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TARGET-CENTRIC PROBABILISTIC MULTI-HYPOTHESIS TRACKING

1. INTRODUCTION

1.1 BACKGROUND AND EXISTING WORK

The Probabilistic Multi-Hypotheses Tracking (PMHT) method (references 1 and 2) is a
multitarget tracking method for situations where the assignments between measurements and
targets are unknown. Such situations are typical of tracking problems where targets are only
partially observed and closely spaced in the observable dimensions. For example, in
bearings-only tracking the ranges to targets are not observed, and hence measured bearings can be
associated with any number of possible targets along, or near to, the lines of bearing. Even for
problems where target range is observable, or where there is only a single target present,
non-target related clutter measurements (due to environmental effects for example) create an
assignment problem between measurements and targets.

Models for this assignment problem fall into two categories—those that treat the
assignments as mutually exclusive and exhaustive, and those that treat them as statistically
independent. Tracking approaches based on mutually exclusive and exhaustive assignments
include Joint Probabilistic Data Association (JPDA) tracking (reference 3), in which all target and
measurement combinations in the current scan are considered, and Multi-Hypothesis Tracking
(MHT) (reference 3), in which all target and measurement combinations in all available scans are
considered. MHT is consequently exponential in computational complexity, and practical
applications require judicious pruning of the hypothesis tree. Due to enumeration in JPDA
tracking being confined to the current scan, it is much less computationally intensive than MHT,
but is nevertheless exponential in complexity within the current scan and is thus limited to
sequential tracking applications.

Approaches based on statistically independent assignments include PMHT, which allows
multiple measurements within a scan to be assigned to the same target. PMHT’s greatest strength
is its computational efficiency—it is linear in the number of targets under track, the number of
scans, and the numbers of measurements with a scan. However, this efficiency comes at a cost;
PMHT’s assignment model yields a likelihood function with many local maxima, making the
algorithm difficult to initialize and prone to track loss in situations of heavy clutter, low
signal-to-noise ratios, and closely spaced tracks.

As discussed in reference 4, PMHT’s admission of multiple measurements per target leads
to “over-hospitality” with respect to clutter—as well as measurements from interfering
targets—near each target under track. A potential solution to this problem is to change the PMHT
assignment model to admit at most one measurement per target. One way to do this is to swap the
roles of measurements and targets in the PMHT assignment model with respect to the assumption
on independence and the direction of assignment; that is, to assume the targets are independent
conditioned on the measurements, and to introduce missing target-to-measurement assignments



(versus measurement-to-target assignments) at each scan. Unlike in PMHT, where multiple
measurements within a scan may be assigned to the same target, in this alternative PMHT,
multiple targets may be assigned to the same measurement within a scan. This consequence
would seem to be reasonable for targets closely spaced in the measurement domain or with
respect to the sensor resolution. The basic idea of swapping the roles of measurements and targets
in the PMHT assignment model is explored in reference 5, although many details in this reference
are either omitted or unclear, and the statistical model for the missing target-to-measurement
assignments does not appear to be entirely justified. Nevertheless, reference 5 is the first
open-literature reference to swapping the roles of measurements and targets in the PMHT
assignment model. This report thoroughly examines the implications of this role-reversal and the
new PMHT algorithm that results. In the sequel, this new algorithm will be referred to as
target-centric PMHT to emphasize its target-to-measurement assignment model;* the original
PMHT, as derived in references 1 and 2, which may be thought of as measurement-centric in light
of its measurement-to-target assignment model, will be referred to interchangeably as
measurement-centric PMHT, original PMHT, or simply PMHT.

1.2 NOTATION

The existence of M > 1 targets is assumed throughout this report, observed via a
measurement process consisting of a batch of 7" > 1 discrete scans. Let X = {X,} denote the set
of target states at scans t = 1, ..., T, where the set X; = {zy,},m = 1,..., M, denotes the
states of the targets at scan, ¢. Similarly, let Z = {Z,} denote the set of measurements collected
over the T scans, where Z; = {z;.},r = 1,..., n;, denotes the set of n; measurements collected
at scan, t. The target states X (i.e., the target tracks) are the unknown quantities in PMHT, to be
estimated from the observed data Z. It is customary in PMHT to include a known clutter model
for measurements that are not target originated. (Such measurements may arise, for example,
from random noise in the environment.) Consequently, a clutter target with states
{zw} ={0},t =1,...,T, are introduced where appropriate to avoid burdensome notation,
though these states are not part of the estimation process. Throughout the report, p(-) and P{-}
will be used generically to denote probability density functions (PDFs) and probability
distributions, respectively.

*The version of target-centric PMHT presented in 5 is referred to as target-oriented PMHT.



2. PMHT REVIEW

2.1 COMPLETE, INCOMPLETE, AND MISSING DATA PDFS

In PMHT, associated with each measurement, z;,., is an assumed missing (unobserved)
measurement, k., of the discrete measurement-to-target assignment random variable such that
ki € {0,1,..., M} indicates the target to which the measurement z;, is assigned. Let K = { K}}
denote the set of missing measurement-to-target assignments at scans ¢t = 1, ..., 7", where the set
K; = {k } denotes the missing assignments associated with the n, measurements Z, collected at
scan, t.

The goal of PMHT is to estimate the target states, X, from the observed (incomplete)
data, Z, by finding the value of X that maximizes the incomplete-data PDF p(Z, X); it does so by
using the expectation-maximization (EM) method (reference 6) to find values of X that maximize
a sequence of simpler estimation problems involving the complete-data PDF p(Z, K, X).
Development of the PMHT complete-data PDF follows from the following set of assumptions.

Assumption 1. The target states, X, and measurement-to-target assignments, /i, are
independent.

Under this assumption, the complete-data PDF can be written as
p(Z, K, X) = p(Z| K, X)P{K}p(X), (2-1)

where p(X) is the target state prior PDF, P{ K} is the prior probability distribution for the
measurement-to-target assignments, and p(Z| K, X) is the PDF of the measurements conditioned
on the target states and assignments, also referred to as the complete-data likelihood function in
the sequel.

Assumption 2. The target state sequences are independent, and each sequence follows a Markov
process.

Under this assumption, the target state prior PDF is given by

T
p(X) = p(X0) [ [ p(X2|Xi), 2-2)
t=2
with
M
p(X1) = [[ pm(aim), (2-3)
m=1
and
M
p(Xil Xeo1) = [ om(@eml2t—1.m). (2-4)
m=1



Assumption 3. The measurements, /Z, are independent across and within scans when conditioned
on the target states, X, and measurement-to-target assignments, K.

Under this assumption, the complete-data likelihood function is given by

T
p(Z|1X, K) = ][ p(Z:| X, Ky), (2-5)

t=1

with

(24| Xy, Ky) = Hp(ztr‘xtnw ki =m) = H p(ztr‘xtm)’m:ktr . (2-6)
r=1

r=1

Assumption 4. The measurement-to-target assignments, /<, are independent within and across
scans.

Under this simplifying (but unconventional) assumption, the prior probability distribution
for the measurement-to-target assignments is given by

T
P{K} =[] P{K}}, (2-7)
t=1
with
P{K} = [[ Plkr = m} = [ mimlones, - (2-8)
r=1 r=1

where 7, denotes the a priori probability of assigning a measurement to target, m, at scan, t.
Assumption 4 greatly simplifies the assignment problem and leads to a state estimation procedure
that grows linearly with the numbers of measurements and targets. However, this simplification
comes at the cost of an incomplete-data PDF that is littered with local extrema, due to the fact this
assignment model includes assignment hypotheses in the incomplete-data PDF that are excluded
in conventional methods such as JPDA and MHT—namely, tracks with more than one assigned
measurement per scan.

