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Modelling scattering from partially buried cylinders

John A. Fawcett

Executive Summary:

A better understanding of how energy is scattered in the ocean will lead to a
significant improvement in our ability to detect and classify scattering objects such
as mines. In particular, in this memorandum, we consider the case of a cylinder
partially buried in a sediment. The scattering characteristics of the cylinder in this
case are significantly different than if the cylinder was totally surrounded by, for
example, water and will, in fact, depend upon the degree of burial.

This memorandum describes two approaches to computing the scattering from
partially buried cylinders. The first approach allows one to compute the scattered field
in an efficient manner for a cylinder which is buried 50% in a lower sediment having
a different density than water but the same sound speed. This is a very particular
problem, but the solution can be computed in an efficient and accurate manner and
hence can be used as a benchmark solution for more general computational methods.
The second approach which is described can be used to compute the scattering from
partially buried cylinders in more realistic sediments. This method is used to
compute the amplitude of the energy backscattered from a cylinder as a function of
frequency and the cylinder’s degree of burial in the sediment.
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Modeling scattering from partially buried cylinders

John A. Fawcett

Abstract: 1. A boundary integral equation method is presented for the computation of
the acoustic field scattered from a cylindrical object which is totally within the water
column, totally buried in sediment, or partially buried. The unknown field quantities
within the cylindrical object (which may have internal cylindrical layering) are
represented by a Fourier/Bessel series with unknown coefficients. The pressure field and
its radial derivative on the exterior of the cylinder are related to this series and a system of
equations for the unknown coefficients derived. This method is used to compute the
spectral curves for the backscattered field as a function of cylinder burial. Some two-
dimensional full-field computations for scattering from cylindrical objects are also
presented.

2. Various methods have been proposed for the solution of waveguide scattering
problems(1-3). The last two references however are not applicable in the case of a
scattering object embedded in an interface between two media. A semi-analytical solution
is given to the problem of a cylinder embedded between two half-spaces with only a
discontinuity in density (although the sound speed can be different within the cylinder).
Although this is a particular subset of the general scattering problem, this method could
provide useful benchmarks for more general numerical codes.

Keywords: Sea surface scattering - Bottom scattering - Mine detection
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Acoustic scattering firomneylindyiezbeobjectsiembedded

between two half-spaces
John A. Fawcett
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(Received 13 February 1996; accepted for publication 13 June 1996)

In this paper a boundary integral equation method is presented for the computation of the acoustic
field scattered from a cylindrical object which is totally within the water column, totally buried in
sediment, or partially buried. The unknown field quantities within the cylindrical object (which may
have internal cylindrical layering) are represented by a Fourier/Bessel series with unknown
coefficients. The pressure field and its radial derivative on the exterior of the cylinder are related to
this series and a system of equations for the unknown coefficients derived. This method is used to
compute the spectral curves for the backscattered field as a function of cylinder burial. Some
two-dimensional full-field computations for scattering from cylindrical objects are also presented.

© 1996 Acoustical Society of America.
PACS numbers: 43.30.Gv, 43.20.Fn [MBP]

INTRODUCTION

Boundary integral equation methods' (BIEM), T-matrix
methods (see, for example, Ref. 2) and wave field superpo-
sition methods® have been described for the solution of scat-
tering problems in a waveguide. Generally, T-matrix meth-
ods have not been applied to the case of a partially buried
object; however, some recent T-matrix work does consider
this problem.4 It may also be possible to use the ideas of
wave field superposition for the case of the partially buried
scatterer; we have not investigated this concept.

The BIEM of Ref. 1 can be used to solve many types of
elastic object/waveguide scattering problems. The method of
this paper has advantages for the computation of scattering in
cylindrical object/two half-space problems. The method
combines the form of the interior cylinder solution with the
exterior two half-space Green’s function. Because of the
method’s formulation, it is straightforward to include any
cylindrical layering in the problem without a significant in-
crease in computational effort. The singular portions of the
exterior Green’s function are isolated and treated with care;
because these singularities are subtracted from the wave-
number integrals, the remaining wave-number integrands are
more rapidly convergent as a function of the horizontal wave
number.

In the numerical examples, we use our method to com-
pute the spectral characteristics of the pressure field back-
scattered from a cylinder for varying amounts of burial in the
sediment. We also compute and display the two-dimensional
pressure field for two examples of a partially buried cylinder;
a solid cylinder example and a shelled-cylinder example.

I. THEORY

Consider a half-space with the upper medium having
sound speed ¢; and density p; and the lower medium, sound
speed ¢, and density p,. A cylinder with sound speed c,,
density p, and radius a is embedded fractionally between the
two medium (see Fig. 1). The x-z coordinates are defined by
x=r sin @ and z=r cos 6, where 6 1is indicated in Fig. 1. We
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are considering two-dimensional scattering in this paper, or
equivalently, the cylinder, the waveguide, and the source can
be thought of as being infinite in extent (in one direction) in
a three-dimensional waveguide. The method described will
also handle the case where the object is entirely within one
of the two media. In this paper we consider an acoustic me-
dium and cylinder, but many of the same concepts, described
below, could also be applied to an elastic problem.
From Gauss’s divergence theorem® we can write

. 2w
p(r,0)=p"’°+aJ' G, (r,0,;r'=a,0")p(a,0)do’
0

2m
—a G(r,0;r'=a,0')p,(a,8')d6'. (1)
0

Because of the interface conditions satisfied by
G(r,0:r',6") and p(r,8) at the interface z=—L, it can be
shown that Eq. (1) is valid for the cylinder above, below, or
embedded in the interface. In Eq. (1) p(a,6’) and
p,(a,8') refer to values of the pressure field and its radial
derivative on the exterior surface of the cylinder. Below, we
derive a series solution expression for the pressure field and
its radial derivative in the interior of the cylinder and then
relate these to the exterior values.

