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1.0 SUMMARY

This report describes an algorithm for reconstructing the motion of a radar platform relative
to a scene, given video phase history (VPH) and an estimate of the sensor’s average speed
and altitude. This algorithm is a more robust alternative to previous
geometric-invariant-based approaches, capable of producing motion estimates accurate
enough for the formation of backprojection imagery. The algorithm is modular; in the first
phase, the algorithm estimates the range to fixed locations in the scene as a function of time.
In the second phase, these range tracks are used by a specialized solver to recover the
relative positions of the tracked locations in the scene, along with the relative position of the
sensor platform as a function of time. We demonstrate the effectiveness of the algorithm by
forming an image from the large-scene Gotcha dataset, without the use of Global Positioning
System (GPS) or inertial measurement unit data. The results are compared to those from
another invariant-based algorithm.
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2.0 INTRODUCTION

Imaging techniques in synthetic aperture radar (SAR) applications require accurate
knowledge of the sensor locations to mitigate blurring and distortion of the produced image.
Because the operators used to generate SAR images depend on the relative position of the
transmit and receive platforms to the scene, any error in sensor position measurements
creates a mismatch between the imaging operator and the data. The mismatch manifests
itself as blurring in the image, and the choice of imaging operator is limited by the
availability of accurate motion estimates. Often, position estimates produced by GPS or
inertial measurement devices are not sufficent for generating focused imagery.

Any motion not accounted for in the image formation processor (IFP) causes an
unanticipated phase adjustment in the complex pixel values of the finished image, and so
many common approaches for focusing SAR images rely on phase adjustments to
compensate for unanticipated motion [2, 3, 4, 5, 6].

These methods generate a 2-D relative motion correction (range and cross-range). Phase
errors, however, are the result of any unknown 3-D motion. In order to reliably produce
focused images, it is necessary to estimate the motion of the target relative to the sensor in
the full 3-D space.

Several 3-D motion-estimation algorithms have been presented in the literature. For
example, Cantalloube and Nahum [7] developed a SAR focusing method which refined the
3-D path in a two-step process. First, a collection of classical one-dimensional
one-dimensional (1-D), translation-only, subscene autofocus solutions were generated for
small regions within the radar beam footprint. Then, the collection of autofocus-based range
corrections was inserted into a linear least squares (LLS) model for the trajectory errors. It
is important to note that in order to arrive at an LLS model, a Taylor series expansion of the
motion parameters was required. Ran, et al. [8] followed a multilateration-based approach
similar to Cantalloube and Nahum, in which small-scene, translation-only, motion-error
estimates were combined to arrive at a 3-D trajectory-error model. While the least-squares
problem formulated by Ran, et al. again utilized a low-order, truncated-Taylor-series model
for the motion errors, the resulting linear system was solved in a weighted-total-least-squares
manner, taking into account information regarding the signal strength, and thus reliability,
of each of the local autofocus solutions.

In a pair of papers from the Environmental Research Institute of Michigan (ERIM), Werness
et al. [9, 10] describe a motion compensation method based on tracking prominent points in
the image. Stuff further developed this idea in a series of papers [11, 12, 13, 14, 15, 16].
Theoretically, this signal processing approach makes it possible to track relative target-sensor
motion in two or three dimensions, using only the radar data collected from a standard SAR
system and without restricting the unknown motion model. After extracting a set of range
measurements for at least four scattering centers, the approach describes a means to
reconstruct the relative positions of the scatterers by exploiting invariants in the range data.
The ranges from a radar to scattering centers on any rigid body must be constrained to a
submanifold of the space of possible range observations, and this manifold determines the
arrangement of the scattering centers up to rotation or reflection. With this arrangement,
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the relative motion of target to sensor can then be determined.

