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In nature and robotics, autonomous swarms consist of mobile agents with limited dynamics 

and simple rules, which collaborate to produce emergent large-scale coherent behaviors. 

Such coherence is dynamic and arises in the form of stable and adaptive spatio-temporal 

patterns that self-organize. Examples of such robotic swarm dynamics for defense ap-

plications include autonomous radar jamming, targeting, tracking, and surveillance. Au-

tonomous swarm behaviors depend on many factors ranging from communication strength 

to noise, latency, network topology, and the presence of opposing agents - all of which can 

be used to control and disrupt the intent of a swarm. A central and open problem in swarm 

theory involves examining the conditions in which swarms achieve stable self-organizing 

behavior, as well as how external and internal forces destabilize swarm dynamics. Such 

forces may come from changes in communication topology, attraction and repulsive forces, 

as well multiple interacting swarms, whereby one swarm can change the behavior of an-

other.

In this report we consider three main topics which address the open problems of emer-

gent self-organizing swarms. First we consider how the stability of swarms change as func-

tions of system parameters in the presence of range dependent communication networks 

by examining its bifurcation structure. Then we look at current mixed-reality experiments 

of swarm patterns to verify previous bifurcation analysis. Finally, we show how one swarm 

can change the behavior of another by colliding two swarms together.

_____________
Manuscript approved January 5, 2021.
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I. TORUS BIFURCATIONS OF LARGE-SCALE SWARMS HAVING RANGE

DEPENDENT COMMUNICATION DELAY

A. Background

Swarming behavior, which we define as the emergence of spatio-temporal group behaviors

from simple local interactions between pairs of agents, is widespread and observed over a range of

application domains. Examples can be found in biological systems over a range of length scales,

from aggregates of bacterial cells and dynamics of skin cells in wound healing1–3 to dynamic pat-

terns of fish, birds, bats, and even humans4–7. These systems are particularly interesting because

they allow simple individual agents to achieve complex tasks in ways that are scalable, extensible,

and robust to failures of individual agents. In addition, these swarming behaviors are able to form

and persist in spite of complicating factors such as delayed actuation, latent communication, local-

ized number of neighbors each agent is able to interact with, heterogeneity in agent dynamics, and

environmental noise. These factors have been the focus of previous theoretical research in describ-

ing the bifurcating spatial-temporal patterns in swarms, as seen for example in Refs.8–11. Likewise,

the application of swarms have been experimentally realized in areas, such as mapping12, leader-

following13,14, and density control15. To guarantee swarming behavior experimentally, control is

typically employed16–20 to prove convergence to a given state by relying on strict assumptions to

guarantee the desired behavior. However, by relaxing certain assumptions, a number of studies

show that even with simple interaction protocols, swarms of agents are able to converge to orga-

nized, coherent behaviors in a self-emergent manner; i.e. autonomously without control. Different

mathematical approaches yielded a wide selection of both agent-based4,5,7,21 and continuum mod-

els that predict swarming dynamics.2,8,22. In almost all models, since the agents have just a few

simple rules, there exists only a relatively small number of controllable parameters. The param-

eter set usually consists of a self-propulsion force, a potential function governing attracting and

repelling forces between agents, and a communicating radius governing the local neighborhood at

which the agents can sense and interact with each other.

In both robotic and biological swarms, an additional parameter appears as a delay between the

time information is perceived and the actuation (reaction) time of an agent. Such delays have

now been measured in swarms of bats, birds, fish, and crowds of people23–25. The measured

delays are longer than the typical relaxation times of the agents, and may be space and time
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dependent. Robotic swarms experience communication delays which provide similar effects to

the delay experienced in natural swarms. Incorporating stationary delays along with a minimal

set of parameters in swarm models results in multi-stability of rotational patterns in space26–30.

In particular, for delays that equal and fixed, one observes three basic swarming states or modes:

Flocking, which is a translating center of mass, Ring state, where the agents are splayed out on a

ring in in phase about a stationary center of mass, and a Rotating state, where the center of mass

itself rotates.

Synthetic robotic swarms have communication delays that naturally occur over wireless

networks, as a result of low bandwidth31 resulting in delayed communication and multi-hop

communication32. In cases where the delays are fixed and equal, and the communication occurs

on a homogeneous network, it is known that delays create new rotational patterns , as has been

verified both theoretically and experimentally27,28. However, in situations with robots, even sim-

ple communication models are based on the distance between agents33,34. Following from these

models, if one assumes that the delays are range dependent, the problem becomes one of studying

state dependent delays where delays depend implicitly on the relative positions between agents.

When placing swarms in realistic complex environments, delays are not necessarily a continu-

ous function of range, but rather it is the increasing probability of delays increasing stochastically

when agents move further away from one another beyond a certain radius35,36. That is, the rate

of communication becomes spatially dependent, whereby near agents see a signal with a fast rate

of communication, but due to shading and fading of signals, communication rates are slowed and

complex outside a given radius. Underwater communication is an excellent swarm example where

delays outside a significant radius impart rates of communication of one to two orders of magni-

tude greater than local communication rates37.

The swarm model that follows takes a globally coupled swarm, and explicitly relaxes the fixed

delay assumption, by including range dependent delay based on a fixed communication radius. We

show that when range dependent delays are included, new frequencies are introduced and generate

bifurcations to a torus. The result is a milling type of swarm that depends on just a few parameters.

The results here are important for robotic swarming where one of the goals is to produce desired

patterns autonomously, without external controls. The pattern formations predicted here show

how delayed information, whether coming from communication, actuations, or both, impacts the

stability of swarm states, such as ring and/or rotating states. By revealing those parameter regions

where patterns are destabilized, we provide a comprehensive characterization of the autonomously
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accessible swarm states in the presence of range-dependent delay.

B. The swarm model

Consider a swarm of delay-coupled agents in R2. Each agent is indexed by i ∈ {1, . . . ,N}. We

use a simple but general model for swarming motion. Each agent has a self-propulsion force that

strives to maintain motion at a preferred speed and a coupling force that governs its interaction

with other agents in the swarm. The interaction force is defined as the negative gradient of a pair-

wise interaction potential U(·, ·). All agents follow the same rules of motion; however, mechanical

differences between agents may lead to heterogeneous dynamics; this effect is captured by assign-

ing different acceleration factors (denoted κi) to the agents. In this paper, we assume κi = 1 for all

i. For the effect of heterogeneity on the swarm bifurcations, see9.

Agent-to-agent interactions occur along a graph G = {V ,E }, where V is the set of vertexes vi

in the graph and E is the set of edges ei j. The vertices correspond to individual swarm agents, and

edges represent communication links; that is, agents i and j communicate with each other if and

only if ei j ∈ E . All communications links are assumed to be bi-directional, and all communications

occur with a time delay τ . That is, range dependence is not included. Let ri ∈ R2 denote the

position of the agent i and let Ni = {v j ∈ V : ei j ∈ E } denote its set of neighbors of agent i. The

motion of agent i is governed by the following equation:

r̈i = κi(1−‖ṙi‖2)ṙi−κi ∑
j∈Ni

∇xU(ri(t),rτ
j(t)), (1)

where superscript τ is used to denote time delay, so that rτ
j(t)= r j(t−τ),‖·‖ denotes the Euclidean

norm, and ∇x denotes the gradient with respect to the first argument of U . The first term in Eq. 1

governs self-propulsion, where the speed has been normalized to unity. That is, without coupling

the agents always asymptote to unit speed.

To analyze the dynamics of a large scale swarm, we use a harmonic interaction potential with

short-range repulsion.

U(ri,rτ
j) = cre

−‖ri−r j‖
lr +

a
2N

∥∥∥ri− rτ
j

∥∥∥2
. (2)

In Eq. 1, it is assumed that the communication delay, τ , is independent of the distance, or range,

between any pair of agents. (Notice that the exponent of the repulsion term is independent of the
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delay since the repulsion force is local.) With the addition of delays in the network, it was shown

in homogeneous communication networks that in addition to the usual dynamical translating and

milling (or ring) states, for sufficiently large τ , new rotational states emerge27. In particular, for

a a given attractive coupling strength, there is a delay that destabilizes the periodic ring state into

a rotating state, in which the agents coalesce to a small group and move around a fixed center

of rotation; this behavior is quite different from the ring state where agents are spread out in a

splay state phase. The rotating state is only observed with delay introduced in the communication

network, and it appears through a Hopf bifurcation.

However, in real-world robotic swarms, communication delays are not uniform between all

pairs of agents; delays may be stochastic or even state-dependent. For example, if agents are

communicating over a multi-hop network, the delay will increase with the number of hops required

to send a message from one agent to the other, and in general will scale with the separation between

them. In order to handle range dependent delays, we will make an approximation that depends on

a communication range radius.

