = W ~ C , ~ W  results in 

where 

and WN = WU; are the first N columns of the DFT matrix W. Similar efforts 
with the auxiliary data lead to 
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where 

and 

Di = Cq,i - C q , i w ~ ~ i l w $ C q , i  + C ~ , ~ W N Q ~ ~ S ~ Q ~ ~ W ~ C ~ , ~ .  (32)  

Substitution of eqs. (27) and (30) into eqs. (21) and (20) results in 

Q (o, ui) = -L log J P  + Q  - L tr  ( ( P  + Q)-' W H C ~ W )  

-K log Ql  - K tr  ( Q - ~ w ~ D ~ w )  - M ( K  + L)  log ( a )  (33) 

= - L ~ O ~ ~ C ~ + C ~ I  - L t r ( ( ~ , + ~ ~ ) - ' c i )  

-K log c , I  - K tr  ( c ; ' D ~ )  - M ( K  + L )  1% ( a )  . (34) 

If di ( j )  and ci ( j )  for j  = 1, . . . , M are respectively the diagonal elements of Ci  and 
Di then eq. (34) may be written as 

Q ( @ ,  @i)  = -L C log [a, ( j )  + oq ( j ) ]  + "i j=1 OP ( j )  + oq ( j )  

The maximization step of the EM algorithm consists of choosing Oi+, as those values 
of O maximizing Q ( O ,  Oi) .  Unconstrained maximization of eq. (35) results in the 
estimators 

and 

However, if op ( j )  2 0 the nonnegative definite constraint on P is satisfied and if 
a, (j) > 0 the positive definite constraint on Q is satisfied. Such a constrained 
maximization of eq. (35) results in the estimators 

and 
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where z+ indicates taking the positive part of z; that is, 

The new estimates of P and Q may then be formed by 

and 

where Cp,i+l and Cq,i+l are formed from the new spectral coefficients of eqs. (38) 
and (39). 

2.3 Summary of  algorithm 

The EM algorithm for obtaining maximum likelihood estimates of the Toeplitz co- 
variance matrices is now summarized: 

1. Initialization: 

Choose M 2 2N - 1. Choosing M as a power of two results in some 
computational savings. 
Set i = 0. 
Form the matrix WN from the M-by-M DFT matrix W. 
Obtain S, and S, from the array data. 
Form initial estimates of C , i  and Cq,i according to 

C,,o = w&,wH (43) 

and 

C,,o = wgowH (44) 

where &J and QO are formed from S, and S, as described in Section 3.1. 

2. Estimation step: form Ci and Di according to 

Note that only the elements along the main diagonal of Ci and Di are required. 
As described by Miller et al. in [7], it is possible to obtain the elements of the 
main diagonal of the matrix W ~ R W $  when R is Toeplitz using an M-point 
DFT. For the convenience of the reader, this is described in Annex A. 
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3. Maximization step: update the diagonal matrices C,,++l and C,,i+l (and 
thus CT,i+l) according to the unconstrained nlaximizers of eqs. (36) and (37) 
or the constrained maximizers of eqs. (38) and (39). Note that if the uncon- 
strained maximizers are used, the constraint should be applied after conver- 
gence and the iteration repeated. Update the covariance estimates according 
to 

and 

4. Convergence: 

Form convergence criterion such as the squared Frobenius norm of the 
difference matrices 

If not converged (i.e., ex or E ,  is greater than some tolerable value) then 
set i = i + 1 and go to step 2. 

The squared Frobenius norm of a matrix [14] is the sum of the squares of each 
element (magnitude squared for complex matrices) and can be related to  the trace 
of the product 
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Initialization, convergence and 
estimation performance analysis 

There are several issues associated with evaluating the performance of this iterative 
technique for determining maximum likelihood estimates of the target-only, target- 
plus-interference and interference-only SCM's. The issues related to initialization of 
the algorithm are discussed in Section 3.1, convergence of the algorithm in Section 3.2 
and performance of the algorithm in estimating the SCM's in Section 3.3. The 
performance of the SCM estimates in adaptive beamforming is examined separately 
in Section 4. 

