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Abstract Despite the importance of electromagnetomechanical physics to processes ranging from piezoelec-
tricity to the dynamics of electron beams, confusion abounds in the continuum mechanics literature as to how
Maxwell’s equations of electrodynamics should be formulated in the material frame of continuum mechanics.
Current formulations in the literature conflict as to the manner in which the authors define fields, derive con-
stitutive relations, and interpret contradictory formulations. The difficulties persist even when the phenomena
described are electrostatic. This paper will demonstrate that the perplexity arises from two sources: a mis-
understanding of the limitations of material frame descriptions, and the failure to appreciate the centrality of
relativity theory to the formulation of electrodynamic equations in the vicinity of mechanical motion. Two
new formulations of Maxwell’s equations are provided that avoid the paradoxes of earlier formulations and
thus describe the physics clearly and without self-contradiction.

Keywords Convective coordinates - Continuum mechanics - Electrodynamics - Relativity theory

1 Introduction

On boundaries between media, electromagnetic fields obey complicated boundary conditions. The electric
and magnetic fields (usually denoted by the letters e and h, and measured in V/m and A/m, respectively)
must always have continuous tangential components. On the other hand, the displacement current density and
magnetic flux density (denoted by d and b, and measured in C/m? and T, respectively) have continuous normal
components, despite their close constitutive relationships with e and h [3, 10]. These complicated relationships
can be especially confounding in the presence of deforming media, and therefore, many authors have sought to
express Maxwell’s equations in a language compatible with continuum mechanics either explicitly or implicitly
[6,7,9,12,19]. Very often, this goal is accomplished by formulating electromagnetic theory in the material
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or reference coordinates of continuum mechanics, so that the coordinate system (and hence the boundary
description) stays fixed during the deformation.

Amazingly, no consistent formulation of electromagnetics for continuum mechanics can be found in the
literature. For instance, both the approaches taken and the results related differ in [6,7,9,12,19], even when the
problem is limited to electrostatics. Different formulas are given for the same quantities, and different mean-
ings are attached to the same variables. Some sources argue that the formulation is arbitrary, and that multiple
correct definitions of, say, the material frame electric field are possible; others imply that only one formula-
tion is correct. Source [19] ensures the material frame invariance of the constitutive laws, while source [12]
forces the invariance of Maxwell’s equations themselves. None of the approaches result in a formulation
that can be transformed to another coordinate systems via standard tensor manipulations while preserving
its form.

Two primary sources of difficulty have seemed to confuse the combination of continuum mechanics and
electromagnetic theory. The first of these is the nature of “material frame indifference” when Maxwell’s
equations are considered. Many sources (notably, but by no means exclusively, [12]) formulate Maxwell’s
equations directly in the material frame and use the resulting formulation to guide their definition of the
reference frame fields. For reasons that will be discussed shortly, not all of the equations of electromagnetics
can be successfully so transformed while preserving their form. Upon demonstrating this, these papers will
generally comment that their results are not form invariant and leave it at that, or argue that variance in
the form of the constitutive laws is somehow preferable to variance in Maxwell’s equations. Others (for
instance, [7]) seem to imply that the choice of invariance violation is a choice to be made by the needs of
a particular application. This approach forces consideration of the possible objective reality of any theory
whatsoever.

The second source of misunderstandings in the combination of continuum mechanics and electromagnetics
arises from the proper provenance of relativity theory. While Newtonian mechanics is self-consistent without
any appeal to Einstein’s ideas, Maxwell’s equations do not obey Galilean relativity. This is true regardless of
the speed of the objects producing or observing radiation and has nothing to do with the velocity of the object
relative to the speed of light. Even the most humble predictions of electromagnetics (such as the production
of magnetic fields by currents) involve terms which are of first order in v/c: the ratio of the speed of an object
to that of light. Indeed, in the opening paragraph of his very first paper on the special theory of relativity, “On
the electrodynamics of moving bodies,” Einstein argues that the purpose of relativity theory is to harmonize
the description of electromagnetics and mechanics in moving frames of reference [8]:

It is known that Maxwell’s electrodynamics—as usually understood at the present time—when applied
to moving bodies leads to asymmetries which do not appear to be inherent in the phenomena. Take, for
example, the reciprocal electrodynamic action of a magnet and a conductor. The observable phenom-
enon here depends only on the relative motion of the conductor and the magnet, whereas the customary
view draws a sharp distinction between the two cases in which either the one or the other of these bodies
is in motion. For if the magnet is in motion and the conductor at rest, there arises in the neighborhood of
the magnet an electric field with a certain definite energy, producing a current at the places where parts
of the conductor are situated. But if the magnet is stationary and the conductor in motion, no electric
field arises in the neighborhood of the magnet. In the conductor, however, we find an electromotive
force, to which in itself there is no corresponding energy, but which gives rise—assuming equality of
relative motion in the two cases discussed—to electric currents of the same path and intensity as those
produced by the electric forces in the former case.

Indeed, this observation of Einstein’s is entirely germane to the difficulties faced here: Every single “material
frame” formulation cited above assumes that the electric field €’ in one frame depends on both the electric field
e and the magnetic flux density b in the other. This sort of metamorphosis of one physical quantity into another
is utterly alien to tensor algebra and cannot preserve the laws of physics upon a change of frame unless e and
b are joined somehow into a larger quantity that does obey a tensor transformation.