1. Approximating range dependent delayed coupling

For the coupling term, we are interested in introducing an approximation to range based cou-

pling delay. Since all communicating agents send signals with some delay, we compute relative

distances defined as

Dτ
i, j ≡ ||ri− rτ

j ||. (3)

We define a Heaviside function, H(x), that is zero when x ≤ 0 and 1 otherwise, and we employ

global coupling based on a spring potential. For our range dependent metric, we let ε ≥ 0 denote

the range radius. Suppose that when the separation between two agents is small, that is less than

ε , then sensing between two agents is almost immediate. In practice, the time needed for sensing

depends on several factors, such as actuation times, and so distances in practice are computed with

delay. Therefore, we model the coupling term for the ith agent as

Ci(ri,r j,rτ
j ,ε) =−

a
N
(∇xU(ri(t),rτ

j(t)))H(Dτ
i, j− ε)

− a
N
(∇xU(ri(t),r j(t)))(1−H(Dτ

i, j− ε)), (4)
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where the first coupling term has delay turned on since the distance is outside a ball of radius ε ,

while the second term has no delay since the distance is within the ε ball. The resulting swarm

model with range dependence from Eq. 4 is now

r̈i = κi(1−‖ṙi‖2)ṙi−κi ∑
j∈Ni

Ci(ri,r j,rτ
j ,ε). (5)

If the delayed distance is within an ε ball, then we evaluate the coupling without delay. Other-

wise the coupling is delayed. Thus the coupling function takes into account when delay is active

or not between pairs of communicating agents, and depends on the range radius, ε .

The Heaviside function of the right hand side of Eq. 9 renders the differential delay equation

derivatives discontinuous, and as such poses a numerical integration problem. To mollify the

lack of smoothness, we approximate H(x) by letting H(x) ≈ 1
π

arctan(kx)+ 1
2 , where k� 1 and

constant, and limits on the Heaviside function as k→ ∞.

Using only the delayed distance to compute a range dependent coupling assumes that any

measurement is not instantaneous. If one were to be able to compute the ideal situation where

delay would not be a sensing factor, then certain issues would need to be resolved, which we do

not consider here.

2. Numerical simulations of full swarms

Examples of simulations using the swarm model with the range dependent coupling are shown

below. Here the number of agents, N = 150, and the coupling strength, a = 2.0. For the remainder

of the analysis, we set cr = 0, and note that the attractors persist when the repulsive amplitude is

sufficiently small27.

Note that even when ε is very small, as shown in Fig. 1, we observe a mix of clustered states

which are a combination of pure ring and rotation states. The agents tend to cluster into local

groups, and the clusters move in clockwise and counter-clockwise directions as in the ring state.

Here, however, the phase differences between agents are non-uniform. When examining a single

random agent, as shown in Fig 2, it is periodic with a sharp frequency of rotation, and the relative

positions of all individual agents are phase locked. When considering the center of mass of the
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FIG. 1: Three snapshots of swarm state in space for ε = 0.01,a = 2.0,τ = 1.75. Sample times

t0, t1 = t0 +20, t2 = t0 +40 .

positions over all agents, R≡ 1
N ∑i ri, the center of mass does small amplitude oscillations about a

fixed point (not shown).

FIG. 2: Swarm ring state for ε = 0.01,a = 2.0,τ = 1.75. (a)Time series of the x-component of a

single agent. (b)The power spectrum showing a sharp frequency. (c)A phase portrait of the orbit

of a single agent. The red point denotes the center of mass.

As the radius ε increases, instability of the periodic mixed state occurs, giving rise to more

complicated behavior, as seen in Fig. 3. New frequencies are introduced, causing the ring state
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FIG. 3: Swam instability ε = 0.25,a = 2.0,τ = 1.75. (a)Time series of the x-component of a

single agent. (b)The Power spectrum showing a slight broadening and birth of a new frequency.

(c)A phase portrait of the orbit of a single agent.

to appear as a quasi-periodic attractor. Moreover, the dynamics of the center of mass has its own

non-trivial dynamics which includes the effects of new frequencies. By examining the Poincare

map of the attractors, the instability gives rise to dynamics which we conjecture is motion on a

torus. Letting (Mx,My) denote the time averaged center of mass over all agents, we compute the

sequence x(ti), i = 1..M when y(ti) = 0 and x(ti) > Mx. The result is shown in the two panels in

Fig. 4. Panel (a) shows a complicated toroidal motion after transients are removed of the center of

mass in Fig. 3c. For a single frequency, the dynamics of the center of mass would be a single fixed

point. The addition of new frequencies is revealed in the Poincare map as complicated motion on

a torus. For larger values of ε , the motion on the torus converges to a periodic attractor in panel

(b).
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C. Mean-Field Equation of Range Dependent Delay Coupled Swarm

In order to shed some light on the origin of the bifurcation to dynamics on a torus, we examine

the full swarm model from a mean-field perspective. The mean field is much lower dimensional,

and a full bifurcation analysis may be done. We consider the case of all-to-all communication. Let

RRR =
1
N

N

∑
i=1

ri

and

ri = RRR+δri,

where δri is a fluctuation term with the identity, and

N

∑
i=1

δri = 0. (6)

FIG. 4: Poincare map of Eqs. 1-4 for (a) ε = 0.25, (b) ε = 0.5. Other parameters are fixed:

a = 2.0,τ = 1.75. See text for details.
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Then we can write Eq. 5 as

R̈RR+δ r̈i = (1−|ṘRR+δ ṙi|2)(ṘRR+δ ṙi)

− a
N

N

∑
j=1, j 6=i

((RRR+δri)− (RRRτ +δrτ
j))C1,i

− a
N

N

∑
j=1, j 6=i

((RRR+δri)− (RRR+δr j))C2,i, (7)

where

C1,i = H(‖ri− rτ
j‖− ε)

= H(‖(RRR+δri)− (RRRτ +δrτ
j)‖− ε)

= H(‖RRR−RRRτ +δri−δrτ
j‖− ε)

and

C2,i = 1−C1,i.

We use the following to reduce the equations of motion to the mean field: From Eq. 6, we note

N

∑
i=1

δrτ
i =

N

∑
j=1, j 6=i

δrτ
j +δrτ

i = 0 ⇐⇒

−
N

∑
j=1, j 6=i

δrτ
j = δrτ

i . (8)

We further assume that all perturbations from the mean, δri, are all negligible. (This is always

true if the coupling amplitude is sufficiently large.) In addition, we use the fact that
a(N−1)

N
limits to a, as N → ∞. Therefore, we obtain mean field approximation for the center of mass of

range dependent coupled delay case:

R̈RR = (1−|ṘRR|2) · ṘRR−a(RRR−RRRτ) ·H(‖RRR−RRRτ‖− ε) (9)

D. Numerical Analysis of the mean field equation

1. Examples of rotational attractors

As in the case for the full multi-agent system, we see the existence of periodic behavior for τ

sufficiently below an instability threshold, as shown in the time series of Fig. 5. As we increase τ ,

we expect the periodic orbit to lose stability, resulting in a new attractor. In particular, one notices
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the emergence of a new frequency in addition to the existing dominant one, as shown in Fig. 6 The

additional frequency usually implies a bifurcation to dynamics on a torus, or a higher dimensional

torus.

(a)

(b)

FIG. 5: Periodic motion of the mean field Eq. 9 for ε = 0.01,a = 0.64,τ = 1.6. (a) Time series of

the x-component of the mean field. (b) Power spectra of the time series.

We now investigate this transition by tracking the stability via monitoring the Floquet exponents

corresponding to the periodic orbit. For a general differential delay equation given by ẋxx(t) =

FFF(xxx(t),xxx(t− τ)), if φφφ(t) = φφφ(t +T ) for all t ≥ 0, then stability is determined by examining the

linearized equation along φφφ(t):

ẊXX(t) =
∂FFF

∂xxx(t)
(φφφ(t),φφφ(t− τ))XXX(t)

+
∂FFF

∂xxx(t− τ)
(φφφ(t),φφφ(t− τ))XXX(t− τ). (10)

The stability of the periodic solution is determined by the spectrum of the time integration operator

U(T,0) which integrates Eq. 10 around φ(t) from time t = 0 to t = T. This operator is called the

monodromy operator and its (infinite number of) eigenvalues, which are independent of the initial

state, are called the Floquet multipliers38. For autonomous systems, it is necessary and sufficient

there exists a trivial Floquet multiplier at 1, corresponding to a perturbation along the periodic

solution39,40. The periodic solution is stable provided all multipliers (except the trivial one) have

modulus smaller than 1; it is unstable if there exists a multiplier with modulus larger than 1. Bifur-

cations occur whenever Floquet multipliers move into or out of the unit circle. Generically three

types of bifurcations occur in a one parameter continuation of periodic solutions: a turning point,

a period doubling, and a torus bifurcation where a branch of quasi-periodic solutions originates

and where a complex pair of multipliers crosses the unit circle38.
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FIG. 6: Quasi-periodic motion of the mean field Eq. 9. (a) Time series of the x-component of the

mean field. Solid (red) line denotes period length of dominant spectral peak. Dashed line denotes

period length of secondary peak. (b) Power spectra of the time series.