In the following simulation analyses, it is assumed that the target arrives broadside 
to the array (yo = 0) and has unit power (s = I), and that the interfering signals are 
spatially white. The array is assumed to be composed of N sensors equally spaced 
in a straight line, each a distance d = $ apart (i.e., half-wavelength spacing). Thus, 
the interference-only SCM is 

the array steering vector pointing toward the target is 

and the target covariance matrix is 

3.1 Algorithm initialization 

The first iteration of the EM algorithm described in Section 2.3 requires estimates 
of the Toeplitz constrained observed data covariances & and Qo and also their 
circulant extensions & and g o .  Recall from spectral estimation the standard biased 
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and unbiased estimators of the autocorrelation function [15]. Extending this concept 
to  Toeplitz covariance matrix estimation yields the unbiased estimator 

N-1-n 

rn = - x S, (k ,  k - n)  
N - 77 k=O 

for n = 0, 1, . . . , N - 1 where S, (k, k - n,) are the elements along the nth subdiago- 
nal of S,. Scharf [16] shows that this estimator! which simply averages the diagonal 
elements of S,, minimizes the squared error between S, and the Toeplitz matrix 
formed from the estimates {%),"zd. 

The biased estimator forms the sum of each subdiagonal and divides by N, 

The biased estimator is usually preferred in spectral estimation because the mean 
of the periodogram power spectral estimate (i.e., the Fourier transform of the corre- 
lation estimates) is nonnegative while the unbiased correlation estimates can result 
in a negative mean. 

For a dimension M circulant extension of the Toeplitz SCM R formed from the 
estimated covariances {fn),Nzd, 2N  - 1 of the M parameters are already specified. 
One could reasonably choose the other parameters to  be zeros, resulting in the vector 

as the first column of h. The algorithm described in Section 2.3 inherently enforces 
the matrices f& and Q i  to be nonnegative definite. Thus, the algorithm should be 
initialized with nonnegative definite matrices. If % or QO contain any negative 
eigenvalues (i.e., the diagonal elements of C,,o or C,,o), they should be set to zero. 
I t  was, however, observed that the algorithm could recover from initializations of 
Ro and Qo containing negative eigenvalues. Practice has also shown that the unbi- 
ased covariance estimators of eq. (55) almost always do not satisfy the nonnegative 
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Figure 1 First  four coefficients of the estimate of R when  initialization occurs 
using the  unbiased and biased estimators of eqs. (55) and (56). 

definite requirement when there is only one data vector (i.e., L = 1 or K = 1) and 
that the biased estimators of eq. (56) usually do. 

As an example, consider the case where L = 1, K = 4, N = 16 and M = 32. 
Figure 1 depicts one realization of the convergence of the sensor correlations ro and 
r l  when the biased and unbiased initial estimators are used. Though the unbiased 
initialization converges to essentially the same values as the biased initialization1, 
the latter produces a more stable convergence. 

3.2 Convergence analysis 

Dempster et al. [9] indicate that the convergence of the EM algorithm is slow and 
related to the proportion of observed to complete data, in this case $. Thus, 
convergence is expected to be slower as M increases. To illustrate this, the mean 
squared Frobenius norm of the difference between consecutive estimates of P and 
Q in the EM iteration calculated from 500 trials is shown in Fig. 2 for the case of 
L = 1, K = 4, N = 16 and circulant extensions with dimension M = 2N = 32, 

'In this individual trial and after many iterations. 

- 13- NATO UNCLASSIFIED 

Report no. changed (Mar 2006): SR-261-UU



NATO UNCLASSIFIED 

Iteration number 

Figure 2 Mean squared fiobenius norm of diflerence matrix between consecutive 
estimates of P and Q for M = 2N = 32, M = 4N = 64 and M = 8 N  = 128. 

