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EXECUTIVE SUMMARY

The purpose of this report is to study connecting nodes to form an ad hoc network subject to a limit
on the allowable interference power incident on nodes external to the network. Unlike most existing work
on limiting interference to other networks, we focus on the physical interference model that accounts for
the cumulative effect of multiple nodes in the network transmitting simultaneously. Assuming the network
geometry and topology is known, the goal is to connect as many nodes as possible under a sum power
interference constraint.

We first formulate the problem of constructing the largest tree subject to a constraint on the sum power
experienced by external nodes, which we call the Largest Constrained Tree (LCT) problem. The network
is modeled as a graph, and the cost associated with each edge used to connect nodes represents the level
of interference at the external node. There is a constraint on the sum of these costs for the edges that are
selected to be in the tree. We prove that the LCT problem is NP-complete via reduction from the vertex
cover problem, and thus there are no known polynomial-time solutions to the LCT problem.

Next we formulate the LCT problem as a mixed integer linear program (MILP), which is still NP-hard,
but we can use well-known computational approaches for solving small MILPs. We present a formulation
that is polynomial in the number of constraints and variables, which enables input for numerical computa-
tion.

To verify the optimality of the MILP and characterize limits of maximum tree sizes, we conduct exten-
sive Monte Carlo simulations under different scenarios. We study two cost functions: one based on the link
distance to model the case where there is no information about the external node location(s), and one based
on the power incident on a specific external node location. We observe the maximum tree sizes for randomly
placed networks of various sizes and densities, as well as the impact of external node distance and network
activity levels.

To conclude, we summarize our contributions, discuss some extensions such as other cost functions for

other types of external node information. We also briefly discuss related future work on building minimum
sum power backbone networks using connected dominating sets.

E-1
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NETWORK SUM POWER INTERFERENCE AT AN EXTERNAL NODE

1. BACKGROUND
1.1 Introduction

As the density of wireless networked devices increases for military and commercial applications, power
control becomes a critical function for the formation of ad hoc networks. Through power control, networks
can limit in-network interference to increase network throughput, limit interference to nodes or devices
external to the network of interest for coexistence, and reduce power and transmission range to extend
network lifetime. While many studies have focused on the interference from individual nodes, it is well
known that interference is more accurately modeled as the cumulative power from all active transmissions,
known as the physical interference model [1], which is considered here.

The objective of this work is to connect nodes while limiting the cumulative radio frequency (RF) power
emitted from the resulting network as experienced by nodes outside of the network. In particular, we focus
on optimally connecting nodes to operate an ad hoc network while staying within a given threshold on
the sum power experienced. The specific problem formulation is the construction of the largest connected
network possible subject to the sum power constraint. In this work, we focus on centralized approaches with
global knowledge of the problem, which will provide a bound on the achievable utility or cost. Developing
distributed, localized algorithms will be the focus of future research.

In our approach, we represent the network as a graph where the cost associated with selecting an edge is
the power incident on the external node if that link is active. We first prove that the problem of constructing
the largest network subject to a sum power constraint (called the Largest Constrained Tree (LCT) problem) is
NP-complete. We then formulate a mixed integer linear program (MILP) for selecting the edges and nodes
in the graph that solve the LCT problem. Since integer programming is NP-hard, we use computational
approaches to finding solutions to mixed integer linear programs. To characterize the optimal tree sizes and
network costs, we run a range of Monte Carlo simulations for various cost models, network sizes, node
densities, external node distances, and network activity.

1.2 Related Work

There have been some studies on the physical interference model in cognitive radio networks, but they
typically model the average interference for some random node distribution model (e.g., Poisson point pro-
cess [2, 3]). Some work only considers the spectrum/channel allocation problem without power control [4],
while others consider power control with aggregate interference for the purpose of quality of service (QoS)
optimization [5, 6]. In [7], the problem of downlink channel allocation and power control for maximizing
the number of customers served is formulated as a mixed integer linear program. Our work differs in that
we require the links be two-way and form a connected network. In this work, we study specific instances
of a given node geometry and topology with an accurate physical interference model, and we apply a graph

Manuscript approved November 3, 2020.