In this paper, we will develop two consistent formulations of Maxwell’s equation in continua by combining
relativistic electromagnetics with Newtonian kinematics. In the first of the theories presented, time and space
are entangled, but the resulting formulation resembles that of Lax and Nelson [12]. In the second theory, time
and space are made orthogonal so that the result more closely mimics the usual practice. In both theories, we
assume that v/c < 1 and retain only terms to first order so that the clock used to time events may be deemed
universal. Relativistic time dilation is a second-order effect.
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2 Convective coordinates and relativistic notation

Relativistic theories are often formulated in two different ways depending upon how measurements are taken
in the two systems in relative motion. In the first of these, both systems assume a Euclidean spatial subspace
measured in some fixed length unit, augmented by a temporal dimension orthogonal to it. The theory then relates
how measurements taken by clocks and rulers in one system differ from those in the other. This approach is
familiar from most formulations of special relativity described by Lorentz transformations between coordinate
systems. Unfortunately, it is limited to constant velocity Cartesian coordinate transformations, implying that
it is not flexible enough to describe deforming continua.

In the second approach, the transformation between systems may be more general than a relationship
between two identical Cartesian systems in relative motion; for instance, the two systems may be curvilinear.
Time becomes a fourth dimension to be treated on a par with space, except that space and time have weightings
of opposite sign in the measurement of four-dimensional (also known as world-) distance. This approach was
invented by Minkowski [15], so the space described is called Minkowski space to differentiate it from a four-
dimensional space with a positive definite metric. In the Minkowski formulation, the Lorentz transformation
arises out of “rotations” (i.e., orthogonal, metric-preserving transformations) in four-dimensional space. The
test of a law of physics, then, is that it maintains the same form under legal tensor transformations.

The most basic description of phenomena in space-time is rendered in what is called the “spatial frame”
in standard continuum mechanics [5,13,17]. We assume this laboratory frame to be described spatially by
a right-handed Cartesian coordinate system with coordinates denoted by x!, x2, and x3. Here, we use su-
perscripts to differentiate contravariant components from covariant components, and coordinates are always
contravariant [13,14]. We eschew Cartesian notation, as the coordinate systems we introduce evolve with
the material, and cannot therefore be assumed rectilinear or orthogonal. Moreover, we let x0 = ct, where
¢ = 2.99792458 x 10% m/s is the speed of light and ¢ is the time on a laboratory clock in seconds. Sans serif
print is used to indicate Minkowskian four-vectors, whereas standard Roman font is used to indicate other
variables including three-component systems. Thus, a world vector in space-time is denoted by the four-vector
x%, where Greek indices always range from 0 to 3. To indicate purely spatial quantities, we let Latin indices
range from 1 to 3, so that we may write sensibly that X' = x’ indicating the spatial part of the world vector
is composed of the usual Cartesian coordinates. We assume the Einstein summation convention for an index
repeated in both a superscript and a subscript throughout.

World distance in the Lorentzian spatial frame can be computed with the help of the metric tensor

0 ifa#p,
p=1{ 1 ifa=p=0, (1)
—1 fa=p=i.

With this metric, the space-time inner product between two vectors a* and b? may be computed according
to the formula g,ga® bf, and the “length” ds of a differential space-time interval dx* can be found from the
formula

ds? = GupdxdxP = (cd1)? — (dx')’ — (dx?)’ — (dx?)”. )

Relativistic indifference requires the laws of the universe retain their form upon applying the standard tensor
transformation rules, and the metric tensor is no different; the tensor described here is twice-covariant and
changes coordinate systems following standard tensor procedure. A twice-contravariant tensor, g*, is defined
to be its inverse [4,14] (which, for this particular tensor, has the same set of components). Finally, we will
denote the determinant of a twice-covariant tensor by the same letter used to denote the tensor, but without
indices. Thus, it is clear from the definition that

g = det (gop) = —1. 3)

To describe a continuum, we need to further introduce reference coordinates X! which serve to name the
particles. These variables must represent a potential configuration of the continuum, in the sense that the
mapping from the X/ to the x’ must be one-to-one and map right-handed triads to right-handed triads (at any
fixed time for any observer), but in general need not represent any actual state of the body. For this reason alone,
differentiating between “reference coordinate” formulations of Maxwell’s equations is impossible—since the
reference coordinates need not refer to any physical state of the body, the mapping of physical variables into
the reference frame is completely arbitrary.
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The motion of the body may now be specified by giving the location of each material point X/ at any given
laboratory time ¢. This can be done with four equations

X" =ct,

x! = ! (t, XI,XZ,X3),

X2 = x2 (1, X", x% X3,

x> =3 (e, X', X2, XY). 4)

Because we are interested in preserving boundary descriptions that are presumably specified in terms of the X/,
we seek to create a formulation in which locations are specified in terms of these coordinates. Unfortunately,
the X! are merely point names, unconnected with the physical evolution of the body in time. Therefore, we
need to more carefully specify the exact space-time coordinates we will use. The coordinates presented here
are related to the convected coordinates described in passing in Aris [1] and in great detail in Kelly [11].

We define a new set of coordinates with spatial coordinates that match the reference coordinates. This
makes these systems spatially convected coordinate systems. Specifically, by inverting the set of equations
above, we may write

X0 = 70 (x% x1, x%, %),

%= 7' (30, x! 3% = X,

2 = 22 (. x X2, %) = X2,
)

=77 (x% x, x%, %) = x°. (3)

The temporal transformation has been left unspecified for the moment; different choices will lead to slightly
different mathematical formulations, though all will of course have the same physical content. In any case,
because of the functional relationship between the X% and the x*, we can define the metric tensor for the
curvilinear coordinate system:

S axp ©
ap = 55@ oxp 0F

Submatrices that break this matrix into its spatial and temporal parts will also be found useful. Following [16]
and [18], we can define the three-component spatial/temporal part of the metric tensor as

~ - goi
0= —. @)
v 900

We also define a normalized spatial (i.e., three-dimensional) set of tensor components

&t = 99; — G ®)
and note that by elementary row operations, the determinants of these various systems are related by
— 9= Joog- C))

The normalized spatial metric tensor g:; is important, as it generally behaves as the purely spatial metric tensor
in interpreting parts of equations.