The original approach was reduced to the computation of two singular value decomposition
(SVD) and a linear solve by Ferrara et al. [1]. Up to this point, the literature was
constrained to monostatic radar systems and targets so far from the sensor that the
curvature of electromagnetic wave fronts could be ignored. This model does not apply for
many realistic imaging scenarios, so Ferrara and Arnold extended the results for monostatic,
near-field radar data [17] and for bistatic, far-field data [18]. With these improvements, the
geometric invariant recovery was computationally expedient, but not numerically stable.
Given perfect range measurements, the method is capable of exactly recovering the relative
motion of the sensor to the scene, as well as the geometric configuration of scatterers in the
scene. The output shape and motion estimates quickly diverge from this ideal reconstruction
as range measurement quality degrades. Because tracking objects in range is a difficult
problem in itself, this method was not widely applicable.

The aim of this work is to revisit the monostatic, near-field case [17], and describe a more
numerically stable technique for recovering the relative motion of a radar sensor to a scene of
interest. To demonstrate the feasibility of the updated technique, we will apply it to a
large-scene radar dataset [19], recover the motion of the sensor, and form a high-resolution
backprojection image with the estimated sensor path.
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3.0 METHODS

3.1 Radar Data Model

In radar applications, it is convenient to think of the total electric field, E tot as the
superposition of an incident field, E in, and the scattered field, E sc. With this distinction, a
simplified model for the propagation of a transmitted radar signal is(

∇2 − c−2
0 ∂2

t

)
E in(t,x) = j(t,x), (1a)(

∇2 − c−2(x)∂2
t

)
E tot(t,x) = j(t,x), (1b)

where c0 is the speed of light in free space, and c(x) is a spatially-dependent wave speed [20].
We assume that the only power input comes from our antenna, so that j(t,x) models the
current density on the antenna. In this description, (1a) models the uninterrupted
propagation of the incident field through free space, and (1b) includes the interaction with
any scatterers.

We can introduce the reflectivity function, V (x) = c−2
0 − c−2(x), into the system composed

of (1a) and (1b) by taking the difference of the two equations,(
∇2 − c−2

0 ∂2
t

)
E sc(t,x) = −V (x)∂2

t E tot. (2)

The partial differential equation in (2) is solved for E sc by convolving the right hand side
with the outgoing Green’s function,

g(t,x) =
δ(t− c−1

0 |x|)
4π |x|

. (3)

The result is the Lippmann-Schwinger integral equation,

E sc(t,x) =

∫ ∫
g(t− τ,x− z)V (z)∂2

τE tot(τ, z) dτ dz. (4)

The Lippmann-Schwinger equation has better aesthetic in the frequency domain, so define
the Fourier-transform of E to be

E(ω) =

∫
e−iωtE(t) dt. (5)

Here, we use ν to denote frequency, ω = 2πν for angular frequency, and the exponential
kernel sign convention of the FFTW library [21]. Additionally, we will let k = c−1

0 ω be the
angular wavenumber. Then (4) takes the form

Esc(ω,x) = −
∫

G(ω,x− z)V (z)ω2Etot(ω, z) dz, (6)

where
G(ω,x− z) =

e−ik|x|

4π |x|
(7)
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is the Fourier transform of g. Both V and Etot are unknowns, so reconstructing V given
sampled values of Esc is a nonlinear inverse problem. It is common to linearize this problem
by making the Born approximation, which amounts to replacing the total electric field with
the incident electric field. While the Born approximation enables us to proceed with our
analysis, it does not take into account the effects of multiple scattering and is not
appropriate in some situations.

