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ABSTRACT 

In this paper theoretical investigations due to the 

influence of internal waves to sound propagation in the 

SOFAR-channel are presented. The undisturbed acoustic 

field is described by a normal-mode model. The disturbance 

by internal waves is considered in the two limits. 

1) The internal wavelengths are large compared 

with acoustic wavelengths. The result is a phase fluctuation 

for each individual mode. Interference of the total mode 

field yields amplitude fluctuations as well. 

2) Internal wavelengths cannot be considered large 

compared with acoustic wavelengths. Then acoustic energy is 

transferred from mode to mode. This problem is treated by 

the theory of resonant wave-wave interaction (Bragg scattering). 

Numerical results are presented and compared with 

published experiments. 
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In recent years considerable experimental efforts have been made 
in determining the spectral distribution of internal waves in 
the deep ocean. For this usually direct measurements with current 
meters and temperature sensors are applied. Acoustic CW measure-
ments carried out. over a fixed range show phase and amplitude 
fluctuations with internal-wave frequencies. Thus due to internal 
waves these acoustic measurements can be understood as a method 
of remote sensing. 
The periods of the motions within the ocean are large compared 
with acoustic periods and therefore the acoustic pressure p of 
a fixed-range receiving hydrophone can be described by, 

pet) = A(t)-cost2'i71/t- <Ht») 

where ~ is the frequency of the CW source, and the amplitude 
ACt) and phase $(t) are slowly varying, e.g. caused by internal 
waves. 
In 1974 results from two different fixed-range measurements in 
the deep ocean between the Bahamas and Bermudas were published 
by STANFORD (1974) and CLARK and KRONENGOLD (1974). Stanford's 
measurements were carried out in 1968, and the frequency of the 
source was 367 cps. Fig. 1 shows power spectra of the acoustic 
amplitude ACt) and phase ¢(t). In 1971 Clark and Kronengold used 
the same experimental site, the source frequency was 406 cps. 
The main progress was the sample length of 20 days as opposed to 
Stfu~fordts three-day samples. Thus Clark and Kronengold's data 
allow the resolution of tidal periods. Fig. 2 shows the amplitude 
spectra of the acoustic amplitude A(t) and phase ~(t) from two 
different hydrophones. 

In this paper theoretical investigations are presented in order 
to interpret the experimental results. 

SACLANTCEN CP-17 27-2 



ESSEN: Infl,uerzce of internal, waves on sound propagation in SOFAR channel, 

10 

GO 0 
~ 
>- -10 
.... 
~ -20 
w 
0 
... -30 

" '" ti -40 
w ... 
'" -so 
'" w 
~ -60 
0 ... 

-70 

-110 
.1 

f3 
~ );;, 
~ 

~ 
~ 
<:) .... 
~ 

JO' 
/00 

10-1 

10-2 

,0" 

1Ci4 

10-6 

10 
GO 
"0 

>-.... 
on 0 
Z w 
0 

;;( 
'" ti -10 
w ... 
VI 

'" w 

~ -20 ... 

-30 
.1 

FIG. 1 POWER SPECTRA OF ACOUSTIC PHASE q; (t) (left) AND 
ACOUSTIC AMPLITUDE A(t) (right), FROM STANFORD (1974) 
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FIG. 2 AMPLITUDE SPECTRA OF ACOUSTIC PHASE q; (t) AND ACOUSTIC 
AMPLITUDE A(t), FROM CLARK AND KRONENGOLD (1974) . 
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The undisturbed sound propagation is described by a normal-mode 
model. In Fig. 3 sound-velocity profiles measured along the 
acoustic range and a theoretical model co(X3) are shown. The 
theoretical model is, 

l 
+ O.25h)/h]-'l. 

+ O.25h)/h] - t 
, x3 ) -O.25h 

, x3 ' -O.25h 
h = 5 km water depth 
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FIG. 3 

100 km 

SOUND VELOCITY AS FUNCTION OF DEPTH 

__ - measured by CLARK and KRONENGOLD (1974) 

- theoretical model 

From this model the acoustic normal-mode solutions ~~ (x3) are 
given by Airy functions. The first 8 modes are plotted in Fig. 4. 

