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MULTIPLE BEAMFORMING 

by 

Wal t e r  M.X. Zimmer 

ABS'TRAC T  

Beamforming techniques are gene ra l l y  based on t h e  assumption t h a t  t he  
rece ived  s igna l  a r r i v e s  from a  s i n g l e  source. I n  a  r e a l i s t i c  s i t u a t i o n ,  
however, t h e r e  i s  more than one source present  and these sources can 
i n t e r a c t  w i t h  each o t h e r  i n  t h e  beamformer. 'This paper descr ibes a  
m u l t i p l e  beamformer i n  which t h e  i n t e r a c t i o n  o f  d i f f e r e n t  sources i s  
i nc l uded  i n  t he  a lgor i thm.  The maximum l i k e l i h o o d  . p r i n c i p l e  i s  used t o  
f i n d  t h e  d i f f e r e n t  source amp1 i t u d e  and bear ing  est imates. The performance 
o f  t h e  a l go r i t hm i s  compared f o r  va ry i ng  c o n d i t i o n s  w i t h  t he  Cramer-Rao 
lower  bound. Two pre-processors necessary and s u i t a b l e  t o  ensure g l o b a l l y  
op t im ized  r e s u l t s  a re  de r i ved  from the  ideas o f  Pisarenko and Prony. 
F i n a l l y ,  a  post-processor i s  proposed t o  eva lua te  t h e  success of t he  
m u l t i p l e  beamformer. 

I NTRODUCTI ON 

I n  general beamforming i s  understood as a  procedure f o r  combining s p a t i a l l y  
d i s t r i b u t e d  measurements, e i t h e r  i n  a  p rede f ined  o r  i n  an adapt i ve  way, t o  
inc rease  t h e  s e n s i b i l i t y  o f  t he  r e c e i v i n g  system i n  t h e  d i - r ec t i ons  o f  
i n t e r e s t .  

The usual assumption made i n  t h e  implementat ion o f  a  beamformer a l g o r i t h m  
i s  t h a t  t he  s i gna l  a r r i v e s  from a  s i n g l e  d i r e c t i o n  and t h e  i n t e r a c t i o n  o f  
sources from o the r  d i r e c t i o n s  can be neglected. However, i n  r e a l  i s t i c  
s i t u a t i o n s ,  we have t o  modi fy  t h i s  assumption s i nce  we know e i t h e r  t h a t  
t h e r e  i s  more than  one source o r  t h a t  we have m u l t i p a t h  a r r i v a l s ,  t h e r e f o r e  
we should i n c l u d e  t h e  i n t e r a c t i o n  between t h e  sources o r  t h e  m u l t i p a t h  
a r r i v a l  S. 

I n  t h i s  paper we descr ibe  a  method t h a t  a l lows  us t o  form m u l t i p l e  beams i n  
o rde r  t o  s t e e r  t he  r e c e i v e r  toward two o r  more sound sources s imu l t a -  
neously. The main advantage o f  t h i s  procedure i s  t h a t  i t  inc ludes  t h e  f u l l  
i n t e r a c t i o n s  o f  t h e  d i f f e r e n t  sources i n  t h e  beamformer. 

We expect t o  ga in  t he  r e s o l u t i o n  o f  c l o s e l y  spaced sources w i t h o u t  l o s i n g  
t o o  much o f  t he  robus t  behaviour  of t he  convent iona l  beamformer and w i t h o u t  
b i a s i n g  t h e  es t imate  o f  t he  q u a n t i t i e s  we want t o  know. 

S t a t i s t i c s  suggest t h a t  t h e  Cramer-Rao lower  bound (CRLB) i s  a  good measure 
o f  t he  robustness of a  s i gna l  processor. I f  t h e r e  e x i s t s  a  method t o  

Report no. changed (Mar 2006): SM-181-UU



SACLANTCEN SM-181 

achieve t h i s  bound then i t w i l l  be t he  maximum l i k e l i h o o d  parameter est ima- 
t i o n  technique. Therefore it i s  sens ib l e  t o  base t h e  m u l t i p l e  beamformer 
on t h i s  technique [l t o  5). 

Due t o  t he  expl  i c i  t model l i ng o f  r e a l  i ty  , parameter e s t i m a t i o n  techniques 
a re  easy t o  understand and t o  modify. Th is  exp la i ns  t he  widespread use of 
such techniques. 

Why has t h i s  r a t h e r  s imple approach not  rece ived more a t t e n t i o n  i n  t he  
l i t e r a t u r e ?  The answer can be found i n  t he  f a c t  t h a t  t he  problems we are 
d e a l i n g  w i t h  gene ra l l y  do no t  have unimodal s o l u t i o n s  and r e q u i r e  e i t h e r  an 
exhaus t i ve  search C53 o r  app rop r i a te  preprocessing. However, w i t h  t he  
development o f .  so -ca l led  h i gh  r e s o l u t i o n  methods s u i t a b l e  techniques are 
a v a i l a b l e  t o  achieve op t im ized  r e s u l t s .  