FIG. 7: Bifurcation plot showing the norm of the periodic orbits as a function of delay τ .

Parameter a=0.68. Red (blue) markers denote unstable (stable) orbits.Cyan symbols denote the

change in stability where a pair of complex eigenvalues cross the imaginary axis.

We have tracked a set of stable periodic orbits for various radii of ε , and located the change in

stability by computing the Floquet multipliers. The results plotted in Fig. 7 show that for a range

of radii ε , there exists a bifurcation to a torus at some delay. Notice that as ε increases, there

results an increase in the size of the orbits, which qualitatively agrees with our full agent based

simulations.

Since there exists a range of delays which destabilize periodic swarm dynamics for each ε , we

summarize the onset of torus bifurcations by plotting the locus of points at which stability changes

as a a function of coupling amplitude and delay. The results are plotted in Fig. 8.
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Figure 8 is revealing in that it shows a functional relationship of the bifurcation onset that is

similar over a range of ε . For larger values of ε , it is clear that lower values of delay and coupling

are required to generate bifurcations. This holds true over two orders of ε . For a fixed value of

ε , we also see monotonic relationship between delay and coupling strength, so that it is easier for

smaller delays to destabilize periodic motion for larger coupling strengths.

FIG. 8: Plotted is the locus of points at which torus bifurcations emerge as a function of coupling

amplitude a, delay τ for various range radii ε for the mean field Eq. 9.
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II. DELAY INDUCED SWARM PATTERN BIFURCATIONS IN MIXED REALITY

EXPERIMENTS

A. Background

When examining biological swarms, recent analysis has shown that there exists a delay in

reaction time between agents. In other words, as agents move, they react in response to the past

positions of their neighbors rather than their instantaneously detected positions. For example,

delays have been measured in schooling fish50, bats23, birds24 and crowds of people25. Since

natural agents move in an almost continuous manner, it is natural to model swarms based on

biological ideas as continuous systems with communication delays.

Swarms can be modeled by differential delay equations where the delay is included in the

communication network between agents. Such delays can act as a destabilizing parameter, which

means for a swarm with communication delay different spatio-temporal patterns will emerge. Pat-

tern emergence was shown by analyzing the mean field of a globally coupled swarm in the presence

of communication delays where a Hopf bifurcation can be observed26. Recent work has gener-

alized this result with an exact stability analysis and the inclusion of range dependent delay51,52.

In Szwaykowska et al.27, theoretical analysis showed that the delay-induced bifurcation picture is

robust to random link removal in a swarm’s communication network and to agent heterogeneity.

Preliminary mixed reality experiments tested one of the theoretically predicted swarming behav-

iors for a restricted parameter set, but did not show transitions between swarm behaviors based on

parameter changes.

In general, existing works in the design and control of artificial swarms have focused on the

synthesis of local interaction rules that give rise to global swarm behavior. These works focus on

bottom-up strategies where the objective is to develop provably correct single robot strategies that

yield some desired swarm behavior16–18,20,53–55. Unsurprisingly, these works are based on a strict

set of assumptions, which are necessary to ensure the desired emergent behavior. Nevertheless,

while the strategies have been tested in simulation, validation on physical systems is often prob-

lematic since the necessary assumptions do not always hold in the real-world. Thus, the extensive

body of work has provided a strong theoretical foundation for the design of swarming strategies

but few have been experimentally validated on actual systems.

Experimental validation with physical robots invariably introduces uncertainty in the form of
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actuation, sensing, and robot-robot and robot-environment interaction noise. Since swarms are

complex nonlinear dynamical systems, they can typically exhibit multiple steady-state patterns56.

In the presence of noise it is possible to transition from one steady-state to another30,57. Addition-

ally, changes in system parameters can result in changes to the stability nature of steady-states58–60.

In this work we conduct experiments with robots, which requires dealing with uncertainties inher-

ent in physical experiments as well as changes in system parameters.

The dramatic reduction in the price to performance ratio of embedded processors, sensors, and

computers and the ubiquity of wireless communications technologies have made experiments with

ever larger number of robots more viable. Examples of these experiments include the Kilobots61

which consists of 1000 robots interacting in a limited environment and the Crazyswarm62 which

consists of 50 unmanned aerial vehicles executing planned trajectories through the environment.

Ultimately, the logistics of dealing with a large number of physical entities in a confined workspace

require trade-offs: either the simplification of the environment or the use of open-loop, e.g., pre-

computed, strategies that are not adaptive or reactive to changes in the environment or internal state

of the swarm. Given these logistical challenges, experimental validation of swarming strategies

are more often conducted using small numbers of robots which do not account for large number

effects15,63–66. Unsurprisingly, experiments on small numbers of robots in controlled laboratory

settings limit the types and frequency of robot-robot and robot-environment interactions. Further-

more, such methodologies cannot suitably evaluate the performance of the coordination strategies

for arbitrarily large team sizes. Thus, the results may not fully account for the many factors that

affect the dynamics of emergent swarming behavior.

In this work, we addressed these experimental challenges in engineered swarm systems by

proposing a mixed reality experimental framework as a first significant step towards full exper-

imental validation. Mixed reality is the use of both virtual robots and real robots in both the

simulated and real world67, that retains critical features of physical robots while enabling scaling

to larger numbers of agents, or larger workspaces, without being subject to the physical limitations

of resources. The benefits that come from mixed reality include: ability to work with large num-

bers of robots68 and ensuring safety in human robot interactions69–71. Experiments using mixed

reality come at a lower cost due to the reduced number of robots needed, while still introducing

complex dynamics of the real world from a few real robots. Mixed reality is a significant first

step towards full scale experimental validation of theoretical findings. Furthermore, the mixed

reality framework provides opportunities to gain additional insights into the theory and improving
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experiment design.

Our current research uses mixed reality as a way to further study the controller proposed in

Szwaykowska et al.27, and to map out experimentally a complete bifurcation picture in terms of

physical parameters. In addition to uncovering the bifurcation structure of the swarm dynamics,

we will focus on understanding transitions between behaviors and the impacts of adding collision

avoidance. The new experiments are done using two different platforms of interest: one uses an

Unmanned Aerial Vehicle (UAV), and the other uses an Autonomous Surface Vehicles (ASV),

both within a mixed reality framework. The use of two different platforms has several advantages.

First, it tests the universal bifurcation structure of delay coupled swarms across different platforms

and vastly different time scales. Second, it allows for different numbers of robots and constraints

to be tested safely during experimentation.

B. Methodology

Consider a swarm composed of N robots positioned in the plane, ri ∈ R2, where i ∈ 1...N. We

begin by detailing the development of our single agent and swarm ensemble models.

1. Single agent model

The dynamics for each agent in the system consist of a self propulsion term, an attraction

term, and a repulsion term. This can be mathematically represented as follows using the original

equation proposed by Mier-y-Teran-Romero26 for the ith agent:

ṙi = vi, (11)

and

r̈i = (1−||ṙi||2)ṙi− ∑
j∈N

∇riU [ri(t),rτ
j (t)], (12)

To model the communication topology between agents, we consider a fully connected graph

model, G = (E ,V ), where E ,V are the set of edges and vertices, or nodes, respectively. We

improve upon the validity of this model by having the robots communicate a delayed position
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rτ
j (t) = r j(t− τ). Note that the robots interact with one another with a fixed time delay, τ , which

captures realistic finite-time effects of robot to robot communication.

We assume a harmonic interaction potential defines the attraction term

U(ri,rτ
j ) = f (ri,r j)+

a
2N

(ri− rτ
j )

2, (13)

where a is a constant, and f (ri,r j) is a repulsion term.

In previous theoretical work the repulsion force was added to only a fraction of the agents in

the experiments27. However, for real systems to interact safely in the world repulsion forces for all

agent interactions are necessary, making it important to extend this work to consider the addition of

repulsion to all agents in the swarm. As long as the repulsion force selected is an anti-symmetric

function in the neighboring robot’s states, the analysis performed in section II B 2 of the global

swarm behavior will be preserved.

For the experimentation done in this paper, two anti-symmetric functions were selected. The

original repulsion force presented in Szwaykowska et al.27 is:

f (ri,r j) = cre
||ri−r j ||

lr , (14)

where cr is the strength of the repulsion, and lr is the radius of repulsion considered between

agents.

However, Equation 14 does not account for limitations of physical platforms, e.g., max speeds

or acceleration capacity. As such a sigmoid repulsion function is used:

f (ri,r j) =

(
cr−

cr

1+ e−k(|ri−r j|−Rrep)

)
ri− r j

|ri− r j|
. (15)

where cr is the maximum repulsion strength, Rrep is the inter agent distance at which the repulsion

force is at half strength, and k represents how quickly the magnitude of the repulsion force switches

from maximum strength to zero. Note that the repulsion term is independent of the delay since the

interactions for repulsion are local in space.

