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Probabil i ty  of False Alarm Est imation 
in  Oversampled Active Sonar  Systems 

D. A. Abraham 

Executive Summary:  An important measure of performance in active 
sonar systems is the probability of observing a false alarm (Pfa) at any single 
detection opportunity (i.e., an individual range-bearing resolution cell). The 
Pfa is usually measured by counting the number of alarms from data known 
to contain no targets and dividing by the number of detection opportunities. 
Affecting this measure is the rate at which a sonar system allows detection 
opportunities, a value that should depend on the bandwidth of the transmit 
waveform. The minimum that this rate should be is equal to the bandwidth 
of the transmit waveform. This memorandum illustrates that the variance of 
the Pfa measurement can be decreased by increasing the detection opportunity 
rate above the bandwidth of the transmit waveform, with the majority of the 
improvement obtained by the time the detection opportunity rate reaches four 
times the bandwidth of the transmit waveform. 
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Probabil i ty  of False Alarm Est imation 
in Oversampled Active Sonar  Systems 

D. A. Abraham 

Abstract :  The probability of false alarm (Pf,) in active sonar systems is an 
important system performance measure. This measure is typically estimated by 
the proportion of alarms to opportunities over some finite window, essentially 
forming the sample exceedance distribution function (EDF). It is common for 
sonar systems to be 'over-sampled'; that is, to have a sampling rate higher than 
the minimum required for representing the bandwidth of the received signal, 
resulting in reverberation data that are correlated from sample to sample. The 
performance of the sample EDF in Pf, estimation under such conditions is of 
interest. It is easily shown that the estimator remains unbiased with correlated 
data. However, it is shown in this memorandum that the variance of the 
estimator may be reduced from that for independent data by oversampling. 
Further, the variance is seen to fall between the Cramer-Rao lower bound 
based on independent thresholded (binary) data and that based on the complex 
matched filter output data. 

Keywords: probability of false alarm o oversampling o correlated data 
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Introduction 

The false alarm performance of an active sonar system is an important measure 
of performance. One method of representing it is the probability of observing a 
false alarm in an individual range-bearing cell (Pf,). This is typically measured by 
assuming that the normalized matched filter envelope or intensity is ergodic (i.e., 
ensemble averages equal time averages) and then counting the number of threshold 
exceedances within a finite window in time. Intuitively one would expect that this 
is best done with independent data samples. It will be shown in this memorandum 
that this is not necessarily so. 

Let the sequence 

be the normalized complex matched filter output of an active sonar system. If these 
data are reverberation-only samples and assuming ideal normalization, they would 
be zero-mean, unit-variance, complex Gaussian distributed (Rayleigh distributed 
envelope). Under these ideal assumptions and for some of the more straightforward 
normalization algorithms, the Pfa of a detector is easily calculated and need not 
be estimated. However, there exist situations where it is necessary to estimate Pf, 
from real data, including complicated normalization and detection algorithms and 
ocean environments where the propagation and scattering conditions resulting in 
reverberation do not produce a Rayleigh distributed envelope. The analysis within 
this memorandum assumes the ideal conditions under the premise that the results 
under non-ideal conditions are similar. 

Depending on the sample rate of the system and the bandwidth of the transmit 
waveform, there may be substantial correlation between samples or very little. If 
the sample rate is near the bandwidth of the transmit waveform and the source 
and receiver characteristics and the propagation and scattering conditions result in 
complex Gaussian distributed reverberation with a nearly flat spectrum, the data 
should be (roughly) independent. It is, however, common for sonar systems to 
be oversampled and for these data to be used in estimating PI, If Y,  = 1xil2 
are the intensity data and h is the detector threshold, then the sample exceedance 
distribution function (EDF) estimate of the Pfa will have the form 
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where U(y) is the unit step function and, for convenience, the n samples used in the 
estimate are numbered i = 1 , .  . . , n. Clearly 

is a Bernoulli random variable, taking on the value 1 with probability p = P r  {Y,  > h)  
and value 0 with probability 1 - p. It is easily shown that p is unbiased (E [$I = p) 
without requiring independence of the samples. The following sections consider the 
variance of p for correlated data. 
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Variance of t he  Pf, estimate 

Assuming wide sense stationarity of the normalized reverberation data, the variance 
of p can be described as 

where 

and ri = Rk,k+i for i = 0, .  . . , n - 1 (note that ro = p (1 - p)). When the data are 
independent, ri = 0 for i = 1,. . . , n - 1 and the variance is, as expected, 

In order to evaluate the sum of eq. (4), ri must be obtained as a function of the 
spectrum of the complex matched filter output data. Towards this end, ri can be 
related to the probability of the exceedance of both Yk and Yk+i over h, 

Ti = E [(Zk - P) (Zk+i - P)] 
= E [ Z k Z k + i ]  - p2 
= E [U (Yk - h)  U (Yk+a - h)] - p2 
= Pr {Yk > h and Yk+i > h) - p2. 

