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SACLANTCEN SM-184 

THE INFLUENCE OF FLUCTUATIONS I N  ACOUSTIC TRAVEL TIME 
ON LOCALIZING THE POSITION OF AN UNDERWATER SOURCE 

Tor Knudsen and Angelo Lombardi 

ABSTRACT 

Thi S paper i nves t i ga tes  the accuracy o f  an underwater acoust ic  p o s i t i o n i n g  
system i n  l o c a t i n g  a  sound source t h a t  t ransmi ts  a t  unknown t imes i n  
cond i t i ons  i n  which the acoust ic  t r a v e l  t imes between source and rece ivers  
fl uctuate  widely  . The system uses three omni d i  r e c t i o n a l  rece ivers .  The 
accuracy o f  the system depends very much on the  r e l a t i v e  p o s i t i o n s  of these 
rece ivers .  With we1 l -chosen re1 a t i  ve rece i  ver  d i spos i t i ons ,  the  p o s i t i o n  
o f  a  sound source a t  20 km range can be loca ted w i t h i n  + 150 m, even w i t h  
f l u c t u a t i o n s  i n  t r a v e l  t ime o f  as h igh  as + 100 ms. 

INTRODUCTION 

The need t o  l oca te  the  p o s i t i o n  o f  a  sound source i n  shal low water by means 
of three omni d i  r e c t i o n a l  rece i ve rs  l e d  t o  an experimental i n v e s t i g a t i o n  o f  
t he  f l u c t u a t i o n s  i n  t r a v e l  t ime between t ransmiss ion and recept ion  o f  the 
sound. This  showed that ,  i n  severe mu l t i pa th  cond i t ions ,  the t r a v e l  t i n e  
cou ld  vary by about * 65 ms between transmissions. The f l u c t u a t i o n s  were 
so r a p i d  t h a t  two t ransmiss ions 150 S apa r t  could show a  d i f f e rence  i n  
t r a v e l  t ime o f  about 130 ms [l1 . I f  one knows when the t ransmiss ion took 
place, t h i s  gives an e r r o r  o f  only  about 200 m i n  l o c a t i n g  the p o s i t i o n  o f  
t he  sound source. However, i f  i t  i s  no t  known when the t ransmiss ion took 
place, the computation o f  the source's p o s i t i o n  must be based on the 
d i f f e rences  i n  the a r r i v a l  t imes o f  the same s igna l  a t  three p o i n t s  spaced 
some dis tance apart .  The ex is tence o f  f a i r l y  l a rge  f l u c t u a t i o n s  i n  the 
t r a v e l  times themselves means t h a t  such f l u c t u a t i o n s  w i l l  have a  l a r g e  
i n f l uence  on the  accuracy o f  l o c a t i n g  the p o s i t i o n  o f  t he  source. 

Th is  paper i nves t i ga tes  the e f f e c t  o f  d i f f e r e n t  magni tudes o f  t r a v e l  - t ime 
f l u c t u a t i o n  on the accuracy o f  the computed p o s i t i o n  o f  the sound source. 
It a lso  shows how the e f f e c t  o f  the f l u c t u a t i o n s  can be reduced by p lac ing  
the  rece ivers  i n  optimum re1 a t i  ve pos i t ions .  
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1 MATHEMATICAL MODEL 

I n  the models the rece ivers  are pos i t ioned as shown on Fig.  1 a t  (xl',yl), 
(x2,y2), (x3,y3). The source t ransmi ts  a s igna l  a t  time t , which i s  
received a t  the three rece ivers  a t  t imes tl, t2 and t3.  We there fore  
f i n d :  

where c , the sound speed, i s  assumed t o  be constant and independent o f  
depth, and the sound i s  assumed t o  t r a v e l  i n  s t r a i g h t  paths. I n  f a c t  the 
sound rays are bent i n  response t o  the sound-speed p r o f i l e ;  t h i s  can be 
compensated for  by modifying the  sound speed used i n  these ca lcu la t i ons .  
From Eq. 1 we e l im ina te  the  unknown t and get  

or ,  as ma t r i x  equation 

where 

= [:::::l 
and m(x,y) i s  the r ight-hand side o f  Eq. 2. 