A. Representation of interior solution

In this paper the cylindrical object may have internal
layering. We will consider two cases in detail here; a homo-
geneous cylinder and a cylinder with a shell. In the first case,
the pressure field within the cylinder p™™ has the representa-
tion

N
p(r,0)= X apJ,(kr)e™’ (2a)

and

dJ(kr)

N
pr(rno)= 2 ay—g— " (20)
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FIG. 1. Schematic diagram of cylinder embedded between two half-spaces.

At the surface of the cylinder r=a we can absorb the
Bessel functions into the coefficients and write

N
pi"(a,0)= ZN a"nein0 (33.)
and
N
pl(a,0)= 2 d,yae™. (3b)
n=—N

For a homogeneous cylinder
_Jy(ka)
7 7, (ka)’

where a prime denotes differentiation with respect to r. In
the case that J,(ka)=0, the representations of Egs. (2a) and
(2b) should be used.

The case of a cylinder with a shell can also be handled
straightforwardly. Suppose that the cylinder has an inner
layer at r=5. We will suppose that the wave number in this
inner region is k{=w/c, and the density is p{. Within the
outer layer of the cylinder there are the values k5= w/c, and
p5 (see Fig. 2). Within the inner region the pressure field has
the form

(3¢c)

N
p(r,0)= 2 c du(kir)en?. (4a)
N

n=-—

In the outer shell the solution has the form

N
p™"(r,0)= ZN [and o (k5r)+b,H, (k5r)]e™®.  (4b)

Satisfying the continuity equations at r=» leads to the rela-
tion b,=d,/da, , where

Jo(KSB)IL(KSD) I, (kSh)IL(kSb)

o - > ; (53)
P2 P
and
_//--c; '_\':“T\\ r=a
{/" = N
[ () |
\ l\ 1 1} /: /Jj
\‘\__ b=l I'=.ty
-

FIG. 2. Schematic diagram of layered cylinder,
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|

‘ (5b)
P P2

This means that as before we can use Eqs. (3a) and (3b) at

r=a, where now

Jo+d,ldH,
"SI diaE, o

The chief point to note is that in both cases (and in general
for layered cylinders) we can express the acoustic field quan-
tities at the surface of the cylinder in terms of a sequence of
unknown coefficients.

B. Representation of the exterior solution

The form of the acoustic field quantities derived in Sec.
I A is valid inside the cylinder. However, in the integral rep-
resentation of Eq. (1) we require the field on the exterior
surface of the cylinder. From the boundary conditions at the
surface of the cylinder, we know that the pressure field is
continuous and hence we can use the representation of Eq.
(3a) for this quantity. The radial derivative of the field nor-
malized by the density is also continuous at the surface of the
cylinder. Hence for the integration point in the upper me-
dium we can use for the exterior field quantities,
p(0)=(p//p)p(8') and in the lower medium
p8)Y=(p,/p)p)(8"), where p, denotes the density of the
outermost layer of the cylinder.

Substituting these expressions into Eq. (1) the following
relation is found:

N

) 2
p(r’a)zplnc-}_aJ’ Gr’(rya;ayo,) E
0 n=

-N

a"nemﬁ de’

27 iy )
—af G(r.6;a,0 ) a(6') 2, 4,y,e"? do’,
0 n=—-N

(M
where
pl/pc’ Ose,seL,l’
MFF[ B (®)
p2lpe, 010'<0,,

and 1, is defined in Eq. (3c) or (6). The angle 6’ is defined
with respect to the center of the cylinder and the angles 6;
and 6; , are those of Fig. 1.

We now consider the limit of Eq. (7) as the observation
range approaches the cylinder r—a; we also multiply both
sides of Eq. (7) by ¢~ and integrate from O to 217 to obtain

O ,<0'<2w

zwaAmzim—f_Amn&n_anaAn’ (ga)

where

2@ (27 . . ar
Amn'z_aj f G, (a+e 0,a,0)e %m0 4o de’,
o Jo
(9b)

27 (27
B,,,,,Eaf f G(a+te€,6;a,0")a(0")
o Jo
X e~ im0 ¢n0 qg 4g’, (9¢)
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2‘" . .
= f p(8)e "™ 6. (9d)
0

It is important to note that we have not included in Eq. (9a)
the usual factor of 3 from the singular behavior of the
integral’® of Eq. (9b) as r—r'. This is because of the manner
in which we will perform this integration; in particular, we
will consider an azimuthal expansion of G, valid for r>r’
[for example, we will have radial terms of the form
H,(kr)J, ,(kr') in the expansion], we perform the integra-
tions with respect to § and ' with this range assumption, and
then take the limit as r—a. In this manner the singular limit
in Eq. (9b) is properly accounted for and it is not necessary
to explicitly indicate the factor of 5 in Eq. (9a) [see, also, the
discussion of Eq. (14)].