Combining the results of Assumptions 1 through 4, the PMHT complete-data PDF
becomes

M T T nt
p(Z; K; X) = H pm<xlm) Hpm(xtm‘xtl,m)] [H H Ttm pm(z“"|xtm>|m:ktr
m=1

t=2 t=1r=1

(2-9)

The PMHT incomplete-data PDF is obtained from the complete-data PDF by marginalizing over
the missing measurement-to-target assignments:

P(ZX)=> plZ KX)=>_ Z > p(Z. K. X). (2-10)

t=1 r=1 k=0



Substituting equation (2-9) into equation (2-10) and simplifying the resulting expression yields

M T T nt
H pm(xlm) Hpm(xtm‘xtfl m ] [H H Z Ttm Pm Ztr’xtm) . (2'1 1)
m=1 t=2 t=1 r=1 m=0

Integral to the expectation step (E-step) of the EM method is the conditional distribution
of the missing data with respect to the observed data. The conditional missing-data probability
distribution for PMHT is obtained from the ratio of equations (2-9) and (2-11):

7K, X)
P{K|Z, X} = (— HH Werm iy, 5 (2-12)

( t=1r=1
where wy,..,, denotes the conditional probability of assigning measurement, z;,., to target, z;,,, and
is given by

Tt0 po(ztr|$t0)

i , m=20
70 Po(2er|e0) + X —q Tu pi(Zer|T0)

Werm = P{ktr = m‘ztraxtm} =
Ttm pm(zt'r’xtm)

40 Po(2er|T00) + Zl]\il Tl pl(»’«’tr‘ﬂ%l)7

m=1,..., M.
(2-13)

The PMHT conditional measurement-to-target assignment probability, wy,.,,, for a given
measurement depends on all M targets states at scan, ¢. Interestingly, the roles of measurements
and targets are reversed for the target-centric PMHT conditional target-to-measurement
assignment probabilities to be derived in section 3.

2.2 A PRIORI ASSIGNMENT PROBABILITIES

Expressions for the a priori measurement-to-target assignment probabilities,

Trtm|m=ktr = P{k’tr = m}, (2-14)

in terms of the target probability of detection, Pp, and clutter density, A, are derived in appendix
B of reference 7. Specifically, under the assumption there is at most one measurement per target,
the a priori assignment probabilities, 7,,, are given by

1—- nitozt, m =0,
Ttm = (2-15)

1 —
M—Mozt, TTL—L...,M,

where «; is a constant that depends on Pp, and A and is defined, for 7, = min{n;, M}, by

Srys(M) Py (1 — Pp)M =2 pu(ny — s AV)
Sy (Y Pp(1 — Po)M=sp(ng — 5;AV)

(2-16)

ay =

where 1i(-) denotes the clutter count probability distribution, and V' denotes the measure of the
surveillance region.



2.3 STATE ESTIMATION

PMHT uses the EM method (reference 6) to find the target states, X , that maximize the
incomplete-data PDF p(Z, X) or, equivalently, the logarithm of this PDF (log-PDF). Rather than
maximizing this log-PDF directly, the method proceeds by iteratively maximizing the conditional
expectation of the complete-data log-PDF over X, where the expectation is with respect to the
missing measurement-to-target assignments, /', conditioned on the observed data, Z, and the
values for the states obtained from the previous iteration. Let X () ¢ = 1, 2 . denote the
estimate for the target states obtained from the /th EM iteration, where X denotes the values
for the states used in the initial evaluation of the E- step Under the mild regularity conditions
discussed in references 6 and 8, the sequence p(Z, X(¥), ¢ = 1,2, ... obtained by the EM
iterations converges to at least a local maximum of p(Z, X). Whether the sequence

@) ¢ =1,2,... converges to X depends on the complexity of p(Z, X), the values for the states,
X ©used in the initial evaluation of the E-step, and possibly the method used for the
maximization step (M-step) when this step cannot be evaluated in closed form.

2.3.1 E- and M-Steps

In PMHT, the E-step of the EM method consists of evaluating the following conditional
expectation with respect to the missing measurement-to-target assignments, K:

(X, X)) =E [logp(Z, K, X)| 2, X"V = " p(K|Z, X"V logp(Z, K, X),
K

(2-17)

where X -1 denotes the state estimates obtained from the previous iteration. The M-step for the
current iteration, (¢), is written explicitly as

X0 = arg max ¥(X, X0, (2-18)

EM iterations are performed for / = 1,2, ... until prescribed convergence criteria are achieved.
For the first iteration (¢ = 1), an initial “guess” for the target states, X (*), is required; depending
on the clutter density and the separation of the targets, PMHT can be sensitive to this guess.

When evaluating the conditional expectation (2-17), it is convenient to partition the target
states, X, by target index, m, rather than scan index, ¢. To this end, let X = {X™} denote the set
of M target state sequences, where X™ = {z,,,} denotes the state sequence of the mth target for
scanst = 1,..., 7. Then, substituting equation (2-9) and equation (2-12) into equation (2-17),
evaluating the summation and simplifying the resulting expression yields

M
(X, XED) =30, (X, (X)), (2-19)
m=1



with

W (X, (X™ ) = Tog p(21m) +
t=2

T
Z log Pm (mtm‘xtl,m)]

+

T n¢
S win 10g oz |a:tm)] , (2-20)

t=1 r=1

where the conditional measurement-to-target assignment probabilities for the previous iteration,

wt(f;l), are given by

(e=1)
(ﬁ—l) Ttm pm (Ztr‘xtm )
Wipm = . (2-21)

(—
0 Po (2 |Te0) + Zl]\il Ty D <Ztr|x§l 1)>

Consequently, because the conditional expectation as expressed in equation (2-17) is additively
separable with respect to the state sequences, X", the M-step expressed in equation (2-18) is
realized as M independent maximizations:

(X™® = arg max ¥y, (X", (X™) (=), (2-22)

At this point, explicit state estimates for PMHT cannot be derived without specifying functional
forms for the target state prior PDFs and measurement likelihood functions in equation (2-20).
However, as shown in the following section, explicit state estimates are easily obtained for the
standard linear state-space model with Gaussian statistics.

2.3.2 Linear-Gaussian Case

In the case of the standard linear-Gaussian state-space model, the target state prior PDFs
and measurement likelihood functions in equation (2-20) are given by

pm(l’lm) = N(ﬂclm‘iﬁuo,m, P1|O,m)a (2-23)
Pm (xtm|wt—1,m) - N(xtm|thxt—1,ma th)> (2'24)
pm<ztr‘xtm) = N(Ztr|Htmxtm7 Rtrm)7 (2'25)

where F},, and )y, are known state transition and process noise covariance matrices, Hy,, and
Ry, are known measurement and measurement noise covariance matrices, and 1o, and Pjjg
are known mean vectors and covariance matrices for the target states at the first scan. Let Z|o,m,
and Fy)o,,,, denote the state estimate and covariance matrix for the mth target at scan ¢ = 0,
defined as the scan just prior to the first scan in the batch. Then 9, and Py|o,, are given by

T1lo,m = F1m$0|0,m7

(2-26)
Prom = FlmP0|0,mF1Tm + Qim-



Furthermore, when conditioning on the clutter target (m = 0), it is typically assumed the
measurements are uniformly distributed in the surveillance region; in this case, if this region has
measure V/, the likelihood function py(zy.|240) in equation (2-25) is given by

1

Po(zer|Ti0) = Po(2er) = v (2-27)

for all scans and measurements. Substituting equations (2-23) through (2-25) into
equation (2-20), simplifying the resulting expression and dropping terms not dependent on the
target states yields the following form for the conditional expectation V,,,:

\I’m<Xm, (Xm)(ﬁfl)) - _ (xlm — j‘l‘o’m>T PlT(Jl,m ((Iflm — ii'1\o7m)

T
- Z (xtm - met—l,m)T Qt_n-lL (xtm - thmt—l,m)]
L t=2

A

- Z Zwt(f;,l) (2tr — Himtm)" Rppoy (20 — Htmxtm)] ;

Lt=1 r=1

(2-28)
where the measurement-to-target assignment probabilities for the previous iteration are given by
-1
thN<Ztr|Htmx§,m )7 Rtrm)

7rztD/v + Zf\il 7Ttl-/\/’<ztr’Htl37§lgil)a Rtrl)

(e=1) _
wtrm -

(2-29)

The double sum in equation (2-28) can be simplified by defining a composite measurement, Z,,,
and corresponding measurement covariance matrix, Ry,,, for each target at each scan as follows:

nt -1
R = (Z wéf;”R;rin> : (2-30)
r=1

G = RS Wi VR 2 (2-31)

tm trm trm
r=1
Expanding the quadratic form in the double sum in equation (2-28), distributing the inner sum
over r, substituting the definitions given by equations (2-30) and (2-31), completing the square
and dropping terms not dependent on the target states yields the simplified form for the
conditional expectation W,,:
m m\(£— A T H— N
B (X7 (X)) = (21— Bron)” Pty (0 — o)

T
- Z (xtm - met—l,m)T Q;?}L ('rtm - thxt—l,m>]

t=2

[M] =

T /. -1
(657 ) () (557 ).