2 Clement Kam, et al.

theoretic approach to forming a connected ad hoc network. There have been extensions to the minimum
spanning tree problem that introduce constraints on either node costs or edge weights [8, 9], and they have
been shown to be NP-hard. The problem studied here is different in that we focus on the case where the
network cannot be spanned without violating the sum power constraint, so some of the nodes will not be
connected at all.

1.3 Prior Related NRL Work

NRL has a strong history of research in energy efficient ad hoc networking, which relates to the present
work. The well-known Broadcast Incremental Power (BIP) and Multicast Incremental Power (MIP) algo-
rithms were introduced in [10, 11] as a centralized algorithm for finding energy-efficient trees for broadcast
and multicast. These approaches were adapted for the case with directional antennas in [12, 13]. In [14],
energy efficiency was optimized over transmission probabilities for an interference channel with varying
cases of available channel state information. In [15], scheduling transmissions for emptying a network of
source-destination pairs was optimized for energy efficiency. We leverage our expertise in these previous
efforts, specifically in constructing network trees with power/energy considerations and accurate physical
interference modeling. In future work, we will likewise draw on our experience as we consider the case
of directional antennas and transmission scheduling, but with the goal of limiting interference instead of
energy efficiency.

2. SYSTEM MODEL
2.1 Network Model

A primary wireless network consists of nodes placed in a square deployment area. There is a receiver
threshold ¢, which is the received power required to close a link between two nodes in the network. The
transmit power required to successfully transmit from node u to node v is Pr(u,v) = ¢ + pathloss(u,v) (dB).
Here, pathloss(u,v) accounts for propagation loss as well as transmit and receiver gains.

In the case where we know the location of an external node x that is not part of the network, we would
like to limit the amount of power emitted from the primary network that is incident on the node. The
received power at the external node for a transmission from node u to node v in the primary network is
given by Pj(u,v,x) = Pr(u,v) — pathloss(u,x) (dB). The sum of the powers in both directions, which will
be assigned as the cost of the link, is given by Pr(l,x) = Pg(u,v,x) + Pi(v,u,x), where [ = (u,v). The total
power received from some set of active links L in the primary network is given by Py (L,x) = Y;c; Pr(l,x).
We would like to limit the total received power in two ways: 1) keep the total received power under some
threshold 17 and 2) minimize the total received power required for a particular network topology formation.

We also include a network activity level parameter o € (0, 1], since not all links will be active in both
directions 100% of the time. This parameter is not only a function of the data traffic load but also specific
networking protocols implemented, e.g., medium access control (MAC) protocol. The network activity level
can be viewed as the highest level (upper bound) of tolerable network activity, or possibly some average
level, depending on how conservative the network operator needs to be or how sensitive the external node
is. In either case, the total received power is given by aPy” (L, x).

For additional background on modeling propagation and edge costs in the network, refer to the compan-
ion report to this paper [16].
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3. LARGEST CONSTRAINED TREE PROBLEM

Given a network represented as a graph G(V,E) with nodes V = {1,2,...,n} and where each activation
of an undirected edge (u,v) € E incurs a cost, we would like to find the set of edges that forms the largest
connected component such that the sum of the costs is below a threshold:

max |G|
G'CcG
s.t. G’ is connected (D

YiG)aw(e) <C

where w(e) = Pr(e,x) and E(G) is the set of edges in graph G. We call this the Largest Constrained Tree
(LCT) Problem.

3.1 Complexity

In this section, we present the theorem that describes the complexity of the LCT problem.

Theorem 1. The Largest Weight-Constrained Tree problem is NP-complete.

Proof. We prove this by reduction from the Vertex Cover problem:

VERTEX COVER

INSTANCE: Graph G = (V,E) and positive integer K < |V/|.

QUESTION: Is there a subset V* C V such that [V*| < K and, for each edge u,v € E, at least one of u and v
belong to V*?

First, LCT is in NP because a nondeterministic algorithm need only guess the subgraph G’ and check
the constraints on the sum of the weights of the edges in the subgraph (< C), the number of vertices in
the subgraph (< K), and a simple polynomial-time search (e.g., breadth-first search) can determine if the
subgraph is a tree.