The complete a l g o r i t h m  presented i n  t h i s  paper i s  composed of four  par ts .  
The e s s e n t i a l  components are t he  mu1 t i p l e  beamformer t h a t  est imates t he  
ampl i tudes o f  t he  s i gna l s  i n  c losed form and t he  f i n e  bear ing  es t ima to r  
necessary t o  c a l c u l a t e  t he  c o r r e c t  phase re1 a t i o n s h i p s  'between t h e  d i f -  
f e r e n t  sound sources. For t he  f i n e  bear ing  es t ima to r  we use an i t e r a t i v e  
technique t o  f i n d  t he  so lu t i on .  We need a  preprocessor t o  begin t h e  i t e r a -  
t i o n .  The f ou r t h  component es t imates  t he  background no ise  l e v e l .  

Th is  paper f i r s t  presents  t he  concept and a l g o r i t h m  o f  t h e  m u l t i p l e  beam- 
former i n c l u d i n g  t h e  f i n e  bear ing  es t imato r .  Secondly it analyses the  
performance o f  t h i s  ke rne l ,  w i t h  respect  t o  the  d e t e c t i o n  and r e s o l u t i o n  
capabi l i t i e s .  The necessary preprocessor w i l l  on ly  be sketched and some 
p o s s i b l e  implementat ions discussed. 'The paper concludes w i t h  a  proposal  
f o r  a  postprocessor.  

1 FORMllLATION OF THE BEAMFORMING PROBLEM 

The f o rmu la t i on  w i l  l be r e s t r i c t e d  t o  pass ive sonar appl  i c a t i o n s ,  where t he  
r e c e i v e r  i s  assumed t o  be a  l i n e  a r ray  w i t h  e q u i d i s t a n t l y  spaced hydro- 
phones. Fur ther ,  we assume t h a t  our data a re  preprocessed w i t h  a  
narrowband f i l t e r  bank. 

'Therefore we have measurements w i t h  complex values as a  f u n c t i o n  o f  space 
and t ime:  

where 
n  i s  t he  hydrophone index n  = 0, ... , M - l  and 
t i s  t he  sample index i n  t ime t = 0, ... , T-l. 

We wish t o  es t imate  t he  sound f i e l d  producing these hydrophone measure- 
ment s  : 
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where 
ak ,t i s  t h e  sound amp1 i t u d e ,  
Wk, t  i s  t h e  source bear ing  angle and 

k  = 1, ... , K i s  t h e  source index. 

From t h e  p r i n c i p l e  o f  supe rpos i t i on  we know t h a t  t he  sound f i e l d s  from d i f -  
f e r e n t  sources add up l i n e a r l y  i n  space. Assuming a l s o  l i n e a r  t r a n s f e r  
c h a r a c t e r i s t i c s  f o r  t he  hydrophones and f o r  t h e  narrowband f i l t e r  bank we 
f i n d  a  l i n e a r  r e l a t i o n  between t h e  sound f i e l d  and t h e  measurements. This 
means t h a t  we can model our measurements as f o l l o w s  

where 

+n , t (w t )  = ( + n , t ( u l t )  e e  + n , t ( @ ~ t ) )  
i S t h e  soundfield-measurement t r a n s f e r  vec to r  

a t  = bit, ... , a ~ t )  
i s  t h e  s o u n d f i e l d  vec to r  and 

wn ,t i s  t h e  measurement e r r o r  

* denotes t h e  complex con juga te  transpose. 

C l e a r l y  t he re  i s  no unique s o l u t i o n  t o  t h e  beamforming problem as def ined 
by Eq. 3. On t h e  one hand we have u n c e r t a i n  measurements due t o  no ise  
e f f e c t s ;  on t h e  o t h e r  hand t h e  number o f  unknown parameters we wish t o  
es t ima te  gene ra l l y  w i l l  not  c o i n c i d e  w i t h  t h e  number o f  measurements we 
have ava i l ab le .  

Thus, t h e  problem f o r m u l a t i o n  must be r e s t r i c t e d  by i n t r o d u c i n g  some s o r t  
o f  a  p r i o r i  i n f o r m a t i o n  such as known fea tu res  o f  t he  s o l u t i o n ,  o p t i m a l i t y  
c r i t e r i a ,  o r  cons t ra i n t s .  

Th is  i n fo rma t i on  i s  u s u a l l y  in t roduced t o  reduce t h e  beamforming problem so 
t h a t  a  use fu l  s o l u t i o n  can be achieved. 

2 DEFINITION OF THE SCENARIO 

It i s  now necessary t o  d e f i n e  t h e  scenar io  f o r  which t h e  s o l u t i o n  should be 
v a l i d .  The scenar io  i s  based on t he  f o l l o w i n g  assumptions: 

The rece ived  sound f i e l d  cons i s t s  o f  on l y  a  smal l  number o f  
p o i n t  sources. This excludes t h e  presence of co loured  
background noise. (Th i s  assumption i s  made f o r  convenience but  
i n  p r i n c i p l e  t h e  model can be extended w i t h  terms d e s c r i b i n g  
c o l  oured background no i  se. ) 

- The p o i n t  sources a re  i n  t h e  extreme f a r  f i e l d  so t h a t  they can 
be t r e a t e d  as s t a t i o n a r y  planewave s i gna l  S. (Th is  assumption 
i s  normal ly  f u l l f i l l e d  i n  t h e  case o f  d i s t a n t  sh ipp ing.  The 

Report no. changed (Mar 2006): SM-181-UU



SACLANTCEN SM-181 

case o f  moving t a r g e t s  can be inc luded  i n  t h e  model bu t  then 
t h e  computat ional  work1 oad wi l l increase.  Mu1 t i p a t h  a r r i v a l  S 
a r e  t r e a t e d  as d i f f e r e n t  bu t  c o r r e l a t e d  sources.) 