- Receiver 

Receiver Receiver 

F I G .  1 DEFINITION OF COORDINATES 
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2 OPTIMUM RELATIVE RECEIVER POSITION C21 

We want t o  est imate the p o s i t i o n  o f  the sound source 

from a ser ies  o f  observations o f  the d i f fe rences i n  t ime between the 
acoust ic  transmission and the recept ion a t  the  three receivers. The 
mathematical model for  t h i s  i s  given i n  App. 7A  o f  Jazwinsky C31: 

where { v i )  i s  a white, bu t  not  necessar i ly  gaussian, vector  sequence w i t h  

T 
E { v ~ }  = 0 and E { V ~  v j  } = R i  6 i j  , R i > O  

and @ ( i  ,k) i s  the s ta te  t r a n s i t i o n  mat r i  X. 

The parameter Xk may be viewed as the s t a t e  a t  t ime t k  o f  the dynamical 
sy S tem 

where Y i  i s  the measurement a t  t ime ti . 
A 

We want t o  f i n d  the est imate ' Xk t h a t  minimizes the e r r o r  variance 

A 

It can be shown C21 t h a t  the l i nea r ,  unbiased minimum variance est imate Xk 
of Xk has a covariance mat r ix  given by 

where 
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i s  the  in fo rmat ion  matr ix .  

So min imiz ing  the e r r o r  var iance i s  equ iva len t  t o  min imiz ing  tAVl o r  

maximi r i n g  the determinant $k,l 1 1 
I n  our case the  sound source does not  move, so t h a t  

a n d j k , ,  reduces t o  

so t h a t  we s h a l l  maximize 

Comparing Eqs. 3 and 6 we see t h a t  the  ac tua l  observat ion describes a 
non l inear  r e l a t i o n  between the  source's p o s i t i o n  and the  measured t ime 
d i f fe rence.  Equation 6 can be found from Eq. 3 by l i n e a r i z a t i o n .  

where 
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Rut r e f e r r i n g  t o  Fig, I we now f i n d  t h a t  M i s  a lso  given by 

cos 02 - cos 0 1  s i n  02 - s i n  0 1  
c o ~ 0 3 - c o s 0 ~  s i n  03 - s i n  0 1  

where 0 1  , 02 and 03 are the angles defined i n  Fig. 1. 

If we measure the a r r i v a l  times w i t h  a variance 0; we f i n d  t h a t  

and thus 

and Eq. 11 then becomes 

To maximize Eq. 14 we apply the Lagrangian m u l t i p l i e r  method w i t h  the  
cond i t i ona l  f unc t i on  

@ ( A )  = A l - A 2 + A 3 = O  , 
where 
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and the a d d i t i o n a l  f unc t i on  

Z ( A )  = I  W i l  + A ( ( A )  

S e t t i n g  i t s  p a r t i a l  d e r i v a t i v e s  t o  zero gives the f o l l o w i n g  c o n d i t i o n  

A1 = A2 

A2 = A3 

A1 = A3 . 
S u b s t i t u t i n g  these i n  Eq. 15 we f i n d  t h a t  

A I = A ~  gives A 3 = 0  

A Z = A ~  gives A ~ = O  

A I  = A3 gives A2 = 2A1 , 

where the  l a s t  s o l u t i o n  obviously  i s  the  maximum. S u b s t i t u t i n g  
A1 = A3 = A2/2 i n  Eq. 14 and maximizing w i t h  respect  t o  A2 gives 

A2 = 240' 
and 

A1 = A3 = 120" . 
The optimum r e l a t i v e  rece i ve r  pos i t i ons  are the re fo re  i n  the shape o f  a 
t r i a n g l e  enc los ing  the  source and such t h a t  t h e  angle subtended by each l e g  
o f  the  t r i a n g l e  i s  120°, as shown i n  Fig. 2. 