3.1.1 Reduction from VC

Before we transform an instance of Vertex Cover to LCT, we first create a weighted node as shown in
Fig. 1, in which a node with weight N represents one node with edges connecting to N — 1 other nodes. This
is because in the largest tree construction, nodes that are connected by an edge with weight zero are included
at no cost.

We transform the graph from an instance of Vertex Cover as in Fig. 2. For the new graph G' = (V',E’),
we include in V’ a node and a weighted node for each v € V as v; and w;, 1 <i < |V|, respectively, a weighted
node representing each e € E as e, 1 < j <|E| (called edge nodes), and a weighted root node r. If a vertex
in the original graph is isolated with no edges connecting it, we add an edge node for it. The weight of
nodes w; are given the value m, the weight of nodes e; are given the value n, and the weight of root node
r is given the value p. Each node v; is connected to its corresponding weighted node w; via an edge with
weight ¥, and to each edge node e; that represents an edge that it was connected to in G with weight 1. Le.,
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edge nodes

vertex nodes

Fig. 2—Reduction from Vertex Cover to Largest Weight-Constrained Tree

if e, = (v,w) € E, then in the new graph G/, there is an edge connecting v to edge node ¢, as well as w to
ex. Each of the edge nodes e; are connected to the root node r via an edge with weight equal to 1.

We would like to build a tree in the transformed problem such that exactly K of the vertices v; (and
corresponding weighted vertices w;, representing those in the vertex cover), all weighted edge nodes e;
(representing all the edges being covered), and the weighted root node are included in the tree. To ensure
that no more than K vertices are included in the tree, we require that y be large enough that the vertex
criterion K’ cannot be met by including more than K weighted vertex nodes w;. Therefore, we require that
y > 2|E|, and C" = YK + 2|E|. This allows for no more than K edges of weight C to be included. |E| edges
are to connect the edge nodes to the root node, and the other |E| edges in the tree are to connect each of the
edge nodes e; to exactly one of the vertex nodes in the vertex cover.

In addition to all edge nodes w;, we require that exactly K weighted vertex nodes w; be included in the
tree. This ensures that the edge nodes are connected by the selected vertices in the vertex cover instead of
having more than |E| edges from v; to e;. So we require K’ = (m+ 1)K +n|E|+ p nodes in the tree. K’ must
be greater than m(K — 1) 4 [V| +n|E| + p to ensure that the vertex criterion K’ cannot be satisfied by trading
one of the K weighted vertex nodes w; for the rest of the vertex nodes v;. Therefore, m > |V | — K. Likewise,
K’ must be greater than (m+ 1)K + |V | — K +n(|E|— 1) + p to avoid trading one of the edge nodes e for the
rest of the vertex nodes v;. Therefore, n > |V|— K. Lastly, K’ must be greater than (m+ 1)K + |V | — K +n|E]|
to avoid trading one of the edge nodes ¢; for the rest of the vertex nodes v;. Therefore, p > |V| — K. Since
they have the same constraint, we can choose m =n = p = |[V| — K+ 1. We have thus constructed our
instance of LCT (G’, C’, and K’) in polynomial time.
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3.1.2  Solution to VC yields solution to transformed (LCT) problem and vice versa

First we argue that a solution to VC yields a solution to LCT. We have already stated that the up to |K|
vertex and weighted vertex nodes corresponding to nodes in the vertex cover should be included in the tree.
If the number of vertices in the cover |V'| is equal to K, we start by finding a matching between the v; nodes
in the cover and the edge nodes e, for which polynomial time algorithms exist. For each of the remaining
edge nodes not in the matching, we can select one edge that connects to a vertex in the cover. If the number
of vertices in the cover |V'| is less than K, we first find a matching between the v; nodes in the cover set
and the edge nodes e; and include those edges in the tree. Then we find a matching between the remaining
vertex nodes and the remaining edge nodes, but we only need to include K — |V’| of the edges in the tree to
meet the K’ criterion. We then add edges to the tree that connect the unconnected edge nodes to the vertex
nodes currently in the tree. We then add edges between the vertex nodes in the tree and their corresponding
weighted vertex nodes w;. Lastly, we add the edges connecting all of the edge nodes to the root node. This
yields our final solution: a subgraph G’ that satisfies the C’ and K’ in the transformed LCT instance.