2. Ensemble Swarm Model

The mean field of a swarm is computed by taking R = 1
N ∑

N
i=1 ri to denote the center of mass,

and consider the limit as N→∞. From a mean field analysis of Equation 12, analytical expressions

19



can be derived for different swarm states26. The swarm state is the global representation of the

entire swarm evaluated by observing the center of mass of the swarm, R, in lieu of the position of

all agents. The state of the robot, ri, is the individual dynamics for the local behavior of the robot.

The mean field of the original controller for the swarm behavior was shown theoretically to

have several bifurcating regions in parameter space. Each region implies the stability of certain

swarm behaviors including: flocking, ring, and rotating swarm states.

Figure 9(a) is the converted dimensional version of the original dimensionaless bifurcation

structure proposed in Szwaykowska et al27. The transition between region II and III was theoreti-

cally predicted by a Hopf bifurcation curve of the mean field, and a pitchfork bifurcation curve is

predicted to separate regions I and II. Figure 9(b) illustrates the three basic modal patterns of the

swarm behavior as a function of the coupling strength, α , and communication delay, τ .

For the application of the dynamical model to the real world, we consider the dimensionalized

equation for each agent as follows:

r̈i = β (v2
g−||ṙi||2)ṙi−

α

N

N

∑
j=1, j 6=i

(ri− rτ
j )+

N

∑
j=1, j 6=i

∇r f (ri,r j), (16)

where vg m/s is the asymptotic velocity of the agent in the absence of coupling, α 1/s2 is the

coupling strength, β s/m2 is a dimensional factor, and ∇ri f (ri,r j) is the repulsion force.

In order to further study the theoretically predicted swarm states, it was necessary to compute

a new dimensional bifurcation diagram, which considers the physical parameters used in Equation

16. To achieve Figure 9(a) the following conversions were used:

t ′ = βv2
gt, (17)

r′i = βvgri, (18)

a =
α

β 2v4
g
, (19)

where a, t ′, and r′i are dimensionless.

The conversion of the bifurcation diagram allows for regions of interest to be isolated, specifi-

cally around the regions of uncertainty along the Hopf bifurcation. The original mean-field anal-

ysis does not change through conversion, which is demonstrated in the appendix where the mean

field was re-derived for Equation 16.
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FIG. 9: Figure 9(a): A bifurcation diagram as a function of communication delay, τ (s), and

coupling amplitude, α (1/s2) for the parameters used in UAV experiments: β = 20.0 s/m2,

vg = 0.2 m/s. The solid curves are predicted from the mean field equations. The swarm is in a

translating state with parameters from region I, and the swarm is in the rotating state with

parameters from region III. In region II, the swarm is in a ring state, which also appears for

parameters in region I and III. Note that for the ASV experiments different parameters were used,

as such, a different bifurcation graph occurred meaning transitions between swarm states

occurred for different parameter combinations. The ASV parameters were: β = 18.0 s/m2 and

vg = 0.047 m/s. Additionally, repulsive forces impact the bifurcation structure and transition

points, resulting in discrepancies from the mean-field predictions. Figure 9(b): The three possible

swarm states are shown using 50 simulated agents (I Translating, II Ring, III Rotating).
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The three desired swarm states are highlighted in Figure 9(a). In region I the swarm is in a

translating state, where all agents are in alignment going in one direction. In region II the swarm

is in a ring state, where all agents move about a stationary center of mass, and in region III the

swarm is in a rotating state, where all agents cluster and move as a collective on a circular orbit

around the origin. Along the boundaries of each region the swarm state will transition from one

swarm state to another. This is referred to as the transition between swarm states. The possibility

of multi-stable co-existing rotational patterns along these regions makes experimental verification

important to further understand the limitations of the mean field analysis.

C. Experiments

The objective of our experiments is to test the mean field predictions described in Section

II B in swarms composed of a few real robots. Discrepancies can then be used to build more

accurate theories and analysis for future experiments with larger numbers of real robots. Mixed

reality experiments were conducted using both the Ascending Technologies Inc. Pelican quadrotor

shown in Figure 11(a) and custom built ASVs shown in Figure 11(b). We show experimentally all

three swarm states (translating, ring, and rotating), along with the transition between swarm states

as predicted by the bifurcation diagram in Figure 9(a) within the mixed-reality framework. We

describe the details of our mixed reality architecture, experimental platforms, and experimental

methodology in the following sections.

1. Mixed reality system architecture

An outline of a mixed reality system is in Figure 10(a), and an example of a mixed reality

experiment is depicted in Figure 10(b). In building a mixed reality, global positions of the real

robots are necessary, e.g., GPS, infrared camera system, SLAM. The ground truth position of

the robots are provided to the simulator, which maintains all simulated agents. The resulting

response outputs for the robots are computed and sent to the robot from the simulator, considering

interactions with all simulated agents.

The mixed reality system is controlled by the simulator, which maintains the positions of the

simulated robots and updates the positions of the real robots based on ground truth information, as

seen in Figure 10(a). The simulator workspace is defined as an unbounded region with no obsta-
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(a) Mixed reality Setup

(b) Physical Example

FIG. 10: Figure 10(a): An outline for the mixed reality platform, where a ground station

computer maintains the simulation and the state of the robot. The simulator is informed about the

robot’s state using a motion capture system to estimate of the robot’s position, and the simulator

sends new control outputs to the UAV. Figure 10(b): An example mixed reality setup for 3 ASVs

and 12 simulated robots projected into image space.
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(a) Ascending Technologies Inc. Pelican Quadrotor

(b) Autonomous Surface Vehicle

FIG. 11: Figure 11(a) The Ascending Technologies Inc. Pelican Quadrotor, AscTec Pelican

quadrotor. Figure 11(b) Autonomous Surface Vehicle, ASV, built at the University of

Pennsylvania.
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cles. The origin of the simulated workspace corresponds to the origin of the physical workspace.

Delayed information is stored in a fixed length list for each agent which holds previous positions.

The length of the list corresponds to the amount of delay specified: larger τ is a longer list, and

smaller τ is a shorter list. The last entry in the list represents the delayed information received

by an agent. All agents leveraged the global knowledge of the simulator to compute the distances

between agents. Sensing between agents was abstracted away, which allowed for the focus of the

results to be on the swarm states. From the simulator, new control commands were sent to the

UAV/ASVs based on delayed information of simulated agents, as if they were in the world. Mixed

reality allowed the UAV/ASVs to express the swarm behavior without the risk of multiple real

robots interacting in unpredictable ways or the cost of running a multi-robot experiment.

2. Experimental Platforms

In this work we employed two experimental platforms: unmanned aerial vehicles (UAVs) and

autonomous surface vehicles (ASVs). The validation using two separate platforms shows the ap-

plicability to any vehicle platforms whose dynamics can be abstracted into Equation 12. The UAV,

Figure 11(a), is a quadrotor vehicle, which is equipped with an Odriod for onboard computing,

WiFi communication, and an inertial guidance system (AscTec Autopilot). The vehicle is approx-

imately 65.1 cm × 65.1 cm and 18 cm tall and weighs 1.65kg. The workspace is a 15m × 10m ×

8m room. The ASVs, Figure 11(b), are differential drive surface vehicles equipped with a micro-

controller board, XBee radio module, and an inertial measurement unit (IMU). The vehicles are

approximately 12 cm long and have a mass of about 45g each. The ASVs are deployed in a 3 m

× 5 m × 1m oval tank. Both workspaces include an infrared (IR) camera system to provide robot

localization information.

3. Experimental Methodology

The experiments with the UAVs consisted of 1 physical and 49 simulated robots. The motions

of simulated agents are updated using a double-point-integrator with Equation 16. For the translat-

ing swarm state, and the transition swarm state experiments the original configurations consisted

of all agents facing in the same direction in a fixed pattern, with the same initial input velocity of

0.2 m/s. For the ring and rotating swarm state experiments, the UAV was placed at [0,0,0] with
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Swarm State Duration α 1/s2 τ s β s/m2 vg m/s ∆τ

Translating 30 0.01 0.01 20.0 0.2 0.0

Ring 90 0.09 2.5 20.0 0.2 0.0

Rotating 90 1.0 4.0 20.0 0.2 0.0

Tran - Ring - Rot 200 1.5 0.01 20.0 0.2 0.3

TABLE I: Experimental parameters for UAV mixed reality experiments

the simulated robots placed around a rough ring shape with initial velocities in x and y selected

between [−0.3,0.3]m/s. To achieve transition between swarm states ∆τ was added every 10 s to

τ . Details of experimental parameters are in Table I. Parameters were chosen for Equations (19)

to satisfy maximum speed constraints for the real robots and finite workspace size. Using the

theoretical equations predicting the ring and rotating state radii, parameters were selected which

provided the desired radii size (≈ 0.75 m). The parameters were tested in simulation before being

tested in experiments.