Assuming we can estimate the current density on our antenna, we can solve equation (1a) for
the incident electric field by convolving with the outgoing Green’s function. In the frequency
domain, the partial differential equation (PDE) takes the form

(∇2 + k2)Ein(ω, z) = J(ω,xt), (8)

where we have approximated the transmit antenna with a point source at xt. Then we can
solve for Ein at any point in the scene, z,

Ein(ω, z) =

∫
G(ω, z− xt)J(ω,xt) dz. (9)

Now, the Born-approximated scattered field at the receiver position, xr, is

Esc
B (ω,xr,xt) = −

∫
G(ω,xr − z)ω2Ein(ω, z)V (z) dz

= −
∫

G(ω,xr − z)G(ω, z− xt)ω
2J(ω,xt)V (z) dz

= −
∫

e−ik(|xr−z|+|z−xt|)

16π2 |xr − z| |z− xt|
ω2J(ω,xt)V (z) dz

(10)

If we group the product of slowly-varying terms into an amplitude variable A(ω,xr,xt, z),
the Born-approximated field is

Esc
B (ω,xr,xt) =

∫
e−ik(|xr−z|+|z−xt|)A(ω,xr,xt, z)V (z) dz. (11)

If our sensors are moving, it is more appropriate to parameterize the antenna positions with
γr(s) and γt(s). Further, we note that ρ(z, s) = |γr(s)− z|+ |z− γt(s)| is actually the
two-way range to the point z in the scene at time s, so that we have

Esc
B (ω, s) =

∫
e−ikρ(z,s)A(ω, s, z)V (z) dz. (12)

Notice that this data model also encompasses monostatic sensor configurations if we set
γr(s) = γt(s).

3.2 Imaging Operators

The data model we describe in (12) can be written as an operator on the reflectivity function,

η(ω, s) = F [V ](ω, s). (13)
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Here we use η instead of Esc
B , to note that the actual data collected is slightly different than

Esc
B due to matched filtering. We’ll commonly refer to η as VPH. To isolate V , we want to

be able to invert the operator F . One strategy is to find the adjoint operator to F , and
modify that map to approximate the inverse, in the spirit of the inverse radon transform [20].
We can define the Hermitian inner products

〈g,H〉ω,s =
∫

g(ω, s)H∗(ω, s) dω ds, (14)

〈G, h〉z =
∫

G(z)h∗(z) dz, (15)

so that the adjoint we seek is the operator F † defined by

〈g, Fh〉ω,s = 〈F †g, h〉z (16)

for all g(ω, s) and h(z). Using our definition of F from (13), we want F † such that∫
f(ω, s)η∗(ω, s) dω ds =

∫
(F †f)(x)V ∗(z) dz. (17)

It follows that∫
(F †f)(x)V ∗(z) dz =

∫ ∫
f(ω, s)eikρ(z,s)A∗(ω, s, z) dω dsV ∗(z) dz (18)

so that our adjoint is

F †g(z) =

∫
eikρ(z,s)A∗(ω, s, z)g(ω, s) dω ds. (19)

Then we can define an approximate inverse operator of the form

B[η](z) =

∫
eikρ(z,s)Q(ω, s, z)η(ω, s) dω ds. (20)

This operator is referred to as a filtered backprojection operator, and has a similar physical
interpretation to the backprojection operator defined for the Radon transform. The exact
specification of the filter Q is not important for this exposition, as we are most interested in
computing appropriate estimates for ρ(z, s). The formation of a quality backprojection
image requires detailed knowledge of the range function, as it allows for complicated sensor
motions, and it also accounts for the effects of wavefront curvature.

In some scenarios, it is appropriate to approximate the range function for image formation.
When the sensor is so far from the scene of interest that wavefront curvature is not a
concern, the far-field (or planar wavefront) approximation,

ρ(z, s) ≈ |γr(s)|+ |γt(s)|+ (γ̂r(s) + γ̂t(s)) · z, (21)

is often used. The resulting imaging operator can be applied in a series of processing steps
known as the PFA [22]. This method is generally less computationally intensive than
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backprojection, and the range function approximation requires less information to construct.
The far-field assumption, of course, does not account for the curvature of electromagnetic
wave fronts. This results in geometric distortions of the finished image, and a
spatially-variant deblurring. The blurring and distortion are more severe at the edges of the
image than at the center, and so PFA images are commonly constructed only for limited
scene sizes [23, 24].