The converse, in which a solution to the transformed LCT yields a solution to the corresponding ver-
tex cover instance, is straightforward. From the LCT solution we have exactly K vertex nodes, and by
construction of the transformed tree, this set of vertices satisfies the vertex cover criterion. O

For the optimization form of LCT, we can apply a minimum spanning tree algorithm as a heuristic.
Using the weighted graph with edges as constructed above, we apply a greedy-based minimum spanning
tree algorithm until all nodes are connected or adding any more edges will exceed the threshold (e.g., using
Prim’s algorithm will be O(|V|(|V|—1)log|V|)). This is solvable in polynomial time.

If the minimum spanning tree is below the threshold, then this is the optimal solution, but in general, this
does not give the optimal solution. This is because the largest connected set that does not exceed the power
threshold may not include the minimum power edge that we started with. So we can re-run the minimum
spanning tree starting from each edge. This increases the overall complexity to O((|V|(|V|—1))?log|V|)
(O(|V[*1og|V|), which is still polynomial time solvable.

3.2 Optimization

In some integer programming formulations for minimum spanning trees, subtour elimination or cutset
approaches are used in which a constraint is defined for each subset of vertices. In this case, the problem
is exponential in the number of constraints and cannot practically be programmed into a software-based
solver. For a formulation that is polynomial in the number of constraints and variables, we adopt the ap-
proach from [17], which is a mixed integer linear program. In this approach, a new directed graph Grcr
is constructed by augmenting the original graph G with two nodes n+ 1 and n + 2, converting the undi-
rected edges e = (i, ) € E into pairs of directed edges (i, j) and (j,i) each with the same edge cost as
before w;; = wj; = w(e), and adding zero cost directed edges from n+ 1 and n+ 2 to every node in V and
(n+1,n+42). The idea is to build a tree with G.cr such that nodes in the connected component are con-
nected to node n + 2 via a root node, and the nodes not included in the component are connected directly to
node n+ 1. The problem is formulated as follows:
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max Y xi (2)
1%
S.t. Z ow;;yij <C 3)
(i,j)eA
Y v =1 4)
eV
Y oy =1 vjev (5)
ir(i,j) €A
ynrlityij <1 V(i,j) €A\E (6)
(n+1)yij+ui —u; (7
+n—=1)yi; <n V(i j)€A\E
(n+1)yij+ui—u; <n v(i,j) € E' ®)
Yntiny2 =1 )]
upr1 =0 (10)
1<u;<n+1 ieVun+2 (1)
Xi+ynri =1 VieVv (12)
xi,yi;€1{0,1} VieV,(i,j) €A. (13)

Here, E' is the set of directed edges connected to n+ 1 or n+2, and A is the set of all directed edges (two
for each edge in E, and E’). The variables x; and y;; are the decision variables for whether node i and edge
(i, ) are included in the largest component. The variables u; are used to eliminate subtours. Constraint (3)
is for the sum received power, (4) is for the edge connecting n + 2 to the root of the connected component,
(5) is to ensure that all of the original nodes have exactly one neighbor, (6) ensures that if an original node is
connected to another original node then it is not connected to n+1, (7) and (8) are the Miller-Tucker-Zemlin
constraints [18] to ensure there are no subtours, (9) connects nodes n+ 1 and n+ 2, (10) and (11) is the valid
range of values for the variables u;, (12) indicates that a node is either in the tree connected to n+2 or directly
connected to n+ 1 and not part of the connected component, and (13) defines the x; and y;; as binary decision
variables. In our simulations, we solve this problem computationally using CVXPY [19], a Python package
for convex optimization, and the solver used was the Cbc solver [20], which is an open-source solver that
uses a branch-and-cut approach for mixed integer linear programs.