A small amount of repulsion was introduced to the experiment, Equation 14, where cr = 1.2 and

lr = 0.01. To accommodate the low repulsion forces, the experiments were constrained to a two

dimensional slice such that each real and simulated agent were on a unique plane. The interactions

between agents were achieved by projecting all agents onto the same two dimensional plane, and

velocities for the robot were a two dimensional velocity with an additional altitude component72.

Next we considered the impacts of adding more robots to the swarm, thus requiring stronger

repulsive forces. To do this we used a team of ASVs shown in Figure 11(b). The experiments

consisted of 3 physical and 12 simulated robots. These experiments were specifically designed to

observe transitions between swarm states by modifying the delay provided to the system. These

were untested properties of the swarm model, and mixed reality allowed for testing theoretical

predictions.

The parameters for the ASV mixed reality experiments are in Table II. For all experiments

starting in the translating swarm state, the ASVs were initialized in a formation based on relative

positions and moving forward at the desired speed vg. For the experiment starting in the ring swarm

state the ASVs were initialized at three equidistant points on a circle of radius 0.3 m pointing

counter clockwise and tangent to the circle, and the virtual agents were initialized with random

heading at points along the circumference of the circle with a normally distributed amount of
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Swarm State Duration α 1/s2 τ0 s β s/m2 vg m/s τ1 s

Tran-Ring-Rot 660 0.01 0.0 18.0 0.0471 10, 35

Tran-Rot-Tran 400 0.01 0.0 18.0 0.0471 35

Tran-Ring 300 0.01 0.0 18.0 0.0471 10

Ring-Rot 380 0.01 10.0 18.0 0.0471 35

TABLE II: Experimental parameters for ASV mixed reality experiments

noise added to their positions. Due to the physical constraints of the ASVs, sigmoid repulsion73

(Equation 15) was used in Equation 16.

4. Experimental Evaluation

Evaluation of all experiments was done using swarm polarization, which is a measure of align-

ment between agents in a swarm. Swarm polarization is computed as follows:

sp =
||∑i ri||
∑i ||ri||

. (20)

This metric evaluates the swarm state, for example; in the ring state all the individual positions

of the agents will cancel out resulting in a swarm polarization of ≈ 0, while in the rotating and

translating states the swarm is aligned resulting in a swarm polarization of ≈ 1. We note that

swarm polarization has been proposed in earlier works,74,75, and is a measure of alignment, but

can be computed in different ways.

In addition to swarm polarization, the velocity of the center of mass and the acceleration of

the center of mass were computed. These metrics aided in determining the difference between the

translating and rotating swarm states, which have the same swarm polarization value. The rotating

swarm state has a high velocity and acceleration of the center of mass, while in the translating

swarm state the center of mass velocity is high but the acceleration is low. Velocity of the center

of mass is computed as follows:

cvel = ||
∑

N
i vi

N
||, (21)

and the acceleration of the center of mass is:

cacc = ||
∑

N
i v̇i

N
||. (22)
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Additional comparisons were done using theoretically predicted results from equations in

Szwaykowska et al.27, and experimental results for the ring swarm state radius and period along

with the rotating swarm state radius and period are presented in Figure 13. These equations are

listed in the appendix.

D. Results

1. UAV Simulation of Parameters in Different Bifurcation Regions

Simulation trials using UAV parameters were executed with different combinations of α and

τ , testing the theoretically predicted bifurcation regions in Figure 9(a). The simulation trials used

parameters corresponding to the UAV experiments. The trials ran for 100 s, with β = 20.0 s/m2

and vg = 0.2 m/s. The initial α = 0.0 1/s2 and τ = 0.01 were the parameters used for the first trial.

At the completion of a trial τ was updated by 0.5. The range of τ was τ ∈ [0.01,5.51] s for each

value of alpha. When a trial for each value in the range of τ was complete α was updated by 0.25.

The range of α was α ∈ [0.0,4.75] 1/s2. In total, two hundred and forty simulation trials were run

with 50 simulated agents. Figure 12 shows the resulting plot of the final swarm polarization at the

end of each simulation, for each set of parameters, which shows fair qualitative agreement with

mean field predictions.

Regions of multi-stability exist along the transition between swarm states, meaning that for

certain initial conditions the swarm will transition to another swarm state or it may stay in the

same swarm state56. This is clearly seen by the jagged edge along the bifurcation in Figure 12.

This result showed that more experimentation using physical robots needed to be done, exploring

each of the three swarm states along with transitions between the swarm patterns.

2. UAV Mixed Reality Results

The first set of experimental results used a UAV mixed reality framework. Experiments of the

swarm in the translating swarm state were achieved using parameters from region I in Figure 9(a),

where all agents move with the same average velocity. The swarm would quickly start moving out

of the translating swarm state and into the ring swarm state in the last seconds of the experiment.

This was due to the instability of the swarm when translating, from the introduction of any noise

in the system, which can switch the system out of the translating swarm state and into the ring
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FIG. 12: The resulting swarm polarization from 240 simulation trials with 50 simulated agents.

Each trial was 100 s and used UAV parameters, α ∈ [0.0,4.75] 1/s2, τ ∈ [0.01,5.51] s,

β = 20.0 s/m2, and vg = 0.2 m/s. For each α , τ was updated by 0.5 s. At the end of the range for

τ , α was updated by 0.25 1/s2. Color is a representation of the final swarm polarization at the end

of an experiment. The trends of the contours while slightly off of the theoretically predicted

bifurcation curve still meet the general trend of the plot. A transition from white to black to white

in the plot, corresponds to the transition from the translating to ring to rotating swarm states.
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swarm state.

(a) Ring Swarm State Period (b) Ring Swarm State Radius

(c) Rotating Swarm State Period (d) Rotating Swarm State Radius

FIG. 13: Figure 13(a) and 13(b): Results from a 90.0 s ring experiment, which compared the

theoretically predicted radius and period (red line), to the average for the swarm of the exhibited

radius and period during a ring experiment (blue points). Figure 13(c) and 13(d): Results from a

90 s rotating experiment, which compared the theoretically predicted radius and period (red line),

to the average for the swarm of the exhibited radius and period during a rotating experiment (blue

points).

Experiments where the ring swarm state was expressed used parameters from region II in Fig-

ure 9(a), where all agents move, clockwise or counter-clockwise, around a stationary center of

mass. To further test that the dynamic model matched experimental results, comparisons were

made between the theoretically predicted radius and the period of the ring swarm state to the

experimental values. Figures 13(a) and 13(b) show the average swarm ring period and radius ex-

perimental result (blue points) and the theoretically predicted value (red line). These experiments

show that at steady-state the average swarm ring radius converges to approximately 0.68 m and
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the average swarm ring period converged to approximately 21.22 s, these values were both close

to the theoretically predicted values of 0.66 m and 20.94 s. To achieve the experimental ring radius

and ring period, parameters were selected which put the swarm clearly in the ring swarm state.

The theoretical values were computed based on the parameters selected for the experiments. The

proximity of the measured ring radius and ring period comes from ensuring well calibrated ex-

periments which expressed the desired behavior. This result qualitatively supports the comparison

between the swarm theory and the experimental results.

The rotating swarm state experiments used parameters from Region III in Figure 9(a). During

the rotating swarm state experiment all agents clustered together and moved in a collective around

a stationary point. Figures 13(c) and 13(d) show the average radius and period of the swarm in the

rotating state, comparing the theoretically predicted values (red line) to the experimental results

(blue points). The theoretical period was 6.55 s and the theoretical radius was 0.32 m, compared

with the converged average of the experimental period was 5.68 s and the experimental radius was

0.26 m. Similarly to the experiments with the swarm in the ring state, parameters were specifically

selected to put the swarm clearly in the rotating swarm state. The measured rotating radius and

rotating period are close to theoretical predictions because of well tuned experiments resulting

in the desired behavior. The plots highlight that the swarm does converge to the theoretically

predicted swarm behavior even with the addition of a real robot.

Finally, Figure 14 depicts the experimental results from an experiment transitioning through all

three swarm states. The translating swarm state had swarm polarization of ≈ 1, a low center of

mass acceleration, and a high center of mass speed. The speed of the center of mass decreased

rapidly, with the addition of greater values of τ causing the swarm to begin to switch into the

ring swarm state. The transition to the ring swarm state occurred between τ = [1.8,2.41] s, where

the swarm had a stationary center of mass resulting in 0 swarm polarization, 0m/s center of mass

speed, and 0 m/s2 center of mass acceleration. The final transition to the rotating swarm state

occurred between τ = [3.61,4.21] s, resulting in a swarm polarization of ≈ 1, a high center of

mass acceleration, and a high center of mass speed. Although qualitatively accurate, the existence

of small discrepancies between predicted and measured dynamics for a swarm with a single real

UAV suggests the need for a more accurate description of the UAV dynamics.
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FIG. 14: Swarm polarization, center of mass acceleration, center of mass speed for an experiment

with 1 UAV and 49 simulated robots. A 200 s experiment transitioning between translating, ring,

and rotating swarm state, where the experiment started with the following parameters

α = 1.5 1/s2, τ0 = 0.01 s, β = 20.0 s/m2, vg = 0.2 m/s, and every 10 seconds τ was updated by

∆τ = 0.3 s. The increment in tau caused the transition between the translating state to the ring

state to occur between τ = [1.81,2.41] s and the transition from the ring to the rotating state to

occur at τ = [3.61,4.21] s, labeled on the plot by red lines.