3 Relativistic electrodynamics

The introduction described how Einstein introduced relativity theory by discussing how electric fields and
magnetic fields must be interrelated in the presence of mechanical motion. This effect is easily observed even
if the motion involved is very slow: it is the cause of all electrically generated magnetic fields. All of this implies
that under coordinate changes, the electric field and the magnetic flux density cannot exist independently, and
indeed, in a relativistic formulation, the electric and magnetic fields combine to form a four-dimensional,
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second-order, antisymmetric tensor. This formulation is presented in many books (e.g., [10,14,16,18]), so we
merely present the results here to establish notation.

In an arbitrary curvilinear system (including the convected system), the electromagnetic tensor containing
the primary fields (i.e., the electric field and magnetic flux density, which are responsible for the force) is
antisymmetric and has elements given by

~ er
oz = (10)
A =~V 0", (1
where €7 is the permutation symbol [13,14]
1 if (i, k0 =(1,2,3),(3,1,2), or (2,3, 1),
€ire =14 -1 if @@,k €)=(2,1,3),(1,3,2), or 3,2, 1), (12)

0 otherwise.

In Eq. 10, the subscripts and superscripts on the field variables ¢; and b* indicate the basis set to which the
coefficients pertain and do not imply that these systems transform as vectors or tensors. Indeed, where the
indices of tensors can generally be “raised” or “lowered” by multiplication with an appropriate metric tensor,
this is not the case with e; and b* because they do not have an independent existence upon coordinate system
changes. On the other hand, the electromagnetic tensor N i is an unambiguous tensor quantity that changes
coordinate systems and bases in the standard manner.

The electromagnetic tensor solves the Faraday—Gauss Law

OMap  ONgs Oy
ox0 - OX¥ 9P

=0. (13)

In particular, Gauss’s Law for the magnetic field obtains with @ = 1, B = 2, and 6 = 3. Substituting these
index values gives
- - - ~'r1 =72 ~'13
N N3 ans; . 3(@[9 ) 8(\/(?17 ) 3(@[9 ) =0 (14)
x> ax! X2 9x! 9x2 ax3
12

and then multiplying both sides of this equation by —g~"'/< results in the law

%% (V&¥) =o. (15)

The differential operator on the left-hand side of this equation is the curvilinear divergence [14,18], so this equa-

tion means that the magnetic field is solenoidal as expected. Similarly, by taking (&, B. 5) =(2,3,0),(3,1,0)

and (1, 2, 0) in turn and multiplying by g ~!/?

ikl §;.- -
6—~3—€€+L~i(\/§/51):0, (16)
Ve ark g o

where 7 = X°/c. The spatial operator on the left-hand side of this equation is the curvilinear curl. If g is
independent of 7, the temporal derivative term is merely the negation of the time rate of change of the magnetic
flux density as expected. If g varies with time, however, the extra factors take this into account in the computation
of the time variation of the flux.

The other two Maxwell equations depend on the antisymmetric displacement tensor which combines the
displacement current density and magnetic field, and the four-current which combines the current and charge

results in Faraday’s law

densities. The antisymmetric displacement tensor M%” has terms given by

me _ cd'
Voo
[P 7
mik = —— ¢ (17)
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where d' is the displacement current density and h 7 is the magnetic field. The four-current 170‘ has components

?
|
o

._.
S
~a Q
NS
S

—y
|

§
(=]
(=}

= , (18)

where  is the free charge density and ' is the free current density. In terms of these quantities, the Ampere—

Maxwell-Gauss law is
1 0
~ ~Ol/3
—— = |V i (19)
V=0 0xp ( —om )

The scalar Gauss law for the electric field is recovered by taking @ = 0 in the above equation. The vector
Maxwell-Ampere law obtains by taking & = 1, 2, and 3 in turn. Ultimately, these equations become

faxl (f ) =p. (20)

1 tk(ahﬁ 0 — 5P T
ﬁ[e — a—f(Q/ gd)]_]. Q1)

Moreover, just as in the more familiar, three-dimensional exposition of electrodynamics, these equations give
rise to the continuity equation (i.e., the charge conservation law.) In particular, continuity is derived by taking

the four-divergence of Eq. 19 (times the metric determinant) and noting the antisymmetry of m%#:
3 ~TF 3 ~ 1 3 ~ ~ &5)
= |V~ == -V —gm
8x°‘[ gj] 8x°‘|: g/?ggﬁ( g
J —gmh
X« axﬂ ( )
92 s
— /g mP
— T A~ _~~a - m
OX*IxP ( )
82 .
— (g
axPox ( ¢ )

=0. (22)

«Q

Written in terms of the components of ]7“, this becomes
" (VET) + e (VER) =0 (23)

fax Taf

as expected.

To complete the discussion of the relativistic formulation of electrodynamics, the general form of elec-
tromagnetic constitutive relations must be stipulated. Actually, this turns out to be the most important part
of describing Maxwell’s equations where continuum mechanics is concerned: Ultimately, the formulations
proposed in [6,7,12,19] all differ on the formulation of these relations. Despite this confusion, the difficulty is
already clear from the above exposition: The electromagnetic tensor that appears in the equations is covariant,
and the displacement tensor that appears in the equations is contravariant. Formulations based on Cartesian
tensor notation will categorically miss this issue.