M = 4N = 64 and M = 8 N  = 128. Though this measure does not necessarily 
indicate how close the iteration is to the maximum value of the likelihood function, 
it is used as a stopping criterion and thus worth investigating. 

The results shown in Fig. 2 support the slower rate of convergence for larger M and 
also indicate that the convergence of the estimate of P is slower than that of Q. The 
latter effect is most likely due to the greater availability of data to estimate Q (i.e., 
K + L samples as opposed to L samples to estimate P and R). Although it is not 
shown, the estimate of R converges at  the slower rate between that of P and Q. 

The faster convergence and reduced computational requirements make choosing a 
small M desirable. However, though it was not observed in this simulation, it is 
expected that choosing M too small may adversely affect estimation performance. 

3.3 Estimation performance analysis 

To evaluate how well the proposed algorithm estimates the matrices R, Q and P, 
the squared Frobenius norm of the error between the actual and estimated matrix 
is considered. This is essentially a weighted mean squared error criterion where the 
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emphasis of the weighting decreases as the separation of the sensors being correlated 
increases. As shown in Annex B, the expected value of the squared Frobenius norm 
between the sample covariance matrix (S,) and the true covariance matrix (R) is 

when L independent samples are used to form S,. In this situation (i.e., Q = IN, 
s = 1 and d as in eq. (53)) assuming N = 16, L = 1 and K = 4, 

and 

Figures 3-5 contain histograms of the base 10 logarithm of the squared Frobenius 
norm of the error between the actual and estimated covariance matrices, respectively 
for R ,  Q, and P. The estimated (and theoretical for the sample covariance matrices) 
mean values of the squared Frobenius norm are shown on the plots as vertical lines. 
The Toeplitz constrained MLE of Miller et al. [7] is also evaluated to observe the 
improvement obtained in using auxiliary data. The histograms were formed from 
1000 independent trials. 

Figure 3 illustrates the expected improvement when the Toeplitz constraint is a p  
plied compared to the sample covariance matrix, and minimal difference in esti- 
mating R when auxilixy data is used with the Toeplitz constraint. Increasing the 
amount of auxiliary data from K = 4 to K = 16 did not substantially improve 
the estimation performance in terms of the squared Frobenius norm. This result is 
consistent with that of Section 3.2 where the convergence of R was controlled by 
the dominating effect between P and Q. 

The utility of the auxiliary data is more obvious in Fig. 4 where a visible improve- 
ment is observed over the Toeplitz constrained MLE without auxiliary data. This 
improvement decreases as the amount of data contributed by S, (L samples) to 
the estimation process becomes small as compared to that contributed by Sy ( K  
samples). Note that enforcing the Toeplitz constraint reduces the mean squared 
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Frobenius norm by approximately one order of magnitude compared to using the 
sample covariance matrix. 

One of the primary advantages of using auxiliary data is the ability to estimate 
the target-only SCM (P). This estimate may provide valuable information for tar- 
get detection, localization and classification in active sonar. Figure 5 illustrates 
the performance of the proposed Toeplitz constrained MLE algorithm in estimating 
the target-only SCM. Compared to the difference of the sample covariance matrices 
S, - S,, which does not guarantee a non-negative definite estimate, the proposed es- 
timator provides approximately a factor of 4.5 times smaller mean squared F'robenius 
norm in the error matrix as well as a substantially reduced variance. 

100- 
Sample covariance matrix 

50 - 

0 

loo t  

I 

Toeplitz constrained MLE I 

50 
No auxiliary data 

0 ' t  l I 

Toeplitz constrained MLE I 

I 

log10 of squared Frobenius norm 

Figure 3 Histogram of squared Frobenius norm  of error matrix  between actual and 
estimated R. Estimated mean  values are indicated o n  each graph. 
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100 
Sample covariance matrix 

50 - 

0 

Toeplitz constrained MLE I I 
I 

No auxiliary data 

1,. 

