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Non-Hermitian adiabatic transport in spaces of exceptional points
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We consider the space of n x n non-Hermitian Hamiltonians (n = 2, 3, ...) that are equivalent to a single n x n
Jordan block. We focus on adiabatic transport around a closed path (i.e., a loop) within this space, in the limit as
the time scale T = 1/¢ taken to traverse the loop tends to infinity. We show that, for a certain class of loops and
a choice of initial state, the state returns to itself and acquires a complex phase that is ¢! times an expansion in

powers of g!/"

. The exponential of the term of nth order (which is equivalent to the “geometric” or Berry phase

modulo 27) is thus independent of ¢ as ¢ — 0; it depends only on the homotopy class of the loop and is an

integer power of e2*//"

is, for all points on the loop, that of slowest decay.

DOI: 10.1103/PhysRevA.102.032216

I. INTRODUCTION

A. Background

The introduction of weak linear dissipation or amplifica-
tion into a system of n classical harmonic oscillators results
in time evolution that can be described using an n x n Hamil-
tonian matrix H that is non-Hermitian. The non-Hermiticity
of H gives rise to the familiar decay (or growth) of such a
system’s eigenstates (normal modes). It also opens the pos-
sibility of “exceptional points” (EPs) in parameter space, at
which H is not fully diagonalizable. In the neighborhood
of an EP, the eigenvalues exhibit branch-point behavior as
functions of the parameters, and so encircling it permutes the
eigenvalues and eigenspaces [1-3], an effect referred to as
flipping, monodromy, or spectral flow.

In recent years, EPs have been studied experimentally in a
wide range of settings, including microwave [4,5], electrical
[6], optical [7], cavity QED [8], exciton [9], acoustic [10],
and mechanical [11] systems. While each of these realiza-
tions has offered some degree of control over H, in most
experiments the number m of independent control param-
eters is insufficient to specify an arbitrary H. As a result,
EPs are typically observed to occur at isolated points within
the m-dimensional space of control parameters. In contrast,
if we consider the space M,(C) = C” of all nxn com-
plex matrices H, then EPs are not isolated, but in fact form
subspaces of M,(C) of dimension larger than zero [2,12].
These subspaces are topological spaces (not vector spaces),
and in the neighborhood of a generic point in such a sub-
space it is a smooth (indeed, complex analytic) manifold;
we usually refer to these subspaces simply as spaces of EPs.
One part of the following paper is the description of the
geometry and topology of these spaces in the simplest cases;
we also explain how this is relevant to the topic of adia-
batic evolution that we wish to study, and to which we now
turn.

2469-9926/2020/102(3)/032216(9)
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. One of the conditions under which these results hold is that the state being transported

Leaving aside EPs for a moment, the evolution of a system
under an asymptotically slow (“adiabatic”’) smooth variation
of some parameters in time has been the subject of much
study in both Hermitian and non-Hermitian cases. In what
follows, we concentrate on evolution along a closed path (a
loop) in parameter space [for example, M, (C)]. In Hermitian
systems, the adiabatic theorem [13,14] guarantees, in terms
of the eigenstates of the “instantaneous” Hamiltonian at any
point of the loop, that if the system is initially in an eigenstate
(or in a subspace in Hilbert space of degenerate eigenvalues)
and if the degeneracy of that eigenvalue does not change at
any point during the evolution then at the end of the adiabatic
evolution the system will be found in the same eigenspace
in which it started. Moreover, the phase of the state vector
changes by an amount the asymptotic form of which, as the
time T taken for the loop tends to infinity, has two leading
contributions: the integral of the eigenvalue along the loop
(the dynamical phase), which typically is linear in 7, and the
geometric or Berry phase, which is independent of T [15]. The
Berry phase modulo 27, or phase factor, is the holonomy of
a natural connection (i.e., “vector potential”’), and may have
further topological significance [15,16]. (For evolution of a
degenerate eigenspace, the phase factor becomes a unitary
map [17].)

In contrast, in non-Hermitian systems there exists a mode
or modes that are “dominant,” meaning they have the largest
rate of exponential growth (or the slowest decay). During
adiabatic evolution along a generic loop the system tends to
transition into one of these modes, which then dominates at
long times, even when the eigenvalue (or its real or imagi-
nary parts) of the chosen mode does not coincide with that
of another mode at any point on the loop. In this situation
the adiabatic theorem does not hold for all the modes, but
only for the dominant one [18]. If a different mode be-
comes dominant somewhere along the loop, then even this
statement breaks down. This occurs generically (because of

©2020 American Physical Society
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monodromy, which was mentioned already) when the loop
encircles an EP without passing through one; as a result, no
adiabatic theorem applies for strict adiabatic transport around
such a loop [19,20]. We note that some of the experimental
literature (e.g., Refs. [4,5,11]) is concerned instead with a
“quasiadiabatic” limit of evolution that is slow, but not asymp-
totically slow. In that regime, after evolution along a loop that
encircles an EP, the system may end in a mode different from
the one in which it began [19,21], demonstrating the mon-
odromy around the EP. We emphasize that this is not the same
as the strict (i.e., asymptotically slow) adiabatic evolution that
we consider in this paper.

B. Overview of results

In this paper, instead of adiabatic transport along a loop
that never passes through any EP, we consider loops that
lie entirely within one of the spaces of EPs that were
mentioned already. The simplest example concerns a 2 x 2
non-Hermitian Hamiltonian matrix H; its EPs occur when
H is similar to a single 2 x 2 Jordan block. [We recall the
Jordan canonical form: an arbitrary matrix can be transformed
by change of basis (i.e., similarity transformation) into block-
diagonal form, where the diagonal blocks are Jordan blocks,
and the other blocks are zero; in each Jordan block, the di-
agonal elements are all the same eigenvalue. The vectors in
such a basis are termed generalized eigenvectors. The Jordan
canonical form of the matrix is unique up to permutations
of the blocks.] The eigenvalue on the diagonal in the Jordan
block can be set to zero by adding a multiple of the identity;
throughout our discussion, we will assume this is already
done, as allowing it to be nonzero produces only very simple
changes.

These EPs form a single space that we call £P,, which is a
subspace of SM,,(C) C M, (C), the space of traceless complex
n X nmatrices, here with n = 2 (we give details below); trace-
less 2 x 2 Hamiltonians not in £P, are fully diagonalizable.
This example has simple geometry and is quite tractable. As
it can be readily generalized to the case of traceless n x n
Hamiltonians similar to a single n x n Jordan block J,,,

0 1

1
0

and with similar results for all » > 1, we carry out the analysis
in this more general case. For each n, we denote the space of
these EPs by EP,, C SM,,(C). For n > 2, there are also EPs in
SM,,(C) but not in £P,, at which other Jordan block structures
arise, and the situation becomes much more complex. We do
not consider those cases in the present paper.

We first describe the geometry of the space £P,, with
particular emphasis on the simplest case, n = 2. We find in
particular that these spaces are n-fold connected (doubly con-
nected for n = 2), in the sense that there are closed paths
(loops) lying in EP,, that cannot be contracted (within EP,,)
to a point, but traversing such a loop n times produces a loop
that can be so contracted. In other words, one may associate a

winding number (defined modulo ) to any loop, and concate-
nation of two loops that both begin and end at the same point
gives a loop the winding number of which is the sum of those
of the two given loops, modulo 7.

Then, as for the usual adiabatic theorems, we consider a
loop in £P,,, parametrized by Hamiltonians H (s) for 0 < s <
1, where H(1) = H(0), and evolve the system in time ¢ with
s = t/T; finally the asymptotics as T — oo are studied, with
the loop H (s) fixed (independent of 7). We find that the result
of adiabatic transport in £P,, has features in common with the
case of a nondegenerate eigenstate in a Hermitian system, but
also substantial differences. For a class of loops and a choice
of initial state vector (to be described in a moment), we find
that as 7 — oo the state vector returns to itself, multiplied
by a complex number the logarithm of which has the Puiseux
series form

n

1
ZTI_’/”/ dsa,(s) )

r=1 0

(plus terms higher order in 1/ T'/™), where a,(s) are com-
plex functions that can be calculated from H(s). Thus the
(complex) dynamical phase (the terms with r < n) includes
fractional powers of 7~! (of which the r = 1 term at least
has been noticed previously [22]). The term of order TO (the
r = n term) is the geometric or Berry phase, and is only well
defined modulo 27ri. Remarkably, the exponential of this term
is again the holonomy of a connection, and is precisely ¢>7/"
raised to the power of the winding number of the loop in £P,,;
it is invariant under small deformations of the loop within that
space.

To describe the conditions under which this result holds,
it is useful to change the basis in the evolution equation to
the basis of instantaneous generalized eigenvectors of H(s).
In this basis, the effective Hamiltonian describing evolution
is H = J, + T~'A(s), where A(s) is the adiabatic (Berry)
connection matrix along the loop at s (details appear below).
The most generic case is that in which the lower-left element
A, of A is nonzero, and then H' is diagonalizable. For adia-
batic transport in EP,,, it is H' (rather than H) that determines
the dominant mode. We assume that the same mode remains
dominant everywhere on the loop, which is ensured if A,;; does
not touch the negative real axis or zero. Our result holds for
such loops and when the initial-state vector is this dominant
mode.