(2-32)

t=1



The simplified form of the conditional expectation, ¥,,,, in equation (2-32) is functionally
equivalent to the posterior log-PDF for the standard Kalman smoothing problem with
measurements and measurement covariance matrices given by the composite measurements and
composite measurement covariance matrices defined by equations (2-30) and (2-31). Hence, the
estimated target state sequence, (X™)(®), for the mth target at the /th EM iteration may be
obtained by standard Kalman smoothing techniques. This connection with Kalman filtering
theory is not generally shared by target-centric PMHT; however, as shown in section 3.3, state
estimation for target-centric PMHT is nevertheless a linear estimation problem.
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3. TARGET-CENTRIC PMHT

3.1 COMPLETE, INCOMPLETE, AND MISSING DATA PDFS

Target-centric PMHT reverses the direction of the original (measurement-centric) PMHT
assignment model; that is, target-centric PMHT considers target-to-measurement assignments
instead of measurement-to-target assignments. Specifically, in target-centric PMHT, associated
with each target state, x;,,, is an assumed missing (unobserved) discrete state,

Jim € T ={0,1,...,n,}, that indicates the measurement in Z; to which z,, is assigned. The
element 0 is included in the assignment set, J;, to account for the possibility that a target is
assigned to no measurement in the scan. The non-assignment event j;,, = 0 in target-centric
PMHT is analogous to the measurement-centric PMHT event in which no measurement at scan, ¢,
is assigned to target, m; that is, the event {k;. #m :r =1,... n,}. In the sequel, let J = {J;}
denote the set of missing target-to-measurement assignments at scans ¢ = 1, ..., 7", where

Jy = {jim } denotes the missing assignments associated with the M targets at scan, t.

Like PMHT, the goal of target-centric PMHT is to estimate the target states, X, from the
observed (incomplete) data, Z, by finding the value of X that maximizes the incomplete-data
PDF p(X, Z). It does so by using the EM method to find values of X that maximize a sequence
of simpler estimation problems involving the complete-data PDF p(X, J, Z). Development of the
target-centric complete-data PDF, which can be factored in terms of the conditional prior
probability distribution for the target-to-measurement assignments, P{.J|Z}, and the
complete-data target state posterior PDF, p(X|J, Z), as

p(X, J, 2) = p(X|J, 2)P{J|Z}p(Z), 3-1)
follows from the following set of assumptions:

Assumption 5. The targets are independent and their states follow a Markov process.

Under this assumption, the complete-data target state posterior PDF is given by

T
p(X|J, Z) = p(Xi| v, Z0) [ [ p(Xil X, i, Z0), (3-2)
t=2
with
M M
p<X1’J17 Zl) = H prn(xlm’jlm =T, zlr) = H pm(mlm‘zlr)b:jlm ) (3'3)
m=1 m=1
and

M M
p<Xt’Xt717 Jt, Zt) = H pm(xtm‘xtfl,m7jtm =T, Ztr) = H pm<xtm’xt71,ma Ztr)|T:jtm .
m=1 m=1

(3-4)
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Assumption 6. The target-to-measurement assignments, ./, are independent within and across
scans, conditioned on the measurements, /.

Under this simplifying assumption, the conditional prior probability distribution for the
target-to-measurement assignments is given by

T
P{J|Z} = [ P72}, (3-5)
t=1
with
M M
P{\Z} = T Plien =112} = [ vemrls—y,,, (3-6)
m=1 m=1

where 74, denotes the conditional a priori probability of assigning target, m, to measurement, 7,
at scan, t, conditioned on all measurements at scan, ¢. As is the case for the analogous assumption
in the original PMHT assignment model, this assumption greatly simplifies the assignment
problem and leads to a state estimation procedure that grows linearly with the numbers of
measurements and targets. This assumption also explicitly allows more than one target to be
assigned to a given measurement within a given scan—a reasonable assumption for
closely-spaced targets.

Combining the results of Assumptions 5 and 6, the target-centric PMHT complete-data
PDF becomes

M T M
(X <] Z H /Vlmrpm(xlm|zlr r ]lm] [H H Yetmr Pm xtm|xt lmuztr>| r=jtm

m=1 t=2 m=1

(3-7)

For r = j;,, # 0, the target state posterior densities in equation (3-7) may be written in terms of
target state prior PDFs and measurement likelihood functions using the following factorizations:

pm(xlma er)
pm(21r)

_ P (217 | T1m )P (T1m)

pm(zlr)

Pm (xtm7 Ti—1,m,) Ztr)
pm(xtfl,mp Ztr)

. pm(ztr’mtm)pm<xtm’xtfl,m)

B pm(ztr‘xtfl,m>

where the denominators in equation (3-8) and equation (3-9) are given by the integrals

pm(I1m|er) -

) (3_8)

pm(xtm‘xtfl,ma Ztr) =

) (3_9)

pm(zlr) - /pm(zlr|x1m> pm(xlm) dxlma (3'10)

pm(ztr|xt—1,m) = /pm(ztr‘xtm) pm(xtm’xt—l,m) dmtma (3'11)

12



respectively. For the case r = j,, = 0, the “measurement,” z;, is interpreted as the empty set,
and the target state posterior densities in equation (3-7) are defined as

Pm (x1m|210) = pm(xlm)v

(3-12)
pm<xtm’$t—1,m7 ZtO) = pm<xtm|xt—1,m)'
Substituting equations (3-8) and (3-9) into equation (3-7) and rearranging terms gives the
following form for the target-centric PMHT complete-data PDF:
m (210 T 1m ) P (T 1)
X J Z ’Ylmr
H pm<zlr) r=jim
H H pm Ztr’l’tm)pm<xtm|xt lm) ’ (3_13)

where, in light of equation (3-12), to simplify notation the following interpretations for the case
r = jun = 0 is adopted:

Pm(217|T1m) =1 (3-14)
pm(zlr) r=Jtm=0 o

P (Ztr| T o) _1 (3-15)
P (2| Te-1,m) r=jtm=0 o

Finally, rearranging terms in equation (3-13) and adopting the convention

pm(zlr|$0m) = pm(zlr)7 (3-16)

Tjtm]

(3-17)

yields the final form for the target-centric complete-data PDF:

H H Vi Pm Ztr’xtm)

m=1 t=1 Pm Ztr‘xt 1m)

(X, J, Z)

T
H pm Tim H (xtm|=rt—1m ]

In this form, it is clear that when target, m, is assigned to no measurement at scan, ¢, that is when
Jim = 0, the contribution of target, m, to the complete-data PDF, p(X, J, Z), at that scan is due
entirely to its prior PDF, namely p,,, (%4, |%:—1,,), by virtue of equation (3-15).

The target-centric incomplete-data PDF is obtained from the complete-data PDF by
marginalizing over the missing target-to-measurement assignments:

=> p(X,J,Z) = ZZi (X, J,2). (3-18)
J

t=1 m=1 jtm=0

Substituting equation (3-17) into equation (3-18), performing the summations and simplifying the
resulting expression yields
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Nt

M T
Pm\Ztr | Tim
p(Xa Z) = Hpm('xlm)Hpm(xtm|xt—lm ] [ Z’thr#
m=1 t=2

m=1t=1 r=0 Pm Ztrlxt 1m)

(3-19)

Finally, the conditional missing-data PDF for target-centric PMHT is obtained from the
ratio of equations (3-17) and (3-19):

X J Z
P{JIX, 2} = H H Eermlr—jp (3-20)
m=1t=1

where &;,.,, denotes the conditional probability of assigning target, x;,,, to measurement, 2;,. (or no
measurement at all in the case of » = 0), given by

Ytmo
+ Z _Pm(Ztp|Ttm) r= O’
7m0 p=1Ttmp b Gplwe—1,m)
ftTm = P{]tm = 7ﬁ|~1'tm7 Tt—1,m Ztr} = ~ P (Ztr|Tem)
tmr pm(zh“xt 1 'm)
r=1, , Ny

pm(Z |$ rn) ’
Ytmo + Zp 1 'Vtmp pm(thj;t tl m)
(3-21)
The target-centric PMHT conditional target-to-measurement assignment probability, &;,.,,,, for a
given target depends on all n; measurements at scan, ¢. In contrast, the PMHT conditional
measurement-to-target assignment probabilities, wy,..,,, depend on all M targets; the assignment

probabilities given by equation (3-21) may be interpreted as the duals to those given by
equation (2-13).