3. ASV Mixed Reality Results

ASV mixed reality experiments were performed to further investigate the transition between

swarm states, and safely increase the number of robots. These experiments consisted of 3 ASVs

and 12 simulated robots. Each experiment had multiple trials of different types of sigmoid

repulsion73. The first ASV mixed reality experiments tested the transitions between all three

swarm states. Additional experiments tested the transitions from translating swarm state to rotat-
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ing swarm state, from the translating swarm state to the ring swarm state, and finally from the ring

swarm state to the rotating swarm state.

The results from the experiments are presented in the following figures. Figure 16 depicts

results from the translating to rotating swarm transition. The behavior of the swarm during the

translating to ring swarm state transition is observed in Figure 15. Finally, results for the transition

between the ring to rotating swarm state are presented in Figure 17.

From the experimental results we observed and measured the different theoretically predicted

swarm states. The ring swarm state can be identified by the low swarm polarization, center of

mass acceleration, and center of mass speed indicative of an unaligned swarm that is stationary.

The rotating swarm state can be identified by the high polarization, center of mass acceleration,

and center of mass speed indicative of an aligned swarm that is constantly moving in a circle. All of

these traits can be seen in Figure 17. The oscillations in the center of mass speed and acceleration,

in Figure 17, were the result of the swarm moving on an ellipsoidal trajectory, slowing down near

the loci and speeding up near the semi-minor axis. The dips in the polarization were the result of

the existence of two groups of agents in the swarm that turn in different directions when the whole

swarm reverses direction near the loci of the ellipse. The ellipsoidal motion gradually relaxed to a

circle with all of the agents turning together in the same direction, with center of mass acceleration

and velocity reaching steady state values and the polarization approaching a steady state value of

1.

Likewise, in Figure 15 there is a spike in polarization around the 50s mark. This was due to the

swarm reversing direction coherently before scattering into the ring swarm state. In the translating

and rotating swarm state, the ASVs adopted a hexagonal grid formation in the rough shape of a

disk that remained rigid even during transitions between the rotating and translating state.

The experimental results successfully reproduced and extended the results obtained from the

mixed reality UAV experiments described in section II D 2. The ASV mixed reality experiments

showed the persistence of the swarm states and the transition between the states even when col-

lision avoidance routines were executed on all robots and virtual agents. These results are a step

towards experimental validation because full scale robot experiments will require collision avoid-

ance for safe robot-robot interactions.
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FIG. 15: Swarm polarization, center of mass acceleration, and center of mass speed for the ASV

swarm using local sigmoidal repulsion73 during a mixed reality experiment. A delay of 10s was

introduced at t = 25s causing a translating to ring transition. The spike in polarization at t = 50s is

caused by the agents momentarily reversing direction and translating in an aligned formation

before breaking up.
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FIG. 16: Swarm polarization, center of mass acceleration, and center of mass speed for ASV

swarm using sensed sigmoidal repulsion73 during a mixed reality experiments. A delay of 35s

was introduced at t = 40s causing a translating to rotating transition. The dips in swarm

polarization were caused by the agents disagreeing on which way to turn in the early stages of the

transition, where the agents were in a degenerate rotating state (one characterized by the swarm

moving back and forth along a line). As the eccentricity of the ellipse lessened, more agents

agreed on which direction to turn at the vertices of the ellipse.
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FIG. 17: Swarm polarization, center of mass acceleration, and center of mass speed for the ASV

swarm using global sigmoidal repulsion73 during a mixed reality experiment. A delay of 40s was

introduced at t = 60s causing a ring to rotating swarm state transition. The oscillation in all

measures was the result of the motion of the agents moving on a gradually widening ellipse.

When the eccentricity of the ellipse was high, the agents slowed down as they changed direction

(not necessarily the same direction) at the ends of the ellipse, and sped up near the center of the

ellipse. This behavior gradually smoothed out as the motion approached that of a circle for large t.
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III. COLLIDING SWARMS - USING ONE SWARM TO CONTROL ANOTHER

A. Introduction

Because of the robustness, scalability, and collective-problem solving capabilities of natu-

ral swarms, much research has focused on designing and building swarms of mobile robots

with a large and ever expanding number of platforms, as well as virtual and physical interaction

mechanisms79,87–90. Applications for such systems range from exploration88, mapping12, resource

allocation15,91,92, and swarms for defense93–95

Since the overall cost of robotic systems has decreased significantly in recent years, it has

become possible to use artificial swarms in the real world88,89,96,97. This introduces the possibility

of having multiple swarms occupying the same physical space, resulting in mutual interactions and

perturbations of one another’s dynamics98. As the potential for such swarm-on-swarm interactions

increases, an understanding of how multiple swarms collide and merge becomes necessary.

Though much is known about the behaviors and stability of single isolated swarms with

physically-inspired, nonlinear interactions26,99–102, much less is known about the intersecting

dynamics of multiple such swarms, even in the case where one swarm is a single particle, as in

predator–prey modeling103. Recent numerical studies have shown that when two flocking swarms

collide, the resulting dynamics typically appears as a merging of the swarms into a single flock,

milling as one uniform swarm, or scattering into separate composite flocks moving in different

directions98,104,105. Though interesting, a more detailed analytical understanding of how and when

these behaviors occur is needed, especially when designing robotics experiments, and controlling

their outcomes.

To make progress, we consider a generic system of mobile agents moving under the influence

of self-propulsion, friction, and pairwise interaction forces. In the absence of interactions, each

swarmer tends to a fixed speed, which balances its self-propulsion and friction but has no preferred

direction106. A simple model that captures the basic physics is

r̈i =
[
αi−β |ṙi|2

]
ṙi−λi ∑

j 6=i
∂riU(|r j− ri|) (23)

where ri is the position-vector for the ith agent in two spatial dimensions, αi is a self-propulsion

constant, β is a friction constant, and λi is a coupling constant26,99–102. Beyond providing a

basis for theoretical insights, Eq.(23) has been implemented in experiments with several robotics

platforms including autonomous cars, boats, and quad-rotors107–109.
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An example interaction potential that we consider in detail is the Morse potential,

U(r) =Ce−r/l− e−r (24)

– a common model for soft-core interactions with local repulsion and attraction ranges, scaled

as l and 1, respectively102,110. In the following, we assume that two interacting swarms are sub-

ject to the same underlying physics, Eqs.(23-24), but with different initial conditions and control

parameters. In particular, we assume that within each swarm the parameters are homogeneous,

e.g., αi ∈ {α(1),α(2)} and λi ∈ {λ (1),λ (2)}, where the superscripts (1) and (2) denote the first and

second swarm, respectively. Lastly, the total number of swarming agents is N.

B. Collision of two flocking swarms

As in104,105, we are interested in the collision of two flocking swarms composed of approx-

imately equal numbers of agents (in the absence of any communication delay). Initially the

swarms are each prepared in a flocking state a large distance D from the collision region, such

that ri=d(1)
i −D x̂ and ṙi =

√
α(1)/β x̂ if i∈ (1), and ri=d(2)

i +D
√

α(2)/α(1)(cos(θ)x̂+sin(θ)ŷ)

and ṙi =
√

α(2)/β (−cos(θ)x̂+ sin(θ)ŷ) if i ∈ (2). The internal flocking coordinates, d(1)
i and

d(2)
i , represent local minimum energy configurations (MECs), −∂diU(|d j−di|) = 0i ∀i. Before

colliding, the swarms are assumed to be far apart, D� 1, with a collision angle θ . Note that

given this setup, the net force on every agent is initially zero (a consequence of the MEC and the

finite-range of interactions) and the swarms collide near the origin.

For relatively small θ the two flocks typically scatter or mill depending on the coupling

strength. In the former the swarms leave the collision region in separate flocking states with

perturbed velocities. In the latter they form a milling state, and circulate around a stationary center

of mass. Figure 18(a) gives an example scattering diagram for the collision of symmetric flocks

with equal parameters. The two final swarm states are specified with blue and red for scattering

and milling, respectively; the green portions indicate the formation of a combined flocking state,

which is comparatively infrequent. For small θ we can see that the combined milling state (MS)

appears for couplings above a certain value λmin. This critical coupling will be a primary focus in

what follows.