4. SIMULATION RESULTS

To validate our MILP formulation and to study the maximum average tree size for random node place-
ment, we conduct a Monte Carlo simulation study for different network sizes, node densities, and other
network characteristics. We focus on two different cost models: a distance-based cost to limit the general
interference footprint without knowledge of external nodes, and an external node-based cost that measures
the interference power at the external node using free space propagation. Although these costs are based on
simple geometric models, the MILP formulation can accept arbitrary cost models, including precomputing
complex real-world propagation models.
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4.1 Distance-Based Cost

We first simulate the largest constrained tree (LCT) algorithm when the edge costs are simply based
on the distance between node pairs. This distance-based cost can be applicable when the external node
locations are not specified, and the goal is to just reduce the overall power emission footprint. The sum of
the edges must be below C = 100, and the N nodes are uniformly randomly deployed in a square region with
side equal to 104/N. In addition to the mixed integer linear program (MILP) approaches, we also implement
a brute force (BF) approach, which is an exhaustive search of all combinations of edges for the LCT.

An example of an 8 node network is shown in Fig. 3, and we see that the brute force (BF) approach and
the mixed integer linear program (MILP) approach both yield the same size tree, although with different
edges used. There can be multiple solutions for the LCT, and we see in this case each approach yields
different trees of size 4. While there may be more edges that can be activated We have also designed the
brute force approach to also choose among multiple solution the tree with lowest cost.

80-
° [ ]
60- °
40-
o
20- e BF
N MILP

20 0 20 40 60 80 100

Fig. 3—8 node example, distance-based cost, & = 1
4.1.1 Increasing Network Size

Next we have simulated the LCT algorithm for different network sizes. The cost constraint C is fixed at
100. We run both BF and MILP approaches for 50 instances of randomly placed nodes. As we increased
the network size, ran each approach until the average execution time exceeded 300 seconds. Each algorithm
runs for a maximum time of 1000 seconds before returning the best solution found. We first focus on the
case of constant node density, where each dimension of the deployment area is scaled by 10/N. The size
of the LCT averaged over the 50 runs is plotted in Fig. 4(a) for various network sizes (with ¢ error bars).
We see that for the network sizes simulated for BF (when the execution time is manageable), they yield the
same size trees, which verifies that the MILP is able to find the optimal tree size. We also observe that as
the number of nodes increases, so does the size of the largest tree, but it flattens out due to the fixed C. In
Fig. 4(b), the average execution time of the two approaches is shown on a log scale, and we see that the
execution time of the BF approach increases at a much higher rate than the MILP.
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1 MILP 107
R15.0
(%) BF
8125 < 10!
= g
° 10.0 3
g 7:5 107" — MILP
< 5.0 BF
5 10 15 5 10 15
Nodes Nodes
(a) LCT size vs. network size (b) Execution time vs. network size

Fig. 4—Increasing network size, fixed node density, distance-based cost, & = 1

Next we study the case of increasing node density, where the deployment area has a side of fixed length
equal to 10. The size of the LCT is plotted in Fig. 5(a) vs. the network size. Again, the BF and MILP
approaches yield the same size trees, and the tree almost always contains the full network. Since the deploy-
ment area is small and fixed, the required power is almost always below the threshold. The execution time
(Fig. 5(b)) for the MILP is less than the fixed node density case, likely due to the ease of finding the optimal
tree size. Note that because we are averaging over only 50 instances, the curve is not completely smooth.

30
@ —— MILP 5
7 BF 10
3 20 é
= S 100
I o)
© 1 9]
= 10 7 =7
(] 10—2 —— MILP
>
< BF
5 10 15 20 25 30 5 10 15 20 25 30
Nodes Nodes
(a) LCT size vs. network size (b) Execution time vs. network size

Fig. 5—Increasing network size, increasing node density, distance-based cost, & = 1

4.1.2 14 Node Network, Increasing Network Activity

All links in the network are unlikely to be utilized all at once, so we study a first order approximation by
scaling the power by the level of network activity . We simulate the LCT for networks of 14 nodes with
different external network activity levels ¢. The execution time for the brute force approach for the LCT
problem with 14 nodes is too unwieldy, so we omit it. We simulate a lower node density case (dimension
equals 10y/N) and a higher node density case (dimension equals 10). We see in Fig. 6(a) that for both lower
and higher density cases, the network activity level does not have a significant impact on the tree size since
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the distance constraint C is relaxed enough that all 14 nodes are able to be connected in most cases. The
execution time is shown in Fig. 6(b), where the higher density case takes less time. In the next section, we
will see examples where the network activity actually has an impact on the largest tree size.