Our presentation of constitutive relations is not based on any particular material, but simply describes how
bound charges and currents are involved in relating the displacement tensor to the electromagnetic tensor. In
any particular material, the bound charges and currents would be functions of an applied field, but this is not of
current concern. Moreover, in general, we might be concerned about the movement of the bound charge relative
to the frame in which the equations are being formulated, but this is of no concern in the convected frame,
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which moves with the material. Therefore, if we define the vector polarization per unit volume (measured in

C/m?) to be p', and the vector magnetization per unit volume (measured in A/m) to be mj, we can define a
contravariant antisymmetric second-order polarization tensor through the equations

F3170 — _ cp
V900
ikl
ik € my

24)

O
I
|
Iy
[(e]]

The bound four-current Ig is just the four-divergence of this tensor:
B 1 3 ~ ~&R
P = yarr ( /4 paﬁ)_ (25)

In terms of these quantities, the general electromagnetic constitutive law in a medium is

- 1. -
mef = —np*f — pob. (26)

A%? = §%gPV R 27
All of these equations are covariant in the relativistic sense: their form is preserved in the face of parame-
terization changes in space-time. In particular, they hold equally with the tildes removed, i.e., in the spatial
frame. While the details have not been expounded here, all of the vector differentiations used in the equations
are covariant in form and the forms of these equations are identical upon coordinate changes effected using
standard tensor transformation formulas [16, 18]. The only cost associated with this reformulation is the need
to view events, at least for the purpose of variable changes, in four-dimensional space-time. We now examine
two useful coordinate changes for continuum mechanics.

4 Universal time

Perhaps the most straightforward way to derive a convective theory of electromagnetomechanics is to measure
time in all systems in the same manner. This implies that the missing transformation in Eq. 5 should be supplied
by defining

= ct. (28)
Note that this definition does not imply that time appears the same to all observers; the actual passage of time
must be computed with the help of the metric tensor. The choice to use a universal time is merely a matter of
accounting, not physics.

To apply this to the derivation of a convective theory, we must first compute the relativistic deformation
gradient matrices, that is, the matrix of derivatives X/ 9X® and its inverse. This is done in terms of the particle
velocity (as measured in the laboratory)

dx! dxt

VS T o (29)

and the motion of the laboratory as seen from the particle

axi aF v
W e G0

" =c
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In terms of these quantities, the deformation gradient matrix has terms

ax? ax? axi v axi , ax!
=0 — 1, — =\, =0 = — =6 ——, (31
ox0 axi X0 ¢ axi  Pox!
where the elements of the standard (three-dimensional) deformation gradient matrix are given by
ax! i ax! (32)
axI — i’
This matrix can easily be inverted using its block structure. The elements of the inverse are given by
9% 9% ok § ax ax ;ox!
— =1, —F =0, _— = —, —_— = = I~ - (33)
ax0 axi x0 ¢ axt 9xt axi

From these expressions, we can compute the elements of the metric tensor (to first order in v’ /c) using Eq. 1,
giving
- - - axt vk - axt axk
Go=1 Gu=09p5="%u—=— Og=0u——>_—= (34)
ax! ¢
Note that from Eq. 31, the purely spatial part of the metric tensor is just the right Cauchy-Green tensor Crg [13]:

- axt 9xk axt axk
95t = 5ik5ﬁ = 5?15121(81"‘W3X_K =80tk CIk- (35)
Similarly, the elements of the inverse metric tensor are given to first order by
~’7 ~’7 ~£
500 =10 _ =0 v =ik 9x* 9x
=1, = =——, =8ik——-
g g g c g Hoxi axk

With these relationships in hand, we can proceed to find the relationships between the various electromagnetic
quantities in different systems. The convected electric field and magnetic flux densities can be related between
systems using the standard tensor transformation formula

(36)

A ax? 9xP N 37)
T
This formula leads to the formulas

- axi
&G =—= (ei + Gikévkbe), (38)

ox!

o A%k
b* = bk, 39
P (39

for changing the field definition from one frame to another. The strange asymmetry is a consequence of
the choice of a twice-covariant matrix for the electromagnetic tensor, and the consequent expression of the
electric field in the covariant basis and the magnetic field in the contravariant basis. Indeed, the indices on
these “vectors” cannot directly be “raised” or “lowered” because the vectors themselves have no independent
existence; they are inextricably linked by Eq. 37. Moreover, an attempt to compute the relationship between
contravariant electric fields and covariant magnetic fluxes by examining the contravariant version of Eq. 37

leads to the conclusion that the l;,; depends on both e’ and by, but that & depends only on ¢'!

The derivation of the transformation rule for the magnetic field and displacement flux density follows a
similar approach, and similar conclusions apply to the transformations of the resulting fields. The transformation
formulas are given by

— 9 .

d =2 gi. (40)
ox!

~ axt

by = (hi — ewenta’). (41)
oxt!



On the proper formulation of Maxwellian electrodynamics 395

Currents and charges, including bound currents and charges, transform as contravariant world vectors. Sepa-
rated into their component pieces, the laws read

p=p, (42)
5 X i
J —W(J —pv). (43)

Finally, the transformation rule for the polarization tensor can be derived by comparison with the displacement
tensor. This process yields the equations

T
pl = — pi, 44
P=ap (44)
- ax!
m; = — (mi + eikgvkp[). (45)
ax!
The inverse of this rule, given by
Coxt -
p=""F (46)
ax!
ax! = SPaE -
m; = W (\/EG;JTEU P —i—m;), a7

is of particular interest, because the material properties are almost certainly known primarily in the convected
frame, where the material is stationary, rather than the laboratory frame. Notice also that polarization and
magnetization are inextricably linked; this appears to have been ignored in previous work on this topic. This
is no small matter, either: the current formulation demonstrates that no measurement can distinguish between
moving polarization and magnetization. On the other hand, the asymmetry present in this equation, like that
present in the equations for the components of the electromagnetic and displacement tensors, is essentially
illusory. It changes character if the covariant and contravariant natures of the tensors in question are switched
and can be made to disappear entirely with the formulation given in the next section.