3.2 A PRIORI ASSIGNMENT PROBABILITIES
Expressions for the conditional a priori target-to-measurement assignment probabilities
7tmr|rzjtm = P{jim = 7|2}, (3-22)
in terms of the target probability of detection, Pp, and expected clutter density, A, are derived in

appendix A. Specifically, under the assumption there is at most one measurement per target, the
conditional a priori assignment probabilities, 7., for target-centric PMHT are given by

1— %at, r =0,
fthr = 1 p'rn(Ztr) (3'23)

—n; . . r=1,...,n
MZ L pm(ztp) ts ) s 1oty

where a4, a function of Pp and ), is defined by equation (2-16).
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3.3 STATE ESTIMATION

As with PMHT, target-centric PMHT uses the EM method to find the target states, X, that
maximize the incomplete-data PDF, p(X, Z), or, equivalently, the log-PDF, log p(X, Z). The
method proceeds by iteratively maximizing the conditional expectation of the complete-data
log-PDF over X, where the expectation is with respect to the missing target-to-measurement
assignments, .J, conditioned on the observed data, Z, and the values for the states obtained from
the previous iteration.

3.3.1 E- and M-Steps

The E-step for target-centric PMHT consists of evaluating the following conditional
expectation with respect to the missing target-to-measurement assignments, .J:

O(X, X"V) =E [logp(X, J, 2)| X"V, Z] = "p(J| X", Z)log p(X, ], Z).
J
(3-24)

Substituting equations (3-17) and (3-20) for the complete-data and missing-data PDFs,
respectively, into equation (3-24), evaluating the summations, using the identities in

equations (3-14) and (3-15), dropping terms not dependent on X, and simplifying the resulting
expression yields

M
O(X, X)) =30, (X™, (X)), (3-25)
m=1
with

Gm(Xm7 (Xm)(é_l) = logpm(‘rlm) +

T
Z 10g Pm (mtm |l‘t—1,m)]

t=2
S S e 0 ztr\xtm]
Li=1 r=1
- ZZ& "log p (2|1 1m)] , (3-26)
Lt=2 r=1

where the conditional target-to-measurement assignment probabilities for the previous iteration
are given by

(il
Yemr —7 @1y
pm<2w|m )

t—1,m

/—
gol) =

3-27
e (3-27)

%mO‘f‘Zp 1 tmpm

t—1,m

As is the case for the conditional expectation W (X, X “~1) in the original PMHT, the
target-centric conditional expectation (3-24) is additively separable with respect to the state
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sequences, X . Hence, the M-step for target-centric PMHT is realized as M independent
maximizations:

(X™® = arg max O, (X", (X™) (=1, (3-28)

Likewise, explicit state estimates for target-centric PMHT are easily obtained for the standard
linear state-space model with Gaussian statistics, as shown in the following section.

3.3.2 Linear-Gaussian Case

The target state prior PDFs, p,,(21,,,) and p,, (¢ |24—1,m ), and measurement likelihood
function, p,, (24| T4 ), for the standard linear-Gaussian state-space model are given by
equations (2-23) through (2-25). The target-centric PMHT conditional missing-data PDFs in
equation (3-21) and conditional expectations in equation (3-26) require evaluation of the
additional PDFs in equations (3-10) and (3-11). For the linear-Gaussian model PDFs given by
equations (2-23) through (2-25), the PDFs in equations (3-10) and (3-11) are easily evaluated
using the Gaussian Refactorization Lemma derived in reference 9 and provided in appendix B for
convenient reference. Substituting equations (2-23) through (2-25) into in equations (3-10)
and (3-11) and applying this lemma (and its corollary, equation (B-8)) yields

P (21r) = N(er|H1milAU1\0,m> HlmP1|0,mH1Tm + Ripm) (3-29)
fort =1 and, fort > 1,

pm(Ztr|xt—1,m> - N<Ztr’q)tmxt—1,m7 Atrm)v (3'30)
with
(I)tm = Hthtma

3-31
Atrm - Hththg;n + Rtrm' ( )

Substituting equations (2-23) through (2-25) and equation (3-30) into equation (3-26),
simplifying the resulting expression and dropping terms not dependent on the target states yields
the following form for the conditional expectation, O,,:

@m<Xm7 (Xm)Mil)) - (wlm - fl\o,m)TplT&,m ($1m - i'l\(),m)

T
- Z (xtm - met—l,m)T Qt_ri (xtm - thxt—l,m)]

Lt=2

[T n
- 12> &) (e = Himm)" Riph, (21 — Htmxtm)]

Lt=1 r=1

A nt
+ Z Z ft(f;bl) (2tr — PemTe—1m)" Mgy (2r — (I)tmll?tl,m)] ;

Lt=2 r=1

(3-32)
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where the conditional target-to-measurement assignment probabilities for the previous iteration
are given by

Ytmr
(te—ll) N<Ztr|Htmxt Rtrm)

Eirm) = Jirm , (3-33)
Ytmo + Z =1 ’Zm;l;) N<th|Htmxt Rtpm)
tpm
with
N (z1e| Himn 0,m> Him P o,mHTm + Ripm), t=1,
D = | o (3-34)

N(Ztr|q)tmxt 1,m Atrm) t>1.

As in the original PMHT, the double sums in this expression can be simplified by defining
composite measurement, Z,, and (;,,, and corresponding composite measurement covariance
matrices, Ry, and A, for each target at each scan, as follows:

—1
RV = (Z& trm> , (3-35)
Z gt(fml)Rtrm Ztry (3'36)

and, similarly,

-1
(Z& trm> : (3-37)

o = A Zﬁt A 2 (3-38)

Expanding the quadratic forms in the double sums in equation (3-32), distributing the inner sums
over r, substituting the definitions given by equations (3-35) through (3-38), completing the
squares and dropping terms not dependent on the target states yields the simplified form for the
conditional expectation ©,,:

@m<Xm7 (Xm)Mil)) - (mlm - ﬁl\o,m)TPﬂol,m ($1m - i'l\(),m)

T
- Z (xtm - Emmt—l,m)T Qt_ri (xtm - thxt—l,m)]
t=2
T /. -1
(5 = Hpr) " (REY) ™ (850 - Htmxtm)]
1

i /AN R
(Ct(fn Y- q)tmxtfl,m) (Agfn U) (Ct(rén b ‘I)ththl,m) .
(3-39)

E

-
Il

[~

&
Il
[\
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Unlike for the original PMHT, except for the special case 7' = 1, the simplified form of
the conditional expectation, ©,,, in equation (3-39) is not in general functionally equivalent to the
posterior log-PDF for the standard Kalman smoothing problem with respect to the composite
measurements and measurement covariance matrices defined by equations (3-35) through (3-38).
Nevertheless, the estimated target state sequence, (X m)(@, for the mth target at the /th EM
iteration are obtained as the solution to the linear system of equations

(A™) D (xXm™) @ = () (3-40)

where, if s denotes the dimension of the target state, X" is an s7' x 1 block vector formed by

concatenating the states in X" = {xy,,} and, in general, A™ is an sT x sT block-tridiagonal

matrix, and b is an s7" x 1 block vector. Equation (3-40) is obtained by differentiating

equation (3-39) with respect to X ™, setting the resulting expression equal to zero, and simplifying

the result; that is, equation (3-40) results from the necessary condition for X" to maximize

O (X™, (X™)=1), For the special case T = 1, the matrix A™ and vector b™ are given by
(A = Pt i, (REY) Hin,