I Toeplitz constrained MLE I I 

loglo of squared Frobenius norm 

Figure 4 Histogram of squared Frobenius norm of error matrix between actual and 
estimated Q. Estimated mean values are indicated on  each graph. 

loglo of squared Frobenius norm 

Figure 5 Histogram of squared Frobenius norm of error matrix between actual and 
estimated P.  Estimated mean values are indicated on each graph. 
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Beam forming performance analysis 

The primary purpose of adaptive beamforming is to  improve the SNR at  the output 
of the beamformer compared to  that achieved with the conventional beamformer. 
The maximum amount of improvement obtainable depends on the structure of the 
interfering signals. For instance, the improvement is minimal when the interference 
is spatially diffuse and perhaps far from the target in angle. However, if the inter- 
ference is spatially compact and near the target, the maximum improvement can be 
substantial. 

When the beamforming filter vector is formed from an estimate of the SCM rather 
than the exact value, a loss in performance is incurred. Reed, Mallett and Brennan 
(RMB) [17] have described this loss for the deterministic target model as being a 
multiplicative factor reducing the beam output SNR from the maximum value. They 
then showed that if the sample covariance matrix is used to form the beamforming 
filter vector that the multiplicative factor was beta distributed. In the following 
sections, the beam output SNR is derived for the Gaussian target model, the array 
gain improvement (AGI) is described when the adaptive beamforming filter vector 
is estimated, and the beam output SNR and AGI are evaluated using the Toeplitz 
constrained SCM estimation technique proposed in this report. 

4.1 Beam output SNR for Gaussian target model 

Under the Gaussian target model described by eqs. (1) and (3), the beam output 
signal-to-noise power ratio (SNR) when w is t he ' beamf~rmin~  weight vector is 

It is well-known that the MVDR weight vector 

maximizes the beam output SNR in the direction described by the steering vector 
d ,  resulting in the maximum value 
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When R = sddH + Q it is also known that with perfect knowledge of the SCM's, the 
target-plus-interference SCM may be used rather than the interference-only SCM 
Q; that is, 

This is important when other directions than that described by d are of interest or 
if only data containing target and interference are observable as in passive sonar. In 
high resolution beamforming for active sonar, the former applies as the P = sddH 
portion of the SCM is considered to be interference when the look direction is not 
that described by the steering vector d. 

Substitution of the estimate of the target-plus-interference SCM R in the beam- 
forming weight vector results in 

Given an observed beamforming weight vector w ,  that is assumed to be independent 
of the array data being beamformed, the observed beam output SNR is then 

where 

is the SNR loss factor of Reed, Mallett and Brennan [17] which was developed for a 
deterministic target model as opposed to the Gaussian target model considered in 
this report. 

In simplifying eq. (67), first note that application of the matrix inversion lemma to 
R-' results in 

It then follows that for the Gaussian target model with the MVDR beamforming 
vector formed from an estimate of the target-plus-interference SCM R, the beam 

- 19-  NATO UNCLASSIFIED 

Report no. changed (Mar 2006): SR-261-UU



NATO UNCLASSIFIED SACLANTCEN SR-261 

output SNR is related to RMB1s SNR loss factor and the maximum achievable SNR 
according to 

- - P Smax  

1 + (1 - P) S m a x  

If the MVDR beamforming vector is formed using an estimate of the interference- 
only SCM, the output SNR would be 

SQ = P S m a x  (71) 

where p is formed using Q and Q. Here, the relationship between the beam output 
SNR and Sm, is linear and is identical to the result of Reed, Mallett and Bren- 
nan [17] for the deterministic target model. The importance of the result of eq. (70) 
is that it indicates a non-linear relationship between the beam output SNR and 
the maximum achievable SNR for the Gaussian target model when the target-plus- 
interference SCM estimate is used. 