F I G .  2 OPTIMUM RECEIVER POSITIONS 

1 Receiver. 
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3 SIMULATION 

A s imulat ion program was developed t o  determine how d i f f e r e n t  rece ive r  
geometries would in f luence the  accuracy i n  l o c a t i n g  the p o s i t i o n  o f  a sound 
source. 'The program computes the theo re t i ca l  t r a v e l  t ime between the  
source and the rece ivers  and per turbates these delays w i t h  random values 
drawn from uniform d i  s t r i  but ions. The p o s i t i o n  resu l  t i n g  from these 
per turbated t rave l  times i s  then computed, and the  process repeated w i t h  
another set  of random numbers i n  order t o  p l o t  the e r r o r  d i s t r i b u t i o n  i n  
two dimensions. 

Assuming t h a t  the rea l  p o s i t i o n  o f  the source i s  (x0,yo) , Eq. 1 i s  used 
t o  compute the t h e o r e t i c a l  t r a v e l  times. The a r r i v a l  times tl, t 2  and 
t3 are then per turbated according t o  

where S i s  a constant  used f o r  sca l i ng  and U - 1 1  means a number drawn 
from a uniform d i s t r i b u t i o n  o f  random numbers between -1 and 1. 

Equation 2 describes the  relationshiep"between t h e  p o s i t i o n  o f  the source 
and the measured t r a v e l  - t ime di f ferences.  Since i t  i s  nonl inear, we s t a r t  
by l i n e a r i z i n g  around the actual  p o s i t i o n  X. , which gives t rave l - t ime  
d i f fe rences o f  

so t h a t  

where M i s  given by Eq. 12. 

The estimated p o s i t i o n  due t o  the per turbated t r a v e l  t ime i s  
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We then compute the new t r a v e l  times using X i n  Eq. 1 and r e l i n e a r i z e  M 
around the new p o s i t i o n  est imate X . Using Eq. 18 we then compute a  b e t t e r  
estimate. 

The i t e r a t i o n  i s  ended when the  new and the prev ious ly  i t e r a t e d  pos i t i ons  
are w i t h i n  a  chosen l i m i t ,  usua l ly  se t  t o  5  m. The s imula t ion  i s  then 
repeated f o r  another se t  o f  random per turbat ions  by r e t u r n i n g  t o  Eq. 17. 

4 RANDOM PERTURBATIONS OF THE TRAVEL TIMES 

The computer program was run on several examples i n  order  t o  i nves t i ga te  
how the r e l a t i v e  pos i t i ons  o f  the rece ivers  in f luenced the  e r r o r  i n  
es t imat ing  the sound source ' S  p o s i t i o n  . The distance between the  outermost 
rece ivers  was 20 km and the sound source was moved t o  d i f f e r e n t  pos i t i ons  
w i t h i n  a  square o f  30 km X 30 km dimensions. F igure  3  shows the  r e s u l t s  
f o r  the three mean propagation delays o f  + 25 ms, t 50 ms and + 100 ms when 
the  receivers were placed along the y a x i s  a t  10 km i n t e r v a l s ;  because 
the  e r r o r s  are symmetric around a  l i n e  t h a t  i s  p a r a l l e l  t o  the X ax i s  and 
crosses the y  ax i s  a t  l 0  km, only h a l f  the f i e l d  i s  shown. 

It i s  seen from the f i g u r e  t h a t  the uncer ta in t i es  i n  the p o s i t i o n  o f  each 
sound source are e l l i p s e s  centred around i t s  r e a l  pos i t i on ,  which i s  marked 
w i t h  a  cross. The e r r o r  i n  the est imated p o s i t i o n  increases very much when 
the  independent f l u c t u a t i o n s  i n  the time o f  a r r i v a l  o f  the s ignal  a t  the  
th ree receivers increase from 2 25 ms t o  100 ms. A t  20 km range (same 
distance as the rece iver  basel ine)  the  maximum e r r o r  has increased from 
about + 1 km t o  about + 3.5 km. 