The imaging process may be further simplified by first motion-compensating the data as well
as possible with an estimate for

ρ(z, s) ≈ |γr(s)|+ |γt(s)| , (22)

and taking the 2-D inverse Fourier transform of the data. The resulting image,

I(z) = F−1[eik(|γr(s)|+|γt(s)|)η(ω, s)], (23)

we refer to as a range-doppler image. An improvement on this approach performs a partial
reformatting of the data after motion-compensation, which eliminates the linear component
of any range migration remaining in the data [25]. The transformation amounts to a
frequency-dependent resampling of the VPH in the time dimension, resulting in a
keystone-shaped signal support in the reformatted domain. This tranformation also alters
the axes of the output image, so that we refer to images of this type as keystone-formatted
or range-velocity images. Both range-doppler and range-velocity images are less expensive to
form than PFA images, and can be of reasonable quality even when the rough stand-off of
the sensors is the only available positional information. The downside of these images is that
the increase in uncompensated sensor motion means that the blurring and distortion
encountered in large PFA images is more severe in range-doppler images.

3.3 Geometric Invariants

Given a VPH, suppose there are several coordinates, xn ∈ R3, within the scene which we
have tracked in range. When these landmarks do not move relative to each other, we say
that the target is rigid. Assuming a rigid target, we group the N ideal point scatterers in a
shape matrix,

X =

x
T
1
...
xT
N

 . (24)

We assume that the coordinates will be non-coplanar, so that X is full rank. Similarly, define
the coordinates of our moving sensor at time tm as ym ∈ R3, and the matrix of these
coordinates as Y ∈ RM×3. Then the range from scatterer n at time tm is

Rmn = ‖ym − xn‖ (25)

Concatenating these range measurements gives the M ×N range data matrix, R. Each
column of R now contains the range to a single coordinate as a function of time. We
sometimes refer to such a range history as a range track, and call R the track matrix. For
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now, assume we are given the matrix R; we will discuss how to obtain such a matrix in
Section 3.6. Our goal is to reconstruct the matrices X and Y , corresponding to the shape of
our target and the motion of the sensor platform. In the following section, we will use tilde
notation to distinguish the measured from noise-free versions of various quantities, i.e.,
R̃ = R + noise, will represent measured ranges to scatterers while, R will represent the
noise-free quantity which exactly satisfies invariant equations.

3.4 Multidimensional Unfolding

Multidimensional unfolding originated as a technique for data visualization in psychometrics
[26]. Given two distinct classes and a set of distance measurements between members of each
class, the goal is to create a two- or three-dimensional representation of the objects that
preserves the relative distances. Our problem is a member of a subclass of multidimensional
unfolding (MDU) problems, known as metric MDU. Given the matrix of measured ranges R̃,
we define the matrix of measured squared distances as D̃ = R̃� R̃, where � is the
Hadamard (or element-wise) product of matrices. If X and Y were known, then a noise-free
D would be equivalent to

D(X,Y ) = diag(Y Y T )1T − 2Y XT + 1diag(XXT )T . (26)

We use diag(A) to denote the vector of entries on the diagonal of A, and 1 is a vector with
every entry equal to one. The standard MDU approach to this problem is nearly identical to
the approach used for multidimensional scaling (MDS). Many students encounter MDS as a
solution to the problem of estimating the geographical coordinates of a set of cities, given the
pairwise distances between the cities. The approach to the classical MDU / MDS problems
begins by double-centering and scaling the data matrix,

C := −1

2
JMDJN = (JMY )(JNX)T , (27)

where Jp = Ip − 1
p
11T , and Ip is the p× p identity matrix. Then, compute a matrix

factorization like the SVD, C = UΣV T , to see that

X = V Σx + 1xT
c ,

Y = UΣy + 1yT
c ,

Σ = ΣyΣ
T
x .