In addition, we identify an important subclass of such loops
for which adiabatic transport of any eigenstate of J, + T ~'A
stays in that state for all time. This consists of loops for which
A(s) = A is independent of 5. As long as A, is not zero, such
a “straight” loop in £P,, produces the form (2) for each eigen-
state, not only for the dominant one (the coefficients a, for
r # n differ for each eigenstate, however). Loops of this form
that possess nonzero winding number exist in £P,, and the
holonomy (Berry phase factor) of such a loop is independent
of which eigenstate of J, + T ~'A is transported.

We also explain how the effects can be studied experi-
mentally for n =2 in two implementations, including one
described in Ref. [12].

In Sec. II, all the results just outlined are derived step
by step, except for some parts that can be skipped without

DISTRIBUTION A: DistriBdfied &Gdproved for public release.
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significant loss of understanding and which are relegated to
the Appendices. Particular emphasis is placed on the simplest
case, n = 2, which we use to give examples. In Sec. III, we
describe the experimental implementations. Section IV is the
Conclusion.

II. DERIVATIONS OF RESULTS
A. Geometry of EP,

To obtain the results outlined in Sec. IB, it is conve-
nient to use the evolution (Schrédinger) equation in the form
o|v) = H|y), so iH would be the usual Hamiltonian of
quantum mechanics. We treat H as a matrix, and |{) stands
for a column vector. Adding a multiple of the identity I to
a Hamiltonian merely shifts all the eigenvalues by the same
amount, so we can assume that the trace of H is zero. An
n x n complex Hamiltonian that is similar to a single Jordan
block with eigenvalue zero, meaning that H = AJ, A~ where
A is an invertible complex invertible matrix, is said to lie at an
EP of type EP,. (Note that the columns of A are generalized
eigenvectors of H; we denote them by |i;) fori =1, ..., n.)

To describe the geometry of the space £P, of all such
H, first notice that the matrices that commute with J, have
the form al + byJ, + - - + b,—1J"~!, where I is the identity,
and a and b; are complex numbers. Such matrices with a # 0
form a Lie group C* x 7,, which is a subgroup of GL,(C),
the group of invertible n x n complex matrices. Here C* is
the group of nonzero complex numbers (under multiplica-
tion), and J, is the group of n x n matrices of the form
I+b6J, 4+ + b;_lJ,:”l, where b, are complex numbers.
Then £P, can be identified as the quotient space EP, =
GL,(C)/[C* x J,]; see Appendix A for further details. It is
a noncompact space of complex dimension n(n — 1), but has
a “deformation retract” [23] onto SU(n)/Z,, that is the group
SU(n) of unitary matrices of determinant 1, modulo its center
Z,, the cyclic group of order n. The fundamental group of
this space is 7w (EP,) = Z, (see Appendix A). That means
that loops in the space can be characterized (modulo small
deformations) by a single winding number defined modulo 7,
as described in Sec. I B. We note that if we allowed the single
eigenvalue of H to be nonzero instead of requiring it to be
zero then the space of such Hamiltonians would be Z£P, x C
and have complex dimension higher by 1, but the fundamental
group would be unchanged.

Example: n =2

As illustration, for n = 2, we can more explicitly describe
traceless Hamiltonians as

z  X-i
H=<X+iY -z ) ®)

where X, Y, and Z are complex numbers. With our conven-
tions, iH would be Hermitian (with respect to the standard
inner product) if X, Y, and Z were all imaginary. However,
for general non-Hermitian H, an inner product plays no es-
sential role, and we avoid using one on C" at any stage. For
n = 2, clearly there are no exceptional points other than those
in EP,. If X = (X, Y, Z)T (the superscript T denotes trans-
pose), then H is in EP, if and only if |[ReX| = [ImX| > 0

and Re X - Im X = 0 [2] (here the standard inner product and
norm on R? were used). If we fix [Re X| to 1, then because
an ordered pair of orthogonal unit vectors in R? (such as
Re X, Im X) determines an orthonormal basis with positive
orientation in R? the space of such pairs forms the special
orthogonal group in three dimensions, or real projective three-
space, SO(3) = RP? = SU(2)/Z,. It is well known that the
fundamental group of this space is m; = Z, (i.e., it is doubly
connected; see Sec. I B) [23]. Then £P, = SO(3) x R, where
the second factor represents In|ReX| and is contractible.
Hence £P; is doubly connected also, that is, 71 (EP;) = Z,.

B. Adiabatic transport in EP,
1. General statements

Now we consider adiabatic transport in £P,, for general n.
We choose a smooth loop in EP,, so we have H = H(s), a
smooth function of s € [0, 1] with H(1) = H(0)and H € EP,
for all s. We evolve the system in time ¢ from zero to 7 > 0
with the time-dependent Hamiltonian H = H(s = ¢/T) as in
the usual adiabatic evolution. If we express the evolution
equation 9;|y) = H|y) in a basis of generalized eigenvec-
tors |u;(s)) of H(s) = A(s)J,A(s)"' at each s (that varies
smoothly with s) then, for the column vector |u) = A~!|y/)
of components in this basis, it takes the form

edsu) = (Jp + eA)u), “4)

where ¢ = 1/T and A;; = —(u;|0,u;) (i.e., A = —A719A) is
the Berry connection evaluated on the tangent vector to the
loop. Here the bras (u;(s)| are a smooth basis set of row
vectors dual to the basis of kets [u;(s)), so (u;(s)|u;(s)) = &;;
for each s (this is not a use of an inner product); they are rows
of A~!. To keep later arguments simpler, we assume with-
out loss of generality that A(s) is periodic [A(1) = A(0)],
and so also A(1) = A(0). There is a residual gauge freedom
when we obtain Eq. (4): the form is preserved under a fur-
ther differentiable periodic s-dependent change of basis by
A(s) € C* x T, for all s (see Appendix B).

The key point now is that while J, is not diagonalizable
Jo + €A often is. As ¢ — 0, det(J, + eA) = (—1)""'eAy +
0(&?), where we write Ag = A, (s) and we assume henceforth
that Ay is nonzero for all s. From the characteristic equa-
tion, we find that the s-dependent eigenvalues of J, + €A are
Ay = CHEAD (w=0,1,..., n—1) to leading order in
e, where ¢ = ¢*™/" (see Appendix C). Here we choose one
nth root of Ay, which we take to be the principal branch,
for which argA(l)/" € (—m/n, 7 /n], and denote it A(I)/", and
(eAg)'/" = g/ ”A(l)/ " (¢!'/" > 0). Solving iteratively for each
eigenvalue, we can obtain series expansions

by =) ae e )
r=1

with nonzero radius of convergence; such an expansion is
called a Puiseux expansion. Note that here the coefficients
a, =a,(s) (a = A(l)/ ") are independent of u (because #" has
been extracted), because if such an expansion satisfies the
characteristic equation for one value u then it does so for all

DISTRIBUTION A: Distrigél%% %’éproved for public release.
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w. Then as Zu Ay =tr (J, + €A) = etr A we find that

1
ay = —trA (6)
n

and ap, = a3, =---=0. If Ap =0 for some s (contrary to
our assumption), then the remaining elements of A become
important as ¢ — 0, and there are different cases to study; we
do not consider these in this paper.

If Ap # 0 makes a circuit k times around the origin (say,
as s varies), then following the eigenvalues A, continuously
along the circuit produces a net cyclic permutation . — @ +
k (mod n). This monodromy of the eigenvalues has the same
form as that which we mentioned [1] in the first paragraph of
Sec. I. The situations are related because €A can be considered
as a perturbation from the exceptional point H = J, to an “‘ef-
fective” Hamiltonian H' = J, + €A, and we are considering
a case in which the degeneracy of eigenvalues is fully lifted.
Henceforth we assume that Ay does not encircle the origin as
s varies from O to 1.

If, in the adiabatic limit ¢ — 0 and under our assumptions,
a state prepared in the pth instantaneous eigenvector of J, +
€A stayed in the corresponding eigenstate until s = 1, then
there would be a change in its “phase” (i.e., the log of the
amplitude, which here is complex) of

n 1
Do / ds ar(s) (M
r=1 0

plus order ¢'/", plus possibly a further contribution to the
geometric phase, which we discuss in Sec. II B 3 below. Apart
from the r = n term, the terms displayed in expression (7) are
dynamical phases, which depend on T . In addition to the usual
one that is of order T (absent here because we subtracted off
the trace of H), there are also fractional powers of T [22].
These may be considered “stretched exponential” dependence
on the time scale T of adiabatic evolution.