- The a r ray  speed i s  known. The a r ray  speed i s  inc luded  i n  t h e  
a l g o r i t h m  t o  a l l o w  coherent process ing no t  o n l y  i n  space bu t  
a l s o  i n  t ime. 

- The measurement e r r o r s  and t he  s i gna l  ampl i tudes a re  random 
v a r i a b l e s  which can be approximated by gaussian d i s t r i b u t i o n s :  

2 
ak,t = N(ak, ( 4 )  

where 
2 

N(m, a ) rep resen ts  a  complex valued gaussian v a r i a b l e  w i t h  mean m 
2 and var iance a . 

For a  l i n e  a r ray  w i t h  e q u i d i s t a n t l y  spaced hydrophones we can now s p e c i f y  
t h e  k - the  element of t he  sound f i e l  d-measurement t r a n s f e r  vec to r  

-i u k , t 0 ( n ? t )  
$ n , t ( ~ k , t )  = 

w i t h  

where 
X i s  t h e  s i gna l  wavelength 
d  i s  t h e  hydrophone spac ing 
v  i s  t he  a r r a y  speed 
Ts i s  t h e  narrowband sampl ing i n t e r v a l  

Because o f  these assumptions, one must be c a r e f u l  when app l y i ng  t h e  r e s u l t s  
t o  r ea l  -wor ld  s i t u a t i o n s .  
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3 THE OPTIMIZATION CRITERION 

Due t o  measurement e r r o r s  it i s  imposs ib le  t o  b u i l d  up a se t  o f  cons i s ten t  
equat ions t o  so lve  t h e  beamforming problem; b u t  an opt imal  s o l u t i o n  can be 
found. 

Which o p t i m i z a t i o n  c r i t e r i o n  should we use? The na tu ra l  way t o  answer t h i s  
ques t i on  seems t o  be t h a t  t h e  opt imal  se t  o f  parameters 9 i s  found when 
t h e  average cos t  f unc t i on ,  

becomes minimal [ 6 ] .  Here ~ ( e - i )  descr ibes  t h e  cos t  as a f u n c t i o n  o f  t h e  
e s t i m a t i o n  e r r o r  9-8 and (y,e) i s  t h e  j o i n t  p r o b a b i l i t y  d e n s i t y  o f  
measurement y  and parameter 5 . 
Having no a d d i t i o n a l  i n f o r m a t i o n  about t h e  cos t  f u n c t i o n  ~ ( 9 - 8 )  it seems 
proper  t o  s e l e c t  const n t  cos t  f o r  undesi red d e v i a t i o n  o f  t h e  parameter 0 
from the  opt imal  va lue \ thus,  

where 
1 ( i f  express ion i s  t r u e )  

p (express ion)  = 
0 ( i f  express ion i s  f a l s e )  

i s  t h e  general i z e d  Kroneker symbol . 
Min im iz i ng  t h e  average cos t  y i e l d s  t h e  maximum a p o s t e r i o r i  (MAP) es t ima te  
de f i ned  by t h e  f o l  l ow ing  equat ion  [ 6 ] :  

Using t h e  r e l a t i o n  

t h e  MAP equat ion reads 
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This  equat ion shows how the  a  p r i o r i  d e n s i t y  p ( 0 )  has t o  be used t o  
o b t a i n  an opt imal  est imate o f  the  parameter 0 .  I n  t h e  case o f  a  constant  
a  p r i o r i  dens i t y  p ( 0 )  t h e  second term disappears and t h e  opt imal  es t imate  
i s  then c a l l e d  t he  maximum l i k e l i h o o d  es t imate  (MLE) 

I n  t h i s  paper we assume t h a t  t he  a  p r i o r i  dens i t y  p ( 0 )  i s  constant  so 
t h a t  i t  i s  s u f f i c i e n t  t o  work on l y  w i t h  Eq. 10, s i m p l i f i e d  t o  

where 

L  = l o g  p ( y I  0 )  i s  t he  l o g  l i k e l i h o o d  f unc t i on .  

4 MULTIPLE BEAMFORMER 

To d e f i n e  t he  m u l t i p l e  beamformer we must f i r s t  r e c a l l  t h e  bas ic  r e l a t i o n  
between t he  sound f i e l d  and t h e  measurements, as g iven  i n  Eq. 3, 

where t h e  s i gna l  bear ing, w t ,  and amp1 i t u d e  vector ,  a t ,  are now assumed t o  
be t ime independent ( i n d i c a t e d  by e l  i m i n a t i n g  t he  subsc r i p t ,  t )  . 
The measurement e r ro r s ,  wn,t, a re  assumed t o  be independent gaussian 
v a r i a b l e s  i n  space and t ime; t h e r e f o r e  we can w r i t e  f o r  t h e  l o g  l i k e l i h o o d  
f u n c t i o n ,  t,: 

I (Yn,t +fist a) 
L  = const - 2 l o g  o - . 

n  ,t 
where 

This  symbol , 1 wi l l be used throughout  t h i s  paper. 
n  ,t 

Report no. changed (Mar 2006): SM-181-UU



SACLANTCEN SM-181 

With t he  d e f i n i t i o n s  

and a f t e r  some a lgeb ra i c  man ipu la t ions  t he  l o g  l i k e l i h o o d  func t ion ,  L, can 
be r e w r i t t e n  as 

L = const  - 2 l o g  a - ~ ' ~ { ( @ a . - b ) *  @''(@a-b) + T ~ ( R ) - b *  4'lb) . (14)  

It i s  obvious t h a t  t h e  Eq. 14 i s  a t  maximum when 

@a-b = 0 . 
This m a t r i x  equat ion can be so lved a l g e b r a i c a l l y  thus, 

d e f i n i n g  t h e  m1~1 t i p 1  e beamformer. 