Equations (9a)—(9d) are the fundamental equations of
this paper. The solution of these equations (i.e., equivalent to
the inversion of the matrix B,,,—A,,,+ &,,, where &, , is
the Kronecker delta function) yields the interior Fourier co-
efficients {d,,n=—N,...,N}, which through Eq. (7) can be
used to compute the pressure field anywhere within the
waveguide. From the work of Schenck® and others it is
known that for some exterior scattering problems, BIEM
implementations may break down at certain frequencies. We
have not rigorously analyzed our particular class of problems
but, at least for the cases that we have computed thus far, we
have not encountered this problem. There is an annoyance in
Egs. (3a) and (3c) when J,(ka)=0 and y,=%, but this
problem is easily avoided by redefining the coefficient 4, . In
the remainder of this section we discuss the computation of
the integrals of Egs. (9b)—(9d).

C. Spectral representation of the Green’s function

In order to evaluate the integrals of Eq. (9), we first
consider the spectral representation of the waveguide
Green’s function. For example, considering the source point
(x',z') in the upper half-space we can write’

L[ - e_mlz_“
R A —ik(x—x
Glxzix".2') 27 ) ¢ 2iy,
R(k,) :
ivi(2L+z+2") 1
T de(k,)  (10a)
for x,z in the upper medium and
2. iy T(ky)
T N —ik (x—x") &5
Glx,z3x",2) 27 ). 2iy,
X !Nz = vDeln=mL gr(k ) (10b)

for x,z in the lower medium. The functions R(k,) and T(k,)
are the plane-wave reflection coefficients at the interface and
are given by

P2Yi— P12

R(k,)=
P2YitpLY2

(11a)
and
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. (11b)
P2Y1tP1Y2
where
Yi= \-'Iltt_i:f':"l__ }\T (llc)

Similar expressions can be written for x',z" in the lower
medium. It is advantageous to perform the integrations of
Eqs. (10a) and (10b) slightly off the real axis to avoid the
singular behavior of the integrand for y;=0; we denote a
general integration contour in the complex plane as {(k,).

We now note that for k,—®, y,=vy,=ik,. Hence
R(k)—(py—p)/(py+p)=R" and T(k,)—[2p,/(p,
+p,)]=T". Using these asymptotic limits it is possible to
rewrite Eq. (10a) and Eq. (10b) isolating the singular terms.
In particular, we can write for (x,z) and (x’,z") in the upper
medium,

i i
G(x,z;x',2')= 7 Hy(kyrp)+ 7 R*Hy(kyrg)

+L e_ikx(x_x’) (R(kx)—R )
27T ) 2iy,;
X eMELFI) d(k,). (12a)

In Eq. (12a)
rp=N(x=x")+(z=2')%

rR= \/(x—x')2+(z+z'+2L)2.

Similarly we can write for Eq. (10b),

o i 1 1 * —ik (x—x")
Gx,z;x",2')= 7 T Hy(krp)+ 7 e

T(k,)e 1) — T i2(ks)
><[ o ]d{(k,c),
(12b)
where
$1(k) =712 = vzt (V1= ML (12¢)
and
$2(k)=71(z" —2). (12d)

There are similar expressions for the source in the lower
medium. If the cylinder is totally within a single medium
then only the expressions corresponding to direct and re-
flected energy need to be considered.

Thus we have separated the Green’s function into ana-
lytical singular terms and a remainder term which has to be
numerically evaluated. Because we explicitly evaluate the
integrals of the integrands’ asymptotic limits (these are the
Hankel function terms), the remaining numerical integrals
are more rapidly convergent. It is interesting to note that for
a medium with only a density contrast across the interface
the singular term expansion is complete; the integral remain-
ders are zero. This is related to the fact that for the density
contrast only situation it is possible to derive a modal expan-
sion of the solution.?
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D. Azimuthal expansion of Green’ skfuncrttl

It can be seen from Egs. (9) that we must project func-
tions of the form e etc. onto the Green’s function and its
radial derivative. In order to use our expressions for the
waveguide’s Green’s function, the integrals are broken down
into four subintervals: corresponding to source (6') points
and observation (6) points both in the upper half-space,
source and observation points both in the lower half-space,
the source points in the lower half-space and observation
points in the upper half-space and finally, the observation
points in the lower half-space and the source points in the
upper half-space.

The integrals with respect to the singular terms can be
done analytically. For the direct and transmitted terms we
use the expansions

N
Hl(krp)= 2>, Hl(k(a+ €))J,(ka)e™® %)  (13a)
n=-—N
and
Hykrp) - dl(ka) . . .,
— = N (6—-06")
pe n;NHn(k(a+e)) 1 e .
(13b)

These expansions are valid for all # and 8 provided that
r>r' and will converge approximately as (r./r-)" for large
n (see for example the large n asymptotics of J, and Y, as
given in Ref. 9). Thus for r>r'=a we can use the expan-
sions of Eq. (13) in the integrals of Eq. (9) for integrating
this portion of the Green’s function. It is not difficult to show
then that for r>r’', integrals of the form

dJ ka) ) 0 s Aol
fj l( r) ’( ll e-—zlG e—-tmGem& de d6"
"I=-N

(14)

n of N, and that the limit as r—a is

% EEIEEY (Margb ned gﬁﬂmm ply replacing r in Eq. (14) Wlth a. Because

we are evaluating Eq. (9b) in the limit as r—r’ for r>r' the
singular nature of the Green’s function is correctly accounted
for and the usual limiting factor of 3 required by many BIEM
implementations® is not needed in front of the integral in-
volving G,