110,m

-1 Se—1)) 7 <(e-1) (3-41)
(bm>( - = P_\Ol,m JA’)”O,m + HlT’m <R1m ) 21m )
respectively. For the general case 7" > 1, the block entries of A™ and b™ are given by
( —1 T H(0—1) -1 T -1
P+ Hip | B Huim + F5,, Qo Fom
T (R0
- (I)Qm <A2m ) (I)2m> t= 17
m (- — ~ -1\ 1 _
(AR = Qb HE, (R Hut B Qi Frons
o\ -1
- (I)tT+1,m <A§§-117)n> @i 1ms 1<t<T,
7L, + HE, (RGD) h t=T
( YTm Tm Tm Tm) = 1.
m (=1 -
(At,t+1) = _th-;—l,mQt—Q—le) 1<t<T,
m (£-1) -1
(At,t—l) = _ththa 1 < t S T7
(3-42)
and
~(p_ -1 L . -1 ..,
Pl miom + HE, (BGY) 200 —of, (REY) LY, 1=1,
m\ (£—1 ~(¢— —1~7 ~(p_ —1~7
(b} )( = Hgn <R§7€1 1)) Zt(ﬁv, D (D?+1,m (Ag—llgv) Ct(f-l}gm 1<t<T,
. ~1
i, (R) s
(3-43)
respectively.
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4. COMPARISON OF INCOMPLETE-DATA PDFS FOR PMHT AND
TARGET-CENTRIC PMHT

The objectives of PMHT and target-centric PMHT are to find the target states, X, that
maximize the incomplete-data PDFs given by equations (2-11) and (3-19), respectively. In this
section, a qualitative comparison of these PDFs for a simple one-dimensional tracking problem is
provided. The problem consists of tracking two constant-velocity targets, in clutter, from
measurements of their positions in the surveillance region, denoted by S; practical examples
include tracking in time-bearing and time-frequency. To simplify the problem even further, only a
single measurement scan is considered, so that f = 7" = 1. In this case, the PMHT
incomplete-data PDF, equation (2-11), reduces to

ni

p(Z1, X)) = [H Pon(T1m ] 11

r=1

2
T + Z Flmpm(21r|$1m)] . 4-1)

m=1

Likewise, the target-centric PMHT incomplete-data PDF, equation (3-19), reduces to

Let the state of target, m, at scan, ¢, be defined as x4, = [usn, utm]T, where u,,, and ,,, denote
the target position and velocity, respectively. For a given scan of measurements,

Zy ={z,},r =1,2,...,nq, the PDFs in equations (4-1) and (4-2) are functions of the four
kinematic parameters {u11, @11, u12, 12 }, and are hence difficult to visualize without some form
of dimensional reduction. To address this difficulty, equations (4-1) and (4-2) are integrated over
the target velocities, 11 and 12, to obtain the marginal incomplete-data PDFs

Xl; Zl

er)

Z1r | T1m
Y1mo + Z Yimr #] . (4'2)

p(Zb {U11,U12}) = //p(ZlaX1)dﬂ11dU12, 4-3)

and
P({un,um};Zl) :/ p(Xl,Zl)dUndﬂm (4-4)

for PMHT and target-centric PMHT, respectively. When the densities, p,, (€1, ), Pm (21| Z1m ), and
pm(z1,), are given by the Gaussian densities in equations (2-23), (2-25), and (3-29), respectively,
the integrals in equations (4-3) and (4-4) are easy to compute; the results are

(Zl, {un, ulg} [H N ulm’u1|0 m 51\0 m)]

m=1

1|5

r=1

1oy Z T1m N (21, U, a%,.m>] , (4-5)
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and

2
p({un, u12}, Z1) = H N(U1m|ﬁ1|0,m7 gio,m)]
m=1

I

m=1

ni

N (zip[tim, 02,
Yimo + Caofttin, Tt (4-6)

24! -
mr N(er|u1|0,m> £%|07m + U%rm) ,

r=1

where )9 ,,, and §f|0 ., denote the a priori mean and variance of the mth target’s position at scan
t =1, and 0% denotes the variance of the rth measurement at ¢ = 1 under the mth target model.

For example, consider the one-dimensional surveillance region S = [—1, 1], with targets 1
and 2 positioned at u;; = —0.5 and u;5 = 0.5, respectively, at scan ¢ = 1. Furthermore, assume
the a priori expected target positions at ¢ = 1 are given by )9, = —0.6322 and 19, = 0.4314
with standard deviations for both target positions given by &;|o,,, = 0.2. For this example, a target
detection probability, Pp, of 0.9, and an expected number of clutter points, AV, of 4 are assumed,
where the number of clutter points is Poisson distributed, with a uniform spatial distribution in S,
as discussed in appendix A. Finally, target-originated measurements are assumed Gaussian
distributed with an error standard deviation, oy,,,, of 0.02 for all measurements and each target.

Plots of the marginal incomplete-data log-PDFs for PMHT and target-centric PMHT,
obtained by taking the logarithms of equations (4-3) and (4-6), are shown in figures 1(a) and 1(b),
respectively, for the following random draw of target and clutter measurements:

Zy = {—0.4899, 0.4883, —0.6896, —0.4624, —0.1322, —0.2082}, 4-7)

where the first two measurements are target-originated, and the last four are clutter points.

log p(Z1, {wi1, wi2}) log p({u11, w2}, Z1)

0.8
0.6
0.5
0.4

0.2

Uy
=}
Uiz
o

0.2
04 F
05
-0.6

-0.8

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
U1 U1l

(a) PMHT (b) Target-Centric PMHT

Figure 1. Marginal Incomplete-Data Log-PDF for (a) PMHT and (b) Target-Centric PMHT
Jor Two Constant-Rate Targets in Clutter, and Measurements Listed in Equation (4-7)

20



The PMHT measurement-to-target a priori assignment probabilities, {71,,}, m = 0, 1, 2,
and the target-centric target-to-measurement a priori conditional assignment probabilities,
{Yimr},m=1,2,7=0,1,...,6, are computed using equations (2-15), (2-16), and (3-23), and

are listed in table 1.

Table 1. A Priori Assignment Probabilities for PMHT ( Second Column) and Target-Centric

PMHT (Last Two Columns) for Example Shown in Figure 1

m T1im T Yi1r Yi2r
0 0.8343 | 0 0.0806 0.0806
1 0.0829 | 1 0.2762 0.0000
2 0.0829 | 2 0.0000 0.8951
3 0.3405 0.0000
4 0.2483 0.0000
5 0.0161 0.0183
6 0.0383 0.0059
The true target positions, u;; = —0.5 and w15 = 0.5, are plotted as circles in figure 1,

while the a priori expected positions, )0, and 1o 2, are plotted as triangles. The maximum
values of the two marginal incomplete-data log-PDFs are marked with asterisks in the plots; the
values of target position that maximize these log-PDFs are identical (to within the resolution of
the grid used for the plots in figure 1) for both PMHT and target-centric PMHT in this case. In
fact, the two log-PDFs are remarkably similar, with the same numbers of local maxima at the
same locations in the position state subspace. The results of this example would seem to
undermine the claim in reference 5 that the target-centric assignment model should reduce the
number of local maxima in the incomplete-data PDF due to clutter, though further study is clearly

warranted.
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5. TARGET-CENTRIC PMHT RELATIONSHIP TO PDA

For the special case of a single linear-Gaussian target in clutter and a batch length of one
scan, target-centric PMHT, a maximum a posteriori (MAP) estimator of target state, is closely
related to the Probabilistic Data Association (PDA) filter (references 3, 10, and 11), a minimum
mean-squared error (MMSE) estimator of target state, though there are differences in the way the
two approaches combine measurements using target-to-measurement association probabilities. To
simplify notation in this section, the subscript, m, is dropped on all variables indexed by target.
Let Z;_1,—1 and P,_;;—; denote the state estimate and state estimate covariance matrix,
respectively, at scan £ — 1 given all measurements up to this scan, and let Z;,_; and P;_; denote
the predicted state estimate and corresponding covariance matrix at scan, ¢, given by

Typ1 = Fy o1 (5-D
and

Py = FtPt—1|t—1FtT + Q4 (5-2)
respectively. Similarly, let Z,;_; denote the predicted measurement at scan, ¢, given by

St = H, By (5-3)

Finally, let 1, and S;, denote the innovation (i.e., measurement residual) and innovation
covariance matrix corresponding to the rth measurement at scan, ¢, given by

Vir = Zr — Ztjt—1 (5-4)
and

Sir = HiPju—1H{ + Ry, (5-5)
respectively.