Given all of these transformation laws, it only remains to write the appropriate laws of physics in each
of the systems. Maxwell’s equations are particularly easy: They are of the forms shown in Egs. 15, 16, 20,
and 21 in general. In spatial coordinates, all of the tildes are removed for the field and current variables,
and —g = g = Joo = 1. In the convected coordinates, the tildes remain and given the particulars of the
transformation, —g = g and Qoo = 1.

Finally, the constitutive laws of Eq. 26 become

d' = eps*er + p, (48)
1
hi = —8ib* —mj, (49)
12%0)
and
d' = eog™ (e +VEeioB) + 7', (50)
]:l; = %g;,ﬂ;k — I/h;- + \/5606;E£ﬁkg£fé;. (G20

Non-relativistic formulations of electrodynamics often falter right here. For instance, many formulations of
Eq. 49 include a term proportional to the cross-product of the polarization and the velocity, but in a manifestly
covariant formulation, this term is provided solely by the transformation of the polarization tensor, i.e., Eq. 45.

The presentation of Maxwell’s equations formulated in this section is correct and complete, except of course
for the low-velocity approximation. That said, the result is still very strange and unnatural: the formulation
hinges on the “unit vector in the direction of time,” and intertwines electricity and magnetism to such a degree
that the formula for transforming fields between systems takes a completely different form depending on
whether covariant or contravariant bases are used. To some extent, such effects are unavoidable: after all, the
electric and magnetic fields are not really vectors, but specific parts of an antisymmetric tensor. Nonetheless,
some confusion may be avoided by replacing Eq. 28 with an equation that makes time and space orthogonal,
so that the “unit vector in the direction of time” can be eliminated. We turn to such a formulation in the next
section.



396 D. S. Weile et al.

5 Time-orthogonal transformation

To formulate electromagnetic theory in a time-orthogonal manner, we replace the first equation of equation
set 5 with

- - _

X0 =ax’ +5—, (52)
c

where the constants a and §; are to be determined. Of course, this equation is to be used on an instant-by-instant

basis, that is, we describe what a spectator-physicist (see [16] and [18]) would see when convected with the

material and measuring time in a specific way. Given this description of time, Eq. 33 becomes

ax0 o ax0 ax . axi 9 axi 9% sox!
P PR~ TR A~ R ™ M i) o3
in the new system. This tensor is easily inverted, resulting in
ax? 1 x5 axi 1 ax: axt 5o
—=n — = —7=—l, thv—, —~=8~Ii—71v— (54)
X0 a axi  a ox0  ac 9% 19X!  ac

To arrive at a time-orthogonal mapping, the condition QO i = 0 must be satisfied. Using Egs. 1, 6, and 54 to
flesh this condition out in the current circumstance leads to the equation
~ ax’ v
adij a5 ¢

[ H (55)
l V1 —(SM%

If we further specify that we would like purely temporal measurements to be instantaneously the same for both
systems (that is, if we enforce gop = 1), we find that

iy
i=\[1-8;— ~1. (56)
- ax/ vt
X

This yields the final form of the transformation matrices to first order; they become

%0 %0 j X X ox
— =1, _-:(Sijv—, oL 22 (58)
ax0 oxi c ax0 c axi  ox!
and
axY axY ax/ vl ax! i axi ax!
70:1, s = ijLTU—, TOIU—7 7=i~ (59)
09X X! axi ¢ 9X ¢ axi X!

Of course, by design, the metric tensors are even simpler, with elements given (as usual, to first order in v/c)
by

G — 1 G G- =0 < ~;(sax"ax’ 60
Go=1 " Gp=0i =0 Gj=—&=—dy_—=-— (60)
and, obviously,
it et Ty 82; 8x1~
~00 ~i0 _ x0i _ A — 5 — ) _
g"=1 g§g°=g"=0. g & = 52t 3] (61)
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Before turning to the relationship between the convected and spatial fields, we first create definitions for
contravariant and covariant versions of three-vectors that was avoided in the last section. Four-vectors and
four-tensors, of course, have definitions fixed by our tensor scheme from the start. We may consistently define

¢ =-ge, d: = —g~-df (62)
h' =+§"h;, by = +g;;b’, (63)

and
pr=—gip'. ot =gmg, (64)

The negative signs in Eqgs. 62 and 64 arise from the sign convention used in our metric definition and are
unavoidable. Switching to a metric definition where the negative sign is associated with time rather than space
would simply alter the signs of the magnetic fields rather than the electric ones. In any case, the choice of sign
above is telling: Because our metric inverts space on transferring between covariant and contravariant bases,
Egs. 62 and 63 can be remembered by recalling that e is a polar vector and h is an axial vector.

With these definitions in place, and the rules for raising and lowering indices of four-vectors fixed, the
elements of the twice-contravariant electromagnetic tensor and the twice-covariant displacement tensor become

. 5i i

i =2 Al = —lb (65)
c’ Jg ke

1/71170 = cci;, m;; = fé;]*; , (66)

Piop = —¢p; pij= —\/?E;;,;ﬁl : (67)

These new variables satisfy Maxwell’s equations in both tensor form (i.e., Eqs. 13 and 19) and the more familiar
“vector” form (i.e., Egs. 15, 16, 20, and 21), as expected. All that remains is to describe the relationship between
fields in the spatial and convected coordinates.