(28)

where 1TV = 0 and 1TU = 0. To fully specify an estimate of the coordinates X and Y , we
must determine the scaling parameters in the matrices Σx,Σy ∈ R3×3, as well as the
geometric centroids of the two point configurations, xc,yc ∈ R3. Without loss of generality,
we choose xc to be the origin of the coordinate system, so that xc = 0. For MDS problems,
Σy = Σx and xc = yc = 0, so determination of the scaling matrices is trivial. For MDU
problems, current approaches substitute the representations in (28) back into (26) to obtain
a system of equations. The solution of this system determines the scaling matrices.

We note that the matrix V corresponds to the affine invariants V V T described by Ferrara et
al. [1, 17], and that the system of equations considered in those works is a subsystem of the
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one used in MDU applications. The estimation of affine invariants is relatively stable in the
presence of noise, thanks to the numerical properties of the SVD. Geometric invariants are
quantities that depend only on V and Σx. Since estimates of Σx are the solution of a system
of (polynomial) equations, any perturbation of the input range data greatly alters the output
shape estimate. This instability is especially pronounced when the shape matrix is nearly
rank deficient, or when the sensor path is constrained to certain quadric surfaces [1].

3.5 Stabilized Estimation

To identify appropriate estimates for X and Y , we will describe an approach for minimizing
a loss function inspired by the strain objective from MDS,

S(X,Y ) =
1

2

∥∥∥D(X,Y )− D̃
∥∥∥2

F
, (29)

where ‖A‖2F is the squared Frobenius norm of A. The MDU process suggests a natural
segmentation of the strain objective. Let

ηx :=
1

N
DT1− 1

NM
(1TD1)1

= diag(XXT )− 1

N
tr(XXT )1− 2Xyc

= JNdiag(XXT )− 2Xyc,

ηy :=
1

M
D1− 1

NM
(1TD1)1

= diag(Y Y T )− 1

M
tr(Y Y T )1

= JMdiag(Y Y T ),

ηxy :=
1

NM
1TD1

=
1

M
tr(Y Y T ) +

1

N
tr(XXT ),

C := −1

2
JNDJM

= JNY XT ,

(30)

where we use tr(A) to denote the trace of A and the coordinate-system choice xc = 0 to
simplify the equations. Substituting the expressions in (28), we have

ηx = JNdiag(V ΣxΣ
T
xV

T )− 2V Σxyc,

ηy = JMdiag(UΣyΣ
T
y U

T ) + 2UΣyyc,

ηxy =
1

M
tr(UΣyΣ

T
y U

T ) + ‖yc‖2 +
1

N
tr(V ΣxΣ

T
xV

T ),

C = UΣyΣ
T
xV

T .

(31)

The original shape and motion are not exactly recoverable, as D(X,Y ) = D(XO, YO) for
any O ∈ SO(3). In other words, any rotated or reflected version of X and Y will produce
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the same set of pairwise distances. Since this is the case, we choose to fix yc = re1, where
r = ‖yc‖ and e1 is the unit vector in the first dimension (x direction). Define the residuals

f(Σx,Σy) = UΣyΣ
T
xV

T − C,

h(Σy, r) = JMdiag(UΣyΣ
T
y U

T ) + 2rUΣye1 − ηy,

g(Σx, r) = JNdiag(V ΣxΣ
T
xV

T )− 2rV Σxe1 − ηx,

k(Σx,Σy, r) =
1

M
tr(UΣyΣ

T
y U

T ) +
1

N
tr(V ΣxΣ

T
xV

T ) + r2 − ηxy,

(32)

and let

F (Σx,Σy) =
1

2
‖f(Σx,Σy)‖2F ,

H(Σy, r) =
1

2
‖h(Σy, r)‖2 ,

G(Σx, r) =
1

2
‖g(Σx, r)‖2 ,

K(Σx,Σy, r) =
1

2
|k(Σx,Σy, r)|2 .