In order to visualize collisions that result in milling states, we show four time-snapshots in

Figure 18(b) when λ =λmin. Agents in the two swarms are drawn with different colors, and their
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FIG. 18: Collision of two symmetric flocks. (a) Scattering digram indicating the final, aggregate

swarm state as a function of the collision angle and coupling: scattering (blue), milling (red), and

single-flock (green). The critical coupling is specified with a dashed vertical line, and separates

the scattering and milling regions. (b) Four time-snapshots for λ =λmin showing each swarm

with different colors: red squares and blue circles. Velocities are drawn with arrows. Swarm

parameters are α =1, β =5, C=10/9, l=0.75, and N=100.

velocities shown with arrows. In the first snapshot (upper left), the swarms approach collision

with configurations and velocities identical to those specified in the first paragraph of this section–

namely, the MEC with constant velocity. In the second snapshot (upper right) the swarms rotate

around each other with a constantly changing heading, roughly uniform velocity distribution, and

a configuration approximately equal to the MEC. Over time each swarm’s density elongates in the

direction of rotation (third snapshot, lower left), as the velocity distribution becomes less homo-

geneous. Finally, on long times scales the two swarms blend into one and form a MS with agents

from each uniformly distributed across the whole.

In order to predict the critical coupling, λmin, our approach is to find an analytical description

of the collision dynamics that is applicable for the first two snapshots in Figure 18(b), where two

approximately MEC flocks approach, and then rotate around a common center. Our conjecture is

that if such rotations are approximately stable, then a MS occurs upon collision (and visa versa).

Though we will analyze two-flock collisions assuming Morse-potential interactions, Eq.(24), our

method should be applicable to a broad range of second-order dynamical swarms given position-

dependent, nonlinear interactions with finite attractive and repulsive length scales.

1. Uniform constant density approximation

First, we would like to find a low-dimensional approximation for the flocking state dynamics.

A clue comes from Figure 19(a), which plots the fraction of nodes at a given distance r from the
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center of mass (CM) of a single moving flock for different values of the repulsion strength, C.

We can see that the radial distribution is approximately linear in r. Moreover, since the potential

is radial, we expect the steady-state angular distribution to be uniform; the inlet panel shows an

example flocking state with such a spatial distribution of agents. Together, these imply a roughly

uniform density in the flocking state, ρ =N/πR2, where R is the maximum radius. Given the

uniform-density assumption, the predicted fraction of agents at a given r is f (r)=2r∆r/R2, where

∆r is the bin-size used to plot the distribution. This prediction is drawn with lines in Figure 19(a).

Assuming a uniform density, we can describe a flock in general by its CM-dynamics and the

boundary radius, R. In particular, every agent, including those on the boundary, move with constant

speed,
√

α/β , where α is the self-propulsion constant for the flock. A self-consistent formula can

be derived for R, and used to compute it, by satisfying force-balance on the boundary. For instance,

consider an agent with di=R x̂. The x-component of the interaction force must be zero,

0 =
∫ 2π

0

∫ 1

0

C
l

e−
R
l

√
1+u2−2ucosφ − e−

√
1+u2−2ucosφ


· ucosφ −1√

1+u2−2ucosφ
·ududφ , (25)

where u≡r/R. Note that the y-component of the force is trivially zero due to the uniform-angular

distribution of agents. Comparisons between simulations and numerical solutions to Eq.(25) are

shown in Fig.19(b) for a range of control parameters, and indicate good agreement.

Next, we can approximate the initial collision dynamics of two flocks by assuming that the

uniform density configuration is maintained within each flock, with a boundary given by Eq.(25).

Namely, the mean-field collision-model that we will analyze below is of two interacting, constant-

density disks composed of self-propelled particles. Consider an agent positioned at the CM of

each swarm, r(1)(t) and r(2)(t). Such agents feel self-propulsion, friction, and interaction forces,

just as in Eq.(23). However, the non-zero contribution for the latter only comes from the other

flock, since the interaction force from its own cancels out. Moreover, the force from the opposing

flock is felt gradually as the two swarms approach, because of the finite range. To find the non-

zero contribution, we simply need to integrate the interaction force over a constant-density disk of

radius R, centered on the opposing swarm’s CM. If we assume that the two swarms are roughly
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FIG. 19: Uniform constant density approximation for flocking states (UCDA). (a) fraction of

agents a distance r from the flock’s center of mass for

C=1.0 (red-squares), 1.1 (blue-circles), 1.25 (green-diamonds) when l=0.75. The dashed,

solid, and dotted lines indicate UCDA predictions. The inlet panel shows an example flocking

state with the UCDA boundary drawn in black for C=1.1. (b) Flocking state boundary,

R=max{r}, from simulations (l=0.75, blue-circles) and (l=0.50, red-squares) compared to

UCDA predictions (solid and dashed lines, respectively). Other swarm parameters are α =1,

β =5, λ =2, and N=100.

equally sized, each with N/2 agents, the CM-dynamics become

r̈(1) =
[
α
(1)−β |ṙ(1)|2

]
ṙ(1)− λ (1)N

2
E (r(2),r(1);R) (26a)

r̈(2) =
[
α
(2)−β |ṙ(2)|2

]
ṙ(2)− λ (2)N

2
E (r(1),r(2);R) (26b)

E (r(2),r(1);R) =
∫ 2π

0

∫ R

0

r(2)+d− r(1)

|r(2)+d− r(1)|
· rdrdφ

πR2

·

C
l

e−|r
(2)+d−r(1)|/l− e−|r

(2)+d−r(1)|

 (26c)

d = r cosφ x̂ + r sinφ ŷ, (26d)

where d is an internal-coordinate inside the constant-density disk centered on the opposing

swarm’s CM. Equations (25-26d) constitute the dynamical system that we call the uniform con-

stant density approximation (UCDA). The integrals in Eq.(26c) can be evaluated using e.g., trape-

zoid rule with 100 discretization points. Our next step is to study stable oscillations in the UCDA

and compare to swarm collision dynamics.
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2. Stable oscillations

Stable oscillations in the UCDA come in the form of circular-orbit limit cycles where both

flocks oscillate around a common center with the same frequency, a fixed phase difference, and

different amplitudes in general. We can compute the parameters for such limit cycles by substitut-

ing the ansatz r(1)(t)=R1cos(ωt)x̂+R1sin(ωt)ŷ and r(2)(t)=R2cos(ωt + γ)x̂+R2sin(ωt + γ)ŷ

into Eqs.(26a-26d). The result is the following four fixed-point equations:

0 =−R1ω
2 +

λ (1)N
2

Ex (27a)

0 =−R1ω

[
α
(1)−βR2

1ω
2
]
+

λ (1)N
2

Ey (27b)

0 =−R2ω sinγ

[
α
(2)−βR2

2ω
2
]
+R2ω

2 cosγ +
λ (2)N

2
Ex (27c)

0 = R2ω cosγ

[
α
(2)−βR2

2ω
2
]
+R2ω

2 sinγ +
λ (2)N

2
Ey (27d)

with

Ex =
∫ 2π

0

∫ R

0

R2 cosγ + r cosφ −R1

d
·
(

C
l

e−d/l− e−d
)

· rdrdφ

πR2 (27e)

Ey =
∫ 2π

0

∫ R

0

R2 sinγ + r sinφ

d
·
(

C
l

e−d/l− e−d
)

· rdrdφ

πR2 (27f)

d =
√
(R2 cosγ + r cosφ −R1)2 +(R2 sinγ + r sinφ)2. (27g)

Solutions to Eqs.(27a-27g) can be shown to exactly match limit cycles in the UCDA; more

importantly, they agree with the transient oscillations for collisions in the full system, Eqs.(23-

24). For example, Fig.20(a) shows CM-trajectories in red and blue for two colliding swarms when

λ =λmin. We can see that the trajectories approach the UCDA limit-cycle, shown with a black-

dashed line, before slowly decaying into the origin. Using this picture as a basis, the maximum

rotation radius during collisions can be compared directly to limit-cycle radii predictions from

Eqs.(27a-27g). In Fig.20(b) we plot such a comparison using the maximum horizontal distance

reached by the CM of the rightward moving flock (as a proxy for the collision radius). Mean-

field predictions and simulations quantitatively agree fairly well over a broad range of parameter

values. Qualitatively, as the repulsive-force constant C increases, the two swarms oscillate at
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FIG. 20: Collision dynamics resulting in milling. (a) Center-of-mass trajectories for two colliding

swarms when λ =λmin, shown with solid-blue and dashed-red lines. Arrows give the direction of

motion. The dashed-black line indicates the bifurcating limit cycle in the uniform constant

density approximation. (b) Maximum x-coordinate reached by the center of mass of the

rightward moving (blue) flock when λ =λmin. Simulation results are shown with blue circles for

l=0.75 and red squares for l=0.5. Limit-cycle predictions are drawn with solid and dashed

lines, respectively. Other swarm parameters are α =1, β =5, l=0.75, and N=100.

larger distances from each other upon collision, particularly for larger values of the repulsion

scale, l. This increase in rotation distance, R1, is accompanied by a decrease in rotation frequency,

ω ∼ R−1
1 .