The s i t u a t i o n  i s  g rea t l y  improved when the rece ivers  are pos i t ioned i n  a  
r i g h t  angle, as shown i n  Fig. 4 f o r  the same three mean propagation delays. 
The distance between the outermost rece ivers  i s  again 20 km and i t  i s  seen 
t h a t  even w i th  uni form random f l u c t u a t i o n s  o f  -+ 100 ms i n  the  t ime o f  
a r r i v a l  the maximum e r r o r  i s  w i t h i n  -+ 500 m f o r  a  sound source 20 km from 
the  f u r t h e s t  receiver .  

The optimum r e l a t i v e  rece ive r  d i s p o s i t i o n  was found e a r l i e r  t o  be as 
depicted i n  Fig. 2. The r e s u l t s  of p lac ing  the rece ive rs  i n  t h i s  
con f igu ra t i on  are shown i n  Fig.  5 fo r  the  same three mean propagation 
delays. It i s  seen t h a t  the e r r o r s  w i t h i n  the t r i a n g l e  formed by the  
rece ivers  are very small ( w i t h i n  2 150 m), even w i t h  -+ 100 ms t ime 
f l u c t u a t i o n .  However, when the  sound source i s  placed outs ide the t r i a n g l e  
the  e r ro rs  s t a r t  t o  increase considerably. 

5  RANDOM PERTURBATION OF SOUND SPEED 

Normally one may not  know the sound speed accurate ly ,  o r  it may vary along 
the  path from the sound source t o  the  rece ive r  and a lso  between the paths 
t o  the d i f f e r e n t  receivers. Th is  e f f e c t  can be i n t e r p r e t e d  as a  range- 
dependent f l u c t u a t i o n  i n  the acoust ic  t r a v e l  t imes between source and 
receivers.  To g ive  a  f e e l i n g  f o r  the problem we assume t h a t  there i s  an 
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uncer ta in ty  i n  the actual  sound speed, given by (1500 + 5) m/s. Th is  
r e s u l t s  i n  an uncer ta in ty  of + 50 ms i n  t r a v e l  t ime for  distances between 
source and rece ivers  t h a t  are greater  than X , qiven bv 

Since the uncer ta in ty  i n  the sound speed can be i n t e r p r e t e d  as an 
uncer ta in ty  i n  acoust ic  t r a v e l  times, the p o s i t i o n i n g  e r r o r  depends, as 
before, on the r e l a t i v e  p o s i t i o n  of the receivers. 

CONCLUSION 

This paper shows t h a t  even w i t h  f l u c t u a t i o n  i n  acoust ic  t r a v e l  times o f  the 
order  o f  + 100 ms i t  i s  possib le t o  l oca te  the p o s i t i o n  o f  a sound source 
a t  20 km range w i t h i n  + 150 m by proper r e l a t i v e  p o s i t i o n i n g  o f  three 
omnidi rect ional  receivers.  
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FIG* 3 RECEIVERS PLACED ON A LINE* 
Uncertainty in position due to fluctuation in p-tion 
delay of 
a)? 2 5 m  
b) f 50 nrs 
c) + l00 ms 
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21 OOms 

FIG. 4 RECEIVERS PLACED AT AN ANGLE. 
Uncertainty in position due to fluctuation in propagation 
delay of 
a)+ 25ms 
b) + 50 ms 
c) + 100 m 
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F I G .  5 RECEIVERS PLACED IN THE APICES OF A TRIANGLE. 
Uncer ta in ty  i n  p o s i t i o n  due to  f l u c t u a t i o n  i n  propagat ion 
d e l a y  a f  
a )  2 25 ms 
b) + 50 ms 
c )  -+ 100 m9 
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THE INFLUENCE OF FLUCTUATIONS I N  ACOUSTIC TRAVEL TIME 
ON LOCALIZING THE POSITION OF AN UNDERWATER SOURCE 

