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Fig. 6. (a) Comparison between radical and gradual shift super-cell. A shift oft = 0.0Sao 

is set between adjacent unit cells on the two sides of the boundary marked by red dashed 

line . The far left with t = - 0.25ao has the same pattern as the far right. (b) Dispersion 

relation of the gradual shift super-cell when R = 0.345ao. (c) IEzl distributions at points P1 , 

P2 and P3 as shown in (b). (d) IEzl are plotted for the driven modes exci ted by magnetic 

dipole s (x - iy)/Y2 (left) and (x + iy)/Y2 (right) respectively. The norm ali zed frequency of 

the source is chosen to be foao/ c = 0 .462. The source is located at the center of the unit cell 

with t = 0. 
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Fig. 7. Directionality D defined i n Eq. (2) is plotted as a function of 0 and ¢ for (a) 

R = 0.345aoJoao/c = 0.46 and (b) R = 0.30ao, fo ao/c = 0.473. The white dots indicate the 

locations of the sources (.x - iy)/Y2 (upper) and (.x + iy)/Y2 (lower). 

 

6. Conclusion 

Spin-momentum locked edge modes are discovered on the anti-phase boundaries which are 

formed by shifting two halves of a photonic crystal along the direction of periodicity. By 

applying magnetic dipole sources with different spin directions, we can excite the edge modes 

propagating in opposite directions. The inversion of the edge modes is revealed when we 

adjust the distance between the center of the unit cell and the cylinders, which leads to opposite 

propagation directions with the same source. Also, tuning the offset of the unit cells on two sides 

can cause band inversion of the edge modes for th e topologically non-trivial photonic crystal 

system. Optimization of the source gives the edge modes better directionality and helps us to 

further understand the system, making it more practical for the unidirectional wave propagation 

applications. 
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A Simulation Technique for Radiation Properties 

of Time-Varying Media Based on 

Frequency-Domain Solvers 
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Abstract - A novel simulation technique is proposed for the 

radiation properties of time-varying media. This method divides 

the time-variation process into finite discrete time steps. The 

radiation field of the media at each instant in time is simulated by 

using commercially available frequency-domain solvers,  and 

then these results are processed and synthesized to obtain the 

radiation field of the time-varying media. In other words, by 

using this technique, the radiation field of the time-varying media 

can be obtained based on the frequency-domain simulation 

results. The proposed technique is introduced with a time-

varying grating, and the scattered wave and radiation pattern 

are illustrated. Moreover, an analytical model of the time-

varying grating is also introduced to further explore the 

proposed technique. This simulation technique can be used to 

analyze many applications such as the radiation properties of 

time-modulated media, especially space-time-modulated 

metamaterials. It fills the gap of existing simulation methods and 

provides a new way for direct EM simulation of time-varying 

structures. 

 

Index Terms - Simulation technique, time-varying media, 

radiation property, time-domain analysis. 

 

l.  INTRODUCTION 

ime modulation has gathered a lot of attention recently 

since it provides one more dimension to the design of circuits 

and antennas. Especially, it may greatly extend capabilities 

for wave manipulation, such as the transmitted and reflected

 waves by metamaterials and other media. 

Metamaterials are artificial materials based on suitably 

designed arrays of complex inclusions with a strong wave-

matter interaction in a range of frequencies [l]-[3]. 

Introducing time variance into metamaterials opens up new 

capabilities for novel properties [4], [5]. The emerging field of 

space-time modulated metamaterials is of interest due to their 
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potential for nonreciprocity [6]-[9]. This characteristic can be 

used in many applications, such as nonreciprocal antennas 

[10]-[12], circulators [13]-[15], isolators [16], and 

time-varying transmission-lines [17], [18]. 

Time-varying media can be analyzed by the methods 

borrowed and extended from special and general relativity, 

such as Minkowski spacetime and Lorentz transformations [4]. 

For example, the sub/super-luminal space-time slabs are 

described in the Minkowski diagram [19]-[21].  However, 

these methods are typically only used to theoretically analyze 

ideal models. 

In [22], a relativistic finite-difference time-domain (FDTD) 

method is proposed to analyze uniformly moving object, 

which transforms the size of the object and the incident wave 

between the laboratory frame and the new frame moving with 

the object by using Lorentz transformation. However, it is not 

applicable to time-modulated med ia. By introducing the 

generalized sheet transition conditions (GSTCs), FDTD 

technique is able to analyze space-time modulated 

metasurfaces [23]-[25] . In [23], exploiting the periodicity of 

the surface susceptibilities in both time and space, the Floquet 

mode expansion method has been used to rigorously compute 

the scattered fields from the metasurface, by solving 

generalized sheet transition conditions in combination with 

Lorentzian surface susceptibilities. In [24], a finite-difference 

time-domain modeling of finite size zero thickness space-

time-modulated Huygens' metasurfaces based on generalized 

sheet transition conditions is proposed and numerically 

demonstrated. The metasurface is modeled by the Lorentzian 

susceptibilities. These analytical methods analyze the ideal 

simplified periodically-modulated metasurface model with 

varying material permi ttivity. 

In this paper, a novel simulation technique is proposed to 

analyze time-varying media without simplifying the media to 

ideal parameters. Usually, due to the time-vanation 

characteristic of the media, commercially available solvers are 

hard to directly simulate the radiation properties of the media. 

Thus in the proposed method, the time-variation process of the 

media is divided into finite discrete time steps. The radiation 

field of the time-varying media at each instant in time is 

simulated by using simulation tools, such as HFSS and CST. 

Subsequently, the simulation results are appropriately 

processed and combined to obtain the radiation field of the 

time-varying media. In other words, this work proposes a new 

way to simulate time-varying media placed in arbitrary 

scattering environments based on frequency-domain solutions. 

DISTRIBUTION A: Distribution approved for public release
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By   using   this   method,   we   can   take   advantage  of  the z 
well-developed and widely-available commercial frequency-

domain simulation tools to solve the time-varying problem of 

actual models . It fills the gap of existing simulation methods 

and provides a new way for direct EM simulation of time-

varying structures. Session II introduces the proposed 

numerical method with a time-varying grating, including the 

analysis of the scattered wave and radiation pattern. Session TIT 

proposes an analytical method for the time-varying grating, 

and compares the analytical result with the numerical one. 

Finally, Section IV summarizes the conclusion of the paper. 
 

II. SIMULATION T ECHNIQUE FOR T IME-V ARYING M EDIA 

A. Numerical method 

A time-varying grating, as shown in Fig. 1, is analyzed as an 

example to concisely introduce the proposed method, which is 

a simplified model of space-time modulated metasur faces. The 

grating consists of periodic strips in the XY plane with gap g. 

Each strip is constructed by placing the perfect conductor with 

 

 

 

Fig. I. A time-varying grating as an examp le of the proposed method. 

 

.
z
. 