Th is  d e f i n i t i o n  i s  wel l -posed because t h e  m a t r i x  4 i nc l udes  a l l  i n t e r a c -  
t i ons between t he  independent source d i  r e c t  i ons. 

From both Eq. 16 and t he  e a r l i e r  d e f i n i t i o n  o f  b we can see t h a t  t h i s  
m u l t i p l e  beamformer processes t h e  data cohe ren t l y  i n  space and i n  t ime. 

The es t ima t i on  o f  t h e  var iance a2 can be found us ing  t h e  equat ion  

which y i e l d s  
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or ,  w i t h  Eq. 15, 

Summarizing, we can w r i t e  f o r  t he  mu1 t i p l e  beamformer, 

a  = @"b, 

and f o r  t he  var iance o f  t he  e s t i m a t i o n  e r r o r ,  

The res idua l  l o g  l i k e l i h o o d  f u n c t i o n  i s  g iven by 

The m u l t i p l e  beamformer as de f i ned  by Eqs. 16 o r  20 a l lows  us t o  es t imate  
ampl i tude and phase f o r  a  f i n i t e  number o f  sources if the  source d i r e c t i o n s  
a re  known i n  advance. I n  t h e  next  s e c t i o n  we w i l l  weaken t h i s  c o n d i t i o n  by 
r e q u i r i n g  t h a t  t he  source d i r e c t i o n s  be known on l y  roughly. Then a  f i n e  
bea r i ng  es t ima to r  w i l l  be used t o  f i n d  t h e  opt imal  bear ing  est imates.  

5  FINE BEARING ESTIMATOR 

To es t imate  t he  f i n e  bear ing  o f  t h e  d i f f e r e n t  sources t he  r e s i d u a l  l o g  
l i k e l i h o o d  f unc t i on ,  L,, as g iven i n  Eq. 21, can be used as an o p t i m i z a t i o n  
measure s i nce  i t does not  depend e x p l i c i t l y  on t h e  amp1 i tudes .  

As usual we f i n d  t h e  des i red '  bea r i ng  es t imates  by maximizing t h i s  r es i dua l  
l o g  l i k e l i h o o d ,  which i s  a l s o  equ i va len t  t o  t h e  m in im iza t i on  o f  t h e  
var iance  o f  t he  ampl i tude e s t i m a t i o n  e r r o r  a2.  I n  t h i s  sense t he  maximum 
l i k e l  i hood equat ion  can be w r i t t e n  as 

where U i s  t he  parameter vec to r  we wish t o  est imate,  as de f ined  i n  Eq. 6: 

Uk = l T  - 2d cos Wk 
X 
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Unfo r t una te l y  Eq. 22 has no s imple s o l u t i o n  so t h a t  we a re  forced t o  use 
some i t e r a t i v e  techniques. 

Al though more e f f i c i e n t  techniques e x i s t ,  f o r  reasons o f  s i m p l i c i t y  we have 
chosen t h e  Newton procedure t o  so lve  Eq. 22. 

As gene ra l l y  known, Eq. 22 i s  rep laced i n  t h e  Newton procedure by a f i r s t -  
o rde r  Tay lo r  approx imat ion o f  t he  s o l u t i o n ,  which y i e l d s :  

Wi th  t he  d e f i n i t i o n s  

equat ion 23 can be w r i t t e n  as 

g = - H A u  , 
hav ing  t he  s o l u t i o n  

A U  = - H-1 g . 
Being c lose  t o  t h e  MLE s o l u t i o n  of Eq. 22, t h i s  equat ion can be used t o  
i t e r a t e  towards t he  opt imal  bear ing  est imate.  

We now develop the  expressions f o r  t h e  g rad ien t ,  g, and t he  Hessian, H. 
S t a r t i n g  w i t h  Eq. 15 

@a  = b 

we o b t a i n  

and 
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combining Eqs. 15 and 19 

2 1 o = - Tr(R) - b*a 
M 

we f i n d  
+ aa a b * a - b  - g i  =-q a u i  

and 

H i j  = a*( "@ - 2($)@(&)- 2 Real a.( ) 
a u j  au a u j  a u i  

where 

aa - - ab a .  a 
@ a u i  a u i  (31)  

This completes t he  general  d e r i v a t i o n  o f  t h e  terms necessary f o r  t h e  Newton 
i t e r a t i o n .  

Next we have t o  determine under which c o n d i t i o n s  t he  Newton i t e r a t i o n  w i l l  
converge t o  t h e  des i r ed  so lu t i on .  The s imp les t  way t o  sketch t h e  problems 
t h a t  can occur, i s  t o  i n v e s t i g a t e  t he  graphic  r ep resen ta t i on  o f  a  s imple 
case. 