Tor Knudsen and Angelo Lombardi 

ABSTRACT 

Thi S paper i nves t i ga tes  the accuracy o f  an underwater acoust ic  p o s i t i o n i n g  
system i n  l o c a t i n g  a  sound source t h a t  t ransmi ts  a t  unknown t imes i n  
cond i t i ons  i n  which the acoust ic  t r a v e l  t imes between source and rece ivers  
fl uctuate  widely  . The system uses three omni d i  r e c t i o n a l  rece ivers .  The 
accuracy o f  the system depends very much on the  r e l a t i v e  p o s i t i o n s  of these 
rece ivers .  With we1 l -chosen re1 a t i  ve rece i  ver  d i spos i t i ons ,  the  p o s i t i o n  
o f  a  sound source a t  20 km range can be loca ted w i t h i n  + 150 m, even w i t h  
f l u c t u a t i o n s  i n  t r a v e l  t ime o f  as h igh  as + 100 ms. 

INTRODUCTION 

The need t o  l oca te  the  p o s i t i o n  o f  a  sound source i n  shal low water by means 
of three omni d i  r e c t i o n a l  rece i ve rs  l e d  t o  an experimental i n v e s t i g a t i o n  o f  
t he  f l u c t u a t i o n s  i n  t r a v e l  t ime between t ransmiss ion and recept ion  o f  the 
sound. This  showed that ,  i n  severe mu l t i pa th  cond i t ions ,  the t r a v e l  t i n e  
cou ld  vary by about * 65 ms between transmissions. The f l u c t u a t i o n s  were 
so r a p i d  t h a t  two t ransmiss ions 150 S apa r t  could show a  d i f f e rence  i n  
t r a v e l  t ime o f  about 130 ms [l1 . I f  one knows when the t ransmiss ion took 
place, t h i s  gives an e r r o r  o f  only  about 200 m i n  l o c a t i n g  the p o s i t i o n  o f  
t he  sound source. However, i f  i t  i s  no t  known when the t ransmiss ion took 
place, the computation o f  the source's p o s i t i o n  must be based on the 
d i f f e rences  i n  the a r r i v a l  t imes o f  the same s igna l  a t  three p o i n t s  spaced 
some dis tance apart .  The ex is tence o f  f a i r l y  l a rge  f l u c t u a t i o n s  i n  the 
t r a v e l  times themselves means t h a t  such f l u c t u a t i o n s  w i l l  have a  l a r g e  
i n f l uence  on the  accuracy o f  l o c a t i n g  the p o s i t i o n  o f  t he  source. 

Th is  paper i nves t i ga tes  the e f f e c t  o f  d i f f e r e n t  magni tudes o f  t r a v e l  - t ime 
f l u c t u a t i o n  on the accuracy o f  the computed p o s i t i o n  o f  the sound source. 
It a lso  shows how the e f f e c t  o f  the f l u c t u a t i o n s  can be reduced by p lac ing  
the  rece ivers  i n  optimum re1 a t i  ve pos i t ions .  
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1 MATHEMATICAL MODEL 

I n  the models the rece ivers  are pos i t ioned as shown on Fig.  1 a t  (xl',yl), 
(x2,y2), (x3,y3). The source t ransmi ts  a s igna l  a t  time t , which i s  
received a t  the three rece ivers  a t  t imes tl, t2 and t3.  We there fore  
f i n d :  

where c , the sound speed, i s  assumed t o  be constant and independent o f  
depth, and the sound i s  assumed t o  t r a v e l  i n  s t r a i g h t  paths. I n  f a c t  the 
sound rays are bent i n  response t o  the sound-speed p r o f i l e ;  t h i s  can be 
compensated for  by modifying the  sound speed used i n  these ca lcu la t i ons .  
From Eq. 1 we e l im ina te  the  unknown t and get  

or ,  as ma t r i x  equation 

where 

= [:::::l 
and m(x,y) i s  the r ight-hand side o f  Eq. 2. 