Incident Wave 
V 

-----+ 

the width wand length I on the substrate of Rogers 4350 with 

the thickness of 3 mm, dielectric constant of 3.66 and loss 

tangent of 0.004. The strips are arranged along the x direction 

at z = 0. They moves along x direction with the velocity v 

within the periodic boundary, which constructs the time-

varying grating. In the example, the gap g, width w and length 

I are 20 mm, 10 mm and 100 mm, respectively. The grating is 

illuminated by an incident plane wave with an incident angle 

0in at 10 GHz. 

Firstly, when v = 0, the scattered wave of the time-invariant 

grating can be simulated by using HFSS. The frequency-

domain result under the incident wave with initial 

to 
+----+ 

w =g= 

 
 
 
 
 

y 

tm -- -- -- -- 

► X 

 

 

 

 

 

 
Periodic 

Boundary 

phase 0° can be considered as the scattered wave  at  t  = 0. In 

this case, the change of initial phase rp is equivalent to time 

variation with the relationship 

Fig. 2. Schematic diagram of the time-varying process of the grating. 

 

 
modulation period) into discrete time steps with finite 

t=. .. !£. XT 
360 ° 

(1) 
instants ( to, t, ... tn .. . tm), 

2. Identify the state of the media at each instantltn- In the 

where Tis a time period of the incident wave. In this case, the 

increasing initial phase rp corresponds to the incident wave 

varying with time t. Moreover, the incident wave impinges on 

the grating, and creates currents, which then radiate . In other 

words, the grating keeps radiating electromagnetic waves  as 

time t goes by. Thus the time-domain wave can be obtained by 

recording the £-field varying with t. 

Secondly, when the strips of the grating moves with the 

velocity v, simulating the time modulation, the scattered wave 

cannot be directly simulated by the existing frequency-domain 

simulation tools. It should be noted that the "movement" of the 

strips within the periodic boundary emulates the media with 

time-varying conductivity. It is a simplified model to clearly 

show the proposed method. In order to analyze the time-

modulated grating, the time-varying process of the grating is 

divided into finite discrete time steps. The schematic diagram 

of the time-varying process of the grating is depicted in Fig. 2. 

At each time step, the strips of the grating move to a new 

position within the periodic boundary . 

The exact procedure of the proposed method to analyze 

time-modulated media is presented as follows: 

1. Divide the time modulation process (at least one 

example of the time-varying grating, the strips of which 

move within  the periodic boundary,  the displacement dn 

 

dn  = V   X  tn  = V   X   : ,  X T;n, (2) 
 

 

where Tin is a time period of the incident wave, and the 

varying (f)n is the initial phase of the incident wave which 

simulates the change in time tn, l v is the velocity of the 

strips in the grating which simulates the time modulation. 

The modulation frequency fp = 11 Tp = vi( w+g ), where 

(w+g)  is the length  of one  unit  of the time-varying grating. 

3. Simulate the scattered field of the time-varying media at 

each instant tn by using frequency-domain solvers. 

4. Set an observation circle around the grating in the 

scattered field region to extract the electric field strength 

varying with time tn for different scattering angles 05 • 

5. For each scattering angle 05 , combine the electric field 

strength varying with time tn, which relate to the states of 

the time-varying medium at the corresponding time 

instants. Numerical computing tools, such as Matlab, can 

be used to construct the discrete time-domain waveform 

6. Calculate the radiation pattern by 

I 
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Doppler Effect. 

When the velocity increases, the compression of the electric 

field is enhanced.  Fig. 5 (a) shows the  scattered  wave of  the 
grating with different velocities. As the velocity increases, the 

E  I = t=to 
0s m+l 

(3) frequency of the scattered wave becomes higher. 

Moreover, the scattered waves obtained by the proposed 

where Es0 ,t is the time-domain scattered  electric  field 

strength along the scattering angle es. I E05' is the  average 

electric   field  strength   along  the  scattering  angle   es·   It is 

calculated  by  adding  up  the  magnitude  of  the electric 

fields I Ese  ,t l at     different instants  tn and then being divided 

by (m+ l) to calculate the average electric field for each 

scattering angle es. 
For  example,  when  0in  = 0 the scattered waves of the 

grating along the scattering angle  es of7O °at different  instants 

t11  is  shown in Fig. 3. As seen, the scattered wave of the grating 

with v = c/3 travels faster than that  with  v = 0, which  means 

that the electric field varies faster. c is the speed of light. 

Subsequently, following step 4, the electric field strength varying 

with time t11  is  extracted at the observation position rob (e.g. 

5),.,). Then the time-domain wave can be constructed by using 

Matlab according to step 5, as shown in Fig. 4. The red solid  

curve  represents  the scattered  wave of  the  grating with v 

method with different time step sizes is also depicted in Fig. 6. 

As seen, the scattered wave with the time step of Tin/ 3O is 

similar to that with Tin / 6O. Since the smaller the time step size, 

the greater the computational cost, Tin / 3O is chosen in this 

example. It is worth noting that the time step  size  has  less  

effect on the accuracy of the proposed method than that of the 

FDTD method which uses the iterative algorithm resulting in 

accumulating errors. 

By following step 6, the radiation pattern of the time-

varying grating under illumination by a normally incident 

wave is obtained, as shown in Fig. 7. Its main time-domain 

scattered waves in the transmission region are depicted in Fig. 

8. As seen, the radiation pattern remains unchanged although 

the grating moves. However, the Doppler Effect occurs in the 

scattered wave except for components corresponding to the 

transmitted wave and the specular reflection (zeroth order 

component). To be specific, in the positive direction of the 

grating   movement,   the  frequency   of  the  grating becomes 
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Meanwhile, the frequency becomes lower in the opposite 

direction of the grating movement, as shown in Fig. 8 (d). 
Besides, the radiation field of the time-varying grating 

under incident plane wave with an oblique angle can also be 
easily obtained by using this simulation technique. Fig. 9 

shows the normalized radiation pattern of the stationary 

grating with w = tJ3, g = 2 x )J3 under the incident plane wave 

with  an  angle   of  45°.  In  addition   to   the   reflected   and 

transmitted waves, there are two large scattered waves. Note 
that they can be suppressed  by decreasing the gap g from 2xw 
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to w/2, which is tJ6. Fig. 10 shows the normalized radiation 

pattern of the grating (g = 2 xtJ 3 ) with the velocity ofv = 0 and 

v = c/3. As observed, the radiation pattern remains unchanged 

although the grating moves. Fig. 11 illustrates the four main 
scattered waves of the grating. In comparison to the stationary 

grating, the time-varying grating has the same reflected and 
transmitted waves, but its scattered waves in other directions 
exhibit the Doppler shift. Fig. 12 shows the Doppler shift of 
the time-varying grating as the strips move towards different 

directions. When the strips in the grating move towards the +x 

direction, the frequency of the scattered waves between the 
transmitted and reflected waves increases. Meanwhile, the 
frequency of the scattered waves in the other directions 

Fig. 11. Scattered wave of the grating with w = ')J3, g = 2x')J3 at the radiation 

angle of(a) 45° (Reflected wave), (b) 135° (Transmitted wave), (c) 200°, and 

(d) 340°. 