The singular term for the reflected field R“HJ(k,rg)
(more particularly its radial derivative, dHY(k,rg)/dr’), is
more difficult to expand in terms of the azimuthal exponen-
tial functions of # and &'. It is possible to use the translation
theorem!® for Bessel/Hankel functions and express the re-
flected term as a double sum of azimuthal terms. However,
the convergence of this series for the radial derivative is very
poor for the region where z and z’ are approximately equal
to — L. For the results of this paper, we used a more brute-
force approach—we evaluated numerically double integrals
(for both the upper and lower half-spaces) of the form

y 'r_i: ) o,
j J Hy(krg(8,6'))e™ %" 46 de' (15a)
"'I &
and
6, (0, GHL(krp(6,6")) |
j J’ ——Oai,—e"'"f’e‘"f’ dede’. (15b)

To improve the behavior of the integrand in the case of the
radial derivative, we subtract a term #(6,6") containing the
singular nature of the radial derivative and then add the ana-
Iytic integral of this term to the result. In particular,

~2i {—=[x(0)—x'(0")]sin(8')+[z(8)+z'(6")+2L]cos(6")}

1(8,0')=

For the &' integration, the denominator term in Eq. (16) is
expanded about the midpoint of each #' panel, up to includ-
ing second-order terms in &' . The resulting expression can be
integrated analytically and gives rise to an expression con-
taining an Arctan function.

This analytic integration is particularly important for 8
and ¢ approximately equal to 6, , or 6, , (see Fig. 1). A
similar approach to integrating a waveguide Green’s function
was outlined in Ref. 11.

Finally, we must consider the wave-number integrals
and their decomposition into the azimuthal exponential func-
tions. First we note that for a fixed value of k, that the inte-
grands of Egs. (12) are composed of a plane-wave compo-
nents for both the (x,z) and (x’,z") coordinates. These plane
waves can be expanded analytically in the form
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{[x(6)—x" () +[2(6)+2' (") +2L]%}

(16)

r

®©

e~ ik y2) = 2

n=—o

i*J (kr)em (ot ¥), (17)

where x=rsin 6, z=r cos #, and (//,-=cos_1(y,-/k). The
same type of expansion is also used for the plane wave in the
x',z" coordinates. Substituting these type of expansions into
the wave-number integrals the explicit dependence on r,r’,
6, and ¢ can be brought out of the wave-number integral and
the azimuthal integrals performed analytically. However,
there remains integrals to evaluate numerically. For example,
for the reflection term (upper half-space) we have wave-
number integrals of the form

1 (= [R(k)—R"]
o e

iyy2L pilm=n)i(ky) g (ke
2y, e {(k,) (18a)
to evaluate, and for the transmission integrals

John A. Fawcett: Scattering from embedded cylinders 3056
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i

W
a

(
(18b)

]

21'}’]

The wave-number integrals contain evanescent plane
waves for k,= w/c;. The plane wave expansion of Eq. (17)
is still valid; however, the convergence properties of this
series become increasingly poor as k,—%. The phase
Y;=cos”'(7,/k) is now complex and ™% or e ~""¥i grows
approximately as (2]k,|)" for large |k,|. Thus for increas-
ingly large values of |k,| it becomes necessary to use an
increasing number of terms in Eq. (17) to ensure conver-
gence of the series. If the cylinder is totally above or below
an interface, then the exponential decay of the plane waves
means that it is not necessary to include very much evanes-
cent energy in the wave-number integrals and the expansions
outlined above provide an efficient integration scheme. How-
ever, for the cylinder entering the interface it is necessary to
include more of the evanescent energy and the Fourier—
Bessel expansion of the integrand becomes more problem-
atic. A brute-force but efficient alternative approach to this
problem is not to use Eq. (17), but instead to numerically
compute for each discrete point of the wave-number inte-
grand, the integrals

P)
f zeia[kX sin(6)+; cos(8)],~ im0 g g (19a)
6,

and

fﬁzeia[Akx sin( 8’ )+ y; cos(()')]eine’ de, (19b)
6,

where 6, and 6, denote the appropriate angular limits of
integration in the upper or lower half-space. These are one-
dimensional integrals; the double integrals for the term A,,,
are simply obtained from the wave-number integrals of the
product of these integrals. The discrete phase factors of the
form ¢™% (j=1,...,N,,) are precomputed for the integra-
tions in the upper and lower half-spaces—in this manner, the
numerical azimuthal integrations are done very efficiently. In
the evanescent regime of the wave-number spectrum this
procedure proved to be as fast and more robust than having
to use many terms in the Bessel function expansion in order
to obtain stable numerical results.

In summary, there are four different domains for the
Green’s function (i) source and observation point are both in
upper layer (ii) source in upper layer, observation point in
lower layer, (iii) source in lower layer, observation point in
upper layer and finally, (iv) source and observation points
are both in the lower layer. For each of these cases we ex-
tract the singular behavior of the Green’s function, these sin-
gular functions can then be expanded in terms of # and ¢’
analytically. However, the expansion of the singular reflec-
tion term proves to be problematic, particularly for partially
buried cylinders. We resorted to numerical integration with
singularity subtraction to handle this term. There remains
wave-number integrals for each of the reflection and trans-
mission terms with better convergence properties as a func-
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tion of k, as a result of the singularity extractions. The plane-
wave components in these integrands can be expanded in
terms of @ and 6 and Bessel functions and the angular pro-
jections done analytically (although, the integration with re-
spect to wave number must be done numerically). However,
when the cylinder is only partially buried, it is generally
necessary to include a significant amount of evanescent en-
ergy in the wave number integrals. Because of this problem,
we used numerical integration in order to compute the azi-
muthal projections. For each value of the horizontal wave
number k., a sequence of azimuthal integrations is per-
formed with respect to # and another sequence with respect
to @'; the various required two-dimensional integrals are
formed from the products of the integrals from these two
sequences. We attempt to make these numerical integrations
as efficient as possible by precomputing and storing all the
azimuthal phase factors which are used repeatedly in the
computations.