F i gu re  1 shows the  l o g  l i k e l i h o o d  func t ion ,  t h e  g rad ien t ,  and t he  Hessian 
o f  a  s i n g l e  source scenario.  

As i nd i ca ted ,  we i d e n t i f y  t h r e e  areas: 

Area I The g loba l  maximum can be found by use of some maximum g rad ien t  
search techniques. 

Area I 1  The g loba l  maximum can be found v i a  t he  Newton i t e r a t i o n .  

Area I 1 1  The Hessian i s  nega t i ve  d e f i n i t e ,  which i s  necessary f o r  t he  
s o l u t i o n  t o  be a  maximum. 

W i t h i n  Area I 1  we see t h a t  t he  i t e r a t i o n  approaches t he  s o l u t i o n  i n  an 
a l t e r n a t i n g  way. Outside Area I 1  bu t  w i t h i n  Area I t h e  Newton i t e r a t i o n  
d ive rges  away from t h e  t r u e  so lu t i on .  There i s  a l s o  a  s i n g u l a r  behaviour 
o f  t he  Hessian a t  t h e  border  o f  Area 111. 

The f o l l o w i n g  technique a l l ows  us t o  combine t h e  advantages o f  t h e  Newton 
a l g o r i t h m  w i t h i n  Area I 1  w i t h  a  s imple g rad ien t  technique. Th is  ensures 
convergence t o  t he  des i r ed  maximum i n s i d e  Area I. 
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F I G .  1 LOG LIKELIHOOD, GRADIENT AND HESSIAN 
OF A SINGLE SOURCE SCENARIO. 
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Consider ing t he  general  formula f o r  t h e  Newton a1 g o r i  thm 

Au = - H'l g  (32) 

we f i r s t  rep lace t he  r e g u l a r  i nve rse  by t h e  genera l i zed  inverse,  i.e., 

This i s  done i n  order  t o  avo id problems w i t h  t he  s i n g u l a r i t i e s  pf !he 
Hessian. Remember t h a t  the  genera l i zed  i nve rse  H- 1s any matrix s a t l s f y l n g  
t h e  r e l ' a t i o n  

H H ' H = H  ( 34) 

I n  t h e  case o f  a  non-s ingular  Hessian t he  genera l i zed  inverse  i s  equal t o  
t h e  r e g u l a r  inverse. More d e t a i l s  are g iven  by Rao-Mitra [7] and 
Bjerhammar [8], among others.  

Next we l i m i t  t he  maximum s tep  s i z e  f o r  every  component o f  A U  : 

F i n a l l y  we reverse t h e  r e s u l t i n g  s tep f o r  every  component, when i t has t h e  
same d i r e c t i o n  as t h e  g rad ien t :  

Combining t h e  i n d i v i d u a l  steps, t h e  f o l l o w i n g  a l g o r i t h m  i s  proposed: 

1. Ca l cu la te  d = H - g ,  (37a 
where H- i s  t he  genera l i zed  i nve rse  o f  t h e  Hessian H  

2. C l i p  t he  vec to r  d  so t h a t  

3. Reverse t he  s i gn  o f  d i  if 

g i  d i  > 0 

4. Equate 

A U i  = d i  

The ac tua l  va lue o f  t h e  maximum s tep  s i z e  depends on t he  number of 
hydrophones. As a  r u l e  o f  thumb, one qua r te r  o f  t h e  c l a s s i c a l  r e s o l u t i o n  
l i m i t  has been found t o  be app rop r i a te  fo r  d,,lax. 
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6 PERFORMANCE ANALYSIS 

It i s  known from s t a t i s t i c s  t h a t  a  good measure' fo r  t h e  performance of a  
s i g n a l  -processing a1 g o r i  thm i s  g iven by t he  Cramer-Rao lower  bound (CRLB) . 
D e f i n i n g  c as t h e  parameter e s t i m a t i o n  covar iance m a t r i x  

c = E{ ( e ( Y ) - a ) ( ~ ( Y ) - a ) * }  

and J as t he  F i she r  i n f o r m a t i o n  m a t r i x  

where E{ . . .) denotes t h e  expec ta t i on  opera to r  

a i s  t he  vec to r  t o  be est imated 

i s  t he  m a t r i x  o f  second d e r i v a t i v e s  'a 

i t  can be shown [6]  t h a t  f o r  an unbiased es t ima to r ,  t h e  f o l l o w i n g  
Cramer-Rao bound h01 ds : 

For t h e  general case o f  m u l t i p l e  sources t he  i nve rse  o f  the  F i she r  i n f o r -  
mat ion  m a t r i x  i s  est imated numerical  ly.  

I n  t h e  s i n g l e  source case, however, t h e  performance bound can be g iven  i n  
c losed  form [l]. 

Let  a be def ined by 

where 

a = :  S e  i v 

S i s  t he  s i gna l  (amp1 i t u d e )  l e v e l  
v i s  t h e  s i gna l  (amp l i tude)  phase 
p i s  t h e  beam number connected w i t h  t h e  source bear ing  angle w v i a  

COS w = (1-2p/N) 
N i s  t he  t o t a l  number o f  beams. 
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then from Eq. 44 

2 1 var  {b) > a  - 
1280 

a  2 n var  { V )  > - 1 
s2 ' 335.238 

The var iance o f  t he  s i gna l  phase w i l l  be ignored i n  t h e  d e t a i l e d  ana lys is .  