In view of our choice that A(1) = A(0), the final r = n
term in (7) is a geometric phase, like the usual Berry phase
in the case of nondegenerate eigenvalues, but given by the
average [ dsn~'trA of the diagonal elements of A. It can
change by a multiple of 27 under a “large” residual gauge
transformation that winds in C* as a function of s (see
Appendix B); thus it is well defined only modulo 27i. In other
words, it is the Berry phase factor or holonomy

1/n

e}171 fol trA (8)

that is well defined if we do not keep track of the choice
of basis along the path (i.e., it is fully gauge invariant). The
dynamical phase terms r < n are gauge invariant (again, see
Appendix B); these gauge-invariance properties are similar to
the usual Hermitian case.

2. A special class of loops

An important special case of adiabatic transport in £P,
is that in which A (and hence a,) is independent of s (for
all ). In that case, the coefficients in Eq. (4) are constant,
so the system does stay in an initial eigenstate of J, + €A
for all s if it is in one initially, and the preceding remarks
conclude the calculation. We note that the corresponding path

is “straight” in GL,,(C), with A(s) = A(0) exp(—sA), and that
such paths can return to the starting point, so A(1) = A(0).
Moreover, these loops can be nontrivial in both 77;[GL,(C)]
and m;(EP,), that is, they can have nonzero winding number
(modulo n) when projected to £P,. In the general case, in
which A is not constant, there could be further contributions
to the geometric phase of the same order, which we discuss
next.

3. More general loops

In order to examine the general scenario, we apply the
adiabatic theorem to J, 4+ €A. At leading order, the uth eigen-
vector of J,, + €A can be chosen to be

1
(eAg)/me
v = [1+0E"™], ()
(SAO)(nfl')/né-u(nfl)

which is periodic in s under our assumptions. If we use these
instantaneous eigenvectors as a basis set (together with a dual
basis as before), then in this basis the evolution equation
becomes

eds|v) = (D + eA")|v) (10)

where D = diag (Ao, ..., An—1), and A}, = —(v,|05v,). Now
we use the adiabatic theorem for this non-Hermitian nonde-
generate situation [18]. As mentioned already, in this case,
with eigenvalues A, with differences much larger than ¢ as
& — 0, the adiabatic theorem in general does not hold for all
the eigenspaces of D, but only for the dominant mode (the
one with the largest real part of its eigenvalue). (In the less
general case in which a permutation of the |v,)s makes A’
block diagonal with the same block structure for all s, then the
adiabatic theorem holds for the dominant mode in each block.)
If we make the stronger assumption that |arg Ao(s)| < 7 for
all s (i.e., Ag does not touch or cross the negative real axis)
then, for all s and as ¢ — 0, Re A, is largest when = 0, and
is nondegenerate. [Technically, we assume that Ay (s) does not
approach the negative real axis or zero closer than some small
constant, say § > 0.] With this assumption, it is not difficult to
show that if the initial state is purely the dominant mode then
it remains in it for all s with sufficient accuracy as ¢ — 0 (see
Ref. [18] and Appendix D). Moreover, the additional contri-
bution to the geometric or Berry phase is found by integrating
the diagonal element A, for the dominant mode.
In the present case, we find that

n—1
b N e 840 1/n

Ay, = ;nzq A FoE.an
so the diagonal elements are given by 12—’,1"33 In Ay to leading
order. Integrating from s = 0 to 1, the change in the com-
plex amplitude is [A¢(0)/Ao(1)]”~1/@" Because A does not
make a circuit around the origin, this factor is 1. Then the
net phase change through order £ is given by the integrated
Puiseux expansion (7). It is remarkable that, for adiabatic
transport in EP,, there is an order-¢° part of A’, yet this part
still does not contribute to the geometric phase.
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NON-HERMITIAN ADIABATIC TRANSPORT IN SPACES ...

PHYSICAL REVIEW A 102, 032216 (2020)

4. Calculation of net holonomy

Finally, we need to calculate the net geometric phase for a
loop. First, because A(1) = A(0), the non-Abelian holonomy
[which is an element of GL,(C)] is P exp folAds (Pexp is
path ordering of the exponential). Hence the holonomy for any
loop is A(1)"'A(0) =1, and by considering a contractible
loop and using Stokes’s theorem it follows that the non-
Abelian Berry connection A has zero (Yang-Mills) curvature.

The trace of A is in the Lie subalgebra g/;(C) =
C of gl,(C), so the corresponding Abelian holonomy
is det A(0)/det A(1) =1 in GL{(C) = C*. Then n~'trA,
which determines the geometric phase, is again a flat connec-
tion (i.e., its Berry curvature is zero). Its holonomy is

"ot Ads — [det A(0)/ det A(1)]'/" (12)

[with the nth root defined by imposing continuity on
{det A(s)}!/"]; because of the vanishing curvature, it depends
only on the homotopy class of the loop. For any contractible
loop in GL,(C) this holonomy is 1, but for a noncontractible
loop it is an nth root of 1, and so a power of ¢. Note that
m1[GL,(C)] = Z, so such loops exist; they are associated with
the noncontractibility of C*. It is precisely ¢! to the power
of the winding number of the path of det A(s) around the
origin in C*; note that this winding number changes by a
multiple of n under a residual gauge transformation. In £P,,,
the fundamental group is Z,,, so repeating a given loop n times
produces a loop that is contractible in £P,,, and hence the nth
power of the holonomy for any loop must be 1, consistent
with our conclusion that the holonomy is a power of ¢. This
concludes the derivation of the general results. In Appendix A,
we also explain that the mapping from a loop in £P, to a
power of ¢, given by the holonomy, Eq. (12), can be viewed
as a torsion first Chern class c.

5. Example: n = 2

As an illustration of the general results, we solve the n =
2 model explicitly for A constant and Ay # 0. An example
of a noncontractible loop in £P, is parametrized by X(s) =
(icos ¢ (s), isin ¢(s), )T with ¢(s) = 2s. Then with |u;) =
(1, i) and |u,) = (1, 0)T we find

—2xi 0
A= < i 0)’ (a3)

s0 Ag = 2mi, and the eigenvalues of J, + €A are

Aol = —ime £/ 2mwie — w2e? (14)

= + 720+ )e'? —ime + 0(Y?).  (15)

The two leading terms agree with a; = A(l)/ anda, = %trA =

—im, and further ay, = 0 for k > 1; note that the Berry phase

is 7 (modulo 27). Our general theory tells us that these results

are independent of the choice of gauge, and that the Berry

phase is invariant under sufficiently slowly varying smooth

changes in the loop. More generally, if we choose ¢(s) =

2nrms for an integer m, giving a loop of winding number m,
then the holonomy is (—1)".

III. EXPERIMENTAL IMPLEMENTATIONS FOR n =2

The simplest demonstration of our results is for non-
Hermitian 2 x 2 Hamiltonians, which are of the general form
in Eq. (3). Here, we discuss two experimental setups which
realize such a Hamiltonian, and we propose noncontractible
loops along which adiabatic transport would produce the re-
sults in Eq. (15). In either setup, this means that if the system
were initialized in the dominant mode there would be a contri-
bution to the (complex) dynamical phase of (1 + i )\/JT_T , and
the Berry phase factor would be —1.

The first setup consists of a qubit (two-level system) that
is coupled to a waveguide, and which can decay to a third
level. When the system is postselected for evolution that
remains within the qubit’s Hilbert space, the resulting dy-
namics can be described via an effective Hamiltonian that is
non-Hermitian, as demonstrated experimentally in Ref. [24].
In the rotating frame and rotating wave approximation, we
identify the three complex numbers X, Y, and Z in Eq. (3)
with experimental parameters: X = Jcos(¢), ¥ = Jsin(¢),
and Z = A/2 — iy /4, where A is the detuning of the drive
applied to the qubit (via the waveguide), y is the difference in
decay rates of the two qubit states, J is the coupling strength
(also known as Rabi frequency), and ¢ is the (Rabi) phase.
From the discussion below Eq. (3), we infer that exceptional
points lie at A =0 and J = |y|/4 for all «. For fixed A =0
and J = |y|/4, varying ¢ by 27 describes a noncontractible
loop. If y is also controlled [24], then the accessible subspace
of &P, forms a frustum—a cone without its apex (because
there H = 0 and so is diagonalizable).

Second, we argue that full control over Eq. (3) can be
achieved with the optomechanical device used in Ref. [12].
The device consists of a dielectric membrane in the middle
of an optical cavity. The membrane’s vibrational modes can
be coupled to each other by sending light at particular fre-
quencies into the cavity; in addition to the complex-valued
mutual coupling, light also introduces a complex-valued self-
coupling term to each oscillating normal mode [25]. In
Ref. [12], two pairs of light beams were used to couple two
oscillating normal modes. It is straightforward to show that
various combinations of laser tones (i.e., their power and
detuning) can be chosen to give independent control over the
complex parameters X, Y, and Z in Eq. (3).

IV. CONCLUSION

To conclude, we studied adiabatic transport around a loop
in a space of exceptional points of type EP, for n x n Hamilto-
nian matrices. We found that the dynamical phase is given by
a Puiseux series of fractional powers of T, and that the Berry
phase (modulo 27r) depends only on the homotopy class of the
loop. The results hold for a choice of initial state that depends
both on the loop (which must be in a certain class of loops)
andonT.