 

decreases. On the contrary, as the strips in the grating move 

towards  the  -x   direction,  the  Doppler  shift  performance is 

reversed. The transmission and reflection directions, rather 

than the ±x directions, are the boundary of the Doppler shift. 
As analyzed above, the proposed method can be used to 

perform time-domain analysis based on the results simulated 

with frequency-domain solvers. It is worth noting that the 

proposed method focuses on synthesizing the radiation field of 

the time-varying media at discrete time steps. Thus no matter 

what the structure of the investigated medium is, as long as it 
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can be modeled in the common simulation tools and its state at 

each time steps can be identified, the radiation fields at 

discrete time steps can be obtained and the time-varying 

problem can be solved by the proposed method . Therefore, the 

proposed method can be applied to many applications that are 

impossible or difficult to be directly simulated by the existing 

sim ulation tools, such as the radiation properties of a time-

modulated medium. 

B. Comparison 

In order to verify the proposed method , a comparison 

between the numerical result and the scattered field in [24] is 

made in Table I. Since both methods are proposed to analyze 

the scattered waves resulting from wave-matter interaction 

between the input wave and the time-varying medium, the 
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variation from incident wave to scattered wave of the time-

varying medium in this work is compared with that in [24]. In 

[24], a space-time-modulated metasurface is under 

0 dx  

 

(b) 

normally incident pulsed plane  wave,  resulting  in  generation 

of several frequency harmonics (CUJ+ %, CUJ, CUJ-0,\:,, etc.), 

refracted along different angles. Wp  is the pumping  frequency.  

In this work, the main time-domain scattered waves in the 

transmission region of the  time-varying  grating  has  been 

shown in Fig. 8. As seen, the frequencies of the main scattered 

waves in the transmission  region  are about  13.33 GHz (40/3 ;::; 

13.33 GHz, up-converted component), 10 GHz and 6.67 GHz 

(20/3 ;::; 6.67 GHz, down-converted component), respectively, 

while that of the incident wave is 10 GHz. Since the 

modulation period of the time-varying grating Ti, = (w+g)/v 

,V(c/3) = 3/fo, where Jo is the frequency of the incident plane 

wave, the modulation/pumping frequency J;, = fo/3 = 10/3 GHz 

;::;   3.33   GHz.   Therefore,    the   main   spectral   components 

generated by the complex interaction between the incident 

wave and time-varying grating areJ;,+ Jo,Jo,J;,-Jo, respectively, 

Fig. 13. (a) Incident and (b) scattering phase difference of the electric short 

dipoles in the stationary grating. 

 

periodic along the x direction. Therefore, for simplification, 

only the plane y = 0 is considered in the following analysis. 

A. Analysis of the stationary grating 

The simplified model of the stationary grating is shown in 

Fig. 13. When the linearly polarized plane wave is incident on 

the conductive strips, electric current is induced which 

generates the scattered electric field. Thus, each strip can be 

considered as the combination of electric short dipoles with 

phase difference. Let10 be the amplitude of the electric current 

induced on a conducting strip for a given incident wave. The 

scattered £-field of the electric short dipole dx in the far field 

can be expressed as [26] 

which agree well with the results in [24]. Note that since the 

proposed method is based on a frequency-domain solver, like 

other frequency-domain algorithms, it is less efficient than the 

E  _  · 7/fodx 0 i(wt-kr) 
0,dx - l COS e (4) 

time-domain method for multiple frequency input. 

 
Ill. ANALYTICAL MODEL FOR TIME-V ARYTNG GRATING 

An analytical method is introduced to further explore the 

proposed method by using closed-form equations. The time-

varying grating is uniform along the y direction and 

where 0 is the scattering angle. ry is the characteri stic 

impedance of free space. A, OJ and k are the wavelength, 

angular frequency and wave number of the incident plane 

wave . r is the propagation distance of the scattered wave. 

Moreover, considering the electric short dipole at x = 0 as 

reference, the phase difference of the one at position x is 
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as shown in Fig. 13(a). 0;n is the incident angle. Therefore, by 

adding up the scattered £-fields of all the electric short dipoles 

in one conductive strip, the corresponding scattering £-field is 
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So far, the scattered field of the stationary grating at the 

instant tis calculated . The radiation pattern can be obtained by 

normalizing Eo.s with time variation at each radiated angle, 

which is 

                              (8) 

B. Scattered E-jield of the time-varying grating 

In the time-varying grating, the conducting strips move 

along x direction. Thus the spatial phase of the electric short 

dipoles changes with time t. To be specific, as time goes by, 

both the time and space components of the phase of the electric 

short dipoles vary. As shown in Fig. 14, the phase difference of 

the electric short dipole at the relative position x' in a 

conductive strip now becomes 

 
                      (9) 

 
In this case, the scattered £-field of the moving electric short 
dipoles in one conductive strip at the instant tm is expressed as 

(10),    where   [r -  (x' + v  x tm) sin 0)  is    the  propagation 

 

Fig. 14. (a) Incident and (b) scattering phase difference of the electric short 

dipoles in the ideal analytical model of time-varying grating. 

 
distance R of the scattered wave of the electric short dipole at 

the position x' and scattering angle 0 as depicted in Fig. 14 (b). 

Likewise, the scattered £-field of the whole time-varying 

grating can be calculated and the radiation pattern is obtained 

by following (11 ). Fig. 15 shows the radiation patterns of the 

time-varying grating, which are respectively obtained by the 

proposed numerical technique and analytical model. Since the 

analytical model is an ideal model of current distribution 

without considering the substrate below the perfect conductor 

and the loss of the model, its radiation field is symmetric with 

respect to X-axis which has slight difference with the 

numerical result. The four main scattered wave of the 

analytical model with and without time modulation are 

illustrated in Fig. 16. The analytical solution of the variation of 

the scattered waves with or without time modulation is 

tabulated and compared with the numerical results in Table II. 

As observed, in both the numerical and analytical methods, the 

transmitted and reflected waves remain unchanged whether 

the grating is modulated or not. Meanwhile, for the other two 
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from wave-matter interaction between the input wave and the 

time-varying medium. The comparison of the variations of the 

scattered wave changing with the time-varying medium is 

significant. In this case, the analytical solution and the 

numerical result agree well with each other. 
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IV. CONCLUSION 

This paper has presented a novel simulation technique to 

analyze the radiation properties of time-varying media. Since 

the analysis is based on frequency-domain results from the 

commercial simulation tools, it can be used to deal with time-

varying media with complex structure rather than ideal 

models. In addition, an analytical model of a time-varying 

grating has been introduced to further explore the proposed 

method . Comparison with the existing publication has been 

made to verify the proposed simulation technique . 

Interestingly, the proposed simulation technique allows one 

to easily study finite-size space-time metamaterials, and hence 

to design active metamaterials with well-controlled scattering 

property. 
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1. Introduction 

The discovery  of topological  insulators ,l1  2J  in  condensed-matter 

systems has promoted extensive research on analogous systems of  

classical  waves  including  acousticsl3- 7l  and  photonics_l8-10J 

Uniq uely,  these  sys tems  have  insulating  bulk  but conducting 

where realistic fabrication imperfec­ 

tions, disorder, or arbitrary bends could 

severely reduce signal transmission, 

hence device performance. The key to 

this topological protection is interfac­ 

ing  two  claddings   of  different  Chern 
numbers ,l32l  which  characterize  the ge­ 

ometrical  phase  accumulation 133l  of the 

wavefunctions in the reciprocal space. 