3 142 | | ‘ l l 1 |
% 14.0 "
[} el 10 .
=138 | | 5 —— Lower Density
o 3 Higher Density
= 13.6 | A
E;g 13.4 —f— Lower Density 10°
< Higher Density
13.2
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
Activity Level Activity Level
(a) LCT size vs. network activity (b) Execution time vs. network activity

Fig. 6—Increasing network activity, distance-based cost

4.2 External Node-Based Cost

Next we consider a cost based on the power received by an external node that is not part of the main
network. We set the receiver threshold ¢ and the external node sum power threshold C equal to 5 x 10710
As in the distance-based case, the N nodes are uniformly randomly deployed in a square region with side
equal to 104/N, and the initial set of edges is limited to those between nodes that are within a range of 5v/N
units of each other. An example of an 8 node network is shown in Fig. 7 with the external node placed at a
distance of 10y/N units from the center of the original deployment area, 45 degrees from the positive x-axis.
We see that the brute force (BF) approach and the mixed integer linear program (MILP) approach both yield
a two node network (single edge), so this is much more sensitive than the setup in the distance-based cost
case. In Fig. 8, we simulated a 64 node grid inside a 10x 10 square with different locations of the external
node. In Fig. 8(a), the external node is in the center and only 3 nodes could be connected. When the external
node is 101/2 units from the center, 45 degrees from the positive x-axis, a tree of size 8 is shown farthest
away at the bottom left corner. When the external node is located 135 degrees from the positive x-axis as in
Fig. 8(c), the 8-node tree is in the bottom right corner.

40- + External node
BF
MILP
30-
e
[ ]
[ ]
20- 4
10- .\’ °

Fig. 7—8 node LCT example,d =1, o0 =1
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Fig. 8—64 node grid LCT example, o =1

4.2.1 Increasing Network Size

Next we have simulated the LCT algorithm for different network sizes, again keeping the node density
constant (scaling the deployment area by 101/N) and the cost constraint C fixed at 5 x 1070, The external
node is placed 45 degrees from the original deployment area, and the distance between the center of the
network deployment area and external node is 10v/2N. Then we run the BF and MILP approaches for 50
instances of randomly placed nodes. For each approach, as we increased the network size, we checked
to see if the average execution time exceeded 300 seconds. If the 300 second threshold is exceeded, we
discontinued simulating for larger network sizes, since the execution time increases exponentially for the
BF approach.

The size of the LCT averaged over the 50 runs is plotted in Fig. 9(a) for various network sizes and
external node distance d = 0 and (center of the deployment area) and d =5 (50v/N from the center). We
observe that for d = 0, the size of the largest tree is very small (< 2.5) due to the external node location
being in the center and having the same sensitivity as the other nodes. As expected, it is too difficult to form
a network without exceeding the interference threshold to the external node if it is in the geographic center
of the deployment area. For d = 5, the LCT results in larger tree sizes, but still only about 40-50% of the
nodes can be connected. For the execution time (Fig. 9(b)), the BF is the same for d = 0 and d = 5, but for
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MILP the execution time for d = 0 is lower, likely due to the threshold being violated with very few edges
selected.

.g —— MILP 102
o 8 BF
s g
6
= g 100
- 3
24 = ® _fd=0
g 2 ‘ 10—2 —— MILP
z dg_cH/H—r—H—H—H -
5 10 15 20 25 30 5 10 15 20 25 30
Nodes Nodes
(a) LCT size vs. network size (b) Execution time vs. network size

Fig. 9—Increasing network size, external node-based cost, fixed node density, o0 = 1

The next simulations also look at increasing the number of nodes, but the deployment area is kept
constant at 10, so the node density increases with network size. The external node is again placed 45 degrees
from the original deployment area, but now the distance between the center of the network deployment
area and external node is 10d+/2. Compared to the fixed density case, the LCT results in larger tree sizes
(Fig. 10(a)), and for d = 35, it is close to including the full network. Unfortunately, for d = 5, the execution
time is too long to evaluate for network sizes greater than N = 16 (Fig. 10(b)).