For a conventional beamformer without array shading (i.e., w = d) ,  the beam output 
SNR is 

where d H d  = N and the penalty associated with using conventional rather than 
optimal beamforming is quantified by 

These results provides a means for evaluating the potential improvement of adaptive 
beamforming over conventional beamforming, taking into consideration the estima- 
tion of the SCM1s. For example, consider the case of spatially white noise and 
interference; that is, Q = 0 ~ 1 ~ .  The optimality of conventional beamforming in 
this situation is well-known and supported by the resulting pcbf = 1. This indicates 
that there is no possibility of increasing the beam output SNR. 
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4.2 Beam output SNR with sample covariance matrix SCM estimator 

Reed, Mallett and Brennan [17] showed that if R is complex Wishart distributed (as 
would be the case if the sample covariance matrix were used), p is beta distributed. 
If L 2 N data vectors are used to form R = S,, then S has PDF 

L + I - N  N - 2  
L! (1 + Smax)  

L+2- N  

(') = [(N - 2)! ( L  + 1 - N)!Smax (1 + slL+l 
(74) 

for s E 10, Smax]. It is straightforward to show that the ath moment of S is 

L+2-N L! ( a  + L + 1 - N)! 
E [SaI = S:ax (1 + S m a x )  [ ( a  + L)! (L + 1 - ivy I x 

where 2 F 1  (a, b; c; x) is the Gauss hypergeometric function [18] (this reference also 
contains an algorithm for evaluating the function). 

As the estimation of R improves, p will tend toward one. Thus, as indicated by 
eq. (70), the requirement for estimation accuracy increases with the maximum beam 
output SNR. For example, consider the PDF of S as shown in Fig. 6 for N = 16, 
Smax = 0.1, 1 and 10, and various values of L. As S,,, increases a larger amount 
of data is required to retain the same performance relative to the maximum. 

The mean of S normalized by Smax is shown in Fig. 7 for N = 16 and S-, varying 
from 0.1 to 10 as a function of the amount of data used to estimate R using the 
sample covariance matrix. As the maximum SNR decreases, the normalized mean 
tends toward that of the RMB SNR loss factor as would be expected from inspection 
of eq. (70). These curves also support the conclusion that improved estimation of 
R is imperative for high SmaX scenarios if the Gaussian target model is assumed. 

4.3 Beam output SNR with Toeplitz constrained SCM estimator 

The previous section has illustrated the importance of improving the estimation 
of the target-plus-interference SCM for the Gaussian target model. This section 
considers the improvement obtainable by using the Toeplitz constrained maximum 
likelihood SCM estimators of Miller et al. [7] when no auxiliary data exists and the 
estimator described in Section 2 when auxiliary data does exist. 

The PDF of the beam output SNR is estimated by histograms formed from 1000 
trials in Fig. 8 for the case of N = 16, L = 16, K = 16, Q = IN, and P = ddH. The 
theoretical PDF described in eq. (74) for the sample covariance matrix estimation of 
R is also shown on the figure. The improvement due to application of the Toeplitz 
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Beam output SNR 

Beam output SNR 

$"c--- 2 3 4 ' 5 6 7 8 9 1 0  
Beam output SNR 

Figure 6 PDF of beam output S N R  for N = 16, L = 16, 32, 48, and 64, and 
Smax = 0.1, 1, and 10. 

L - Amount of data used to estimate SCM 

Figure 7 Mean of beam output SNR normalized by S,, for N = 16 and Smax = 
0.1, 1, 5 and 10 as a function of L. 

NATO LlNCLASSlFlED - 22 - 

Report no. changed (Mar 2006): SR-261-UU



NATO UNCLASSIFIED 

without 

Sample mean y 

Sample mean --4 

012 13 14 15 1 6 = S m a x  

S - Beam output SNR 

Figure 8 Histograms of beam output SNR for N = 16, L = 16, and K = 16. 

constraint is clear in that most of the weight of the PDF's are between S = 14 and 
S = S,,, = 16 rather than in the region S < 1 as occurs with the sample covariance 
matrix. The mean values of the beam output SNR, as noted in Table 1 and in 
Fig. 8 as vertical lines, reflect approximately 20 d B  of improvement in applying the 
Toeplitz constraint. 