Il. NUMERICAL EXAMPLES

In the first example we consider a cylinder of radius 1 m
with an interior sound speed ¢.=5000 m/s and p.=3000
kg/m3. The upper half-space has a sound speed ¢, = 1500 m/s
and p,=1000 kg/m>. The lower half-space has sound speed
¢,=1700 m/s and p,=1500 kg/m®>. A point source (line
source, since we are considering a two-dimensional problem)
is located at x,=— 50 m and z,=25 m, where the origin of
the coordinate system is taken to be the centre of the cylin-
der. We compute the amplitude of the scattered field at this
source point as a function of frequency. In Fig. 3, we show
the resulting curve for this cylinder in free-space with the
same parameters as the upper half-space (solid line) and with
the parameters of the lower half-space (dashed line). As can
be seen the two curves are very similar. The direct incident
field is proportional to Hj(kr,) where r; denotes the range of

H
o

o
S
|

-60—

'

~

(=]
|

Pressure Amplitude (dB)
g

8
|

FIG. 3. Spectrum of backscattered field for 1-m-radius cylinder ¢ .= 5000
m/s, p,=3000 kg/m® (x,= —50 m z,=25 m) for surrounding homogeneous
space ¢ = 1500 m/s (solid line), and ¢=1700 m/s (dashed line).
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these curves and all other spectral curves computed in this
paper, we first multiply the pressure amplitude by Jka in
order to offset this k™' dependence of the incident field. In
Fig. 4(a)~(e) we show the spectral curves as computed for
the cylinder centre 1.01 m above the interface (almost resting
on the interface), 0.5 m above the interface (25% burial), on
the interface (50% bural), 0.5 m below the interface, and
1.01 m below the interface. We used 1.01 m instead of 1.0 m
for two of the curves as the form of our singularity treatment
for the reflection term broke down in the case of the cylinder
lying tangent to the interface—we avoided this problem by
using an offset of 1.01 m instead of 1.0 m. The curves are
computed for 125 equispaced frequencies—in order to pro-
duce smooth curves over the entire frequency band it was
necessary to very accurately model the problem. For most of
the computations we used N=96 in Eq. (7) and used 901
discrete points in our azimuthal integrations. The values of
these parameters could be much smaller for the lower fre-
quencies but we used the same values for the entire curve.
The wave-number integrals for the Green’s function kernels
were carried out from k,=—10w/1500 to 10w/1500 with
3000 integration steps. These various parameters were varied
in other computations of the same curves to make sure that
stable results were being obtained.

The spectral curves for the object totally within the wa-
ter column show the most variation as a function of
frequency—as the object becomes increasingly buried these
curves become increasingly smooth and eventually become
similar to the free space curve. These results are
reasonable—for the object above the interface, there are the
effects of the scattering from the cylinder itself, but there are
also multiple scattering interactions between the interface
and the object. As the object is increasingly buried to the
50% level, there is less and less “‘space’” between the object
and the interface in which the multiple scattering interactions
can take place. As the object moves into the lower half-
space, more space opens up between the cylinder and the
interface. However, the situation is different than when the
cylinder is in the upper half-space, because now the incident
energy on the cylinder (from both the incident field and from
multiple interactions with the interface above) is all down-
going. In the case where the cylinder was mostly above the
interface, the incident energy was both downgoing and up-
going. We can see that as the cylinder becomes totally bur-
ied, the spectral curve becomes very similar to the free space
curves of Fig. 3. However, the mean levels are reduced by
about 3—4 dB. With respect to cylinder burial, we also see a
decrease in the mean level of the curves of Fig. 4 as the
cylinder becomes increasingly buried. However, this de-
crease is not uniform with respect to frequency. For example,
there are frequencies in Fig. 4(a) and (b) corresponding to a
significant null; many of these frequencies are no longer in a
null in the curves of Fig. 4(c)—(e).

We now consider a 0.5-m radius cylinder with a 5-mm-
thick shell buried 25% (see Fig. 5). The shell has parameters
¢=5000 m/s and p=3000 kg/m3 (i.e., the same parameters
as the cylinder considered before) and the interior has the
values ¢ =340 m/s and p=1.2 kg/m3. These values are rep-
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FIG. 4. Spectrum of backscattered field for 1-m-radius cylinder ¢,=5000
m/s, p,=3000 kg/m® (x,= —50 m z,=25 m) for cylinder center (a) 1.01 m
above interface, (b) 0.5 m above interface, (c) 0.0 m above interface, (d) 0.5
m below interface (e) 1.01 m below interface.
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FIG. 5. Schematic diagram of the geometry used for the computation of the
backscattering from a shelled cylinder.