The disturbance of the acoustic normal-mode field is considered 
in the two limits: 
The internal wavelengths are large compared with acoustic wave-
lengths. The phase fluctuations of the single modes due to 
travel-time fluctuations may be computed. Interactions between 
the modes are negligible. 
Internal wavelengths can not be considered large compared with 
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FIG. 4 COMPUTED NORMAL-MODE FUNCTIONS cp "(x3) FOR 
AN ACOUSTIC FREQUENCY OF 400 cps 

7 8 

acoustic wavelengths. This problem is treated by the theory of 
wave-wave interaction (Bragg scattering), which yields an energy 
transfer from mode to mode. 
Long internal waves 
With regard to trapped SOFAR propagation boundary effects are 
negligible. In the limit of oceanic disturbances large compared 
with acoustic wavelengths the disturbed wave equation may be 
written, 

~Si particle velocity of oceanic motions 
ts sound-velocity disturbances by oceanic motions 

The disturbed propagation problem is treated by a normal-mode 
ansatz, where the mode amplitudes as well as the vertical mode 
functions are slowly range dependent. A WKB approximation is . 
made for the amplitudes, and the vertical eigenvalue problem is 
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solved by a pertubation expansion. In lowest order these 
approximations yield the phase fluctuations of the single modes. 
These phase fluctuations are obviously caused by travel-time 
fluctuations due to oceanic motions. 
The received signal is a superposition of many modes. Generally 
t~e phase changes differ from mode to mode and the relation be-
tween the mode-phase changes and the amplitude and phase changes 
of the received signal becomes nonlinear. In this case it is 
impossible to get an explicit relationship between the power 
spectrum of the oceanic motions and the power spectra of the re-
ceived acoustic amplitude and phase. This difficulty is overcome 
by the assumption that only a finite number of modes contribute 
to the received signal. Considering an oceanic internal-wave 
field numerical computations yield small phase differences of 
adjacent modes. Expanding in terms of these small phase differen-
ces the received amplitude becomes constant in lowest order and 
the received phase is equal to the mean normal-mode phase. 

Theoretical power spectra of the normal-mode phase are shown in 
Fig. 5. The oceanic motions are described by a random internal-
wave field in an ocean with constant Brunt-Vaisala frequency. 
In agreement with GARRETT and MUNK (1972) the spectral density 
is assumed proportional to tU-~ and isotropic in the horizontal 
coordinates. Considering barotropic motions only, the spectra 
become independent of the acoustic mode number. That is, the 
phase changes of all acoustic modes are nearly the same. From 
this fact the lack of the tidal peak in the observed spectrum of 
the acoustic amplitude may be understood, see Fig. 2. Consider-
ing the barotropic and the first baroclinic modes as well, the 
theoretical spectra become dependent on the acoustic mode 
number n. 
The slope of the theoretical spectra in Fig. 5 is w-~~, in good 
agreement with the measurements. 
Short internal waves 
In the case of acoustic propagation through a short-scale oceanic 
wave field the acoustic wave equation becomes more complicated. 
Considering a superposition of oceanic and acoustic field and 
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FIG. 5 COMPUTED POWER SPECTRA OF THE ACOUSTIC PHASE cp <t> 
FOR A SOURCE FREQUENCY OF 400 cps 

inserting into the hydrodynamic equations, one obtains, 

~. ~.t. 4 - --

SACLANTCEN CP-17 27-7 

: 0 



ESSEN: InfZuenoe of internaZ waves on sound propagation in SOFAR ohanneZ 

4~ acoustic particle velocity 
go mean density 
!~ density fluctuations due to oceanic motions 

llJ'here some small terms have been neglected and only quadratic 
coupling of acoustic to oceanic field is taken into account. 

Solutions of the propagation problem are found by a pertubation 
expansion of the acoustic pressure, 

P :: \0 lo) + P [I) + - - -

The zero order describes the undisturbed normal-mode field. The 
first-order equations are determined by the quadratic coupling 
of the zero-order acoustic field to the oceanic field. From this 
the solutions yield scattered acoustic waves with the sum and 
difference of the interacting horizontal wavenumbers (~) and 
frequencies (~), 

r.:tn'l;4 :: /'X..,~ ± 1X!.eI.. 
W, "= I..J t W~ 

The solutions become resonant if the scattered wavenumber ~.." 

and frequency ~I fulfill the normal-mode relation. And from this 
resonant solutions the energy transfer from mode to mode can be 
computed. 
For a source radiating into a certain horizontal angular range it 
is now the problem to add all scattered and frequency-shifted 
modes reaching the receiving hydrophone from the different hori-
zontal directions. This was done in order to compute the power 
spectra of the acoustic amplitude, sho\tn in Fig. 6. The oceanic 
motions are described by a random internal-wave field. The Brunt-
Vaisala frequency was assumed constant (N) within the upper and 
zero within the lower part of the ocean. For the spectral distri-
bution the Garrett-Hunk model ''las considered. 
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FIG. 6 COMPARISON OF MEASURED AND COMPUTED POWER SPECTRA OF THE 
ACOUSTIC AMPLITUDE A(t) FOR A SOURCE FREQUENCY OF 400 cps 
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