Evaluation of eq. (7) requires integration over the joint probability distribution func- 
tion (PDF) of Yk and Yk+i when the two samples are not independent. As shown 
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in Annex A, if the correlation between two of the complex matched filter output 
samples is y = E [x~x;] (the superscript * indicates complex conjugation), then 
the joint PDF of their intensity values is 

where lo (z) is the zeroth order modified Bessel function. After some manipulation 
it can be shown that ri becomes 

where 

and 

is the EDF for a non-central chi-squared random variable with two degrees of free- 
dom and non-centrality parameter 6. Evaluation of eq. ( 9 )  may be accomplished 
numerically, exploiting the three-moment approximation to E (h; 6 )  described in [I]. 

In order to evaluate eq. (4), the values of the autocorrelation function of the complex 
matched filter output for lags m = 1, .  . . , n - 1 are used in eq. ( 9 )  to form the values 
r l ,  . . . , r,- 1. Assuming a flat reverberation spectrum when the sampling rate is 
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equivalent to the transmit signal bandwidth, the oversampled spectrum (rD (w)) 
would have the form of an ideal low-pass filter, resulting in the autocorrelation 
function 

- - sin (y )  
rm - 
D 

where D is the oversampling factor (i.e., D = 1 results in independent data) and 
3 - I  represents the inverse Fourier transform operation. If the reverberation data 
are well-represented by an AR process with spectrum 

when the sampling rate equals the bandwidth of the transmitted waveform, then 
the spectrum of the oversampled data is 

Dr (Dw) for w E (- $ , $1 
FD (4 = 

for 5 < I w ~  < 7r 

The autocorrelation function of r (w) may be found by noting that 

and that 

where 

where c, and pi are, respectively, the residues and poles of X (2). The autocorrelation 
function may then be formulated as 

7 [m] = cox [m] * x* [m] 
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where * represents discrete convolution and 

where U [m] is the discrete unit step function. 

Substituting eq. (21) into eq. (20) results in 

where 

and it is assumed that all poles are within the unit circle; that is, 

Ipil < 1. 

The autocorrelation function of the oversampled data is then 
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Cramer-Rao lower bounds 

The Cramer-Rao lower bound (CRLB) represents the minimum variance that an 
unbiased estimator of a parameter can obtain [2]. An estimator whose variance 
equals the CRLB is called an efficient estimator. The CRLB for a parameter 8 
estimated from n identically distributed and independent samples has the form 

1 CRLB = 

where f (x; 8 )  is the PDF of one data sample given 8. 

Noting that the Bernoulli data {Z1,. . . , 2,) have PDF 

f (z; P) = Pz + (1 - P) (1 - 4 
for z = (0, I) ,  the CRLB for p can easily be shown to be 

Note that the estimator of eq. (2) is efficient (i.e., its variance meets the CRLB) if 
only the binary data are available. As there is information lost in forming the binary 
data, the CRLB for the original complex data ({XI, . . . , Xn)) is also considered. 
Here it is assumed that the data have variance X = &, which results in the PDF 

The CRLB may then be shown to be 

It should be noted that the CRLB for the intensity data is identical to eq. (30). It  
is easily shown and intuitive that 

with equality only for p = 1. 
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Analysis 

To validate the theoretical analysis of the previous sections, the variance of the Pfa 
estimator is estimated from simulated and real data and compared with the theoret- 
ical values in Fig. 1, where good agreement is seen. In this example, n = 500 data 
samples were used (even after oversampling the data) to estimate the Pfa, with the 
threshold chosen so that p = 0.01. The real data were from a 125 Hz bandwidth 
LFM waveform and were tested to insure Gaussianity and an approximately flat 
spectrum. The analytical results assumed the autocorrelation function of eq. (14). 
As expected, the variance of the Pfa estimate increases with the oversampling factor 
because the effective number of independent samples decreases. However, the vari- 
ance of p using the oversampled data is less than that of p just using the equivalent 
number of independent samples (= g). This is, perhaps, a non-intuitive result that 
requires some discussion. Sampling theory tells us that if a signal is sampled above 
the Nyquist rate that (ideally) it may be perfectly reconstructed. Oversampling 
is a step toward reconstruction, filling in what's missing between the independent 
samples and providing a more accurate picture of what's happening around the 
threshold. This apparently leads to a reduction in the variance of the Pf, estimator. 