resentative of air. Because of the slight thickness of the shell,
we expect the cylinder to scatter as if a pressure release
surface. In this example, the source is taken to be at x;= —20
m and z,=10 m. In Fig. 6 we show the computed spectral
curve for a receiver at the source point. Once again we com-
pute to a ka product of 20; since the radius of the cylinder is
now 0.5 m this corresponds to a frequency of approximately
9550 Hz. We also show in Fig. 6 with the solid curve the
spectral response of the same cylinder in free space. As can
be seen, this curve is basically flat and hence the structure of
the cylinder’s spectral curve (dashed line) is due to the inter-
action of the incident and scattered field with the interface.
However, we have computed this curve with quite a fre-
quency increment of 4 Hz in contrast to the 80 Hz spacing
used for the BIEM curve and small, very thin resonances are
visible. To see if these features were present in the BIEM
spectral curve we computed a curve for 25 frequencies (Af
=1.2 mHz) about the ka value of 12.719, which corresponds
to a peak in the free-space curves of Fig. 5. As can be seen in
Fig. 7 the peak is also present in the BIEM spectral curve
(dashed line)—the peak location is very close to that of the
free-space curve (solid line) which recomputed with the

Pressure Amplitude (dB)

FIG. 6. Spectrum of backscattered field for 0.5-m-radius, air-filled cylinder
with 5-mm-thick shell (x;= —20 m z,=10 m) with cylinder center 0.25 m
above interface. The solid line is the free-space curve (surrounding velocity
is 1500 m/s) computed with a frequency spacing of 4 Hz. The dashed line is
the BIEM curve computed with a frequency spacing of 80 Hz.
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FIG. 7. High resolution spectrum of backscattered field for shelled cylinder
for ka~12.719 (frequency=6073.0 Hz) for free-space curve (solid line)
(surrounding velocity=1500 m/s) and for cylinder (dashed line) 25% buried
in sediment. A frequency spacing of Af=1.2 mHz was used for both
curves.

same frequency increment as the fine resolution BIEM curve.
The shape of these two curves is, however, somewhat differ-
ent. _

In Figs. 8 and 9 we show two-dimensional grayscale
plots of the total pressure field for the larger homogeneous
cylinder and for the smaller shelled cylinder. These fields
were computed for a frequency corresponding to a ka prod-
uct of 10. The frequency for the smaller cylinder case is
double that of the larger cylinder computation. In both cases,
a shadow zone behind the cylinder is evident. The cylinder is
shaded in with the highest contour color—this is not the
computed value within the cylinder. For the smaller cylinder,
the cylinder surface (or just below the surface) appears as a
pressure release surface and the pressure goes to zero there.

lll. SUMMARY

We have presented in this paper a BIEM which com-
bines the form of the solution for the interior acoustic field in
a layered cylinder with the exterior Green’s function for a
two-half-space medium. The Green’s function is decom-
posed into singular Hankel function terms with coefficients

ABOVE -34

46 - 40
-52 - 46

BELOW -58

x(m)

FIG. 8. Two-dimensional grayscale plot of amplitude (dB) of total pressure
field for 1-m-radius cylinder (25% burial) computed for ka = 10.
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FIG. 9. Two-dimensional gray scale plot of amplitude (dB) of total pressure
field for 0.5-m-radius cylinder (25% burial) computed for ka= 10.

dependent upon the density contrast of the medium and
wave-number integrals. The BIEM was used to compute the
spectral curves, for a particular backscatter geometry, as the
scattering cylinder became increasingly buried in the lower
half-space. The spectral curves for the cylinder in the upper
half-space were significantly different in appearance than the
free-space curves; as the cylinder became increasingly bur-
ied, the spectral curves became smoother and appeared more
like the free-space result (although reduced in amplitude).
We also used the method to computed the scattered field
from a shelled cylinder. Two-dimensional plots of the pres-
sure field in the neighborhood of partially buried cylinders
(solid and shelled) were computed.
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eport no. changed (Mar 200808 182pckkible to extend the approach of this pa-

per to consider three-dimensional scattering from spheres; in
particular, by using azimuthal symmetry it should be pos-
sible to solve a sequence of two-dimensional problems, one
for each azimuthal order. In the future, we would also like to
consider elastic scattering problems for a partially buried ob-
ject.
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The computation of the scattered pressure field from a cylinder
embedded between tWo&! FalPopHleXitl-différent densities

John A. Fawcett

SACLANT Undersea Research Centre, Viale San Bartolomeo 400, 19138 San Bartolomeo (SP), Italy
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In this Letter a straightforward, efficient method for computing the acoustic field scattered by a
cylinder embedded halfway between two half-spaces is presented. These half-spaces have the same
velocity but a different density. This method should be useful for benchmarking more general codes.

© 1996 Acoustical Society of America.
PACS numbers: 43.30.Gv, 43.20.Fn

INTRODUCTION

There have been a variety of methods proposed for the
solution of waveguide scattering problems (for example,
Refs. 1-3). The last two references, however, are not appli-
cable in the case that the scattering object is embedded in an
interface between two media. In this letter, we give a semi-
analytical solution to the problem of a cylinder embedded
between two half-spaces with only a discontinuity in density
(although, the sound speed can be different within the cylin-
der). Although this is certainly a very particular subset of the
general scattering problem, we feel that our method of solu-
tion could provide useful benchmarks for more general nu-
merical codes.