The improvement observed in the previous example when auxiliary data  is used is 
minimal, most likely because the Toeplitz constrained estimation of R using L = 16 
samples of target-plus-interference data  and no auxiliary data is quite good t o  begin 
with. In active sonar, however, there is likely to be only one or two da ta  vectors 
available to  estimate R. Figure 9 contains histograms and boxplots of the RMB 
SNR loss factor, as defined in eq. (68), formed from 1000 trials when N = 16 and 
L = 1 as a function of K. The K = 0 case represents the algorithm of Miller 
et al. [7]; that  is, no auxiliary data. The K > 0 cases represent the algorithm of 
Section 2. The boxplots [19] describe with lines the lower quartile, median, and 
upper quartile of the data. Additionally, the sample mean has been plotted with 
the + symbol. Observe that most of the improvement is obtained by the first 3-5 
samples of auxiliary data. The expected value of the ratio of the RMB SNR loss 
factor with auxiliary data  t o  without, 
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Table 1 Estimated and theoretical average beam output SNR for N = 16, L = 16, 
K = 16. 

Sample covariance matrix, theoretical value 0.1327 
Sample covariance matrix, estimated value 0.13 
Toeplitz constraint without auxiliary data 15.07 

Toeplitz constraint with auxiliary data 15.43 

increases from 0.24 dB  when K = 1 to  0.43 d B  when K = 15 samples of auxiliary 
data  are used. Figure 10 contains histograms and boxplots of the beam output SNR, 
as described by eq. (70). Here the improvement is more notable. The expected value 
of the ratio of the beam output SNR with auxiliary data to  without, 

increases from 2.09 dB  when K = 1 t o  4.06 d B  when K = 15 samples of auxiliary 
data  are used. 

4.4 Array gain improvement 

The array gain improvement (AGI), as defined by Owsley in [20] or [I] ,  is the ratio of 
the array gain for an adaptive beamformer to  that for the conventional beamformer. 
As the input SNR is the same for each beamformer, it is equivalently the ratio of 
the beam output SNR's. Taking into account the randomness associated with the 
estimation of the SCM's, the AGI is 

S 
AGI = - 

Scbf 
- - P 

Pcbf [1 + - P) Srnax] ' 

Now consider the case of a single plane wave interfering source in spatially white 
noise, 

Some simple matrix algebra yields 
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Figure 9 Histograms of R M B  S N R  loss factor for N = 16 and L = 1 as a function 
of K .  

K - Amount of auxiliary data 

Figure 10 Histograms of beam output S N R  for N = 16 and L = 1 as a function 
of K .  

NATO UNCLASSIFIED 

Report no. changed (Mar 2006): SR-261-UU



NATO UNCLASSIFIED 

where 

represents the capability of the conventional beamformer t o  suppress the interfer- 
ence, and 

represents the interference-tenoise ratio a t  the output of a conventional beamformer 
(i.e., gain of N ) .  The parameter b provides some information about how far away 
the interference is from the direction of interest. If b is near one, the  interference is 
in the  main lobe of the beampattern of a conventional beamformer pointing to  d. 
If b is near zero, the interference is either far from the direction of interest or near 
a null in the beampattern of a conventional beamformer pointing t o  d. When the 
SCM is known exactly (i.e., R = R), p = 1 and the AGI of eq. (78) for the  single 
plane wave interference simplifies t o  that  described in [I].  

The variation of pcbf with ri and b is illustrated in Fig. 11 for a single plane wave 
interference in white noise within the main lobe of the conventional beampattern 
pointing a t  the target. As the  interference approaches the target (b + 1) and as the 
interference becomes weaker compared to  the noise (ri + 0), pcbf increases toward 
one. This supports the common knowledge that  adaptive beamforming can provide 
improvement when there is a strong interfering signal near the  target. 