5.1 PDA STATE UPDATE EQUATION AND ASSOCIATION PROBABILITIES

As shown in reference 11,* the PDA filter update for the target state at scan, ¢, is given by
the predicted target state plus the weighted sum of the innovations at scan, ¢:

Ty)p = Ty + Z B Wiy, (5-6)

r=1

where ;. is the probability that z;, is the target-originated measurement, and W, is the Kalman
gain matrix conditioned on this measurement, that is,

Wy = Pt\t—lHtT . (5-7)

*For this report, the modified form of the PDA filter derived in reference 11, which allows for each measurement
in a scan to have a different covariance matrix, is used.
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The PDA target-to-measurement association probabilities, (., for this case are derived by
combining the results of references 3 and 11 and take the following form:

Cto
o - , 7=0,
Co + ZPZI N (th’2t|t—la Stp)
Bir = . (5-3)
N (zer|2e16-1, Sir
(t’ﬂtl t) r=1,...,n

Co + Zzt:l N (th|73t|t71a Stp) ’

where the scan constants, ¢y, are functions of the target detection probability, Pp, and clutter
density, A.

Let Zy;, denote the target state update conditioned on measurement z;,, that is,
e = Ty—1 + We (5-9)

and define Z;; 0 = Zy,—1. Then, because the association probabilities in equation (5-8) sum to 1
over the measurement index r, equation (5-6) may be written equivalently as

Bre =D Bur Lo (5-10)
r=0

5.2 TARGET-CENTRIC PMHT STATE UPDATE EQUATION AND ASSOCIATION
PROBABILITIES

For the case where M = 1 and T' = 1, the conditional expectation of the E-step for
target-centric PMHT takes the form

O(x. 3Dy — R T p 5
(%, Ly ) = - (xt - $t|t—1) tlt—1 (l’t - »’Ut|t—1)
T /. -1
— (2,5(671) — Htﬂft> <R§£71)> <2t(€71) — Ht.fljt> s (5-11)

where the composite measurements and corresponding composite measurement covariance
matrices defined by equations (3-35) and (3-36) written in the notation of this section are given by

nt -1
RV = (Z éﬁf‘”thl) 7 (5-12)
r=1
AV =RV VR 4 (5-13)
r=1

The target-centric PMHT conditional target-to-measurement assignment probabilities
probabilities given by equation (3-21) are written in the notation of this section as
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YtmO0

e o NGl Ry
& = Yo A (2, HtAtftl Ru) B (5-14)
Yoo + S0 B N (e i O Ry
with
N = N (20 24jt-1, Str), (5-15)

following from equation (3-29). The form of the conditional expectation in equation (5-11) is
functionally equivalent to the posterior log-PDF for the standard Kalman filtering problem with
measurements and measurement covariance matrices given by the composite measurements and
composite measurement covariance matrices defined by equations (5-12) and (5-13), respectively.
Hence, the target state update, EI t) , at the /th EM iteration may be obtained by standard Kalman
filtering techniques in this special case. Specifically, the target state update at the /th EM iteration
is given by

i) = 2o+ WSV, (5-16)
where the innovation at scan, ¢,
D = 25D 5, (5-17)

is defined with respect to the composite measurement given by equation (5-13), and the Kalman
gain matrix at scan ¢,
-1

Wi = Pyl (V) (5-18)

is defined with respect to the composite measurement covariance matrix given by equation (5-12)
and the corresponding innovation covariance matrix given by

S = H, Py HT + RV, (5-19)

5.3 DISCUSSION

The developments in sections 5.1 and 5.2 reveal a close relationship between the PDA and
target-centric PMHT approaches for the case of a single scan of a single target in clutter. In
particular, both approaches reduce to Kalman filtering problems for some weighted combination
of the target information available in the current scan. In particular, equation (5-10) shows the
PDA filter is a weighted combination of Kalman filters—one for each measurement z;,,—with
weights given by the association probabilities, ;.. In comparison, the target-centric PMHT
approach yields a single Kalman filter applied to a weighted combination of the measurements
z, With weights given by the target-to-measurement assignment probabilities, §tr Moreover
target-centric PMHT results in an iterated Kalman filter, where the assignment probabilities, ftr ,
are updated at each iteration ¢, according to the target state update from the previous
iteration—namely, t‘ . -, ; by contrast, the PDA association probabilities, (3., are fixed by the
target state update from the previous scan—namely, Z;_;.
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6. STATE COVARIANCE MATRIX ESTIMATION FOR TARGET-CENTRIC PMHT

Unlike other multitarget tracking approaches, PMHT does not automatically produce
covariance matrices for the target state estimates as byproducts of the estimation procedure.
Nevertheless, good approximations to these matrices have been proposed and derived (see
references 12—14). The PDA-style approximation examined in references 13 and 14 is
particularly attractive due to its straightforward implementation and consistency performance.
This approximation is also particularly well suited to target-centric PMHT, in light of the close
relationship between PDA and target-centric PMHT discussed in section 5.

The PDA-style approximation to the PMHT state covariance matrices derived in
references 13 and 14 takes advantage of the fact that the M-step reduces to a bank of Kalman
smoothing filters, one for each target state. The target-centric PMHT M-step does not, in general,
share this attribute. While it is possible to derive a PDA-style approximation to the target state
covariance matrices for target-centric PMHT in the general case, the analysis here is confined to
the special case of a batch of length one scan (i.e., 7' = 1); in this case, the M-step for
target-centric PMHT reduces to a bank of Kalman filters, as discussed in section 5.2.

6.1 PDA STATE COVARIANCE MATRIX UPDATE

The PDA state covariance matrix update equations for the case where each measurement
has its own measurement covariance matrix is derived in reference 11. These equations are
summarized as follows.

The PDA state covariance matrix update, P ,,, decomposes into two terms:
Pyym = pt\t,m + Py m. (6-1)

The first term in equation (6-1) is comprised of a combination of the standard Kalman filter state
covariance matrix updates for each measurement in the scan processed independently, weighted
by the PDA association probabilities given in equation (5-8):

Pt|t,m = BiomPrj—1,m + Z Btrmpt\t,rm, (6-2)
r=1

where

D -1 T
Pt|t,'rm = Pt\t—l,m - WtrmS |44

trm " trm

(6-3)

is the state covariance matrix update conditioned on the rth measurement in the scan with the
innovation covariance matrices, S;,,,,, and Kalman gain matrices, W,,,,, given by equations (5-5)
and (5-7), respectively. The second term in equation (6-1) quantifies the combined spread of the
scaled innovations, Wy, /-, With the innovations given by

Virm = Ztr — 2t|t71,m7 (6'4)
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and weighted by the PDA association probabilities given in equation (5-8):

nt nt nt T
D E T T 2 2
Pt|t,m = Btrthrthrthrthrm - ﬁtrthrthrm Btrthrml/trm .
r=1 r=1

r=1

(6-5)

6.2 PDA-STYLE STATE COVARIANCE MATRIX APPROXIMATION FOR PMHT

As described in reference 13, equations (6-1) through (6-5) may be used to approximate
the PMHT target state covariance matrices at the leading edge of the batch,* provided appropriate
definitions for the association probabilities, [3;,.,,,, are specified. In reference 13, these association
probabilities are defined in terms of the PMHT measurement-to-target assignment probabilities,
Wirm» given by equation (2-13), as follows. First, let wy,.,,, denote the value of w,gfzn upon
convergence:

D = lim w!?) . (6-6)
£—00

The probability target, m, associates to no measurement at scan, t, is equal to the joint probability
that none of the n; measurements associates to this target; that is,

ne

Biom = [ [ (1 = @trm) - (6-7)

r=1

Next, assume the probability target, m, associates to measurement, r, at scan, ¢, is proportional to
the PMHT measurement-to-target assignment, wy,.,,; specifically,