15
X —— MILP 102 —— MILP
2 BF BF
3 10 g
= =) 0
= 8 10
o ' oy
o |
8 5 n
< 3
5 10 15 20 25 30 5 10 15 20 25 30
Nodes Nodes
(a) LCT size vs. network size (b) Execution time vs. network size

Fig. 10—Increasing network size, external node-based cost, increasing node density, o = 1

4.2.2 14 Node Network, Increasing Network Activity

As with the distance-based cost, we simulate the LCT for networks of 14 nodes with different external
network activity levels oc. We omit the brute force approach due to the long execution time for 14 nodes.
We simulate a lower node density case (dimension equals 10v/N, external node distance is 10d+/2N) and a
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higher node density case (dimension equals 10, external node distance is 10d+/2) for d = 5. The largest tree
size is plotted for both cases in Fig. 11(a). For the lower density case, we observe that all nodes are in the
tree at & = 0.1 and gradually drops to about half the size at @ = 0.5. For the higher density case, we observe
that the largest tree size includes all nodes for & < 0.5. We observe in Fig. 11(b) some interesting behavior
of the execution time for the lower density case. It starts low because it is easy to connect all nodes within
the threshold, but at & = 0.2, the execution time increases dramatically as the constraint starts excluding
some nodes from connecting. As « further increases, the execution time decreases as the constraint is met
sooner with fewer nodes connected.

o 14 §
N
N 102
o 12 /\
® n
é 10 % N Lower Density
o o 10 Higher Density
> 8 | A
©
é;_) ¢ ~—T— Lower Density 100 /
< A Higher Density
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
Activity Level Activity Level
(a) LCT size vs. network activity (b) Execution time vs. network activity

Fig. 11—Increasing network activity, distance-based cost

4.2.3 14 Node Network, Increasing External Node Distance

To understand the impact of the distance of the external node on the network connectivity and power
emitted, we fix the network size at 14 nodes and simulate the LCT algorithm for different external node
distances d. Again, we omit the brute force approach for the LCT problem with 14 nodes. We consider
both lower density (dimension equals 10v/N) and higher density cases (dimension equals 10). For the lower
density case, the tree size is steadily increasing as the external node gets farther away, but it is stopped short
due to the execution time being too long. For the higher density case, it includes all 14 nodes for d > 10. For
the execution time shown in Fig. 12(b), we observe that the execution time is small when the whole network
is connected or when there are few nodes to connect, as noted in the previous section (Fig. 11(b)).
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(a) LCT size vs. external node distance (b) Execution time vs. external node distance

Fig. 12—Increasing external node distance, external node-based cost, &t = 1

S.  CONCLUSION AND FUTURE WORK

This work has studied the problem of constructing the largest tree subject to a constraint on the sum
power interference experienced by a node outside of the network. We have proven that the LCT problem as
formulated is NP-complete, and we presented a MILP formulation that can be solved using computational
methods for relatively small network sizes, but can handle larger networks than a brute force method. Sim-
ulations characterize the average maximum tree size for various network scenarios, and increasing the node
density or reducing network activity are ways to increase the tree size within the sum power constraint.

There are a number of extensions to this work under consideration. First, a more efficient heuristic
algorithm is needed to handle larger numbers of nodes. It is also important to develop distributed approaches
to discovering these tree topologies without violating the interference constraint. We can also study different
ways of modeling the cost when there are multiple external nodes or when only a probability distribution
of nodes is known. The problem can also be extended to consider heterogeneity in the network, in which
directional transmission or other modalities such as free space optical communication can be utilized. More
significant reformulations of the problem include multi-objective optimization (e.g., throughput and tree
size) and asymmetric routing (directed trees from source to destinations).

Another related line of research under investigation involves constructing a backbone network with min-
imum sum power, under some constraint on the of leaf nodes. We formulate this as a connected dominating
set problem with minimum cost, and plan to use a similar graph theoretic and MILP formulation to find an
optimal solution.
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