Such an extra phase results in a distinct 

evolution of the field profiles and it is 

invariant by any gauge transformation in 

both broken and conserved time-reversal 

symmetry-based systems. 

Successful photonic implementations 

based on breaking time-reversal symme­ 

try include  using an  externa l magnetic 

field and gyromagnetic materials in the 

microwave   regime.111  
•
12l   An  alternative 

approach that relies on time modulation 

for  generating  a synthetic gauge fieldi13 l 

with  an arbitrary  spatial  distribution was 

also demonstrated at near-infrared fre­ 

quencies  using  coupled waveguides .114l 

However, these systems, which are ana- 

logues of quantum Hall topological in­ 

sulators,  are  notably  bulky  and  hard to 

implement in an integrated platform .115 l In the case of time­ 

reversal-invariant systems, a nonperiodic array of coupled ring 

resonators was  originally  proposed,  in  which  the spin  degree of 
freedom  is emulated  by the rotation  of the  wave  in the  rings 

in clockwise or counter -clockwise directions.l1&s-
1 1 However, the 

conservation  of pseudospins,  which  relies on the directional cou­ 

interfaces that host chiral one-wayl1
-
1 1 5l or helical spin ­ pling between the rings, necessitates a large ring diameter, hence 

polarizedl16- 31J  edge  states.  As  a  result,  wave  propagation  is 

immun e to backscattering unlike in ordinary photonic circuitry, 

an extensive footprint of the system. Alternatively, crystalline 

symmetry could be exploited in photonic crystal structures to 
   give rise to modal degeneracies that play the role of pseudospin 
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states _ll9 23J Commonly, the lattice valleys are folded onto the cen­ 

ter of the Brillouin zone of a new lattice, thus creating photonic 

"molecules" supporting hybridized dipolar and quadrupolar cir­ 

cularly polarized eigenmodes. Meanwhile, the expansion (shrink­ 

ing) of constituent elements in the unit cell causes bandgap open­ 

ing with nontrivial (trivial) bulk bands. However, the interface of 

such systems may break the symmetry responsible for the topo­ 

logical order, thus causing the associated topological edge states 

to become gapped. 

A more attractive approach for realizing  photonic analogues 

of the quantum spin-Hall effect (QSHE) is based on the internal 

symmetry of electromagnetic fields (i.e., EM du ality).1-24 31] Here, 

 

The discovery of topological insu ators was rapidly followed by the advent 

of their photonic analogues, motivated by the prospect of backscattering- 

immune ight propagation. So far, however, implementations have mainly relied 

on engineering bu k modes in photonic crystals and waveguide arrays in two­ 

dimensional (2D) systems, which closely mimic their electronic counterparts. 

n addition, metamaterials-based implementations subject to electromagnetic 

duality and bianisotropy conditions suffer from intricate designs and narrow 

operating bandwidths. Here, it is shown that symmetry-protected topological 

states akin to the quantum spin-Hall effect can be realized in a straightforward 

manner by coupling surface modes over metasurfaces of complementary 

electromagnetic responses. Specifically, stacking unit cells of such 

metasurfaces directly results in double Dirac cones of degenerate transverse­ 

electric (TE) and transverse-magnetic (TM) modes, which break into a wide 

nontrivial bandgap at small interlayer separation. Consequently, the ultrathin 

structure supports robust gapless edge states, which are confined along 

a one-dimensional (1D) ine rather than a surface interface, as demonstrated 

at microwave frequencies by near-field imaging. The simplicity and versati ity 

of the proposed approach proves attractive as a tabletop platform for 

the study of classical topological phases, as well as for applications benefiting 

the compactness ofmetasurfaces and the potential of topological insu ators. 
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Figure 1.   U n it cell  design of the d u a l-me tasur face a nd  correspo nd i ng ba nd  str uctur e. a) Schema tic of the patc h-typ e m etas ur face a nd  the asso cia ted 

ba nd  structu re. The  un it cell  is  outli ned  by das hed  blac k  li ne.  b)  Sc hematic of the a pert ur e-ty pe  metas ur face a nd  the assoc i ated  band  s t ru ctur e. c) 

Schematic of the EM  du al-m etasu rface's  un it cell  a nd  the correspond i ng band  stru ctu re. Band s  in the case of large i nter-l ayer s eparation a re ma rked 

wi th  dotted  li nes where as  the  ba nd s  in  the case of s ma ll  i nter-l ayer s epa ration  a re  ma rked  wi th  s oli d  li nes. c+ a nd  c- refer to spi n-Ch ern  number 

for 1/1+ a nd  1/1 -  s tates, respecti vely. The shown  va l ues withou t (with i n)  pa rentheses i nd icate the nont rivia l topological i nva rient is  d ue to  Berry ph ase 

acc umu  l ation a round  K ( K' )  po i nt. 

 

 
metamaterials-based  unit  cells  with  equal  permittivity  (c )  and the ensued topological edge modes, which occur at the boundary 

permeability (µ) tensors are used as building blocks for a 2D 

superlattice. The c/ µ matching condition enables constructing 

degenerate spin states out of linear combinations of transverse 

magnetic (TM) and transverse electric (TE) waves, while a 

bianisotropic coupling  between  the TE and TM modes  plays  

a role analogous to that of spin-orbit interaction in electronic 

topological systems and produces a synthetic gauge field that 

acts separately on the decoupled spin states. However, due to 

the intrinsic dispersion of bianisotropic metamaterials, demon­ 

strations  in  both  metallicl25z-  71  and  dielectricl28
•
291  structures  at 

microwave frequencies satisfy the  operation  conditions  only 

in a narrow frequency range. Furthermore, engineering such 

topological systems is not straightforward l29o3 1 and may require 

cumbersome designs that may be hard to realize in practice.1311 

In this work, we demonstrate an ultrathin photonic topological 

insulator (PTI) based on EM duality, wherein stacking open­ 

boundary metallic metasurfaces (also called designer/spoof sur­ 

face plasmon crystals) of complementary EM properties naturally 

cross couples between TM and TE modes. Straightforwardly, the 

essential modal degeneracies are formed at the high-symmetry 

K/K' points of the band structure due to  the  use  of  hexagonal 

unit cells, while the strong effective magneto-electric coupling 

inherent to the overlapped metasurfaces opens a topological 

nontrivial bandgap over wide frequency  range.  Importantly, 

unlike the majority of existing PTis , including those with finite 

thickness,122 26 27
•
291   the topological  phases  here arise due to en­ 

of such system, are confined along a ID linel3 3 J rather than a 

2D surface interface, despite the lack of enclosing structures. In 

addition , we present a proof-of-concept in the microwave regime 

and experimentally show backscattering-immune propagation of 

the gapless edge modes around sharp corners by direct imaging 

of the near field. Owing to the simplicity, compactness, tunability, 

and open-boundary natur e of the proposed system, it constitutes 

an attractive platform for photonic topological applications. 