(33)

Finally, construct the new objective

L(Σx,Σy, r) = 2F (Σx,Σy) + µ1H(Σy, r) + µ2G(Σx, r) + µ3K(Σx,Σy, r). (34)

For µ1 =
N
2
, µ2 =

M
2

, and µ3 =
MN
2

, this objective is equivalent to the strain objective (29).
To see this, decompose D and D̃ into orthogonal components,

D = JMdiag(Y Y T )1T + 1(JNdiag(XXT )− 2Xyc)
T

− 2JNY XT +

(
1

M
tr(Y Y T ) +

1

N
tr(XXT )

)
11T ,

D̃ = ηy1
T + 1ηT

x − 2C + ηxy11
T ,

(35)

so that the Frobenius norm decomposes as∥∥∥D − D̃
∥∥∥2

F
=

∥∥JMdiag(Y Y T )1T − ηy)1
∥∥2

F
+
∥∥1(JNdiag(XXT )− 2Xyc − ηx)

T
∥∥2

F

+ 4
∥∥JNY XT − C

∥∥2

F
+

∥∥∥∥( 1

M
tr(Y Y T ) +

1

N
tr(XXT )− ηxy

)
11T

∥∥∥∥2

F

.
(36)

Substitute the relations in (28) to find∥∥∥D − D̃
∥∥∥2

F
= ‖h(Σy, r)1‖2F +

∥∥1g(Σx, r)
T
∥∥2

F
+ 4 ‖f(Σx,Σy)‖2 +

∥∥k(Σx,Σy)11
T
∥∥2

= N ‖h(Σy, r)‖2F +M ‖g(Σx, r)‖2F + 4 ‖f(Σx,Σy)‖2F +MN |k(Σx,Σy)|2 .
(37)

Decomposing the objective in this manner allows us to penalize the sub-objectives
individually. By manipulating these penalty terms, we describe an alternating minimization
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Input: R,U, τH , τG
Output: X,Y

1: D̃ ← R̃� R̃
2: Compute C,ηx,ηy, and ηxy according to (31).
3: Compute V as right singular vectors of C.
4: r(0) ← 1

MN

∑M
m=1

∑N
n=1 Rmn

5: Σ
(0)
y ←

[
1
2r
UTηy 0 0

]
6: Σ

(0)
x ←

[
1
2r
V Tηx 0 0

]
7: µ1 ← N,µ2 ←M,µ3 ←MN
8: L(0) ←∞
9: L(1) ← L(Σ

(0)
x ,Σ

(0)
y , r(0))

10: i→ 1
11: while L(i−1) > L(i) do
12: r(i),Σ

(i)
x ,Σ

(i)
y ← BFGS(r(i−1),Σ

(i−1)
x ,Σ

(i−1)
y )

13: L(i+1) ← L(Σ
(i)
x ,Σ

(i)
y , r(i))

14: if H(Σ
(i)
y , r(i)) < MτH then

15: µ1 ← 0
16: else
17: µ1 ← N
18: end if
19: if G(Σ

(i)
x , r(i)) < NτG then

20: µ2 ← 0
21: else
22: µ2 ←M
23: end if
24: i← i+ 1
25: end while
26: return X ← V Σ

(i−1)
x , Y ← UΣ

(i−1)
y + re1

Figure 1. Algorithm 1: Stabilized Shape and Motion Estimation. U is the optional
user-defined basis for the sensor motion, and the scalars τH , τG, are per-entry error
thresholds for the sub-objectives H and G.
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procedure in Fig. 1. Between adjustments of the penalty scalars, we compute a local minima
of L using the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm [27].

While U and V may be estimated using the SVD of C as in the usual MDU approach, we
may also manually select bases for X and Y by manually specifying V and U . In our
particular case, we do not have enough information about the target shape to manually
specify V . However, if we assume that ym = y(tm), where y(t) ∈ R→ R3 is smooth
(y(t) ∈ C∞), then it makes sense to choose U to reflect this property. One reasonable choice
for U is the basis of Legendre polynomials. We form the orthonormal columns of U by
sampling the first p Legendre polynomials at equispaced values in the interval [−1, 1], where
p is the desired dimension of the motion basis.