- Receiver 

Receiver Receiver 

F I G .  1 DEFINITION OF COORDINATES 
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2 OPTIMUM RELATIVE RECEIVER POSITION C21 

We want t o  est imate the p o s i t i o n  o f  the sound source 

from a ser ies  o f  observations o f  the d i f fe rences i n  t ime between the 
acoust ic  transmission and the recept ion a t  the  three receivers. The 
mathematical model for  t h i s  i s  given i n  App. 7A  o f  Jazwinsky C31: 

where { v i )  i s  a white, bu t  not  necessar i ly  gaussian, vector  sequence w i t h  

T 
E { v ~ }  = 0 and E { V ~  v j  } = R i  6 i j  , R i > O  

and @ ( i  ,k) i s  the s ta te  t r a n s i t i o n  mat r i  X. 

The parameter Xk may be viewed as the s t a t e  a t  t ime t k  o f  the dynamical 
sy S tem 

where Y i  i s  the measurement a t  t ime ti . 
A 

We want t o  f i n d  the est imate ' Xk t h a t  minimizes the e r r o r  variance 

A 

It can be shown C21 t h a t  the l i nea r ,  unbiased minimum variance est imate Xk 
of Xk has a covariance mat r ix  given by 

where 
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i s  the  in fo rmat ion  matr ix .  

So min imiz ing  the e r r o r  var iance i s  equ iva len t  t o  min imiz ing  tAVl o r  

maximi r i n g  the determinant $k,l 1 1 
I n  our case the  sound source does not  move, so t h a t  

a n d j k , ,  reduces t o  

so t h a t  we s h a l l  maximize 

Comparing Eqs. 3 and 6 we see t h a t  the  ac tua l  observat ion describes a 
non l inear  r e l a t i o n  between the  source's p o s i t i o n  and the  measured t ime 
d i f fe rence.  Equation 6 can be found from Eq. 3 by l i n e a r i z a t i o n .  

where 
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Rut r e f e r r i n g  t o  Fig, I we now f i n d  t h a t  M i s  a lso  given by 

cos 02 - cos 0 1  s i n  02 - s i n  0 1  
c o ~ 0 3 - c o s 0 ~  s i n  03 - s i n  0 1  

where 0 1  , 02 and 03 are the angles defined i n  Fig. 1. 

If we measure the a r r i v a l  times w i t h  a variance 0; we f i n d  t h a t  

and thus 

and Eq. 11 then becomes 

To maximize Eq. 14 we apply the Lagrangian m u l t i p l i e r  method w i t h  the  
cond i t i ona l  f unc t i on  

@ ( A )  = A l - A 2 + A 3 = O  , 
where 
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and the a d d i t i o n a l  f unc t i on  

Z ( A )  = I  W i l  + A ( ( A )  

S e t t i n g  i t s  p a r t i a l  d e r i v a t i v e s  t o  zero gives the f o l l o w i n g  c o n d i t i o n  

A1 = A2 

A2 = A3 

A1 = A3 . 
S u b s t i t u t i n g  these i n  Eq. 15 we f i n d  t h a t  

A I = A ~  gives A 3 = 0  

A Z = A ~  gives A ~ = O  

A I  = A3 gives A2 = 2A1 , 

where the  l a s t  s o l u t i o n  obviously  i s  the  maximum. S u b s t i t u t i n g  
A1 = A3 = A2/2 i n  Eq. 14 and maximizing w i t h  respect  t o  A2 gives 

A2 = 240' 
and 

A1 = A3 = 120" . 
The optimum r e l a t i v e  rece i ve r  pos i t i ons  are the re fo re  i n  the shape o f  a 
t r i a n g l e  enc los ing  the  source and such t h a t  t h e  angle subtended by each l e g  
o f  the  t r i a n g l e  i s  120°, as shown i n  Fig. 2. 