The performance o f  t h e  m u l t i p l e  beamformer i s  presented i n  two steps. 
F i r s t ,  t he  s i n g l e  source case i s  t rea ted .  Here t he  s tandard d e v i a t i o n  o f  
t h e  bear ing and ampl i tude es t ima t i on  i s  t abu la ted  as a  f u n c t i o n  o f  s i gna l  
l e v e l  t o  no ise r a t i o  (SLNR) and s igna l  var iance t o  no ise  r a t i o  (SVNR) where 

SLNR = 20 l o g  (s /an)  

SVNR = 20 l o g  (aa/an) 

The purpose o f  t h i s  p a r t  o f  t he  ana l ys i s  i s  t o  o b t a i n  an i n d i c a t i o n  o f  t h e  
d e t e c t i o n  capabi l  i t i e s  o f  t h e  mu1 t i p l e  beamformer. 

Second, t he  case o f  two c l o s e l y  spaced sources w i t h  equal amp1 i t u d e  l e v e l s  
i s  used t o  study t he  r e s o l u t i o n  c a p a b i l i t i e s  o f  t he  processor.  I n  t h i s  
case t h e  s igna l  l e v e l  t o  no ise  r a t i o  (SLNR) and t he  s i gna l  va r iance  t o  
no i se  r a t i o  (SVNR) are kept  f i xed .  

Tables 1 and 2  g i ve  t he  standard d e v i a t i o n  o f  t h e  bear ing  and ampl i tude 
e s t i m a t i o n  t oge the r  w i t h  t h e  c a l c u l a t e d  Cramer-Rao Lower Bound CRLB. I n  
these  t ab les  t he  values f o r  t he  SVNR are se lec ted  as fo l lows:  

i )  SVNR = - p e r f e c t  c o r r e l a t i o n  i n  t ime 

ii 1 SVNR = - 10 dB 
iii SVNR = - 5 d B  

The reasons f o r  t h i s  choice are t h a t  

- i n  case ( i )  t h e  s imu la ted  data f i t  the  model assumptions 

- i n  case ( i i )  t he  incoherent  p a r t  t h e  s igna l  alone i s  j u s t  detec- 
t a b l e  w i t h  a  convent ional  beamformer hav ing M hydrophones ( f o r  
M = 32 we have 10 l o g  M = 15 dB) 
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TABLE 1 

STANDARD DEVIATION OF THE BEARING ESTIMATION 

TABLE 2 

STANDARD DEVIATION OF THE AMPLITUDE ESTIMATIClN 

b 

r 

SLNR 

10 
5 
0 

-5 - 10 
-15 
-20 
-25 - 30 

95% confidence (1;:;) dB 

95% confidence (fi:;) dB 

CRLB 

0.156 
0.277 
0.493 
1.140 
2.028 
3.606 
6.412 

11.402 
20.277 

SLNR 

10 
5 
0 - 5 

-10 
-15 - 20 - 25 
-30 

SVNR 

CRLB 

0.0280 
0.0280 
0.0280 
0.0280 
0.0280 
0.0280 
0.0280 
0.0280 
0.0280 

- W 

0.181 
0.306 
0.466 
0.818 
1.586 
2.899 
6.122 

11.456 
17.096 

-10 

0.195 
0.313 
0.550 
0.758 
1.511 
2.664 
6.769 
9.843 

13.528 

r 

SVNR 

-5 

0.197 
0.334 
0.521 
0.845 
1.395 
3.022 
7.515 
9.369 

14.789 

- OD 

0.0244 
0.0281 
0.0278 
0.0307 
0.027 3 
0.0311 
0.0258 
0.0224 
0.0231 

-10 

0.0343 
0.0268 
0.0335 
0.0312 
0.0305 
0.0286 
0.0352 
0.0285 
0.0261 

-5 

0.0533 
0.0595 
0.0620 
0.0551 
0.0615 
0.0500 
0.0523 
0.0386 
0.0403 
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- i n  case ( i i i )  t h e  s igna l  can e a s i l y  be detected w i t h  a  conven- 
t i o n a l  beamformer even when t h e  mean ampl i tude vani  S hes. 

Consider ing t h e  bear ing  e s t i m a t i o n  (Table 1)  one sees t h a t  f o r  a l l  SLNR and 
f o r  a l l  t h r e e  SVNR values t he  s tandard d e v i a t i o n  f o l l o w s  q u i t e  we l l  t h e  
CRLB. 

Table 2 presents t h e  performance of t h e  ampl i t u d e  es t imato r .  Here a l so  t h e  
s tandard d e v i a t i o n  i s  found t o  be very c lose  t o  t he  CRLB, a t  l e a s t  f o r  
smal l  SVNR values. For a  s igna l  var iance t o  no ise  r a t i o  of -5 dB t h e  per-  
formance i n  t he  ampl i tude e s t i m a t i o n  i s  4  t o  7 dB worse than t he  CRLB. 