By examining the components of the change of basis formula for the electromagnetic tensor n;;, the
spatial-to-convected coordinate transformation for the electric field and the magnetic flux density become

- Bx o7 8x viex

G = (e, +ejevib ) b= (b’ ’f“—z). (68)
9%t axi c

Because of the simple orthogonal form of the metric, the contravariant electric transformation and the covariant

magnetic flux transformation are symmetric with the above:

i 9%t ~ 8x v/ ek

l (¢ +€tub), b = = (b +eiji—o (69)
T ooxi ! a K c2

These equations also eliminate the asymmetry in the way electric and magnetic fields intertwine with one

another in the former formulation. The change of variable formulas for the displacement tensor quantities
becomes

Q

- 8 .. h - 8
L I po o hi — eipvld* (70)
axi c? Y /

and those for the polarization tensor becomes
S LA '
p= o (p’ + el]kw), s = x! (m, + eljkv]pk) (71)
Oxt c? L oafi

The inverse relation of this equation is of interest, since the material parameters are probably known when the
material is at rest. These equations are simply the tensor inverse of the above, that is,

. 8xi = 6;;]; ﬁ~n711; a)'c‘; B - Lt 7
= ﬁ(’)l YR ) mi =5 (7 - VE G0 7). )
x 2 :




398 D. S. Weile et al.

Finally, the charges and currents transform according to the formulas

_ vij! 0w
p:p—i-;—z, J’:W(]’—pv‘). (73)

6 A comparison with the literature

Given these two formulations of Maxwell’s equations in convective coordinate systems, we now turn to a
comparison with the work of earlier authors on this topic. This task is gravely complicated by the fact that
all of these works seek to write their relations not in the convective coordinates advocated here, but in the
reference coordinate system. We therefore need a way to discuss the relationship between these systems and
relate parameters in one system to those in the other.

This task is significantly eased by imagining the reference coordinates to refer to the continuum in a
condition of initial rest. Under the action of forces, the continuum is deformed to a different shape at a later
time. The reference coordinate system X! can be envisioned as a set of Cartesian coordinate planes drawn
on the continuum in this original configuration. As it deforms, these lines describe the convective system. By
tracking this deformation continuously, we could in principle relate the current configuration of these planes to
their initial configuration and thus relate the convective coordinates to the reference coordinates by preserving
the mapping the coefficients of vectors in the convective system onto the reference system.

The problem with this prescription is that the convective system is necessarily oblique in general, and two
possible sets of basis vectors can be chosen at each point in the field. The first type of basis that can be chosen
can be used with contravariant coefficients and consists of vectors tangential to the coordinate curves. In vector

notation, we can call the basis vector tangent to coordinate curve 7, “0;” and define it by the formula

or

u: = (74)

T
This basis is most useful when thinking about fields as acting along a line. For instance, this is the definition
of current density that views it as charge density times velocity, a linear motion of electricity.
The second basis comes from looking not at the directions tangent to the coordinate lines, but those normal
to the coordinate planes. The basis vector chosen normal to plane i is given by

il = Vi (75)

This basis is to be used with the covariant coefficients and appears most often when a vector field describes a
flux crossing a surface. In the case of current density, it is the viewpoint embraced by defining the total current
as its flux through a surface.

Because the original reference system is invariably Cartesian (and hence orthogonal), there is no unique
choice of which set of coefficients should be preserved in the transformation. The cacophony of different
interpretations in the literature is testimony to this: The different results arise from different interpretations of
each field. If the electric field is imagined to be the source of a force (as both the Lorentz force equation and
Faraday’s law seem to imply), the author transforms it as a set of contravariant coefficients; if it is seen as a
flux, the author treats it as a set of covariant ones. Because ultimately some expression requires a relationship
between one set for which the author has chosen to use covariant coefficient transformations and another
in which he has chosen contravariant transformations, each of these previous theories is inconsistent. For
example, Lax and Nelson [12] choose to force the macroscopic Maxwell’s equations (i.e., those involving D
and H to model the behavior of fields on materially bound charges) to transform consistently, and then find
an inconsistent relationship in the constitutive relationship. Yang and Batra [19] (implicitly) imply that they
would choose both the electric field (E) and the electric displacement density (D) to transform as vectors
with contravariant coefficients. This choice preserves the consistency of the constitutive relationship at the
expense of that of Gauss’s law for the electric field. Dorfmann and Ogden [7] make the same choice as Lax
and Nelson [12], but muse that

ax!

Pr=gxbi

(76)
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Table 1 The transformation of the elements of the electromagnetic tensor in different formulations

e b
Universal time, 7iqg &= g"‘ (e + e,kgvkbz) b= ﬂbi
Universal time, 7%? &= gii é l;lf = g;: (b €ijk "Jek)
Time orthogonal, 4 & = g", (e, + eukv/bk) b= ax* (b’ + €lik U’ek)
Lax and Nelson [12] Ep = 33 (ei + €ijkvjb) = VC B b,
Yang and Batra [19] E; = F "X’ (Electrostatic)
Dorfmann and Ogden [7] E; = ;;’1 e; (Electrostatic)
Clayton [6] E; = (?;’1 e (Electrostatic)
Table 2 The transformation of the elements of the displacement tensor in different formulations

d h
Universal time, m®? di = %d" ﬁ; = 3 - (h — eixevhd®)
Universal time, g ~; = g"; (d,» — €ijik ”i—é’k) W= gﬁ, h
Time orthogonal, 7=%? di = g);, (di - eijk%) fz; = g*l (hi — eliky; idk)

Lax and Nelson [12] faxl d; H; = ax (hi — €irevidy)
Yang and Batra [19] f aX L d~ (Electrostatic)
Dorfmann and Ogden [7] f ax Ld; (Electrostatic)
Clayton [6] f aX L d~ (Electrostatic)

would be equally acceptable. Clayton [6] chooses this relationship for polarization density after claiming that
there is no natural choice for polarization.