 

 
2. Results 

2.1. EM-Dual Metasurface and Topological Bandgap Opening 

 
Under EM duality symmetry, whereby electric and magnetic 

fields are treated on equal footing, it is possible to construct 

pseudo-spin  states  in  the  form  of  orthogonal  polarizations.1391 

Indeed , under duality transformation of Maxwell's equations, 

swapping electric and magnetic terms is equivalent to changing 

one wave polarization for its orthogonal counterpart, indicating 

that  both  polarizations  propagate  similarly.1401    However,  except 

for a vacuum medium , this is not normally the case since un­ 

equal c and µ tensors results in unequal propagation constants 

for TM and TE polarizations. None theless, it may be feasible to 

count erbalance this unequal EM respons e in natural materials 

if we consider a combination of two media, which act separately 

gineering  surface waves  rather  than  bulk waves. Consequently, on the EM modes in a dual manner, that is, exhibit equal but 

 
 

r 
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opposite effects on the EM fields. Specifically, we employ a patch-

type and an aperture-type metallic metasurfaces,  as shown in 

Figure 1, which have complementary capacitive and inductive 

responses, hence support low-order TE and TM propagating 

surface modes, respectively, with identical wavenumbers qTE = 

q T M = /q/.1341 The thin complementary structures are constructed 

according to Babinet's principle simply by interchanging the holes 

and the metal.14 1 4 21 TM/TE waves here are characterized as 

having nonvanishing electric/magnetic field  components  along 

the z (normal) direction, respectively. Additionally , the metasur­ 

faces are arranged in free-space such that they satisfy a mirror 

reflection symmetry of the form e(x, y, z) = µ.,( x, y, - z).139 43 1 

To attain an intuitive understanding of the proposed system, 

we first consider the two metasurface layers separately. As the 

band structures shown in Figure 1 indicate, the respective trian­ 

gular lattices comprising each of the two metasurfaces exhibit 

identical mode dispersion. Moreover, due to the C6v symmetry of 

the employed hexagonal unit cells, the two sets of ind ependent 

TE and TM modes exhibit Dirac cones at the K/K ' points of 

the first Brillouin zone. Note that the degeneracy of each pair 

of bands is warranted (i.e., does not require fine-tuning), and 

the Dirac cones necessarily appear in pairs at each valley of the 

momentum space. Since the dispersion curves of these modes 

are below the light line (represented by the grey dashed line), the 

EM fields are tightly confin ed near the metallic surface in the 

z-direction. Accordingly, we can stack the two metasurface layers 

with a finite separation distance (larger than the lattice's period 

constant), at which the respective EM fields are noninteracting, 

to constitute one system, which has a fourfold TE/TM degen­ 

eracy at the Dirac point. This degeneracy effectively restores 

the dual symmetry responsible for the topological properties in 

characterized by c+ = 1(-1) and c- = -1(1). This implies that 

the formed bandgap is topologically nontrivial, thus qualifying 

the metasurface as a PTI. In addition, it is found that the sign of 

the spin Chern number becomes opposite when the orientation 

of the two constituent layers of the metasurface is flipped along 

the z-direction. This could be understood as a result of opposite 

signs of magneto-electric coupling of the two inverted metasur­ 

faces, causing band inversion mechanism to the respective band 

structures. 

 

 
2.2. Spin-Polarized Topological Edge States 

 
The key property of topological structures that distinguishes 

them from their topologically trivial counterparts is their ability to 

support propagating modes along the boundary while being ex­ 

clud ed from the bulk. In particular, edge states emerge between 

topologically distinct structures in which the (spin-) Chern num­ 

ber changes across the interface. First, we consider an interface 

between two metasurfaces with inverted structures (i .e . , reversed 

bianisotropy) as shown schematically in Figure 2. Conveniently, 

the two adjacent topological domains share a common bandgap 

of the bulk. According to the bulk-boundary correspondence, the 

difference  in the magnitude  of the spin-Chern  numbers across 

the  domain wall (i.e., I C"t.I = 2, I C RI = 2, where the 

subscripts L and R denote left and right PT!s) specifies the ex­ 

istence of a total of four gapless edge states, two with spin-up 

and  two  with  spin-down,  respectively.1251  Since  the  two  decou­ 

pled spin states are linked  by time-reversal  symmetry require­ 

ment,  the state  1/1+    (1/1 - ) with wavevector  +q  has a counterpart 
1/1- (1/1 + ) with wavevector -q  at the same frequency. Hence, the 

our system. pair 1/1+ /-1/1 span the bandgap near the K valley as well as near 

Next, we consider the compound metasurface in the case of 

small inter-layer separation, where the surface modes of each 

layer  interact with each other. This is naturally accompanied 

by  the cross-coupling  between  the TM  and TE  modes which 

introduces an effective bianisotropy to the system. Then, the 

Maxwell's equations have the form ofv' X E = iw (µ o fi H + xE) 

and y'  X  H = - iw( t:o /i E + xH), whereµ =eisassumedandx 

is an effective magneto-electric coefficient tensor with nonzero el­ 

ements  X xy  =   -  X y x•           Considering  the in-phase and out-of-phase 

combinations  of the TE and TM modes  (1/±1      =   FaE ± #o H) 

gives  v' X   [(µ =F x r  1 v X  1/±1  ] =  (w/c)2 (µ  ± x)i/±1  .13°1 This set of 

eigenmodes forms our two decoupled spin states (1/1;;, 1/J ; , t : ) 
(spin-up) and        1/Ji  , 1/1; )  (spin-down),  which are doubly de­ 

generate  in the case of x =   0. On the other hand, finite  x value 

lifts the spin degeneracy at the K/K' points and opens a com­ 

plete bandgap throughout the Brillouin zone, while conserving 

the spin values for lower and upper bands (marked with solid 

lines in Figure le ). 

To verify the topological character of the new states, we nu­ 

merically calculate the spin Chern number  of the bands. This 

is done by evaluating the Berry curvature  using the expression 

r_i ± (k) = v'k x (1/l; li v'k l1/I; ) -z,fromwhichthespinChernnum­ 

ber  is  computed  as  c± =  (1/2n) f8       r_i ± (k)d2k.  Note  that  it  is 

sufficient to carry out the integration about  the  points  of  bro­ 

ken degeneracy (i.e. , K/ K' ) since the topological properties of the 

band structure arise from the hybridization of modes near these 

points.  As indicated  in  Figure  le,  the lower  (upper)  modes  are 

K' valley of the Brillouin zone. 

The counter propagating edge states for Kand K' valleys man­ 

ifest the spin-momentum locking feature of QSHE, in other 

words spin-chirality in the absence of inter-spin scattering. As 

shown  in  the  full-wave  numerical  simulations  in  Figure 2c, 

the selective excitation of 1/1+ /1/1- using proper combination of 

electric and magnetic dipole point sources  (.JsoE2   =  #o  Hz or 

Fa E z  =  -  #o  H2 )    proves the  pseudo-spin  configuration  to be 

uniquely defined by the direction  of the  mode  wavevector  (q). 