Clearly, it would be of interest to carry out an analysis by
similar methods in other cases, such as when Ay = 0 all along
the loop. Alternatively, for n > 2 we can also consider, for
example, spaces of EPs of types EP,, for n’ < n within M,,(C),
or spaces of Hamiltonians for which the Jordan canonical
form is a direct sum of several Jordan blocks with the same
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eigenvalue. We expect these cases to involve the non-Abelian
connection for transporting a proper subspace [17], as well as
effects similar to those we found for a Jordan block of size n.
We leave these cases for later study.
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APPENDIX A: GEOMETRY AND TOPOLOGY OF &P,

In this Appendix, we consider the geometry and topology
of the space £P,. We first show that it is a complex manifold
of complex dimension n(n — 1), and has the same topology
(i.e., what is called homotopy type [23]) as SU(n)/Z, [for
n = 2, this becomes SO(3), the space of real 3 x 3 orthogonal
matrices of determinant 1]. This space is connected but not
simply connected; its fundamental group is w(EP,) = Z,,
which is not the trivial group when n > 2, and corresponds
to the n-fold connectedness described in Sec. I B. (The cal-
culation in the main text is required in order to determine
the Berry phase factor, relate it to a holonomy, show that
there are loops for which it is not unity, and relate it to the
winding number of the loop.) Finally, we also determine the
low-dimensional homology and cohomology groups of £P,
with integer coefficients, including the second cohomology
group H*(EP,,), which is again =Z,,. The latter group tells us
about the possible holonomy for a loop in £P,,, and we explain
how the results in the text can be viewed as an example of a
torsion first Chern class, which is an element of H>(EP,,).

To begin, for H = AJ,A™! and A an invertible complex
matrix [an element of the general linear group GL,(C)], we
see that multiplying A on the right by any invertible matrix
that commutes with J,, produces the same H. The latter matri-
ces form the subgroup C* x 7, defined in Sec. IT A. It follows
that the space of such H is £P, = GL,(C)/[C* x J,], which
is thus a homogeneous complex manifold. The complex di-
mension of GL,(C) is n?, and that of C* x J, is n, so the
complex dimension of £P,, is n(n — 1). This number can also
be understood heuristically as follows: M,,(C) has dimension
n?, and a generic matrix has n distinct complex eigenval-
ues. The condition that all eigenvalues be zero imposes n
constraints, leaving an n> — n dimensional space. This space
contains points not in EP,, but it turns out that those points
form subspaces of dimension <n? — n; for example, for any
n > 2 the space includes the zero matrix, which is not similar
to any nonzero matrix.

To study further the geometry and topology of £P,, a
useful first step is to analyze that of GL,(C). [The result of
the division of GL,(C) by the product group can then be
investigated afterward, one factor at a time.] If we arbitrarily
choose an inner product on C", say the standard one, then any
invertible matrix g € GL,,(C) can be expressed in the polar

decomposition g = U h, where U is unitary and 4 is a positive-
definite Hermitian matrix (i.e., all its eigenvalues are strictly
positive). This can be obtained from & = (g'g)!/?, where the
positive square root is taken for each positive eigenvalue of
g'g,and U = gh™'. The space of such £ is contractible; 4 can
be deformed to the identity /. Hence GL,,(C) has a deforma-
tion retract [23] to the space U (n) of unitary matrices.

For the second step, the group GL,(C)/C* [where C* is
embedded in GL,(C) as the subgroup of nonzero complex
multiples of the identity] is also known as the projective
linear group PGL,(C). It has a deformation retract onto
Umn)/U1)=SUwn)/Z,.Here Z, C U(1) C U(n) is embed-
ded in SU(n) as the subgroup of n x n matrices that are a
power of ¢ times the identity; it is the center of SU(n). (Note
that, throughout the paper, we use = to stand for topological
isomorphism [homeomorphism] of topological spaces; when
the space is also a group, the map is also an isomorphism of
groups. In the special case of a discrete group, the discrete
topology is used.)

Finally, we must also mod out by 7,. It is a contractible
subgroup of GL,,(C), and intersects C*/ only at /, so its image
is still a contractible subgroup in PGL,,(C). As for any space
that is the quotient space G/H of a group G by a subgroup
H C G, PGL,(C) can be viewed as a fiber bundle [23] over
the quotient space £P, with fiber =7 . Because the fiber is
contractible, £P, has the same homotopy type as PGL,(C), or
as SU(n)/Z,. That is, these spaces are homotopy equivalent,
due to the existence of deformation retracts from PGL,(C) to
EP,, and from either of these to SU(n)/Z,.

The homotopy type of a space can also be studied by using
the homotopy groups. We can apply the homotopy long exact
sequence of a fibration to the fiber bundle G over G/H with
fiber H (where H € G are groups) [23],

wo = 1i11(G) = 7 (G/H) — mi(H) = 7i(G) — - -+,
(AD)
which holds down to 7o(G/H) [for i = 0, 7y of a space is
in general a set without a group structure, however for the
present case the mys are groups, except for mo(G/H) in the
case that H is not a normal subgroup of GJ. If we apply this
with G = PGL,(C) and H = J,,, then as all homotopy groups
(or sets) of 7, are zero (because it is contractible) we of course
find again that m;(EP,) = m;[PGL,(C)] = 7;[SUW)/Z,] for
all i > 0. Applying the sequence again with G = SU(n),
H = 7Z,, and using (with n > 2 from here on) 7;[SU(n)] =
m[SU(n)] = 0, 73[SU(n)] = Z, and of course 7;(Z,) = 0 for
i >0, ny(Z,) =7Z,, we obtain m1(EP,) = Z,,, 12(EP,) =0,
m3(EP,) = Z. For n = 2, these results are well known for
EP, =ZRP? x R = SO(3) x R, and for general n they are
fairly well known for SU(n)/Z,. We note that, when the fiber
is a discrete group, these results can also be understood in
terms of covering spaces; for example, SU(n) is the simply
connected covering space of SU(n)/Z,, which means that
7T1(SU(I’£)/Z") = Zn~
Next we turn briefly to the homology and cohomology
of £P,, which depend only on the homotopy type of the
space, and their applications (these are not essential for un-
derstanding the main text). The first homology group, with
integer coefficients, is H{(EP,) = m1(EP,) = Z, as m(EP,)
is Abelian. By the universal coefficient theorem [23], the
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cohomology with integer coefficients is H'(£P,) = 0, and
H?*(EP,) = F, @ T,, where F, is the free part (group of el-
ements of infinite order) of H,(EP,), T; is the torsion part
(group of elements of finite order) of H{(EP,), and the
isomorphism is noncanonical. Thus H>(EP,) contains a sub-
group =Z,. For n =2, H*(RP?) = Z,, while H3(RP?) &
Z. For n > 2, using theorems of Hopf (see Ref. [26],
pp- 1, 2, 41, 42), there is a surjection from m,(EP,) =0
onto Hy(EP,), because the group homology H[m(EP,)] =
H,(Z,) = 0, and so H,(EP,) = F, = 0, implying H>(EP,) =
Z,. Alternatively, we can use a Cartan-Leray spectral se-
quence (see Ref. [26], p. 173, or Ref. [27], Sec. 6.10) to obtain
H*(EP,) = Z,.

In general, the elements of the second integral cohomology
group H?(X) for a topological space X correspond one to
one with the isomorphism classes of complex rank-1 vector
bundles (also called line bundles) over X ; the group operation
corresponds to taking tensor products of line bundles. The el-
ement in H2(X) for a given line bundle is the first Chern class
c; of the bundle; thus c; completely classifies line bundles up
to isomorphism.

Our adiabatic transport construction does not directly pro-
duce a line bundle (because, e.g., the dominant state depends
on the path used), but the g/, (C) connection n~tr A, or more
precisely its holonomy around all possible loops, uniquely
determines a line bundle (up to isomorphism), and hence
determines its first Chern class ¢; € H*(EP,) = Z,. (Our con-
nection is flat—see Sec. II B 4—but the statement would hold
even if the connection were not flat; see, e.g., Ref. [28], Sec.
2, for exposition and references.) Because our connection is
flat, our formula Eq. (12) for the holonomy is precisely this
c1; when given a homotopy class of loops [in 71(EP,)], or
the corresponding homology class of cycles [in H{(EP,)], it
specifies an element of Z,, represented multiplicatively as a
phase factor, which is the holonomy. Viewed as an element of
H?(EP,) (additively), c; is nonzero and in fact is a generator
of H%(EP,). This ¢, is an example of a torsion first Chern
class, that is, one that is not equivalent to an integer or set of
integers.