Fortunately, the source of these inconsistencies is well known: they come from ignoring the impact of an
observer’s motion on his perception of time. In a four-dimensional formulation, the standard electromagnetic
fields described above become entries in four-dimensional tensors, and the transformation of these tensors
properly and consistently describes their relationship in any physical coordinate system as we have shown.
Of course, looking at results in the reference system is now impossible: different points in the continuum
have experienced the passage of time differently. Besides, there is no physical entity corresponding to, say,
the “reference electric field,” so an unbiased choice is impossible. Furthermore, this is not merely a matter of
notation: we have written our results in the notation used by Ricci, Levi-Civita, and Einstein, but the same
sorts of problems would show up if we used, for instance, the geometric algebra advocated by Arthur [2]. In
geometric algebra notation, the distinction is not between covariant and contravariant, but between vectors and
bivectors. Still, even when this issue is sorted out, the result can only be made consistent with an appeal to the
theory of special relativity.

To appreciate the differences between the formulation presented here and the earlier approaches, we
present Tables 1, 2, 3 listing the transformations of the most important variables according to this work and
other authors. Unfortunately, this comparison is complicated by the fact that the papers in the literature use
different notation from that used here and from each other. Furthermore, formulations in the literature refer

not to our curvilinear convected variables £, but to the Cartesian reference variables X’. This allows them to
use Cartesian tensor notation, which eschews superscripts and ignores the difference between covariant and
contravariant variables since they coincide for orthonormal coordinate systems. To be as thorough as possible,
we present results pertaining to the universal time technique of Sect. 4 in both covariant and contravariant
forms. Since our field definitions are elements of second-order, four-dimensional tensors, indices are raised or
lowered by raising or lowering the indices of the envelopmg tensor and taking the appropriate field definition.

Thus, Sect. 4 defines e; = cny;; we therefore define e & = ¢ii% to facilitate comparisons. We also include the
results presented in Sect. 5.
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Table 3 The transformation of the elements of the polarization tensor in different formulations

p m

Universal time, p*? 13'7 = %pi m; = % (mi — €ike vkpz)
. . - - axi J ok 3 PY

Universal time, pag D; = ;i, (Pi + €ijk vcgl ) m' = gil l

Time orthogonal, p*# P = gi: (Pi + Eijkv’z#) ;= 3); (mi + €7 v; pr)

Lax and Nelson [12] P =+C %pi M; = %m,

Yang and Batra [19] P =+C Baf ,1 Di (Electrostatic)

Dorfmann and Ogden [7] P =4+/C % Di (Electrostatic)

Clayton [6] P = % pi (Electrostatic)

Finally, even with all of the caveats and explanations provided above, a few additional things about the
tables should be further clarified. Lax and Nelson [12] is the only paper to mention magnetic effects, even
though these exist to first order in v/c in Maxwell’s equations, however formulated. Also, the results attributed
to Yang and Batra [19] are not explicitly given in their paper (except for the electric field translation) but can
be inferred from their work.

To effectuate the comparison, we must introduce the right Cauchy-Green tensor,

dxt 9x/

C1v =% 5 xT ax7”

(77
and its determinant C. Assuming that the reference coordinates refer to an initial, undeformed continuum, at
any given time, the elements of C;; are the same as those of g; it though their meanings are different: The
former is a measure of the deformation of the medium relative to reference coordinates, whereas the latter
is a metric tensor in the current configuration. Thus, one clear difference between our formulations and the
previous formulations from the literature is the presence of factors of V/C' in the latter to account for the
volumetric deformation of the continuum.

Of all of the previous presentations related here, Lax and Nelson [12] comes closest to a theory that
agrees with ours, but with some caveats. First, their theory is presented in the reference coordinates, rendering
it immune from experiment. If, however, we interpret all of their results in the manner most agreeable to
our theory, the only formula on which there is any major substantive difference is the transformation of the
magnetization. Interestingly, even with this success, [12] laments its inability to render electromagnetics in a
tensorially consistent manner. The work here demonstrates, however, that in some cases (i.e., in the case of the
definition d = €pe 4 p), the failure of frame invariance was only apparent: the presented formula is entirely
correct, but only frame invariant when viewed through the space-time of relativity.

7 Conclusions

This paper has clarified the expression of Maxwell’s equations of electrodynamics in the language of continuum
mechanics, resulting in two systems for the solution of non-relativistic electromagnetomechanical problems.
The first of these is closer to currently available schemes, but clarifies the nature of difficulties faced by previous
authors, and corrects earlier mistakes including the relationship between polarization and magnetization. The
second method is based on the relativistic idea of time orthogonality, and thus results in more symmetric
formulas.

This work has also illuminated the causes of the confusion that currently pervades the literature. First,
there is an insistence on formulating the equations in the reference domain, a concept with no meaning in the
realm of electromagnetics and possibly no physical meaning to boot. This led to the independent assignment
of “reference domain” values to polarization and magnetization (which are connected in reality), and to an
indeterminate method of evaluating the correctness of the derived transformations. Second, even when low
velocities are considered, Maxwell’s equations are simply inconsistent with Galilean relativity, so the Lorentz
transformation must be employed. Indeed, that this is necessarily the case is hinted at in every previous
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derivation: Upon changing coordinates to a moving frame (even one with constant velocity), the electric field
in the new frame depends on the magnetic flux density in the old. This demonstrates conclusively that these
two physical quantities must be part of a single tensor. Furthermore, this is no trifling matter: the connection
between the two fields is of first order in the quantity v/c.