Th is  means t h a t  a  SVNR o f  -5 dB i s  s u f f i c i e n t  t o  v i o l a t e  t he  coherence 
assumption w i t h i n  t he  model and t h e r e f o r e  t o  degrade t he  accuracy o f  t h e  
ampl i tude  es t imat ion .  

Next we cons ider  t he  r e s o l u t i o n  c a p a b i l i t i e s  o f  t he  m u l t i p l e  beamformer. 
F igures  2 and 3 p l o t  t h e  standard d e v i a t i o n  of t he  bear ing  and ampl i tude 
es t imate  as a f unc t i on  of t he  separa t ion  of t h e  two s igna ls .  For t h i s  p a r t  
o f  t he  ana l ys i s  a  s i gna l  l e v e l  t o  no ise  r a t i o  (SLNR) = 0 dB and a s i gna l  
va r iance  t o  no ise  r a t i o  (SVNR) = -10 dB were selected. 

The two f i g u r e s  show n e a r l y  op t ima l  performance f o r  t h e  m u l t i p l e  beamformer 
f o r  separat ions o f  more than 0.5 separa t ion  u n i t s .  

2d M 1 u n i t  = - -  

where 
d = Sensor spacing 
X = Signal  wavelength 
M = Number o f  sensors 
N = Tota l  number of beams 

The d i r e c t  comparison w i t h  t he  c a l c u l a t e d  CRLB f o r  two sources shows a 
remarkable discrepancy around 1 separa t ion  u n i t  ( h a l f  t h e  w id th  o f  t h e  main 
l obe ) ,  where t he  CRLB i s  s i g n i f i c a n t l y  worse than t h e  s imulated p e r f o r -  
mance. These f i gu res  suggest t h a t  a t  these  c l ose  separa t ions  t h e  
Cramer-Rao lower bound cannot be used i n  t h e  s i m p l i f i e d  form o f  Eq. 40. 

A t  very small separat ions t h e  s imu la t i on  shows a degraded performance w i t h  
respec t  t o  t he  CRLB. 'This i s  because t h e  appearance of ou t l aye rs  increases 
t h e  var iance  d r a s t i c a l l y .  
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SLNR= OdB 

- - - U  

LOWER BOUND SINQLE SOURCE 

I I I I I 

0.5 1 1.5 
SOURCE SEPARATION (rel. reclprocal array aperture) 

F I G .  2 PERFORMANCE ANALYSIS:  BEARING ESTIMATION. 

/ CRLB = 2 sources 

I CRAMER - R A 0  LOWER BOUND SINQLE SOURCE 

0.5 1 1.5 
SOURCE SEPARATION (rel. reclprocal array aperture) 

F I G .  3 PERFORMANCE ANALYSIS:  AMPLITUDE ESTIMATION. 
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Then t h e  F isher  i n f o r m a t i o n  m a t r i x  i s  g iven  by 

It i s  easy t o  see t h a t  t h e  performance bounds can be w r i t t e n  as f o l l o w s :  

var  { S )  > u2 

( ~-1)(2~-1)+3y(~-l)(~-l)+y~(~-l)(2~-1~ 2  var  {v) > - 
S 

2 ( ~ ~ - 1 ) i - y ~  (72-1) 

Next t h e  e r r o r  a' has t o  be est imated. From Eq. 20 we f i n d  t h a t :  

where a2 i s  t he  no ise  var iance  as de f i ned  i n  Eq. 4. 
n  

For  t h e  present  ana l ys i s  t he  f o l l o w i n g  values are se lec ted  
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7 PRE-PROCESSOR 

During the  d e r i v a t i o n  o f  the m u l t i p l e  beamformer a lgo r i t hm it was always 
assumed t h a t  the  number o f  sources and t h e i r  rough bearings are known. I n  
the  f o l l o w i n g  we w i l l  drop t h i s  u n j u s t i f i e d  assumption and sketch some 
p o s s i b i l i t i e s  by which we can obta in  t h i s  in format ion.  

Le t  us f i r s t  deal w i t h  the  quest ion o f  the  model order  o r  number o f  sour- 
ces. Here the  answer seems t o  be very simple. Espec ia l l y  a f t e r  the  recent 
work of Bienvenu and Kopp [g, 101 the  f a v o u r i t e  should be the  eigenvalue 
detector .  

This method uses the  eigenvalue X i  i = 1, ... , M of the  est imated 
c o r r e l a t i o n  ma t r i x  

t o  f i n d  the  model order  K. I n  d e t a i l ,  the  number o f  sources i s  est imated 
by the  value o f  K, which minimizes the  f o l l o w i n g  q u a n t i t y  

MDL(K) = T F(K) + $ K (PM-K) l o g  T 
w i t h  

M-K ( MiK Xi) -1 l o g  F(K) = (M-K) l o g  - 
M-K i = l  i = l  

where the  Minimum Descr ip t ion  Length (MDL) a f t e r  Rissanen i s  used instead 
o f  the  Akaike C r i t e r i o n  [10]. 

Having now est imated the model order we have t o  f i n d  the  coarse bear ing o f  
t he  K sources. For t h i s  the  use o f  some s o r t  o f  h igh- reso lu t ion  technique 
i s  needed t o  ensure t h a t  every source has an appropr ia te  bear ing value t o  
s t a r t  the  f i n e  bear ing i t e r a t i o n .  