In addition, as indicated by the power flux  within  the hexago­  

nal  unit  cells  in  the  vicinity  of the  interface  in  Figure  2b, the 

spatial profile of the forward propagating 1/1+         mode is clockwise­ 

rotating (counter-clockwise) in the left (right) region. Meanwhile, 
this sense of rotations is reversed for the backward-propagating 

1/1 - mode. This apparent linkage between the spin state and the 

orbital  state  in  the  metasurface  emulates  spin-orbit   coupling 

in electronic QSHE systems .1251 Furthermore, the electric and 

magnetic field distributions over the cross section of the  inter­ 

face waveguide, which are plotted in Figure 2d, show that  the 

edge mode is concentrated  along  the  line  intersection  of  the 

thin metasurface films and decays rapidly into the surrounding 

bulk/surfaces. Uniquely, this characterizes the edge states as lD 

line wavesl3 4 •35 l in contrast to the typical 2D surface edge states in 

previously reported PTis , 

Edge states can also emerge at the boundary between topo­ 

logically nontrivial and trivial systems. Hence, we expect to 

observe the edge modes on the external boundary (side edges) of 
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Figure 2. Edge states between topological dual-metasurfaces with opposite signs of effective bianisotropy. a) Schematic of the domain wall between dual-

metasurfaces with inverted orientation  in the  normal  (z) d i re ctio  n. Choice of either armchair (left) and zigzag (right) edge boundary is appropriate. 

b) I n-pl ane power Aux  (pointing vector)  on  both  sides of the  domain  wall  illustrating the orbital state of the  spin-up mode propagating in the  forward 

d i re ctio n. c) Selective excitation of the spin-polarized edge mode with appropriate electric and magnetic dipole sources showing spin-momentum locking. 

d) Electric and magnetic vector fields distributions over a cross section of the domain wall showing high localization of the edge mode along the line 

interface between the inverted dual-metasurfaces. 
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Figure 3. Edge states between topologically nontrivial (dual-metasurface) and trivial (air) doma i ns . a) Schematic of metasurface-air interface made using 

two identical  Aat dual-metasurfaces placed  side  by side with a finite gap  in  between.  b) The band  structure of the  Aat dua l-metas  ur face's  unit cell on 

either side. Large topologically nontrivial bandgap is present despite the patch-layer and aperture-layer  not  being  perfectly complementary  to each other. c) 

Planar surface field distribution across the slot showing excellent localization of the  edge  modes. The spin  state  is excited  here  bidirectionally due to the 

opposite orientation of the metasurface-air interface across the slot. 

 

the dual-metasurface with air. However, in contrast to electronic 

systems, the free-space domain does not possess a bandgap as 

its spectrum is filled with the electromagnetic continuum. Con­ 

sequently, such modes are not confined and could readily scat­ 

ter into to the radiative continuum by arbitrary perturbations. To 

reduce this leakage, we consider introducing a bandgap into the 

extern al boundary by placing the metasurface approximately next 

to another identical metasurface, as illustrated in Figure 3a. The 

two dual-metasurfaces are on the same level (z -coordinate ) and 

are separated from each other by a small slot. Moreover, the meta­ 

surfaces are made completely flat (zero thickness) by diminish­ 

ing the distance between the associated inductive and capacitive 

metallic layers. This configuration supports two pairs of y,+ / i-f, , 
similar to the configuration in Figure 2a, with a pair at each 

edge across the slot. Here, however, the spin states are excited 

bidirectionally, as shown in Figure 3c, as the reversal of the air­ 

metasurface interface orientation across the slot entails the re­ 

versal of the spin states' propagation direction at the respective 

edges of the two metasurfaces. 

Note that the dimensions of the constituent patch and aper­ 

ture of the unit cells in the case of the  flat dual-metasurface 

are slightly altered to avoid their spatial overlap. While this 

makes the inductive and capacitive layers not have the exact 

band dispersion (i. e., not have perfect EM duality), it is found 
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Figure 4. Measured transmission of robust edge states and  direct observation  via  near-field  mapping of the  surface field  distribution. a)  Photograph  of 

the fabricated prototype of the dual-metasurface PTI waveg uide , which is made  by interfacing two structures with  opposite sign of bianisotropy,  along 

with the excitation and detection antennas. b) Transmission data of bulk and edge modes showing the existence of bulk bandgap and the enhanced 

transmission of edge modes  within  the  bandgap.  Here,  similar  transmission  values  are observed  for straight,  zigzag,  and  90° waveguides,  verifying 

the robustness of the PTI against sharp bends. c) Measured E, field distribution at 16 GHz over the surface of a PTI with zigzag interface showing 

localization of the edge mode at the domain wall and the successful transmission of the edge mode with roughly constant field intensity. d) Measured 

£2 field distribution at 16 GHz over the surface ofa PTI with sharp 90° corner showing similar localization and transmission features to the zigzag case. 

 

that the compound metasurface remains topologically non­ 

trivial. As can be seen from Figure 3b, the metasurface has a 

bandgap that covers a wide frequency range (""35% bandwidth), 

which separates twofold mode degeneracy at K/K' valleys at 

both the lower and upper bands. The relatively wider bandgap 

here, which is a manifestation of synthetic gauge field in the 

system,1261   is  expected  due to the stronger  interaction  between 

the surface modes over the constitutive layers, which is inversely 

proportional to the inter-layer spacing. In addition, this case 

demonstrates the immunity of the proposed dual-metasurface 

structure to perturbations to the meta-cells design. In general, 

the edge modes maintain their  topological  gapless  character 

as long as the frequency detuning between the Dirac cones of 

the independent TE and TM modes remains smaller than the 

topological bandgap opened by the magneto-electric coupling. 

 

 
2.3. Realization and Observation of Robust Edge Transport 

 
The stability of edge states based on QSHE, as in the proposed 

system, is generally warranted by the time-reversal symmetry in 

the absence of spin-flipping processes. This in addition to the 

spin-chirality feature of the edge states makes PTis attractive for 

making waveguides that are robust against defects and disorder 

such as sharp bends. To verify the existence of topological edge 

states in the dual-met asurface and confirm their robustness, a 

prototype based on standard printed-circuit-board (PCB) tech­ 

nique was fabricated and tested. The prototype is configured such 

that the orientation of the complementary metallic patterns is in­ 

verted in both lateral and vertical directions across the waveg­ 

uide interface, as shown in Figure 4a (only top layer is visible). 

The sample has 35-µm-thick copper layers on a 1.57-mm-thick 

Rogers/Duroid 5880 substrate with permittivity of 2.2 and tan­ 

gent loss factor of 0.002. The unit cell size (periodic constant) 

is 7 mm and the width of the slit (strip) of the patch  (aper­ 

ture) is 0.6 mm. The design has a center operating frequency of 

16.25 GHz , making the total thickness about 1/12 of the wave­ 

length. Note that the substrate thickness is chosen to provide 

adequate mechanical support but, in principle, thinner design 

can be realized instead , which would have advantageously wider 

bandgap as discussed above. 