3.6 Range Tracking

We will illustrate the range tracking procedure using the large-scene Gotcha data made
publicly available by the Air Force Research Laboratory (AFRL) [19]. First, we must
identify features for tracking. Suppose we have a rough estimate of the sensor path. For this
example, we hypothesized a straight-line path for the sensor using the aircraft’s average
speed, average altitude, and a rough estimate of sensor standoff. Using this sensor path, we
form a defocused backprojection image with a small subaperture of the full data set, shown
in Fig. 2. We then apply a median filter to the output image, and identify pixels in the
original image which are brighter than their corresponding pixel in the median-filtered image
by a set threshold (40 dB). The 26 peaks selected in this example are circled in Fig. 2.

For each of these selected image coordinates, we digitally spotlight that region by motion
compensating the VPH to the image coordinate, and applying a smooth window function to
the range-doppler image formed form the motion compensated VPH. Given our hypothesized
sensor path, γ(s), and the current image coordinate, xn, the hypothesized range to that tile
is ρn(s) = ‖γ(s)− xn‖. Our model for the defocused spotlight image is

I(z) = WF−1[eik(ρn(s)+ε(s))η(ω, s)], (38)

where W is a smooth window function, and ε(s) is the residual range error remaining to the
tile. The non-linear component of this phase error is responsible for the cross-range blurring
in the example image tile on the left-hand side of Fig. 3.

Traditional autofocus routines are well suited to focus these small range-doppler image tiles.
For this example, we have chosen to use the multiple-aperture map drift technique [28].
While other techniques like phase gradient autofocus (PGA) [29], and image-metric-based
autofocus routines [30, 31] are also available, variants of the map drift technique are well
suited for estimating the low-order, smooth phase errors characteristic of uncompensated
sensor motion. The result of applying our implementation of the multiple-aperture map drift
technique to an image tile is shown on the right-hand side of Fig. 3. The range corrections
applied by an autofocus routine provide an estimate of ε(s), and we then update our
estimate of the range to the tile center to be ρ(s) + ε(s). Sampling this expression at discrete
slow times provides one column of the range track matrix, R.
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Figure 2. Ground plane backprojection image formed from a hypothesized straight-line
flight path. Forming a coarsely sampled image with a small subset of the available
aperture allows us to identify regions of interest for tracking.
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Figure 3. Left: Digital spotlight, range-doppler image of a sample image coordinate.
Image is defocused due to residual range migration. Right: The same image after
application of our map drift autofocus routine.
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4.0 RESULTS

To demonstrate the efficacy of this technique, we will use the range tracks generated in
Section 3.6 for the large-scene Gotcha dataset to estimate the sensor trajectory relative to the
scene. We will then compare this to the sensor coordinates provided with the dataset, and
produce a ground plane backprojection image with the estimated trajectory. For comparison,
we include a range-doppler image of the scene without any additional processing, as well as a
PFA image generated with an alternative geometric-invariant-based approach [1, 17].

The large-scene Gotcha dataset consists of phase history collected from a monostatic,
airborne platform at X-band with 600 MHz of bandwidth. The full dataset contains
measurements over approximately 3.5 degrees of aperture in azimuth, and supports an image
with approximately 0.3 meter resolution. The dataset also includes the relative sensor path,
measured by onboard GPS. The collection was performed with a pulsed radar system at a
pulse repetition frequency (PRF) of 7502 pulses per second, with the full collection
consisting of 30,000 pulses. The portion of Wright-Patterson Air Force Base illuminated by
the antenna footprint is approximately 6km in diameter, and so an image of the entire scene
is too large to capture with a single range-doppler image. Fig. 4 is an example range-doppler
image formed from only the first sixth of the collected data. We see that even over this
shorter aperture, objects near the edge of scene are severely defocused. Further, the image
appears distorted when compared to a photograph of the scene. This is especially apparent
in the shape of the runway in the center-right of the image (it should be straight).