Using the  ideas behind the  Pisarenko Harmonic Decomposition and the  Prony 
method, two candidates are der ived [ll]. 

The basic  p o i n t  i s  t o  r e a l i z e  t h a t  the  s igna l  model given i n  Eq. 2. 
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can be understood as t he  general  s o l u t i o n  o f  t he  l i n e a r  d i f f e r e n c e  equat ion  

where 

CO = 1 

I< c n c M - l  

o r  i n  M a t r i x  n o t a t i o n  

Z t c = O  

where 

Expressing now t h e  model i n  terms o f  t h e  measurement data and e r r o r  

Zt = Yt - Wt 

where 

Y t  i s  t he  measurement data m a t r i x  

W t  i s  t he  measurement e r r o r  m a t r i x  

Eq. 50 becomes an Autoregress i  ve-Movi ng Average (ARMA) model f o rmu la t i on  

Y t c = W t c  . (52) 

S t a r t i n g  w i t h  t he  ARMA model, two methods o f  s o l v i n g  f o r  t h e  c o e f f i c i e n t  
vec to r  c a re  presented. 
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The f i r s t  method, wh 
assumes the  c o e f f i c i  
an average ARMA mode 

i c h  i s  connected w i t h  Pisarenko Harmonic Decomposition, 
en t  vector c  t o  be constant i n  t ime so t h a t  we can get 
1 

where 

< m >  i s  the t ime average. 

But t h i s  i s  an eigenvalue equation, where we f i n d  the  vector  c  as the  
e igenvector  t o  the  eigenvalue a ,  which tu rns  ou t  t o  be the  smal lest  
eigenvalue o f  the  R matr ix .  

The second approach takes Eq. 52 and replaces the  MA term by a s i n g l e  noise 
vec tor  

This means t h a t  the  ARMA model i s  modi f ied t o  an autoregressive (AR)  model 
and the  usual technique t o  minimize the  p r e d i c t i o n  e r r o r  can be used t o  
ob ta in  the  vector  c  

1 w t  1 2 >  + min ( 5 5 )  

y i e l d s  t o  

c* R y y  c + min 

w i t h  the  cons t ra in t  

c0 = 1 . 
This approach corresponds t o  the  Prony method. 
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The next  s tep  i s  t o  so lve  t h e  c h a r a c t e r i s t i c  polynomial  o f  t he  l i n e a r  d i f -  
fe rence  Eq. 49 

t o  f i n d  a bas ic  se t  o f  s o l u t i o n s  k  = 1, ..., K, which we need t o  
b u i l d  our source model. 

Th is  bas i c  se t  o f  s o l u t i o n s  i s  now used f o r  t h e  coarse bear ing  est imates 
necessary f o r  t he  f i n e  bear ing  i t e r a t i o n s .  

However, be fo re  we complete t h i s  s e c t i o n  we suggest a  s imple improvement o f  
these  methods. 

Spurious harmonic s o l u t i o n s  o f  Eq. 57 a r e  suppressed by r e p l a c i n g  t h e  Ryy 
m a t r i x  i n  Eqs. 53 and 56 by a forward/backward averaged mat r i x .  Th is  
method o f  a d d i t i o n a l  s p a t i a l  averaging a l s o  g ives increased s t a b i l i t y  t o  
t h e  s o l u t i o n  [12]. 

8  POST-PROCESSOR 

The post-processor serves two purposes. A f t e r  hav ing est imated t h e  s i gna l  
components o f  t he  rece ived soundf i e l  d  t he  post-processor can eva lua te  t h e  
success o f  t h i s  e s t i m a t i o n  procedure. Also it can show t h e  s p a t i a l  d i s t r i -  
b u t i o n  o f  t he  s i gna l  - f r e e  ambient no ise  power. 

The idea behind t h e  post-processor i s  t o  s u b t r a c t  t he  est imated s i gna l  from 
t h e  data and t o  apply  a  convent ional  beamformer t o  t he  res idua l .  

Th is  means t h a t  when we sub t rac t  t h e  s i gna l  f rom t h e  data 

and then es t imate  t h e  s i gna l  - f r e e  covar iance m a t r i x  
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we w i l l  get w i t h  

t h e  r e l a t i o n  

Q = R - S  

where 

so t h a t  the  ambient noise power est imate Pan can be w r i t t e n  as 

Pan = v * Q v = v * R v - v * S V  . 
where v i s  the usual plane wave s tee r i ng  vector. 

The f i r s t  term i n  Eq. 62 i s  thereby no th ing  e l s e  than the  convent ional 
beamformer app l ied  t o  the  est imated measurement c ross -co r re la t i on  ma t r i x ;  
t h e  second term i s  simply the  s ignal -a lone beam pat te rn .  

SUMMARY 

A m u l t i p l e  beamformer has been presented and analyzed. The performance i n  
ampl i tude and bear ing es t ima t i on  i s  found t o  f o l l o w  q u i t e  we l l  t h e  
Cramer-Rao Lower Bound f o r  vary ing  condi t ions.  The increased de tec t  i o n  and 
r e s o l u t i o n  capabi l i t i e s  are a consequence o f  d e f i n i n g  a coherent processor 
i n  space and time. However, it has a l so  been shown t h a t  small incoherent  
components i n  t ime do not  degrade the  opt imal performance. 
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