The P D F  for the array gain improvement when the sample covariance matrix is 
used t o  form the  MVDR bea.mforming filter vector may be obtained by noticing 
from eqs. (70) and (78) that  

AGI = 
S 

~ ~ b f s r n a x  ' 

Thus, the P D F  of the AGI for adaptive beamforming using the  sample covariance 
matrix may be found from eq. (74) by a simple scale transformation. 

4.5 Plane wave interference in spatially white noise 

All of the previous simulation analyses have been for a spatially white interference- 
only SCM. For this interference structure the conventional beamformer is optimal. 
Now consider plane wave interference in spatially white noise (i.e., Q as in eq. (79)) 
where ri = 10 d B  and u2 = 1 (i.e., si = $ = g) for interferences in the main lobe 
so that  b = 0.95, 0.9, 0.8, and 0.5. 
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Histograms and boxplots for the AGI are found when N = 16, L = 1 and K = 0 (no 
auxiliary data) in Fig. 12 and K = 8 (auxiliary data) in Fig. 13. The label on the 
abscissa indicates the value of b and the maximum possible AGI (L) is indicated 

Pcbf 
on each plot by an *. In all cases, the availability of auxiliary data has improved 
the performance. As seen in Fig. 12 and in Table 2, the AGI and its mean may be 
below one, in which case the losses associated with estimating R are greater than 
the gain in SNR and conventional beamforming should be used. 

ri - CBF beam output interference-to-noise ratio (dB) 

Figure 11 pcbf for single plane wave interference i n  spatially white noise as a 
function of ri for various values of b. 
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No auxiliary 
data (K = 0) 

I I I I I I I 

0.95 0.9 0.8 
b - Interference suppression by 

0:5 
CBF 

Figure 12 Histograms of AGI for N = 16, L = 1 and K = 0 for a single plane 
wave interference in spatially white noise. 

Figure 13 Histograms of AGI for N = 16, L = 1 and K = 8 for a single plane 
wave interference in spatially white noise. 
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Table 2 Smax, maximum AGI, average AGI, pcbb and average p for N = 16, 
L = 1 and K = 0 and K = 8 for a single plane wave interference in spatially white 
noise. 

b Angle (deg) Smax AGImax K = 0 K = 8 pcbf K = 0 K = 8 

0.95 0.894 2.18 1.432 0.95 1.15 0.698 0.840 0.925 
0.9 1.278 2.91 1.818 1.01 1.33 0.550 0.800 0.906 
0.8 1.848 4.36 2.455 1.13 1.68 0.407 0.777 0.913 
0.5 3.179 8.73 3.273 1.34 2.65 0.306 0.799 0.971 
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5 
Conclusions 

A method for estimating the target-only, target-plus-interference and interference- 
only SCM's was proposed when both target-plus-interference data and interference- 
only (auxiliary) data are available. The algorithm constrains the estimation to 
matrices that are Toeplitz, substantially improving estimation and beamforming 
performance over the unconstrained sample covariance matrix estimator. The beam 
output SNR for the Gaussian target model when MVDR beamforming is performed 
using an estimate of the target-plus-interference SCM was shown to be non-linearly 
dependent on the maximum beam output SNR in such a manner that when S,,, 
is large, accurate estimation of the SCM is crucial. Simulation analysis illustrated 
that the proposed algorithm can provide the necessary accuracy, with further im- 
provement as the amount of auxiliary data increases. 

Adaptive beamforming for submarine or mine detection presents the specific situa- 
tion of a very small amount of target-plus-interference data and a moderate amount 
of stationary interference-only data. If the array configuration and propagation con- 
ditions result in a Toeplitz structure for the SCM's, the algorithm presented in this 
report may be utilized to perform adaptive beamforming to  provide high angular 
resolution or to suppress angularly isolated interferences. However, this has yet to 
be shown using real data and the performance of the algorithm when the actual 
covariance matrix is not exactly Toeplitz is unknown and needs t o  be investigated. 
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Annex A 