F I G .  2 OPTIMUM RECEIVER POSITIONS 

1 Receiver. 
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3 SIMULATION 

A s imulat ion program was developed t o  determine how d i f f e r e n t  rece ive r  
geometries would in f luence the  accuracy i n  l o c a t i n g  the p o s i t i o n  o f  a sound 
source. 'The program computes the theo re t i ca l  t r a v e l  t ime between the  
source and the rece ivers  and per turbates these delays w i t h  random values 
drawn from uniform d i  s t r i  but ions. The p o s i t i o n  resu l  t i n g  from these 
per turbated t rave l  times i s  then computed, and the  process repeated w i t h  
another set  of random numbers i n  order t o  p l o t  the e r r o r  d i s t r i b u t i o n  i n  
two dimensions. 

Assuming t h a t  the rea l  p o s i t i o n  o f  the source i s  (x0,yo) , Eq. 1 i s  used 
t o  compute the t h e o r e t i c a l  t r a v e l  times. The a r r i v a l  times tl, t 2  and 
t3 are then per turbated according t o  

where S i s  a constant  used f o r  sca l i ng  and U - 1 1  means a number drawn 
from a uniform d i s t r i b u t i o n  o f  random numbers between -1 and 1. 

Equation 2 describes the  relationshiep"between t h e  p o s i t i o n  o f  the source 
and the measured t r a v e l  - t ime di f ferences.  Since i t  i s  nonl inear, we s t a r t  
by l i n e a r i z i n g  around the actual  p o s i t i o n  X. , which gives t rave l - t ime  
d i f fe rences o f  

so t h a t  

where M i s  given by Eq. 12. 

The estimated p o s i t i o n  due t o  the per turbated t r a v e l  t ime i s  
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We then compute the new t r a v e l  times using X i n  Eq. 1 and r e l i n e a r i z e  M 
around the new p o s i t i o n  est imate X . Using Eq. 18 we then compute a  b e t t e r  
estimate. 

The i t e r a t i o n  i s  ended when the  new and the prev ious ly  i t e r a t e d  pos i t i ons  
are w i t h i n  a  chosen l i m i t ,  usua l ly  se t  t o  5  m. The s imula t ion  i s  then 
repeated f o r  another se t  o f  random per turbat ions  by r e t u r n i n g  t o  Eq. 17. 

4 RANDOM PERTURBATIONS OF THE TRAVEL TIMES 

The computer program was run on several examples i n  order  t o  i nves t i ga te  
how the r e l a t i v e  pos i t i ons  o f  the rece ivers  in f luenced the  e r r o r  i n  
es t imat ing  the sound source ' S  p o s i t i o n  . The distance between the  outermost 
rece ivers  was 20 km and the sound source was moved t o  d i f f e r e n t  pos i t i ons  
w i t h i n  a  square o f  30 km X 30 km dimensions. F igure  3  shows the  r e s u l t s  
f o r  the three mean propagation delays o f  + 25 ms, t 50 ms and + 100 ms when 
the  receivers were placed along the y a x i s  a t  10 km i n t e r v a l s ;  because 
the  e r r o r s  are symmetric around a  l i n e  t h a t  i s  p a r a l l e l  t o  the X ax i s  and 
crosses the y  ax i s  a t  l 0  km, only h a l f  the f i e l d  i s  shown. 

It i s  seen from the f i g u r e  t h a t  the uncer ta in t i es  i n  the p o s i t i o n  o f  each 
sound source are e l l i p s e s  centred around i t s  r e a l  pos i t i on ,  which i s  marked 
w i t h  a  cross. The e r r o r  i n  the est imated p o s i t i o n  increases very much when 
the  independent f l u c t u a t i o n s  i n  the time o f  a r r i v a l  o f  the s ignal  a t  the  
th ree receivers increase from 2 25 ms t o  100 ms. A t  20 km range (same 
distance as the rece iver  basel ine)  the  maximum e r r o r  has increased from 
about + 1 km t o  about + 3.5 km. 