ﬁtrm = Ctm@trma r= 17 ceey Ny, (6'8)

for some proportionality constant, c;,,, for all values of r. This constant is determined by
observing the PDA association probabilities, (3., are target-to-measurement assignment
probabilities and, hence, satisfy the constraint

> Bim =1. (6-9)
r=0

Substituting equations (6-7) and (6-8) into equation (6-9) and solving for ¢;,, yields

1- m
o = O (6-10)

2t irm

*Extensions to equations (6-1) through (6-5) to include approximations for the target state covariance matrices for
the smoothing problem are provided in reference 14.
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6.3 PDA-STYLE STATE COVARIANCE MATRIX APPROXIMATION FOR
TARGET-CENTRIC PMHT

Equations (6-1) through (6-5) may also be used to approximate target state covariance
matrices in the target-centric PMHT approach for the special case of a batch of length one, where
the M-step reduces to a bank of Kalman filters, one for each target state. In this approach, the
target-centric PMHT target-to-measurement assignment probabilities, &;,.,,, given by
equation (3-21) can be substituted directly for the PDA association probabilities, (3., in these
expressions because both sets of probabilities describe the same set of target-to-measurement
assignments, as discussed in section 5.1. Formally, let &, denote the value of éf?n upon
convergence:

Eprm = lim €9 (6-11)
/—00
Then, setting

5t7‘m :étrma r= Oala"-7nta (6'12)

in equations (6-1) through (6-5) will yield PDA-style approximations to the target-centric PMHT
target state estimates for this special case. However, for the case of a batch length of 7" > 1, the
M-step for target-centric PMHT does not reduce to a Kalman smoothing problem, hence the
analogous approach to equations (6-1) through (6-5) derived in reference 14 does not directly
apply. Nevertheless, the observed-information based approach derived in reference 12 would be
applicable in this case.
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7. A TARGET-CENTRIC/MEASUREMENT-CENTRIC PMHT HYBRID

Equation (3-21) of the target-centric PMHT derivation in section 3, repeated here for
convenience,

YtmO0 r = O
o _pmtpltem) T T
| Ytmo p=1 Vtmp Pm (Ztp|Tt—1,m)
Eirm = P{jim = 7|Tim, 21, } = _pm(ztrlzem) (-1
Vimr Pm (Ztr|Tt—1,m) r=1 T

_Pm(ztp|Tim)
Vim0 + Zp 1 r}/tmp pm(th@t 1 m)

reveals the conditional probability target, m, associates to measurement, 7, at scan, t, is
independent of the other M — 1 target states. This results in an estimation problem for the target
states, X ™, given by equations (3-26) through (3-28), which is also independent of the other
targets. Consequently, it is reasonable to expect the target-centric PMHT approach to, at a
minimum, have difficulty resolving closely spaced targets with perhaps similar prior PDFs. To
address this potential deficiency, two alternatives for blending the target-centric and
measurement-centric approaches are proposed. The first alternative is to alternate between the
two approaches between EM iterations. The motivation behind this alternative is to (almost)
simultaneously take advantage of PMHT s inherent one-target-per-measurement model with its
focus on sorting measurements between targets and clutter, and target-centric PMHT’s inherent
one-measurement-per-target model with its focus on sorting targets between measurements. The
procedure would amount to finding the target states, (X™)(), that maximize the PMHT auxiliary
function (equation (2-32)) at, for example, odd-numbered iterations, and those that maximize the
target-centric PMHT auxiliary function (equation (3-39)) at even-numbered iterations. The
procedure would also no longer constitute an EM algorithm and no longer guarantee a monotonic
increase in the incomplete-data PDF at each iteration.

The second alternative is to form a new set of target-to-measurement assignment
probabilities for target-centric PMHT that couple the target interactions across all measurements
in a scan. This may be accomplished by the same argument used in section 6.2 to create
association probabilities for the PDA-style state covariance matrix approximation for PMHT.
Equation (2-13) of the original (measurement-centric) PMHT derivation in section 2, also
repeated here for convenience,

Tt0 po(ztr|$t0)

0 Po(2er|Te0) + Zl]\il Ty pl(ztr‘xtl>’

Wirm = P{ktr — m‘ztmxtm} -
Ttm pm<ztr|xtm)

10 Po(2er|T10) + levzll Tl pl(ztr|xtl>’

(7-2)

reveals the conditional probability measurement, 7, associates to target, m, at scan, ¢, depends on
all M target states and the clutter distribution. Using these probabilities and Assumption 4, the
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probability no measurement associates to target, m, at scan, ¢, is given by

n

wiom = [ [ (1 = wipm) - (7-3)

p=1

In light of equation (7-3), define a new conditional probability target, m, associates to no
measurement at scan, ¢, denoted &;q,,,, as

gtOm = Wiom- (7'4)

Furthermore, define a new conditional probability target, m, associates to measurement, r, at
scan, t,r = 1,...,ng, denoted &,..,,, that is proportional to the conditional probability
measurement, 7, at scan, ¢, associates to target, m:

ftrm = UtmWtrm, r= 17 <oy Ny, (7'5)

where u;,, is the proportionality constant. This constant is determined by observing the
target-to-measurement assignment probabilities, &;,..,,, satisfy the constraint

> lm=1. (7-6)
r=0

Substituting equations (7-4) and (7-5) into equation (7-6) and solving for uy, yields

_ 1— £t0m (7_7)

Utm, rmy .
D rly Wirm

Substituting the new conditional probabilities, étrm, for the original conditional probabilities,
&4rm,» 10 equation (3-26) leads to an estimation problem for the target states, X', at EM iteration,
¢, that now depends on the estimates off all of the target states, { X™ : m = 1,..., M}, obtained
at iteration ¢ — 1.

Both approaches to a hybrid assignment model for PMHT are easily implemented and
warrant further investigation.
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8. CONCLUDING REMARKS AND FUTURE INVESTIGATIONS

In this report an alternative, target-centric assignment model for PMHT is investigated, in
which targets are assigned to measurements; this model is the dual of the original PMHT,
measurement-centric assignment model, in which measurements are assigned to targets. An
explicit state estimation algorithm for target-centric PMHT is derived for the linear-Gaussian
state-space model. Unlike for measurement-centric PMHT, this algorithm does not, in general,
reduce to an iterative Kalman smoothing problem for each target (except for a batch length of
one). Nevertheless, target-centric PMHT remains an iterative, linear estimation problem.

The relationship between target-centric PMHT and PDA filtering, to which it is closely
related for a batch length of one and a single target in clutter, is also investigated in this report.
Both approaches are shown to reduce to Kalman filtering problems for some weighted
combination of the target information available in the current scan, with weights given by the
familiar association probabilities for PDA, j3;,., and by the conditional target-to-measurement
assignment probabilities for target-centric PMHT, &;,., both of which share remarkably similar
forms (compare equations (5-8) and (5-14)). Additionally, an approximation to the target state
estimate covariance matrix is derived for single-scan target-centric PMHT based on the
PDA-style approximation proposed for PMHT in reference 13. Given this close relationship
between the association and assignment probabilities, ;. and &,,., respectively, this approximation
is particularly well-suited to target-centric PMHT. Extension of this approximation to the
multiscan (i.e., batch length greater than one) case is left for future investigations.

The target-centric assignment model for PMHT is not new; to the authors’ knowledge,
reference 5 is the first open-literature report of the approach. Nevertheless, there are many details
in reference 5 that are either omitted, unclear, or not entirely justified. This report attempts to
address each of these issues. For instance, the authors in reference 5 claim, without proof or
demonstration, that the target-centric assignment model should reduce the number of local
maxima in the incomplete-data PDF compared to its measurement-centric counterpart. However,
the example provided in section 4 of this report would seem to undermine this claim, as the
target-centric and measurement-centric incomplete-data PDFs for the example are nearly identical
with respect to the numbers and locations of local maxima. Further study of this behavior is
clearly warranted.