Next, consider the CRLBs of the previous section. Figure 2 shows n times the 
CRLBs and n times the variance of p as a function of p (effectively the CRLB or 
variance per sample). As opposed to the analysis associated with Fig. 1, no = 500 
independent data samples were always used here, so the oversampled cases used 
n = noD (correlated) samples. The CRLB for the binary data and the variance 
of the independent data ( D  = 1) are identical. However, oversampling reduces 
the variance and shifts the curve down toward the CRLB for the complex data. 
Oversampling by more than D = 5 did not provide substantial improvement. 
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Variance when only 
the independent data 
samples in the window ,/' 

Variance from window 
of n=500 samples after 

oversampling data 

I 
2 9 4 5 6 7 8 0 10 

D - Oversampling factor 

Figure 1 Variance as a function of oversampling, keeping n jixed at 500. 

p - Probability of false alarm 

Figure 2 CRLBs and variance per sample as a function of Pf,. 
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In Fig. 3, the ratio of the variance of 6 with oversampling to that for independent 
data, 

0; (D, noD) 
A ( D ,  no) = 

O;(l,no) 

is shown for various Pj, values, where 0; (Dl  n) is the variance of p using D times 
oversampling and n samples (s independent samples). The reduction in variance 
increases with the oversampling factor, although the majority is obtained by the time 
D = 4. The results for this figure were obtained by using no = 500. However, the 
results for no = 500 and no = 1000 were visually indistinguishable. It is not believed 
that A (D,  no) is independent of no, but that it rapidly approaches an asymptotic 
value with no. This comment holds for the results shown in Fig. 2 and also under 
the AR process autocorrelation values of eq. (25). 

OI 11s ; i 5  j 315 ; 4:5 6:5 
I 

D - Oversampling factor 

Figure 3 Reduction factor of variance as a function of oversampling. 
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5 
Conclusions 

The variance of the standard Pfa estimator was derived analytically for correlated 
data. The analysis leads to  the interesting conclusion that oversampling the rever- 
beration time series results in a reduction in the variance of the Pfa estimate. I t  
was seen that  the majority of the improvement is obtained by the time the data are 
oversampled by a factor of four, a result that seems to be independent of the size of 
the window used to estimate the Pfa, assuming some minimum size. The variance 
was compared with the CRLBs obtained from independent complex matched filter 
output data or independent binary thresholded data. Though not an efficient esti- 
mator compared with the complex matched filter output CRLB, oversampling was 
seen to  provide improvement over that obtainable with binary independent data. 
The implications of this result on the false alarm and detection performance over a 
full ping of data, where the correlation introduced by oversampling makes analysis 
difficult, are unknown and worthy of further research. 
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Annex A 

Joint PDF of correlated intensity data 

Let w = [ v u ] ~  be a zeremean bi-variate complex Gaussian random vector with 
covariance matrix 

where y = E [VU*] represents the correlation between the two components of w. 
The joint PDF of (V, U) may be found by simplifying the multi-variate complex 
Gaussian P D F  of w as follows, 

where the superscript indicates the complex conjugate and transpose operation 
and 8 (v) is the real part of v. 

Transformation of the real and imaginary parts of V and U to an intensity-angle 
parameterization rcquires the Jacobian matrix 

where 

and 

21 = &@. 

The joint PDF of the intensities and angles is then 

f(?,,z,@,4) = f (v=die 'e.u=&cJm)llJII  
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where y = Iyl t 9 p  and 

is the absolute value of the determinant of the Jacobian matrix J. 

The joint PDF of the intensities then requires integration over both 0 and 4 from 0 
to 27r, 

Towards simplifying eq. (40)) fiist consider the portion within the brackets, 

exp {x cos (4 - 0 - a) ) ded+ = 
1e=o I+=o 

= /2n /2n exp {z cos (4 - 8)) d8d+ 
e=o q5=o 

= 47r21, (x) 

where the eq. (41) is achieved by exploiting the integration over a full period of the 
cosine function and lo (z) is the zeroth order modified Bessel function. Substituting 
eq. (42) into eq. (40) results in the joint PDF of the intensities, 
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