The s i t u a t i o n  i s  g rea t l y  improved when the rece ivers  are pos i t ioned i n  a  
r i g h t  angle, as shown i n  Fig. 4 f o r  the same three mean propagation delays. 
The distance between the outermost rece ivers  i s  again 20 km and i t  i s  seen 
t h a t  even w i th  uni form random f l u c t u a t i o n s  o f  -+ 100 ms i n  the  t ime o f  
a r r i v a l  the maximum e r r o r  i s  w i t h i n  -+ 500 m f o r  a  sound source 20 km from 
the  f u r t h e s t  receiver .  

The optimum r e l a t i v e  rece ive r  d i s p o s i t i o n  was found e a r l i e r  t o  be as 
depicted i n  Fig. 2. The r e s u l t s  of p lac ing  the rece ive rs  i n  t h i s  
con f igu ra t i on  are shown i n  Fig.  5 fo r  the  same three mean propagation 
delays. It i s  seen t h a t  the e r r o r s  w i t h i n  the t r i a n g l e  formed by the  
rece ivers  are very small ( w i t h i n  2 150 m), even w i t h  -+ 100 ms t ime 
f l u c t u a t i o n .  However, when the  sound source i s  placed outs ide the t r i a n g l e  
the  e r ro rs  s t a r t  t o  increase considerably. 

5  RANDOM PERTURBATION OF SOUND SPEED 

Normally one may not  know the sound speed accurate ly ,  o r  it may vary along 
the  path from the sound source t o  the  rece ive r  and a lso  between the paths 
t o  the d i f f e r e n t  receivers. Th is  e f f e c t  can be i n t e r p r e t e d  as a  range- 
dependent f l u c t u a t i o n  i n  the acoust ic  t r a v e l  t imes between source and 
receivers.  To g ive  a  f e e l i n g  f o r  the problem we assume t h a t  there i s  an 
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uncer ta in ty  i n  the actual  sound speed, given by (1500 + 5) m/s. Th is  
r e s u l t s  i n  an uncer ta in ty  of + 50 ms i n  t r a v e l  t ime for  distances between 
source and rece ivers  t h a t  are greater  than X , qiven bv 

Since the uncer ta in ty  i n  the sound speed can be i n t e r p r e t e d  as an 
uncer ta in ty  i n  acoust ic  t r a v e l  times, the p o s i t i o n i n g  e r r o r  depends, as 
before, on the r e l a t i v e  p o s i t i o n  of the receivers. 

CONCLUSION 

This paper shows t h a t  even w i t h  f l u c t u a t i o n  i n  acoust ic  t r a v e l  times o f  the 
order  o f  + 100 ms i t  i s  possib le t o  l oca te  the p o s i t i o n  o f  a sound source 
a t  20 km range w i t h i n  + 150 m by proper r e l a t i v e  p o s i t i o n i n g  o f  three 
omnidi rect ional  receivers.  
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FIG* 3 RECEIVERS PLACED ON A LINE* 
Uncertainty in position due to fluctuation in p-tion 
delay of 
a)? 2 5 m  
b) f 50 nrs 
c) + l00 ms 
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21 OOms 

FIG. 4 RECEIVERS PLACED AT AN ANGLE. 
Uncertainty in position due to fluctuation in propagation 
delay of 
a)+ 25ms 
b) + 50 ms 
c) + 100 m 
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1 X Transmitter l 
' 1 1 1 $ 1 i 1 ' 4 i t t 1 i 1 1 1 1 & " ' 1 i ' 1 1 ' A  

0 10 km 20 30 

F I G .  5 RECEIVERS PLACED IN THE APICES OF A TRIANGLE. 
Uncer ta in ty  i n  p o s i t i o n  due to  f l u c t u a t i o n  i n  propagat ion 
d e l a y  a f  
a )  2 25 ms 
b) + 50 ms 
c )  -+ 100 m9 
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