. THEORY

Consider a half-space with the upper medium having
sound speed ¢, and density p; and the lower medium, sound
speed c,=c; and density p,. A cylinder with sound speed
¢, , density p,, and radius a is embedded halfway between
the two medium (see Fig. 1). The theory described below
also applies to a cylinder with internal cylindrical layering
but we will only consider a homogeneous cylinder here.

A. Form of solution within half-space

We consider a polar coordinate system based at the cen-
ter of the cylinder. The Helmholtz equation in this system is

| O ap
——\r—t
r or ar

where we have indicated on the right of Eq. (1) the form of
a possible point source. We seek a solution of Eq. (1) in the
form

1 é*p w?
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The eigenvalue problem
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can be easily solved in terms of sine and cosine functions.
There are two sets of eigenfunctions

1
¢,,(0)=C—cos(n0), 0s6<2mw (4a)
and
1
U (6)= 5 sin(nf), O0<6O=m,

1
__ P sin(nf), w<O<2m. (4b)

Sn P

In Eq. (4) C,, and S, are the normalizations of the modes and

are equal to
112 2m Y 12
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’ ( fo p(6) )

[ (2n &
[J ==
\ 40 []{ )

respectively. A similar type of eigenfunction expansion was
previously used by Chu* for an exact solution of propagation
in a density contrast wedge.

Multiplying Eq. (1) by ¢, (or also by ¢,) and dividing
by p(6) and integrating from O to 27 we obtain the radial
equation for the modal coefficients,

14 dR, n2R+w2R_0
rar ré’r P2 et B

5("— rx)¢n( 0s)[ (//n]
p(6;) '

(5)

Equation (5) has a standard solution in terms of Hankel and
Bessel functions. Thus the pressure field has the general form
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p1 = 1000 kg/m3
¢ =1500 m/s
Specular Ray

*SOURCE

Interface
Reflected Ray

P2 = 2000 kg/m3
¢c=1500 m/s

FIG. 1. Schematic diagram of cylinder embedded between two half-spaces.

P(r,0)= 2 $(6)(yad lkr) +a,H, er)

@

+ 2 (O kr) F b H k), (6)

where k=w/c,. For the scattering solution from a cylinder
the v, , 7, are known incident coefficients and a, ,b, are to
be determined. The incident coefficients are determined from
Eq. (5) with the radial source,

‘Yn=(_IW/Z)(bn(0:)Hn(er)/p(0x) (73)
and

Tn=(_iW/z)wn(es)Hn(krs)/p(ex)- (7b)

B. Form of the solution for a cylindrical inclusion

In order to determine a, ,b, we invoke the boundary
conditions at the surface of the cylinder,

p(r=a,0)=p¥(r=a,6) (82)
and

1 op 1 op

p(0) or "TOOT 5 T T8 o

The solution within the cylinder is expressed in the form

pcyl(r, 6)= 20 ¢ y(kor)cos(n)

n=

+ 2, dyd(ker)sin(n6). 9)

We multiply Eq. (8a) by ¢,(6)/p(6) or ¢,(6)/p(6) and inte-
grate from 0 to 2; similarly we multiply Eq. (8b) by ¢, or
¥, and integrate from O to 2. This procedure gives a set of
equations for a,, b,, c,, and d, in terms of the known
incident coefficients. For the formulation outlined above the
submatrices of the larger coefficient matrix corresponding to
the coefficients a, and b, are diagonal; the remainder of the
coefficient matrix involves coupling terms of the form

2 1 . . 1 .
fo m W B)cos(j0)do, fo m @;(G)cos(jH)deo
and
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There are also the analogous integrals involving the sin(j )
terms. These integrals are divided into the intervals [—7,0]
and [0,7] and evaluated analytically. In the formulation of
this paper we define our unknown coefficients to include the
Hankel/Bessel function evaluated at r=a. This is done in
order to avoid excessively large or small values for the co-
efficients corresponding to large angular orders. The infinite
series of Eqs. (6) and (9) are truncated at finite N and the
system of equations is then solved for the unknown coeffi-
cients. With these coefficients the solution can be generated
at any point.

Il. NUMERICAL EXAMPLE

We first consider a rigid cylinder of radius a=1 m. Our
program does not explicitly implement rigid boundary con-
ditions but we simulate these by setting ¢,=50000 m/s and
p.=10" kg/m®. The upper embedding medium has sound
speed ¢,=1500 m/s and p,;=1000 kg/m?®; the lower medium
has sound speed ¢,=1500 m/s and p,=2000 kg/m>. The line
source is located at x=—200 m and z=100 m and we con-
sider a receiver at the same point. The source is at an angle
of 26° with respect to the center of the cylinder. In terms of
ray theory there is a ray which specularly reflects off the
cylinder; there is also a ray which reflects off the medium
interface, reflects off the cylinder and returns to the receiver,
and the same ray first reflects off the cylinder, reflects off the
interface and then returns to the receiver. However, for the
geometry of the cylinder half-buried this ray is degenerate; it
reflects off the cylinder at the cylinder—interface intersection
(see Fig. 1). The two reflected rays (the specular and the
interface/cylinder) for this problem interfere constructively
and destructively with each other; by calculating the differ-
ence in their path lengths (two-way) it is possible to deduce
that as frequency is varied, the peak-to-trough amplitude
variation of this interference corresponds to Aka=Aw/c
~15.5. In all our computations we used N=100 in the sums
of Egs. (6) and (9). In Fig. 2 we plot the amplitude of the
backscattered field (dashed line) [multiplied by Vka to com-
pensate for the variation of the energy from the incident field
iH\(kr)/4] as a function of ka=w/1500. We also show the
analogous curve (solid line) for the case of p,=1000 kg/m3.
This corresponds to the cylinder in free space. The free-space
curve is oscillatory for small values of ka but levels off
asymptotically for larger values; the density contrast case is
similar but exhibits the amplitude modulation as described
above.