APPENDIX B: GAUGE TRANSFORMATIONS
AND INVARIANCE OF RESULTS

The evolution equation (4) is covariant under s-dependent
transformations lying in the subgroup C* x J,. Precisely,
if the column vector |u) is replaced by |u8) = glu), where
g € C* x J,, then the evolution equation becomes £d;|us) =
(J + eA®)|ud), where

Af = gAg™' + 3,87 ". (B1)

As gis upper triangular, the inhomogeneous term d,gg ™! is as
well (it is in the Lie algebra of C* x 7).

We show in Appendix C below that the leading terms ¢
in the coefficients ¢; in the characteristic equation contain
elements of A on or below the diagonal. It follows that the
inhomogeneous terms in A8 have no effect on the coefficients
¢, in order & except for the diagonal of A% which affects
Cu—1 O tr A. Moreover, J, + sgAg™! = g(J, + eA)g~! has the
same eigenvalues as J,, + €A. Hence the terms displayed in ex-
pression (7) are gauge invariant to the order shown, except for

the r = n term; the latter transforms as a C* connection. Then
the s integrals of these terms are also gauge invariant, except
that the Berry phase (r = n) term changes by a multiple of
2mi (where here i is the square root of —1, not an index), and
thus is invariant except under a “large” gauge transformation,
that is, one that winds around the origin in C*.

APPENDIX C: SCALING OF THE CHARACTERISTIC
EQUATION AND EIGENVALUES
The characteristic equation of J,, + €A has the form

n—1
A+ Z A =0
i=0

(ChH

where the ¢; are similarity invariants of J,, + €A, and all are of
order O(¢) as ¢ — 0. Indeed, the terms of first order in ¢ in ¢;
arec; = —& ) ;o Antjiny + O foralli=0,..,n— 1.

Because any root of the equation must tend to zero as € —
0, it is not difficult to see that the ¢ term is the most important
of the terms containing a c¢;, provided that lim,_¢ co/e # 0.
Then A ~ (—c)'/" o €'/", and the other ¢; (i # 0) do not
contribute at leading order in this limit.

APPENDIX D: GENERALIZED ADIABATIC THEOREM

Here for completeness we prove the generalized version
of the adiabatic theorem (including the Berry phase) in the
context of the main text. The result is contained in Ref. [18],
but our proof is different. We consider the evolution equation

A v) = (67D + A)|v), (D1)

where D = diag (Ag, ..., A,—1) and A’ is the Berry connec-
tion. In our case, D consists of eigenvalues proportional to
gl/" that are never equal, and A’ has entries independent of &.
We assume that Ag has the largest real part (i.e., it is domi-
nant), and that the differences of the real parts of the s are
bounded away from zero (this holds under the assumptions in
the text). We also assume that all elements of A" are bounded
in magnitude by the same constant B > 0 uniformly for all s.
First, we suppose that the system is prepared in the u =0
(dominant) eigenstate at s = 0, and consider the amplitude
for it to return to that eigenstate at s = 1. If the possible
transitions to other modes (i # 0) are neglected, then the
change in the complex amplitude of the dominant state will
be a factor exp{fo1 ds[e~"ho(s) + Af($)]}. We will show that
corrections to this due to transitions, and the amplitude for
ending in a different state, are of relative size O(s!"~1/") at
most. We emphasize that our general argument applies when-
ever D is diagonal and the differences of the real parts of the
diagonal entries from the dominant one are bounded below by
a nonzero constant times & to any power <1.

We first extract the factor exp{ fol ds[e "ho(s) + A1},
to calculate relative to this expected factor; this has the effect
of taking A9 = 0 (and Aj, = 0) without loss of generality,
by subtracting these from the diagonal elements of D (re-
spectively, A"). Now we begin by considering n = 2, and set
A}, = 0 for now. The change in amplitude is

1
(vo|Pexpf ds[e'D + A'l|vy), (D2)
0
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where the initial |vg) = (1, 0)7 is the dominant eigenstate of
Ju + €A in this basis (and (vy| is the corresponding element of
the dual basis). This transition amplitude is

[e'e] 2r
-y / T sy Aty (22 1) - Afols1)
r=0 P j=i

% ef‘? s"kl(.s’)d.s’+<~~+jT22y:1 s"}\l(s’)ds”

(D3)

where D is the region defined by s; < s, < --- < s, and all
s; in [0,1]. Subtracting the » = 0 term (which is unity), and
taking the absolute value, we have the bound

00 2r
<2 / [TdsjBre thimtumnmn - (Da)
r=1"D j=

where /2L > 0 is a lower bound on —Re A; > 0 for all s €
[0, 1], which exists by our assumptions. [This expression, with
1 added, can be viewed as the partition function of a statistical
mechanics problem of domain walls at positions s;, where at
s = 0 and 1 the state vector is fixed at |vy), and transitioning to
the other state |v;) = (0, 1) carries a fugacity B and energy
penalty e~!/2L > 0 per unit length. As this penalty is large,
domain walls are bound in pairs, and it is unlikely that state
|vy) is found.] This is in turn less than or equal to

o0 2r
1 2 —e 120§ U
s Zr_z/DI [ ds; B e~ L0 (D)
r=1 j=1

(where D' is the domain s1 < 2, 53 < 84, ..., S2—1 < Sor and
all 5; in [0,1]), because the parts where some of the intervals
[s2j—1, 52;] overlap give positive contributions, and discarding
these leaves a region that covers D r! times. This multiple
integral is a product, and gives rise to an exponential series
with the initial term 1 omitted. Each two-dimensional integral

factor can be evaluated to give £'/2/L + 8(67871/21“ —1)/L?,
where the subleading terms are introduced by the integration
limits at s = 0 and 1. Hence we have found the upper bound
equal to

exp[e'/?B?/L+eB* (e "t —1)/L)] 1. (D6)

As e — 0, this gives ~¢!/2B% /L, which is simply the first term
in the series.

In general, one should include A},. This can be added to
£~12),, and can be absorbed into a change in the bound L
when ¢ is sufficiently small. Hence the full result is

1
(v0|Pexp/ ds[e7'D + A'l|vo)
0

1
- exp{/ ds [g—‘xo(s)+Ago(s)]}[1 + 0] (D7)
0

for the n = 2 case. Similarly, we can show that the amplitude
for making a transition to the state |v;) during the evolution is

1
(n|P exp/ ds[e7'D + A'l|vy)
0

1
= O(¢'*B/L)exp { / ds[e " Ao(s) +A60(s)]} (D8)

0
as ¢ — 0, and the same bound also applies to the amplitude
for starting in 1 and ending in zero.

Finally, forn > 2 we can absorb A}, (u > 0) into a change
in the lower bound on all —Re A, i # 0. The remaining ele-
ments of Aiw with u, v # 0, which produce transitions among
those modes, are bounded in magnitude by B, and in the
above argument simply lead to another order-1 contribution
that can also be absorbed into ¢!~/"L. Hence the result is
similar, with corrections smaller at least by ~og(—1/np2 /L,
and similarly for the amplitude for a transition to any state

u#0.
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Numerous astrophysical and cosmological observations are best explained by the
existence of dark matter, a mass density which interacts only very weakly with
visible, baryonic matter. Searching for the extremely weak signals produced by this
dark matter strongly motivate the development of new, ultra-sensitive detector tech-
nologies. Paradigmatic advances in the control and readout of massive mechanical
systems, in both the classical and quantum regimes, have enabled unprecedented
levels of sensitivity. In this white paper, we outline recent ideas in the potential use
of a range of solid-state mechanical sensing technologies to aid in the search for dark
matter in a number of energy scales and with a variety of coupling mechanisms.
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I. INTRODUCTION

A significant and growing body of astrophysical [1-3] and cosmological [4, 5] observations
strongly suggests the existence of “dark matter”, a massive substance which interacts very
weakly—perhaps only through gravity—with ordinary, visible matter. This dark matter has
not yet been observed at particle colliders or in dedicated searches [6]. Many dark matter
direct detection experiments to date have focused on weakly interacting massive particles
(WIMPs) with masses around 100 GeV. These technologies are reaching full maturity, and
will have either detected or largely excluded WIMPs as viable dark matter candidates within
the next generation of experiments [7]. There is thus a clear need for searches of new dark
matter candidates, with new experimental techniques [8].

Precision measurement techniques have already been deployed in the search for dark
matter (see e.g. [9, 10] for reviews). In this white paper, we discuss approaches to searching
for dark matter using massive, mechanical sensing devices. We include applications of
purely classical mechanical sensors, as well as many devices which are now operating in
the “quantum-limited” regime, in which the dominant noise contributions come from the
quantum mechanics of measurement itself. These ultra-high precision systems can enable
tests of a wide range of dark matter models with extremely small couplings to ordinary
matter (both electromagnetic and otherwise). These approaches complement existing search
strategies, and in many cases provide better sensitivity than other available options.