First, we tested the existence of the topological bandgap by 

exciting bulk modes with an antenna source placed  far from 

the domain wall. Figure 4b clearly reveals the gap spanning the 

frequency range 13.9-18.6 GHz, that is, 28.9% bandwidth 

(marked by dashed lines), which corresponds to the topological 

region of the unit cell's band structure from numerical simula­ 

tions (see Section 4). Next, we tested the presence of the topologi­ 

cal edge mode by placing the excitation source at the domain wall 

and measuring the transmission spectrum. We notice enhanced 

transmission within the bandgap, which is attributed to the exci­ 

tation of the edge mode. Here, the transmission is roughly steady 

throughout the middle of the bandgap and decreases toward the 

lower and upper bulk bands frequencies. The measured results 

were found to be in good agreement with the full-wave frequency­ 

domain simulations of the entire sample (see Section 4). 
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Finally, to demonstrate the robustness of the proposed PTI 

metasurface, we tested waveguides featuring sharp corners of 

120° (photographed in Figure 4a) and 90°. The transmission data 

of the bent waveguides are compared to the straight waveguide 

case in Figure 4b, which depicts similar performances. To directly 

visualize the edge modes, we scanned the near-field distribution 

of electric-field intensity over the upper surface (xy plane) of the 

entire sample area. As shown in Figure 4c, the measured am­ 

plitude ratios of £2 show good contrast at 16 GHz (i.e., within 

the bulk bandgap), with minimum energy away from the do­ 

main wall and simultaneously roughly constant amplitude along 

the zigzag path. This map proves that the wave is indeed guided 

by the interface line between the two inverted dual-metasurfaces 

with good localization and negligible scattering losses at the 

bends. Note that the edge modes are also robust against 90° 

bends, as demonstrated in Figure 4d, since they could also occur 

along the armchair edge of the hexagonal metasurface, unlike the 

so-called valley topological insulators .14 
4--4

71 

 

 
2.4. Discussion 

 
PTis are preferably robust also against lattice perturbations, that 

is, displacements in the local arrangements of unit cells, which 

are a common uncertainty in photonic crystals fabrication. Since 

the topological phase in the proposed system stems from EM 

duality, which is tied to the local response and basic design of 

the  unit  cell,1291   it is immune  to such  perturbations. This is 

unlike crystalline topological insulator structures,119   23 1 in which 

lattice disorder and improper edge cuts may break topological 

protection and open a gap in the edge mode spectrum. In 

general, breaking the underlying symmetry behind the system's 

topology leads to the removal of essential degeneracies in the 

band structure. In our system the same would happen if the 

duality is violated. However, as discussed earlier, the proposed 

dual-metasurface is insensitive to perturbations to the meta-cells 

design as long as the spectral detuning between the Dirac cones 

of the independent TE and TM modes remains smaller than the 

topological bandgap open by the magneto-electric coupling. 

Compared with other PTis, the proposed metasurface does   not  

require  external   magnetic  field111  12
•  

1 5  48
1    nor  bulky 

the demonstrated feasibility for scanning the near fields over the 

metasurface generally allows more direct experimental studies 

on topological phenomena of classical waves. 

Notably, unlike the majority of existing PTis, our design ap­ 

proach relies on engineering surface waves rather than bulk 
waves. Uniquely, the reported edge states  are confined  along a 

1D line rather than a surface interface. Note that common PTis 

structures are 2D systems, where their interface  modes  are ei­ 

ther free to travel in two dimensions or have an enclosing struc­ 

ture such as parallel plate waveguide for vertical confinement. 

This makes the proposed design in comparison appealing for en­ 

ergy confinement and transport applications, as a 1D object being 

potentially the smallest waveguide possible. Advantageously, this 

potentially enables topological modes with strong field enhance­ 

ment, which is beneficial for light-matter  interactions.  More­ 

over, the enhanced effective bianisotropy of the dual-metasurface, 

which stems from the strong coupling between surface waves, 

creates a bandgap with bandwidth greater than 25% compared to 

previously reported topological bandgap ofless than 10%.12-5  311 

 
 

3. Conclusion 

In summary, we have demonstrated an ultrathin topologically 

nontrivial metasurface based on EM duality, which emulates 

QSHE and exhibits directional gapless edge modes. Specifically, 

we have shown how the EM duality underpinning the neces­ 

sary spin degeneracies is restored by combining complementary 

metallic patterns of hexagonal symmetry. We have also shown 

experimentally by near field mapping robust edge states trans­ 

port through sharp corners with negligible scattering, a critical 

concern in conventional waveguides. Unlike existing PTis, our 

design approach is straightforward and enables broad operating 

bandwidth and edge states that are notably confined along 1D line 

interface. This paves the way for planar, compact, and efficient 

routing and concentration of EM energy endowed by topologi­ 

cal properties. The reported metasurface is attractive as a table­ 

top platform for the study of photonic topological phases, as well 

as for applications benefiting the compactness and versatility of 

metasurfaces and the potential of topological insulators. 

structures114  16  181    for  realizing  robust  edge  modes,  thus  ben­ 

efiting  both  large-scale  production   and   applications.   Note 

that the reported design is easily reproducible up to terahertz 

frequencies,149 •
501   where metallic dissipation losses are relatively 

low. In  addition,  the  planar  geometry  and  ultrathin  thickness 

of the metasurface will facilitate its integration with existing 

electronic systems. This includes electronic topological insula­ tors 

as well as PTis based on lumped-circuit components.1-2° 51 5 21 

Attractively, the addition of electrical elements to the proposed 

PCB-compatible design would enable tunable/switchable 

topological  states  and  reconfigurable  pathways.153 1    Other  ele­ 

ments including mechanical resonators and superconducting 

Josephson junctions, which are useful for advanced informa­ tion  

processing,  could  also  be  included .154 1    Furthermore,  the 

considered open boundary nature here is attractive due to the 

possible interaction between topological modes and free-space 

waves, which paves a way to metasurface designs with unique 

topologically  endowed scattering characteristics.15 51   Additionally, 

4. Experimental Section 

Simulations: All of the full-wave simulations and numerical calculations 

presented here were performed using commercial software ANSYS HFSS, 

in which the eigenmodal and driven-modal setups were used. When calcu­ 

lating the bulk (edge) band structure, periodic boundary conditions were 

imposed on periodic surfaces of the unit cell (supercell). In case of domain 

wall simulation, the structure was surrounded by vacuum with sufficient 

distance comparable to the wavelength at the low frequency end. 

Calculation s of Berry Curvature: When numericall y calculating Berry cur­ 

vature of a point in the reciprocal space, Berry connection was integrated 

along an infinitesimal square contour around  the  point. Then,  according 

to Stokes ' theorem, the line integral is equal to the surface integral of Berry 

curvature over the infinitesimal square that includes the point. Hence, the 

Berry curvature of the point was the line integral divided by the area of the 

infinitesimal square. In our numerical calculations , the path integrals were 

discretized into summations and the side length of the square contour was 

chosen to be 8 k = l /40a, where a is the period constant . 