Forming the diagonal elements of WNRWE 

When WN is a matrix containing the first N columns of an M-point DFT matrix 
and R is an N-by-N Toeplitz matrix, the diagonal elements of W N R W ~  may 
be efficiently determined using an M-point DFT. This relationship is described by 

M-1 Miller et al. in [7] and repeated here for convenience. Let T = W N R W ~ ,  {tm)m=o 
be the diagonal elements of T, and { r  [1]}~~1$-1)  be the lth diagonal element of 
R where 1 > 0 indicates the subdiagonals an 1 < 0 indicates the superdiagonals. 
Then, 

d 
N-1 N-I 

where 

O l l I N - 1  
M - N + 1 < 1 < M - 1  . (90) 

otherwise 

Thus, the diagonal elements of WNRW: may be computed using an M-point DFT 
rather than requiring 2MN2 multiplications of a brute force method. 
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Annex B 

Frobenius norm of error between 
sample and true covariance matrix 

Suppose the data X = [xl . . . xL] are independent, zero-mean, complex normally 
distributed with covariance matrix R as described by eqs. (1) and (2). Let the 
statistic T be the squared F'robenius norm between the sample covariance matrix 

and the true covariance matrix, 

The expected value of T may be further simplified to 

1 
E [TI = tr  ( R ~ )  - 2tr ( R ~ )  + 3~ [tr ( x x ~ x x ~ ) ]  

1 
= -E [tr ( x ~ x x ~ x ) ]  - tr ( R ~ )  L2 

1 
= -E [tr ( A ~ ) ]  - tr (R2) L2 

where A = XHX. The first term in eq. (93) may be described as 

E[tr(A2)] = ~ [ l l ~ l l ; ]  
L L  

= C C E [1ai,jJ2] 
i=l j=1 

where ai,j = xFx j  is the (i, j) element of A = XHX. 
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If i # j then 

H = E [X?X,Xj Xi] 

= E [tr (xjxj " xix, ")I 
= tr (E [XjxF] E [xi*?]) 

= tr  ( R ~ )  . 

If i = j then 

= [tr ( R ) ] ~  + tr ( R ~ )  (97) 

where the latter step is obtained by noting that is a quadratic form and 
exploiting the results of Searle 1131. Note that Searle only considers real Gaussian 
random vectors; the extension to the complex case is straightforward. 

Substituting eqs. (95) and (97) in eq. (94) and then eq. (93), the expected value 
of the squared F'robenius norm between the sample covariance matrix and the true 
covariance matrix is seen to be 

1 
E [ T I  = - ~2 { ~ ~ t r  ( R ~ )  + L [tr ( R ) ] ~ )  

Thus, 

Using similar techniques, it can be shown that 

when S, = ~ Y Y "  and Y = [yl . . .  y K ]  is distributed as described in eqs. (5) 
and (6). 
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Submarine and mine detection using active sonar face similar problems when adaptive beamforming is  

required to provide high angular resolut~on or to suppress angularly ~solated interferences. Both 

situations result in a very small amount of target-plus-interference data and a moderate amount of 

stationary interference-only data. Fmm this data the target-plus-interference and interference-only 

spatial covatance matrices (SCM's) must be estimated. When the SCM's have a Toeplitz structure, as 

will occur with an equi-spaced line array and plane wave propagation, beamforming performance may 

be improved by constraining the estimates to be Toeplitz as well. 

In this report, the expectation-maximization algorithm is used to obtain the Toeplitz constrained 

maximum likelihood estimates of the S m ' s  when target-plus-interference data and interference-only 

(auxiliary) data are available. When the target-plus-interference SCM estimate is used in an MVDR 

beamformer, it is shown that the beam output SNR is non-linearly dependent on the maximum beam 

output SNR S, in such a manner that when S,, is large, accurate estimation of the SCM is crucial. 

Simulation analysis illustrates that the proposed algorithm can provide the necessary accuracy, with 

further improvement as the amount of auxiliary data increases. 
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