The development of mechanical detectors has a rich history. Precision measurement in
the context of gravitational physics has utilized a range of large-scale systems such as opti-
cal interferometers [11], atom interferometers [12, 13], torsion balances [14, 15], and Weber
bars [16, 17]. The broader landscape of study of mechanical systems, as both classical and
quantum detectors, is wide reaching-ranging from single ions [18, 19], to tens of thousands
of atoms [20], to microscale resonators [21, 22] and up to kilogram-scale devices [11, 14]. In
this white paper, we consider how a variety of mechanical systems can open fundamentally
new avenues to search for dark matter over a large range of energy scales. In particular,
monitoring solid, massive objects allows for coherent integration of long-wavelength inter-
actions, and for integration of small cross sections over large volumes or large numbers of
target atoms or nuclei. Mechanical devices that are read out interferometrically at the shot-
noise limit, or even at or below the standard quantum limit (SQL) enforced by quantum
backaction [23], have been demonstrated across a wide range of mass scales, with natural fre-
quencies ranging from millihertz to terahertz in recent years (see [24] for a review). Hence,
multiple technologies are at an opportune point for contemplating their role in precision
experiments.

Dark matter detection is a particularly compelling and challenging problem, which may
require the development of fundamentally new technologies. Mechanical detection may be
poised to contribute to these challenging searches in both near-term and long-term exper-
iments. Development of new technologies will necessarily proceed with researchers in the
sensing and particle physics communities working in tandem. In the following, we outline
opportunities and objectives in this new direction in the search for dark matter. We note
that the mechanical sensing techniques we focus on have many similarities to proposed dark
matter searches with atom interferometry [25-27] and atomic clock systems [28-30], but
here we focus on the domain of solid objects.
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FIG. 1. Range of available dark matter candidates. Current observations allow for dark matter to
consist of quanta with an enormous range of masses. Here we classify these candidates as particle-
like when m 2 1 eV, and ultralight, wave-like dark matter when m < 1 eV. A few prototypical
models are listed as examples.

II. MOTIVATIONS FOR MECHANICAL SENSORS

The present landscape of viable dark matter candidates is enormous, leading to a wide
variety of potential experimental signatures. Dark matter particles could range in mass
from 10722 eV up to hundreds of solar masses, a range of some 90 orders of magnitude.!
Moreover, dark matter could interact with the standard model through many possible in-
teractions, although perhaps only through gravity. To span this diverse range of possible
models, different regions of parameter space will require different detector architectures and
measurement techniques. In particular, for models interacting with the standard model only
through mass or other extensive quantities such as nucleon number, massive mechanical sen-
sors may be required. Mechanical sensing technologies offer an extensive set of platforms,
as discussed in section IV, and thus have the potential to search for a wide range of such
dark matter candidates in regions of parameter space that are complementary to existing
searches.

The ability to monitor a large number of atoms in aggregate offers two key advantages over
other approaches. The first advantage is the large volume integration of any putative dark
matter signal. Any dark-visible interactions are necessarily tiny, so using a large volume (or a
large mass of target nuclei or atoms, for models that can resolve the underlying substructure
of the masses) is key to meaningful detection prospects. The second advantage is that long-
wavelength signals can be integrated coherently across the full device, leading to greatly
enhanced sensitivities. Such coherent detection has applications in the search for signals
from wave-like dark matter signals like the axion or other ultralight bosons, as well as in
the case of impulses delivered with extremely small momentum transfers. In section III,
we give some examples of dark matter models leading to these types of signals, and discuss
prospects for their detection with mechanical sensors.

III. DETECTION TARGETS AND TECHNIQUES

Possible signals of dark matter are controlled by a few key parameters. Astrophysical ob-
servations tell us that the dark matter mass density in our neighborhood is p ~ 0.3 GeV /cm?

I Tn this paper, we use natural units 2 = ¢ = 1 to quote particle physics quantities like masses and momenta.
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[31]. Assuming this dark matter consists of a single component, with (unknown) mass of an
individual dark matter quantum, m,,, this means that the local number density is around

- 03 (1 Ge\/). O

3
c1m my

Moreover, the Earth is moving through the virialized background dark matter with “wind
speed” vpyr ~ 200 km/s. These parameters fix the kinematics of any detection experiment.
The only additional information is what non-gravitational couplings, if any, the dark matter
has with visible matter. See eg. [32] for a review and further references.

Broadly speaking, the above properties mean that potential dark matter signals fall into
two classes determined by the dark matter particle mass (see Fig. 1). Traditional DM
detection has focused on dark matter candidates of masses greater than around m, 2 1 eV,
which appear as distinct particles. If these interact with visible matter, they will deposit
tiny, discrete impulses (on the order of p = m,vpys) when they collide with a detector. On
the other hand, ultralight dark matter fields of mass 1072* eV < m,, < 1 eV have enormous
occupation numbers, given Eqn. (1). The low mass and high occupation number of the
quanta mean that the field is bosonic and behaves as a background of oscillating waves
of wavelength A¢qg = 1 mm. This background of waves will be coherent over a timescale
Teon ~ 10°/w, set by Doppler broadening, where w, = m,c?/h is the natural frequency of
the field [33, 34]. These models thus produce extremely weak, coherent, persistent signals.
Searching for these two classes of signals requires different measurement techniques, which
we now discuss separately in more detail.

A. Ultralight searches

Consider a scenario where a sizeable fraction of the dark matter mass density is made
up of a single ultralight field. Examples of such ultralight dark matter candidates include
the axion [33], vector bosons arising by gauging the conservation of baryon minus lepton
number (B — L) [25], scalar and pseudoscalar fields coupled through the Higgs portal [44]
or the stress tensor [29] (see Table 1 of Ref. [25] for a collation of allowed couplings). These
models are minimal in the sense that they add only a single field to the standard model of
particle physics, and introduce no ultraviolet anomalies. The axion couples directly to the
electromagnetic and gluon fields, and can thus be searched for using a variety of systems
including microwave cavities [45, 46] and NMR systems [47]. The other candidates, however,
can couple to quantities proportional to mass density. It is thus natural to search for these
types of DM with massive sensors.

If DM consists primarily of one of these ultralight fields, the observable signature is
an oscillating background of ultralight bosons. This produces a nearly monochromatic,
sinusoidal force signal in a massive detector, with strength proportional to the mass, leading
to a variety of physical effects. For scalar DM the variations of fundamental constants such
as the electron mass, or fine structure constant would lead to a periodic strain in macroscopic
devices, and the possibility of detecting it has been explored in several mechanical structures
[37, 40, 41, 48]. For pseudoscalar DM candidates, observable signatures can include time-
varying nucleon electric dipole moments, spin-torques, and EMFs along magnetic fields
[25]. For vector DM one can obtain material dependent couplings, leading to differential
accelerations. For a concrete example, consider a vector boson field A, arising from a gauged
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FIG. 2. Ultralight dark matter searches. Left: Detection reach for accelerometer searches of
ultralight dark matter [25, 35], taking a vector B — L boson as an example. We assume one day
of integration time, and the use of a pair of accelerometers with differential neutron-to-nucleon
ratio A = Ny /A; — No/As = 0.05. Upper shaded regions are ruled out by existing torsion-balance
[15, 36, 37] and satellite experiments [38, 39]. Right: Detection reach for strain sensors [37, 40],
using a scalar field coupled to electrons as an example. The AURIGA Weber bar experiment
provides an additional narrow-band constraint [41]. In both plots, the colored lines labeled by
sensitivities represent the lower limit of dark matter parameter space which can be probed with
a detector of the given sensitivity. The lower shaded regions give some examples of conjectural
theory input: the region in the left plot conflict with a version of the weak gravity conjecture
[42, 43], here applied assuming the lightest B — L coupled particle is a neutrino of mass 0.01 eV.
In the right plot, the lower shaded region is favored by naturalness arguments [37].

B — L symmetry. This couples to the neutron field n through the neutron number density,
that is, through a coupling gz_rAnn. The dark matter background of vector bosons then
leads to a force on a sensor given by

F(t) = FyN,gp_1 cos(m,c’t/h) (2)

where N, is the number of neutrons in the sensor, Fy ~ 107'% N is set by the dark matter
density (1), and gp_r, is an unknown but weak coupling strength [25, 35]. Since the coupling
is to neutron number as opposed to total mass, a pair of sensors with different neutron-
to-nucleon ratios N/A can be used to search for the differential acceleration produced by
(2). In Fig. 2, we plot the available parameter space in this scenario and the acceleration
sensitivities needed for novel searches.

At the core, the detection problem here is to sense a weak, persistent, narrow-band signal.
Coherent sensing of narrowband forces is a prototypical application of mechanical sensors,
and so these are ideal detection targets for which mechanical sensors are poised to make
an immediate impact, particularly at higher frequencies (Hz-GHz) and/or using multiple
sensors to coherently integrate the signal.
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B. Particle-like searches based on recoils

To detect heavier (m, 2 1 eV), particle-like dark matter candidates, a variety of tech-
niques can be used. The key challenges in this regime can be illustrated by reviewing
traditional WIMP detection (see Ref. [49] for a review). In a liquid noble detector, the
WIMPs would occasionally strike an atomic nucleus, causing it to recoil. If sufficient energy
was deposited, the nucleus ionizes or excites nearby atoms, leading to either electron-ion
pairs or emission of scintillation photons which can then be detected by charge sensors or
photodetectors at the edges of the detector. This example demonstrates the basic issues: the
events are very rare (owing to the tiny dark matter-nucleon cross sections, o < 10736 cm?
[50]) and the energy deposition is very small (a given WIMP has mass of about ~100 protons
and velocity 10° m/s) leading to only small amounts of ionization or scintillation. Thus any
detection program needs to have sufficient target mass to see enough events, as well as very
low detection thresholds to see these small energy deposits. We note that many other signals
of interest, in particular low-energy neutrinos [51], have precisely the same properties.