This work clears up the confusion evident in the forgoing explanation of the state of the literature. By
insisting on convective rather than reference coordinates, the work presented here has removed the ambiguity
of previous formulations by allowing the theory to be associated with quantities that can be measured. By
further weaving in the theory of relativity, contradictions in earlier formulations can be overcome.
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In Eq. 22, tildes are missing on some of the o and g indices. The order should also be reversed to agree with

the revised Eq. 19. A tilde on « is missing on 175‘ in the line after Eq. 22. A tilde is missing, and a spurious
factor of ¢ appears in Eq. 30. The corrected version is

axi aF
= 4)

V' =c—
dxo ox!

A minus sign is missing in the §; term in Eq. 34. The equation should be

G = —Sik——- 5)

Unlike the previous errors, this one carries into the remainder of the paper, causing errors in later expressions.
The right Cauchy—Green tensor Cjg expression, Eq. 35, should then be

dxt 9xk 1K axt axk

S g X ox i _ _<IsK
9 = lkafc'; 8;(]; = 701 zkaxl axK — 8;812 Cik, (6)
and Eq. 36 is therefore i o
. o ~oi U F 0% 9%k
gOO =1, gzO — 901 — ?’ gzk — _Slkﬁﬁ' @)

In Eq. 37, the derivatives are with respect to the four-vector X%, not the purely spatial components &* and

should therefore be
9x® dxP

——N
X% gxB

H&E =
Equation 52 is obviously incorrect as the units do not match. It should read

ap- ®)

X0 =ax’ + 55X 9)
A sign error appears in Eq. 54, and is carried to other equations. The corrected expressions are

x 1 ox0

axi 1 axio axt 5
. —n = T, _7:8-:_ - = . (10)
X0 ac axi 19X ac

X0 al %

Q| R

Incorporating these changes and correcting for an erroneous square root, Eq. 55 should read

as;; v
~ Y oxt c
I = bk
The sign error propagates further to Eq. 58 which should now be
%0 %0 W ek % aF 12
x0T axt T e x0T e axt T axd
In Eq. 60, the g; 5 term should be
L 8”8xi ax/ 13
gij__gij__l]ai;B)z-’T’ (13)

as the expression presented in the paper is obviously not a proper indicial expression. In Eq. 61, the indices on

&'/ should be raised. The sign corrections lead to changes in the definitions given by Eqs. 62—64. The corrected
definitions are

d=gle, d: = g/, (14)
=gl b = &b, (15)

i = &P, m' =g, (16)
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Equations 66—67 now become

mzo = —cd;,

Pio = Py,

Wl~~ = —\/_‘szlghk

prr = —VE et

The sign error then propagates to Eqs. 68—73, which become

p

dx! .

pyes (ei4—€ﬁkvjbk>»
X

9% 4.

9zt ( Jiik vjhk)

axi ’

3_’71 (pi _ (lik Ujmk)
dx! cz )’
Axt i e;j’; 5;’%2
w\” "7 e
/! 5 _
p= o Jj'=

9zt
axt

bl

by =

1

m; =

(-

ax!
— (bi — €ijk
oxt

vjek

)

c

vjek
6'2 ’

1]k

zi (h —e,jkv]d)
ii ().

o)

_ I
e (i VT i)

amn
(18)

(19)

(20)

21

(22)

(23)

(24)

Finally, the corrected versions of Tables 1, 2 and 3 are shown. As can be seen, after these corrections for sign
errors, the time orthogonal transformation equations exhibit a completely symmetric relationship. They are
also in complete agreement with the well-known frame transformation laws for electromagnetic field quantities
in the limit of rigid motion. In contrast, even with the corrections, the transformation rules commonly used
in continuum mechanics [1-4] remain asymmetric. As mentioned in the paper, this asymmetry is a source of
confusion and possible errors in formulations that rely on them.

Table 1 Transformation of the elements of the electromagnetic tensor in different formulations

e b
Universal time, 7igg & = gif: (ei + e[jkv-fbk) bl = % i
Universal time, 7% e = %ei b; = ZX: (b‘ - eijk%gk)
Time orthogonal, 7igg & = g; (e, + €ijxv bF) b= (b’ "-"k%)
Lax and Nelson [3] E; = (e, + €ijkvibr) «/ aX, b;
Yang and Batra [4] E; = »,/ (g Le; (Electrostatlc)
Dorfmann and Ogden [2] E; = dd;'/ e; (Electrostatic)
Clayton [1] E; = 3)’;'1 e; (Electrostatic)
Table 2 Transformation of the elements of the displacement tensor in different formulations

d h
Universal time, m*? d~; = g—fc: ! fz; = (’)x‘ (h — eljkvfd )
Universal time, iy c?;. = (d + €ijr ”/h ) = gj‘(, hi
Time orthogonal, m®? d = ax' (d’ +e€ ’fkufc#) i~z~ = Si' (h — e,jkvfdk)
Lax and Nelson [3] =C aX’ d; H; = ax (h,- — e,-jkvjdk)
Yang and Batra [4] =+C BX’ d; (Electrostatic)
Dorfmann and Ogden [2] =+C aX‘ d; (Electrostatic)
Clayton [1] D1 =.C %’;; d; (Electrostatic)
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Table 3 Transformation of the elements of the polarization tensor in different formulations

p m

Universal time, p*? o= %pi i = % (mi + €ijiv! pr)
. . - - o ik R I

Universal time, pag p; = g;, (pi — e,-jk%) m = 33 !

Time orthogonal, p** pl= 3§: (pi — €lik —"fc';k) i = g;: (mi + €ijiv! pr)

Lax and Nelson [3] Py = /C ¥ p, M= 2m;

Yang and Batra [4] P =4/C %X): L p; (Electrostatic)

Dorfmann and Ogden [2] P =+C %’X(i’ Di (Electrostatic)

Clayton [1] P = (f;(', Di (Electrostatic)
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