We now consider a penetrable cylinder. The acoustic
parameters are p.=1500 kg/m® and c,=1700 m/s. In Fig. 3
we show the curves for the density contrast background me-
dium (dashed line) and for free space (solid line). In this
example, the two curves have a periodic character. This is
due to the fact that there is now reverberation of energy
within the cylinder (in contrast to the previous rigid case).
The two-way distance across the cylinder is 4 m. Over this
distance the required change in ka for a phase change of 27
is Aka=1.78 which is consistent with the periodic spacing
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FIG. 2. Spectrum of backscattered field for “rigid” cylinder embedded be-
tween two half-spaces with density contrast (dashed) and no density contrast
(ie., free space) (solid).

seen in Fig. 3. However, as can be seen, there are significant
differences in detail between the two curves. In particular,
for the higher ka values the spectrum for the embedded cyl-
inder has its peaks in the nulls of the free-space cylinder. It is
not surprising that the curves are so different; the plane-wave
reflection coefficient along the lower interior surface of the
cylinder is quite different when the ratio of densities is 1.5:2
(density contrast case) rather than 1.5:1 (free space case). For
example, the normal incidence reflection coefficient along
the lower interior surface of the cylinder is positive in the
former case rather than negative as in the case of the free-
space cylinder.

In order to test the convergence of the Fourier—-Modal
expansion, we computed the solutions of the two above ex-
amples for N=50 and N=100 in the series of Eq. (9); there
was virtually no difference in the results. In Fig. 4 we show
the resulting curves for the penetrable cylinder with the
density-contrast basement for N=15 (dotted), N=50
(dashed), and N=100 (solid) terms. As can be seen, the
N=100 and N=50 curves are essentially indistinguishable.

Pressure Amplitude (dB)

FIG. 3. Spectrum of backscattered field for penetrable (p.=1500 kg/m?®,
¢.=1700 m/s) cylinder embedded between two half-spaces with density
‘_ contrast (dashed) and no density contrast (i.e., free space) (solid).
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FIG. 4. Spectrum of backscattered field for penetrable (p, = 1500 kg/m?,
¢, =1700 m/s) cylinder ecmbedded between two half-spaces with density
contrast using 15 terms (dotted), 50 terms (dashed), and 100 terms (solid) in
the Fourier/Modal expansion series.
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FIG. 5. Two-dimensional pressure amplitudes for rigid cylinder with

density-contrast basement (ka=10) for source located at (a) x,=—200 m,
y,=100 m (grayscale levels with increment —3 dB from below -55dB to
above —43 dB) (b) x,=—6m, y,=3 m (grayscale levels with increment —3

dB from below —40 dB to above —28 dB).
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The N=15 curve is in agreement with the other two curves

lll. SUMMARY

until approximately ka=15. In general Reportmasichanged (Mar 20Q6)h3M 3¢ dWimple, efficient method for computing

of ka a larger number of terms in the series is required. The
same type of behavior is also true for the rigid cylinder case.

Finally, we present full field computations in Fig. 5(a)
and (b) for a source at x=—200 m, y=100 m and x=—6 m,
vy =3 m, respectively. The fields are not computed within the
cylinder. The grayscale levels are different for the two plots
(from below —55 dB to above —43 dB, and from below —40
dB to above —28 dB, respectively) but the amount of dB
variation for the two is the same. These fields are computed
for a frequency of 15 000/(27) Hz which corresponds to ka
=10 and are shown for a 8-m square about the cylinder. The
cylinder and half-space parameters are those of the rigid cyl-
inder, density-contrast example. In both cases the shadow
zone behind the cylinder is evident; it can be seen that there
is some structure in this zone. The shadow zone appears to
be wider in the case of the closer source [Fig. 5(b)]. On the
source side of the cylinder the interference pattern between
the incident and backscattered fields can be seen in the two
figures.

2438 J. Acoust. Soc. Am., Vol. 99, No. 4, Pt. 1, April 1996

the field scattered by a cylinder embedded in a medium with
a density jump. The cylinder was taken to be halfway be-
tween the two half-spaces. It 1s probably possible to relax
this restriction of 50% burial by considering the modes of the
outer medium to be referred to a different origin (i.e., dis-
placed vertically) than that of the cylinder. One could still
use modal projection in this case to derive a system of equa-
tions for unknown coefficients. However, the theory and
implementation are not as straightforward for this more gen-
eral case.

'P. Gerstoft and H. Schmidt, “A boundary element approach to seismo-

acoustic facet reverberation,” J. Acoust. Soc. Am. 89, 1629-1642 (1991).
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dium: Application to an obstacle in ocean sediments,” J. Acoust. Soc. Am.
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3. Fawecett, ““A plane-wave decomposition method for modeling scattering
from objects and bathymetry in a waveguide,” submitted to J. Acoust.
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“D. Chu, “Exact solution for a density contrast shallow water wedge using
normal coordinates,” J. Acoust. Soc. Am. 87, 2442-2450 (1990).
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