The massive mechanical sensing paradigm offers a straightforward solution to the issue
of mass: for example, the LIGO detectors have mechanical elements (the interferometer
mirrors) with masses of tens of kilograms! On the other hand, smaller mechanical detectors
can also enable extremely low-threshold energy detection. There are two basic strategies:
detection of localized phonons in bulk materials, and direct monitoring of impulses to the
center of mass motion of a single device.

A number of proposals for the detection of dark matter through bulk phononic excitations
currently exist [53-57], which may extend the sensitivity beyond existing implementations
of phonon sensing in cryogenic calorimeters (e.g. [58-60]). For example, when a dark matter
particle interacts with a nucleus in a bulk crystal, it generates a distortion of the lattice. In
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FIG. 4. Searches for particle-like dark matter. Here we consider dark matter consists primarily
of particles of mass my, coupling to neutrons through a light mediator (eg. through a potential
V = ay,/r, where «,, is a small, unknown coupling strength) as an example search target for
mechanical impulse sensors. In the left plot, each curve represents a hypothetical sensor (labeled
by its mass, readout frequency, and noise level benchmarked to (3)). Sensitivity is lost at low
mass because the incoming DM will not have enough momentum to deliver to the device, and at
high mass because of the loss of flux (see Eqn. (1)). In the right plot, we use a nanogram-scale
sensor operated at the SQL as an example and show projected constraints compared to currently-
existing bounds. To draw the current bounds, we assume a microscopic realization in which dark
matter consists of “nuggets” of total mass my made of multiple constituents of mass m, ~ 1 MeV,
coupled to neutrons through a B — L vector boson of mass mg ~ 0.05 eV (for discussion of the
parametrization of the fiducial DM-nucleon cross section oxy,, see Ref. [65, 66]). The XENON1T
[67] and CDMS [68] bounds come from pre-existing particle physics experiments while the fifth-force
bounds come from torsion-balance searches [15, 36, 37, 69].

particular, if the inverse momentum transfer is larger than the lattice spacing, phonons are
excited. The phonons then travel through the material, and can be sensed by calorimetric
detectors at the edges of the material. As an example, state-of-the-art transition edge sensors
can resolve a total deposited energy in phonons down to energies around few x 10 meV [61].
This means that searches of this type are sensitive to “light” dark matter candidates, of
masses in the eV-MeV range. Optomechanical readout of phonons in small samples can
reach substantially lower thresholds. For example, single phonons at the micro-eV level can
be read out in micromechanical oscillators [62, 63] superfluid helium [52] or bulk crystals [64];
we show the superfluid helium example in Fig. 3. The primary challenge in such systems is
not energy threshold, but instead coupling energy into the phonon modes of interest (which
are often purposefully decoupled from the bulk phonon modes in the system to avoid thermal
noise). In addition, such systems are small (with mode masses at the ug to mg scale), so
scaling up to a sufficient volume for non-trivial dark matter detection reach is an interesting
open problem. If coupling of phonons into the modes of interest could be engineered (even
with relatively low efficiencies) such techniques would provide an exciting complement to
calorimetric phonon detection experiments.

Alternatively, one can monitor the center of mass motion of an entire object (i.e. the
zero-mode phonon). This technique could be particularly advantageous in the setting where
the collision acts coherently on the entire mechanical component, for example when the dark
matter couples to the sensor through a long-range force. Here one continuously monitors the
center of mass position and looks for small transfers of momenta greater than the typical
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noise on the device. The noise floor is ultimately limited by thermal coupling with the
environment and by quantum mechanical measurement noise coming from the monitoring
of the device [23, 70]. Concretely, the standard quantum limit (SQL) provides a benchmark
for a detectable impulse [71, 72]:

o m \Y2 [ w/om\
A = ~1.5M —
PSQL hmw 5 MeV x (1 ng) (1 kHz) : (3)

where m,w are the mass and frequency of the mechanical sensor.? While methods exist to
go below this noise level (see Sec. IV), currently existing devices acting at or even slightly
above the SQL are already capable of searching novel regions of DM parameter space, as
demonstrated by the initial search in [66]. We describe an example in Fig. 4.

C. Direct gravitational interaction with particle-like dark matter

As an ultimate long-term goal, mechanical sensing could open the possibility of direct
detection of particle dark matter purely through its gravitational interaction with wvisible
matter [73-75]. This coupling is the only one guaranteed to exist, so an experiment with
sufficient sensitivity would have the ability to find or completely rule out any dark matter
candidate in the mass range for which it is sensitive. This proposal involves the direct
monitoring of impulses delivered to sizeable (gram-scale) mechanical sensors, and exploits
the coherent nature of the gravitational interaction. Achieving this goal would require
realizing noise levels well below the SQL impulse sensing limit, as well as the ability to build
and read out a large array of sensors. However, the concept employed is precisely the same
as that described in the previous section, namely observation of an impulse to the center of

mass of an object. The basic idea can thus be tested in prototype experiments, for example
66].

IV. AVAILABLE MECHANICAL SENSORS AND FUTURE CHALLENGES

Mechanical devices have been demonstrated with masses from single ions to kilograms,
and on frequency scales from millihertz to terahertz. Precision sensing has long used massive
detectors in the context of gravitational wave searches employing interferometric or resonant
detectors, e.g. LIGO. On a smaller scale, accelerometers and other mechanical devices are
ubiquitous in modern technology, and increasingly specialized mechanical systems with ex-
treme environmental isolation are important tools for storage and transduction of quantum
information [24].

As discussed above, many of the scientific motivations favor larger volumes or masses
to increase the rate of dark matter interactions in the detector. This motivates use of
more massive systems, which also provide better sensitivity to accelerations (scaling as the
square root of the mass). However, also important are the energy range of interest, the
available probes of specific mechanical modes, ever-present noise sources, and scalability. To
understand the scope of different available platforms, we present in Table I different detector
types and a sampling of sensitivities achieved to date in specific experiments. This list is

2 Here, the frequency w should be replaced by the inverse measurement times scale when this exceeds the

mechanical frequency, such as the free-mass case w — 0.
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Physical device Mass Frequency Temp. Quantum limit Sensitivity, e.g. acceleration, strain, force... ‘

Resonant acoustic wave:
BAW /Weber bar [41] 1000 kg 1 kHz 4K hs ~ 10721 /\/Hz

HBAR/phonon counting [76] 50 ug 10 GHz 10 mK single phonon opg ~ 30 peV
hs ~ 107 %% /+/Hz
(hs ~ 10~9 /\/Hzbroadbandbelowres)

superfluid helium cavities [52] |1 ng 300 MHz 50 mK single phonon op ~ 1 peVv

Resonant and below-resonance detectors:

cantilever optomechanical ac- |25 mg 10 kHz 300 K VSa ~ 3 X% 1079 g/VHz
celerometer [77] (v/Sq ~ 10~ 7 g/+/Hz broadband below res)
SiN-suspended test mass ac-|10 mg 10 kHz 300 K VSaq ~ 10~7 g/VHz
celerometer [78, 79] (v/Sa ~ 1076 g/+/Hz broadband below res)
membrane optomechanics [80—|10 ng 1.5 MHz 100 mK at SQL VSa ~ 1077g/\/ Hz
86] /Sy ~ 10717 N/VHz
crystalline cantilever for force|0.2 ng 1 kHz 200 mK VSq ~ 3 X 10_7g/\/ Hz
sensing [87] /S5 ~ 10718 N/VHz
Pendula above resonance:
LIGO mirror [88] 10 kg 10 Hz — 10 kHz [ 300 K SN limited above|~+/Sq ~ 4 x 10715 g/+/Hz at 100 Hz
100 Hz VS, ~ 10719 m/vHz
suspended mg mirror [89-91] 1 mg 1 - 10 kHz 300 K factor of 20 in|+/Sq ~7X 10— 11 g/vHz at 600 Hz

displacement from|./S; ~ 5 x 10~7 m/+/Hz
(off-resonant) SQL

crystalline cantilever [92] 50 ng 10 — 100 kHz [300 K at (off-resonant) | v/Sq ~ 2 x 10~ 7 g/v/Hz at 20 kHz
SQL Sz ~ 10716 m/VHz

Levitated and free-fall systems:

LISA pathfinder [93] 15 kg 1 — 30 mHz 300 K VSq ~1071% g/\/Hz

mm magnetically-levitated |4 mg 20 Hz 5 K VSaq ~ 2 X 10~7 g/VHz

sphere [94] V/S§ ~8x 10712 N/vHz

sub-mm magnetically-levitated | 0.25 pg 1-20 Hz laser cool VSa ~ 10~7 g/VHz

sphere [95] to <9 K \/Sp~2x 10~ 16 N/vHz

optically trapped microsphere|1l ng 10 — 100 Hz laser cool|factor of 100 in|[+/Sq ~ 10-7 g/VHz

[96] to 50 pK |displacement from /Sy ~ 1018 N/vVHz
(off-resonant) SQL

optically trapped nanosphere |3 fg 300 kHz laser cool|ground state VSaq ~ T X 104 g/VHz

[97, 98] (rotational [99]) to 12 pK /S§ ~ 2% 1072% N/vHz

VSr ~ 10727 Nm/vHz
trapped ion crystal [18] 1076 fg 1 MHz VSq ~ 50 g/VHz

/S5 ~4x10722 N/VHz

TABLE I. Examples of currently-available mechanical sensors. Sensitivities for continuous sensing
are represented by the relevant noise power spectral densities (e.g. S, is the acceleration noise
power), or threshold (o is the single-phonon detection threshold). Here we summarize solid-state
mechanical detectors, although atom interferometers can be characterized by similar metrics.

meant to be exemplary, and not exhaustive. It can also be considered a starting point,
i.e. rapid progress in mechanical detectors is being made in many fields, and as exemplified
in the workshop on which this white paper is based, there is increasing cross-development
between sensors of widely differing scales that will lead to fruitful technical improvements.

A central issue is to map the advantages of different physical architectures to differ-
ent searches. For cases where an impulse detector is desired, an essentially free mass can
be created by using a low-frequency pendulum measured above its resonance frequency,
i.e. at time-scales faster than an oscillation period. An interesting alternative is to lev-
itate particles and then release them after state preparation to perform measurements in
free-fall. Ultralight searches are likely to be first pursued by resonant detectors—ideally
tunable resonant detectors. The center of mass motion of a cantilever, membrane [100], or
even levitated sphere are appropriate in this situation. For ultralight searches that result
in changes in atomic strain due to effective signatures that appear as time-variations in
fundamental constants or atomic length scales, and hence excitation of effective breathing
modes, bulk acoustic modes are of interest [40]. Importantly, detection of such bulk acoustic
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waves may scale to large volumes using clever readout techniques, as exemplified by recent
single-phonon detection of a bulk acoustic resonator [76], and in the long-standing ability
to read out motion of very large Weber bars [16, 17]. Athermal phonon detection may also
benefit from this scaling if athermal phonons created in the bulk of a material could be
coupled into the readout modes of interest, but could also be pursued in arrays of smaller
sensors. Different devices can also support detection of additional signatures or couplings,
e.g. electric or magnetic charges or the material polarizability.

The quest to go beyond the sensitivities presented in Table I is ongoing, and we list here
a few examples of how advances in both conventional and non-conventional technologies for
precision sensors are poised to make interesting progress. Superfluid helium is a pristine
system that hosts mechanical modes; recent advances [52] in observing the quantum motion
of this liquid in a small cavity are promising, and this system could be easily scalable to larger
volumes and number of samples by simply immersing more probes in a single vat of liquid
helium. SiN micromechanical membranes offer a unique possibility to use strain to move the
resonant frequency of a mechanical detector by orders of magnitude while maintaining low
dissipation [101], allowing searches over a wide range of DM masses. By expanding to larger
membranes [100, 102] it should be possible to achieve kHz-scale resonant detectors with
much larger masses than traditional cantilevers. While optical readout is typical of precision
interferometry, electrical readout is poised to make important contributions, both in the
context of phonon readout through superconducting qubits [76], but also through advances
in magnetic couplings [103]. Detection of the motion of levitated nanospheres is reaching
quantum measurement limits [97]. Scaling the mass of levitated systems in the quantum
regime to the ng scale and above may offer extremely low threshold mechanical sensors with
substantial mass that are well-isolated from environmental noise [94, 96, 104]. Readout of
ultra low-energy phonons is currently achieved in small devices; if these techniques could
be adapted to read out larger volumes—and if the challenging problem of coupling energy
from such a volume into the modes of interest could be overcome—the potential gains
are significant. Lastly, the growth of gravitational wave astronomy will undoubtedly bring
advances in materials for mirrors, mirror coatings, and suspensions that will advance all
precision measurements based upon suspended pendula.

Reducing both technical and quantum measurement-added noise sources will allow for
progressively increasing sensitivity to dark matter. In general, devices operating at lower
frequencies tend to be dominated by thermal or other technical noise sources, while higher-
frequency devices are limited by shot noise or more generally by quantum measurement
noise. For systems in a 10 mK dilution refrigerator, for example, the cutoff is at w ~
kT/h ~ 1 MHz. The primary contaminant in a dark matter search is the heating rate of
a sensor, I' ~ T /@, where @ is the mechanical quality factor. Thus fabrication of lower
dissipation (higher-Q)) devices will be of critical importance.

We can see directly in Table I that a range of experiments are now impinging on quantum
noise limits, and so methods to operate devices well into the quantum-limited regime (i.e.
true “quantum sensors”) are of substantial interest. Measurement-added noise has been
suppressed below the shot noise limit at LIGO [105], and it has likewise been driven to the
standard quantum limit [80, 92] and beyond [81] with membranes and cantilevers. Quan-
tum sensing techniques can further reduce these noise levels using squeezed readout light
[106, 107] and/or a variety of backaction-evasion techniques [108-111]. In the context of
free-mass targets, nanogram levitated spheres have been cooled to their quantum ground
state [97]. Ultimately, to detect momentum transfers far below the SQL, it may be necessary
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to prepare the mechanics in a more extreme non-classical state, such as a coherent spatial
superposition, and then perform interferometric measurement [112-114]. The sensitivity of
such superpositions to small impulses is in principle unbounded, scaling with the spatial
extent and temporal duration of the quantum coherence that is achieved. In addition to
sub-SQL sensitivities to classical forces, such an approach can offer the unique possibility
of detecting sources of anomalous test-mass diffusion (e.g., DM-induced Brownian motion),
which can cause decoherence in a matter interferometer [115, 116] even when the mean
momentum transfer is negligible [117].

Construction and operation of an array of mechanical sensors poses an interesting tech-
nical challenge with applications to many of the dark matter searches described above.
Performing differential measurements on multiple sensors would allow for rejection of many
backgrounds. In particular, use of sensors with different materials will enable discrimina-
tion against signals which act in a material-independent fashion, for example gravitational
noise. Relative accelerations between objects with different numbers of neutrons could iden-
tify ultralight fields coupling to B — L. Coherent integration of multiple sensors would be
highly valuable, enabling scaling in sensitivity that is linear with the number N of sen-
sors as opposed to the incoherent v/ N enhancement. Understanding the detailed nature of
sensor-sensor interactions in a tightly packed array will be important. These interactions
could be exploited to enhance measurement sensitivity, in particular through entanglement
of multiple sensors [118].

In the near term, a number of demonstrator experiments could pave the way for future,
scalable dark matter detection. Given the current constraints on ultralight dark matter, cur-
rent or near future devices could already perform non-trivial searches in this parameter space.
Operating a small array of sensors as a coherent detector of ultralight dark matter would
demonstrate the basic techniques needed as well as help to identify challenges in scaling
to larger numbers. Moving toward detection of short impulses, demonstration of ultra-low
threshold phonon readout in a meaningful volume would be of substantial value. Demon-
strating that optomechanical impulse sensing allows for backaction noise evasion would like-
wise be extremely valuable, and allow for a more detailed understanding of the potential
limitations of such a technique, in particular due to optical losses.

V. CONCLUSIONS

Dark matter constitutes one of the most fundamental mysteries in modern science: what
is the nature of this strange mass, taking up a quarter of the universe’s energy budget? As
the search for dark matter enters maturity, new theoretical and experimental directions are
needed. Mechanical sensing technologies, especially with quantum-sensing techniques that
can enable measurement past traditional quantum limits, offer an exciting route to new
experimental searches.

Deploying currently available technology could have immediate impact, while longer-term
prospects will require some technical advances. On the experimental side, a number of basic
technological challenges to be overcome and demonstrations of the core search techniques
will be of critical importance. Data processing techniques and the application of lessons
learned from previous experiments about the nature of potential background signals will
require development tailored to these experimental approaches. Looking toward the longer
term, interdisciplinary collaborative efforts and the construction and use of multiple sensors
as a coherent detector offer a fascinating set of problems.
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Overall, the wide variety of platforms and scales available with these techniques has the
potential to make significant impact across a wide swath of the dark matter landscape. Fu-
ture developments should only continue to improve sensitivities and detection reach. Further
collaboration between the mechanical quantum sensing and particle physics communities will
undoubtedly lead to even more possibilities than those outlined here.
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