Lastly, a hybrid target-centric/measurement-centric approach is investigated to address a
potential deficiency of the target-centric model wherein the conditional probability a target
associates to a measurement at a particular scan is independent of the other targets, effectively
leading to independent estimation problems for each target. To address this issue, two alternatives
are proposed for blending the two approaches: one based on swapping between the target-centric
and measurement-centric assignment models between EM iterations, and one based on
re-normalizing the target-to-measurement assignment probabilities for target-centric PMHT in a
way—using ideas similar to those in reference 13—that couples the target interactions across all
measurements in a scan. Both approaches are easily implemented, but are left for future
investigation.
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APPENDIX A
A PRIORI ASSIGNMENT PROBABILITIES FOR TARGET-CENTRIC PMHT

Expressions for the data-dependent a priori target-to-measurement assignment
probabilities, v;,,,-, consistent with the target detection probability, Pp, (assumed equal for all
targets) and the clutter density, A, (i.e., the expected number of false alarms per unit volume, V', of
the surveillance region) are derived in this appendix. In the sequel, let iz denote the distribution of
the number of false alarms, 7, in the surveillance region. For example, if ) is assumed Poisson
distributed with mean, AV, then

p(n) = (A;/! S o

, n=0,1,.... (A-1)

Recall, from equation (3-6), for each target m € {1,..., M},
Yemr = P{jtm =7r|Z:}, T=0,1,... n, (A-2)
The following derivation for ,,,,, conditioned on the scan measurements, Z;, follows that of the
a priori PDA event probabilities presented in section 3.4.10, p. 136 of reference 3 and assumes:
1. There is at most one measurement per target;
2. There are at most M target measurements;
3. Missed detections are evenly distributed among the M targets;

4. The probability of assigning the mth target to the rth measurement at scan, , is
proportional to p,, (2, ), where

pm(ztr) = /pm(ztr|$tm)pm(wtm)dxtm- (A'S)

First, an expression for 7,0, the a priori probability target, m, is assigned to no measurement at
scan, t, is derived, followed by expressions for V..., 7 = 1,2, ..., ng, in terms of ;0. In the
sequel, let n; and ny denote the numbers of target measurements and clutter points observed,
respectively, so that

ny = n; + ng, (A-4)
and let 77, = min{n;, M}, where M is the number of targets. Then, for r = 0,

P{jtm = O‘Zt} = P{jtm = Olnt}
= P{jtm = 0|ng, ny = O}P{nf = ”t|nt}
+ P{jtm = 0|nt,n: = 1}P{n§ =Ny — Hnt}

+ P{jim = O|ng, n} = 7y} P{n§ = ny — fig|my ). (A-3)

A-1



By assumptions 2 through 3, the preceding expression becomes

P{jtm = 0|nt} = P{nf = nt|nt}
M-1
M

+ P{n{ =mny — 1|n;}

M —n,

P{nf =Nt — ﬁt\nt}. (A-6)

Now, forl = 0,1, ..., n,

P{m|n{ =ny — 1} P{n§ =n, — I}

P{n{ =n; —l|ny} =

P{n}
_ P{nf; =1}P{n; =n, — I}
P{n}
_ ()P = Po)Mu(n, — 1) (A7)
P{nt}
To determine P{n;}, observe
e ¢ M l M-I
-’ Pr(1— Pp)Y " pu(ng — 1)
=3 Plnt — ny =t} — =0 (T : (A-8)
; { t t ’ t} P{nt}
from which it follows
Y,
P{n} =) ( z )Pgu — Po)M = u(ng —1). (A-9)
1=0
Combining equations (A-6), (A-7), and (A-9) yields, after some simplification,
, 1S (MY PL(1 — Po)Mtu(n, — 1
Ytmo = P{]tm = O’nt} =1- MZZ;ZO (J\Z) lD( )M . ( d ) (A'IO)
> ito ( ! )PD<1 — Pp)M~pu(n, —1)
By assumption 4, the a priori assignment probabilities 7y, for r = 1,2, ... n; are given by
Yemr = CemPm (Zer), T =1,2,... 10y, (A-11)

where ¢y, is the proportionality constant for the mth target at the ¢th scan. This proportionality
constant is determined from the identity

> Arm =Y Plim =r|Z} = 1. (A-12)
r=0

r=0
Substituting equation (A-11) into equation (A-12) and solving for ¢, yields

_ 1 — Ymo (A-13)

Ctm - .
S D (2

A-2



Finally, substituting equation (A-13) into equation (A-11) gives the data-dependent
target-to-measurement assignment probabilities, V¢, for r = 1,2, ..., n; in terms of the “miss”
probability, V0, as
pm<ztr)
Ve T:n—(l_’ytmO)a T:1727"'7nta (A'14)
DY pe1 Pm (2tp)
with ~;,,0 given in terms of the target detection probability, Pp, and expected number of clutter
points, AV, by equation (A-10).

From equations (A-10) and (A-14), the following special cases are easily verified:

0, r =20,

/ytmT - ,,%Zm(Ztr> 7 r 1,2’ ) 7nt, 9 PD - ]-7 (A_ls)
szlpm(ztp)
1 =0

Vomr =2 0 . Pp=0. (A-16)
0, T:1,...,nt,

The measurement PDFs, p,,(z;,), in equation (A-14) are given, in general, by the integrals

pm(ztr) = /pm(ztryxtm)pm(xtm) dmtm' (A'17)

For the linear-Gaussian case, these integrals are easily evaluated in closed-form using the PDFs
given by equations (2-23) through (2-25) and the Gaussian Refactorization Lemma and its
correlate (equation (B-8)) given in appendix B. For ¢ = 1, closed-form expressions for these
integrals (the same integrals given by equation (3-10)) are given by equation (3-29). Analogous
results are obtained for ¢ = 2, 3, ..., n; by an induction argument. Indeed, for ¢ = 2, the
likelihood functions, p,, (22, |T2m ), in equation (A-17) are given by

pm(22r|x2m) = N(Z2T‘H2mx2ma RQTWL)? (A'18)

and the target state PDFs, p,,, (22, ), in equation (A-17) are evaluated as follows:
pu(2n) = [ Bu(anlin) puern) i
= /N($2m|F2m$1m, Q2m)N($1m‘f1\o,m, P1|0,m> dT1m,
= N($2m|F2mf1\0,m, F2mP1\0,mF2Tm + Qom),
= N (@am|Z210,m, Pojo,m); (A-19)

where the predicted target states, Z5|g,,, and corresponding covariance matrices, g ,, are
defined analogously to the predictions at £ = 1, as in equation (2-26):

Z2l0,m = F2m$1|0,m7

T (A-20)
P2|O,m = FZmPl|O,mF2m + Q2m-

A-3



Substituting equations (A-18) and (A-19) into equation (A-17), using the refactorization lemma,
and evaluating the resulting integrals using equation (B-8) yields

Pm(22r) = N (227 | Ham@2/0,m. H2mP2|U,mH2Tm + Rorm), (A-21)
which is identical in form to the result in equation (3-29) for ¢ = 1. Analogous results are
obtained for ¢t = 3,4, ..., n; by induction. In general, fort = 1,2, ... n,,

P (2tr) = N (2| HunZt10.ms Him Pojo.m Hiy + R (A-22)
with

Ttlo,m = thxtfl\o,ma

(A-23)
Pt\O,m = thPtfl\O,mF’tEL + th'

A-4



APPENDIX B
GAUSSIAN REFACTORIZATION LEMMA

The Gaussian Refactorization Lemma stated and proved in reference 9 is useful for
obtaining several marginal PDFs required in the derivation of target-centric PMHT. This lemma is
stated below for convenient reference.

Lemma. Given the L-dimensional vector x, the M -dimensional vector vy, appropriately sized
nonsingular covariance matrices S and P, and the M x L matrix F, the joint PDF

n(y,x) = N(y|Fz, S)N (x|, P) (B-1)
can be refactored as
n(y, x) = N(ylw, Q) N (3 A, A), (B-2)

where the mean vectors and covariance matrices in the resulting product of Gaussian PDF's are
given by

w= Fpu, (B-3)
Q=S+ FPFT, (B-4)
A= —-HF)u+ Hy, (B-5)
A= (I -HF)P, (B-6)

with the matrix H given by
H=PF'Q". (B-7)
This lemma is extremely useful when the marginal PDF of equation (B-1) over the

random vector, z, is required. In this case, integrating equation (B-2) instead with respect to
easily yields

[, w2 do = Mgl ), B-8)
R
because
N(z|p, P)dx =1 (B-9)
RL
by properties of PDFs.
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