Next, we can consider stability. When control parameters are changed (one at a time), sta-

ble limit cycles satisfying Eqs.(27a-27g) disappear generically through saddle-node bifurcations

(SNs). As stated previously in Sec.III B, a post-collision MS in the full system Eqs.(23-24) is

not expected to form unless stable limit-cycles exist, and hence, λmin can be approximated by

the SN value in the UCDA. We can find a general condition to determine λmin at the SN through

the following. First, define a four dimensional vector consisting of the right-hand-side (RHS) of

Eqs.(27a-27d), F = RHS([Eq.(27a),Eq.(27b),Eq.(27c),Eq.(27d)]). Second, compute the deriva-

tives of F with respect to the limit-cycle parameters, L= [R1,R2,γ,ω]. Finally, at the SN the

Jacobian matrix J, defined as Jmn≡∂Fm/∂Ln, has detJ = 0.

In practice, if we consider symmetric collisions or asymmetry in the α’s only (as we do in

the remainder), the above results simplify. For example, in the case of symmetric collisions the

relevant branch of stable limit cycles have R1 =R2, γ =π , and ω =
√

α/β/R1. Moreover, the
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FIG. 21: Critical coupling for forming milling states upon collision. (a) Symmetric parameter

collisions for α =1 (blue) and α =2 (red): N=10 (squares), N=20 (diamonds), N=40 (circles),

and N=100 (triangles). Green stars denote α =1 and magenta x’s denote α =2, when 40 agents

collide with 60. (b) Asymmetric collisions for C=10/9 in which α(1)=1. Blue points indicate

equal numbers in each flock: N=20 (diamonds), N=40 (circles), and N=100 (triangles). Green

stars denote collisions between 40 agents with α(1)=1 and 60 agents with α(2). Solid and dashed

lines indicate theoretical predictions for (a) and (b), respectively. Other swarm parameters are

β =5 and l=0.75.

critical coupling satisfies

λmin = 2α

/
NβR2

1

∫ 2π

0

∫ R

0

2rdrdφ

πR2 ·
C
l e−d/l− e−d

d
·1− (2R1−rcosφ)2

d2 − (2R1−rcosφ)2

d
·

C
l2 e−d/l− e−d

C
l e−d/l− e−d

. (28)

An interesting consequence of the symmetric limit is the predicted scaling collapse, λminNβ/2α=

H(C, l), where the left hand side is a function of the pairwise-interaction parameters only. In

addition, λmin∼v2, where v is the speed of each flock,
√

α/β .

Comparisons between the measured λmin from scattering diagrams, e.g., Fig.18(a), and the

above predictions are shown in Fig.21. In the left subplot (a), we show results for collisions

with symmetric parameters with a large variety of N’s and α’s. As demonstrated with Eq.(28)

our predicted scaling collapse, λminNβ/2α =H(C, l), holds. Qualitatively, the critical coupling

increases monotonically with C, implying that the stronger the strength of repulsion, the larger the

coupling needs to be in order for colliding swarms to form a MS. Also, note that our mean-field

predictions are fairly robust to heterogeneities in the numbers in each flock, particularly for smaller

values of C/l−1; predictions remain accurate for number heterogeneity as large as 20%.

On the other hand, in Fig.21(b) we compare the measured λmin and predictions as a function

of asymmetry in the self-propulsion force constant for different N’s. The first swarm has α(1)=1,
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while α(2) is varied. Contrary to the symmetric case the scaling collapse disappears, apart from

N. Moreover, the branch of stable limit cycles with R1=R2 disappears in a cusp bifurcation; the

solid-black line vanishes for α(2)& 1.5. The upper branch of SNs (shown with a dashed-black

line) corresponds to stable limit cycles where R1<R2 and γ=−π/2. Interestingly, we can see that

for larger values of α(2)−α(1) the critical coupling is nearly linear in the difference, meaning that

if one flock doubles its speed, then the coupling needed to form an MS is expected to quadruple –

again, a consequence of the flock speed equalling
√

α/β . Finally, note that as in (a), predictions

remain accurate for a significant range of differences in the numbers in each flock.
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IV. CONCLUSIONS

We considered three basic open problems in autonomous swarm: How the stability of swarms

changes as functions of system parameters in the presence of range dependent communication

networks. The dynamics of current mixed-reality experiments of swarm patterns to verify previous

bifurcation analysis. Finally, we showed how one swarm can change the behavior of another by

colliding the two swarms.

Specifically, we considered a new model of a swarm with delay-coupled communication net-

work, where the delay is considered to be range dependent. That is, given a range radius, delay is

on if two agents are outside the radius and zero otherwise. The implication is that small delays do

not matter if the agents are close to each other. The additional range dependence creates a new set

of bifurcations not previously seen. For general swarms without delay, the usual states consist of

flocking (translation) or ring/rotational state (milling), with agents spread in phase. With the ad-

dition of a fixed delay, a rotational state bifurcates that has all agents in phase and rotate together.

Range dependence introduces a new rotational bifurcating state that exhibits behavior observed

as a new mixed state combining dynamics of both ring and rotating states. The radius parameter,

was used to quantify the bifurcation of the rotational mixed state. For small radii, we see that

the dynamics for the full swarm shows clustered counter-rotational behavior that is periodic. This

agrees for small radius values in the mean field description as well. As the radius increases, the

mixed periodic state generates new frequencies in the full model, which are manifested as torus

bifurcations in the mean field. Mean field analysis was done by tracking Floquet multipliers that

cross the imaginary axis as complex pairs. Frequency analysis explicitly shows the additional

frequencies in the mean field.

Finally, we tracked the locus of coupling amplitudes and delay for various values of radii lo-

cating the parameters at which torus bifurcation occur. The results reveal that as delay radius

increases, torus bifurcations onset at lower values of coupling amplitude and delay. The implica-

tions are that more complicated behavior than periodic motion has a greater probability of being

observed in both theory and experiment if range dependence of delay is included.

Through manipulating communication delay and coupling strength, we took the first significant

steps to test different emergent swarm states using mixed reality. The mixed reality framework

allowed for the study of emergent swarm behavior through the use of simulation to increase the

number of agents while maintaining critical real world interactions, which are hard to model, with
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physical platforms. Because mixed reality can handle many different levels of abstraction, we

were able to use two distinct robotic platforms to validate the swarm behavior. We selected the

level of abstraction necessary for the behavior to exhibit, and in our case, it was focused on agents

that exhibited simple dynamics and used delayed information as would be done in the real world.

Both the ASVs and the UAV tested all three of the theoretically predicted behaviors along with

transitions between the predicted swarm states. This emphasizes that the proposed swarm model

has the potential to be applicable across platforms and highlights the impacts of communication

delay on systems behavior.

There is a range of theory that supports the proposed model, and the presented results are

significant steps toward showing theory is valid as well as also demonstrating that there are areas

of interest that the theory is not capturing. Understanding the multi-stability in this system is

difficult analytically, but with the use of simulation and mixed reality, we were able to observe

multi-stability and the impacts it has on the proposed theoretical model when paired with real

vehicles.

The next steps for this work include investigating how the addition of more real world assump-

tions change the predicted emergent patterns. For example, our communication model of global

coupling is not practical with all real robots due to network limitations. The next step is to study

the impacts of range based communication. While often swarms are studied for homogeneous

agents, it is also possible to consider the impacts of heterogeneity and this may require different

types of collision avoidance to be used to account for different hardware limitations. Finally, there

exist different dynamic models, where delay can be added. This presents new potential patterns

to be studied using the described forms of analysis. These changes will continue to add to the

understanding of our current models and the use of this type of emergent behavior in the physical

world.

Finally, we studied the collision of two swarms with nonlinear interactions, and focused in par-

ticular on predicting when such swarms would combine to form a mill. Unlike the full scattering

diagram, which depends on whether or not a particular set of initial conditions falls within the

high-dimensional basin-of-attraction for milling (a hard problem in general), we concentrated on

predicting the minimum coupling needed to sustain a mill for near head-on collisions. By noticing

that collid- ing swarms, which eventually form a mill, initially rotate around a common center

with an approximately constant density, we were able to transform the question of a crit- ical cou-

pling into determining the stability of limit-cycle states within a mean-field approximation. Our
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bifurca- tion analysis agreed with many-agent simulations. Though our analysis dealt directly

with soft-core in- teracting swarms, the basic approach could be easily extended to a broader

range of models, as long as the non- linear forces between agents have a finite range. More-

over, a straightforward way to improve the accuracy of our analysis would be to move beyond the

uniform- density assumption, and replace it with an exact steady- state density for flocking states

with general interactions. Beyond that, the next step for improvement would be to include the

density dynamics directly, which may provide further insights for controlling swarm collisions,

includ- ing in other setups such as flocks-vs-mills. Nevertheless, this work takes an important step

toward understanding and analyzing nonlinear swarm collisions.
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