Estimating the sensor path with the previous geometric invariants technique is partially
successful for this 5,000-pulse example. The image in Fig. 5 is a polar format image
constructed with the estimated sensor motion. Image focus is significantly improved
compared to the range-doppler image, however, the image is still distorted, and the edges are
still out-of-focus. Further, we note that the sensor motion estimated by this technique is not
sufficiently accurate to be used for the formation of a backprojection image. Generally, the
shape and motion estimates will be scaled improperly. Even when this scaling is ignored and
the only affine invariants of the target are used for motion estimation, the algorithm fails
when the number of pulses exceeds approximately 10,000.

After tile selection and tracking, we are left with 11 tracks to process with Algorithm 1 (see
Fig. 1). The estimated target shape is then aligned with the initial tile coordinates, and the
aligned sensor path estimate is compared to the validation sensor path included with the
dataset. We can see in Fig. 6 that Algorithm 1 recovered the approximate tile coordinates,
with some small corrections. More importantly, we see in Fig. 7 that the output motion
estimate is a very close to the validation sensor path. The resulting estimate is somewhat
misaligned in the altitude dimension, but even with this deviation, the result is sufficient for
forming a focused backprojection image. Fig. 8 is a backprojection image formed with the
entire 30,000-pulse dataset. We can see that this image is free of the geometric distortion
and blurring artifacts present in the previous imagery.
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Figure 4. Range-doppler image formed from the first 5,000 pulses of the dataset. Notice
the severity of the blur increases with distance from image center, and the distortion of
the runway near the center-right of the image.
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Figure 5. Image formed using the alternative geometric-invariants-based approach [1].
The estimates were accurate enough to form a PFA image from the first 5000 pulses, but
were not sufficent to form a backprojection image.
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Figure 6. Shape estimate from Algorithm 1 aligned with originally selected tile center
coordinates, projected into the ground plane. Algorithm 1 accurately recovers the scale
of the geometric configuration of tile centers, even though the coordinates are nearly
co-planar.
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Figure 7. Motion estimate from Algorithm 1 aligned with original tile center coordinates.
The estimated path very accurately matches the length and curvature of the true sensor
path. The estimated path does not perfectly align with the true path, due to errors
resulting from aligning the 3-D shape estimate to the 2-D tile centers.
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Figure 8. Image formed using the stabilized technique and the entire 30,000-pulse dataset.
The new technique produces motion estimates accurate enough for the backprojection
algorithm. This image is free of the geometric distortion and edge-blurring effects in
Fig. 4 and 5. This image appears darker than Fig. 5 because the dynamic range has been
significantly increased due to better focus quality.
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5.0 CONCLUSIONS

The improved numerical performance of Algorithm 1 allows for the generation of large-scene
backprojection imagery, even for scenarios in which only a rough estimate of the sensor
trajectory is available. This is a significant improvement over previous
geometric-invariants-based methods, as the limited quality of those motion estimates restrict
the user to the formation of PFA images over relatively short apertures.

The technique demonstrated here is modular, with room for more sophisticated autofocus
techniques to be used in the range tracking step (Section 3.6). Since our technique recovers
the motion of the sensor relative to the target, the method is equally applicable for inverse
synthetic aperture radar (ISAR) scenarios. Such an algorithm would be useful for target
recognition and target motion estimation problems. At this point, further research is
required to create a robust tracker capable of providing high-quality track estimates for
ISAR image formation.

Finally, Algorithm 1 presents a new approach in the search for geometric invariants for
bistatic collection geometries. The extension of these results to bistatic scenarios would allow
for high-quality image formation in a wide range of operating conditions.
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