M easurement Set-Up: A near-field 2D scanning system was used for 

measu rements. A probe antenna centered at the interface line and 
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oriented in the direction of propagation  of the edge mode was  used as 

the excitation source. Another probe, which is oriented vertically to the 

surface, was used to scan the relative intensity of normal component of 

electric-field (E2 ) in close proximity to the top  surface of the PCB board.  

In measurements, the source and detector were connected to port l and 

port 2 of a vector network analyzer and the scattering parameter S2l 

was recorded, which was proportional to the E,. The scan resolution  in 

the xy plane was 0.5 x 0.5 mm 2
. The total area of the fabricated dual­ 

metasurfaces on both sides of the domain wall was 18 x 24 cm 2. 
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Waveguides consisting of artificial media based on periodic stmctures at the subwavelength scale are a 

major open topic in contemporary applied physics and engineering. Recent research efforts focus on the 

prope1iies of guided modes in artificial stmctures. However, as the cornerstone of applications, match­ 

ing techniqu es between these interesting waveguides and traditional wave guides deserve more attention. 

We report a broadband adiabatic mode-matching technique for efficient coupling between conventional 

microwave transmission lines (a coplanar waveguide and a slotline) and one-dimensional (ID) interface 

waveguides consisting of transverse-electric (TE) and transverse-magnetic (TM) artificial imped ance sur­ 

faces. The transverse electromagnetic (TEM) mode is adiabatically transfonned to the line wave mode at 

the ID impedance-interface. Proposed matching techniques open up avenues for applications of various 

impedance-interface waveguides. 
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I. INTRODUCTION 

As solutions of Maxwell' s equations, guided waves at 

the interface of two different materials that decay away 

from the interface have been studied for decades [1]. 

Surface plasmons, Dyakonov-Tamm waves, and Zenneck 

waves can all be treated in a unified form [2,3]. With a 

peak field bound at the interface, these waves are attrac­ 

tive for communication and sensing applications [4]. In 

order to utilize waves at interfaces of different media, var­ 

ious waveguides have been invented. Goubau lines [5- 7] 

as well as spoof surface plasmons [8- 11] support waves at 

the interface of metals and dielectrics. Dielectric waveg­ 

uides [12,13], such as fibers, support waves at the interface 

of dielectrics with different pennittivity. Based on the con­ 

cept that the local intensity of guided waves can control 

the wavevector, nonlinear waveguides have been attrac­ 

tive for decades for their multiplicity of applications to 

all-optical signal processing systems [14--17]. Photonic 

crystals support waves along the interface of two photonic 

crystals with overlapping band  gaps [18,19]. Topologi­ 

cal insulators support waves at the  interface  of  trivial 

and nontrivial materials in topological space [20,21]. In 

the past several years, researchers have found a different 

one-dimensional (1D) impedance-interface mode called 
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a line wave (LW) mode at the interface of two  planes 

with different surface impedances from microwave to 

optical bands [22- 24]. Further research focusing on sim­ 

ilar waveguides has been reported recently [25,26]. LW 

modes show robustness with wave-vector-locked states as 

well as field confinement ability. Compared to photonic 

crystals based on overlapping narrow energy gaps, LW 

modes have a very broadband transmission feature. How­ 

ever, this also brings a drawback: without overlapped band 

gaps, surface waves can propagate in any direction on the 

two surrounding impedance surfaces. Thus, it is difficult to 

excite a pure LW mode with suppressed surface waves on 

both sides. Previous methods to excite and detect the LW 

mode were based on probes fabricated at the interface with 

a weak coupling efficiency [23]. Therefore, it is meaning­ 

ful to develop mode-matching techniques for coupling LW 

modes with higher efficiency in order to further implement 

these impedance-interface waveguides into systems. 

Coupling techniques based on interference theory or adi­ 

abatic gradual changes are widely used to solve coupling 

tasks between different waveguides. Interference-based 

methods utilize multiple reflections in several matching 

stages, where destructive interference of reflected waves 

is achieved [27- 30]. The physical size  of  each  match­ 

ing stage determines the working frequency. Thus, a main 

concern to utilizing these interference-based approaches  

is the limited working bandwidth. Gradual changes, also 

known as adiabatic transitions, slightly modify the struc­ 

ture between two different modes [31- 33]. Passing through 
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FIG. 1. The schematic of the LW mode propagating along the 

interface between Zrn and ZrM impedance surfaces, arrows rep­ 

resent the electric vectors. Metallic patches (grids) are designed 

to realize a Zrn (Zr M) impedance surface. 

 

 
these structures, initial modes gradually transform into the 

target modes with low reflection within a wide bandwidth. 

When the unperturbed waveguides have continuous struc­ 

ture, the adiabatic condition could be easily fulfilled by 

continuously varying the waveguide structures along the 

propagation direction. However, when facing a complex 

waveguide with periodically distributed unit cells at the 

subwavelength scale, it is not clear how one could achieve 

the required smooth transitions. In the past, pioneers have 

solved matching tasks between guided modes in photonic 

waveguides [34,35] and spoof surface plasmons [5,9,36], 

as well as surface waves on arbitrary impedance  sur­ 

faces [37]. 

In this work, adiabatic matching transitions between 

conventional transmission lines, a slotline, a coplanar 

waveguide (CPW), and a 1D transverse-electric (TE) and 

transverse-magnetic (TM) impedance-interface waveguide 

is proposed. The smooth bridge consists of gradually 

FIG. 2. Schematic of adiabatic transitions between  a slotline 

and a TE-TM impedance interface waveguide (LW guide), where 

the inset shows the detail of the structure and the electric field 

vector distribution characteristic. 

 
hybrid guiding structures. Although the proposed designs 

operate at microwave bands, some recent work on LW 

modes based on plasmonic and flat graphene structures has 

been reported at higher frequency bands [22,26]. There­ 

fore, the proposed methodology can also open a door to 

develop mode-matching techniques in integrated circuits 

at terahertz and optical bands. 

 
II. RESULTS AND DISCUSSION 

A. Physical concept of the LW mode 

As shown in Fig. 1, we start by briefly introducing LW 

modes. Additional details about LW modes have been dis­ 

cussed before [23]. An electromagnetic mode can be sup­ 

ported by an impedance surface with an exponential decay 

e-ay away from the surface  and  a propagation  function e-

.i f3z. The surface impedances for TE and TM polarized 

waves are [18,24,37] 

changing TE-TM impedance surfaces and a flaring ground 

plane, matching the momentum and impedance of the 

transverse electromagnetic (TEM) mode and the LW 

mode. Samples are fabricated and measured. Simulated 

and measured S parameters and near-field distributions, as 

ZTE= 
k 

-j7Jo-, 
Ci 

(1) 

 
(2) 

well as the dispersion diagram, demonstrate the existence 

of the LW mode after adiabatic transitions. Our research 

paves the way to implement LW modes into systems with 

where 7Jo is the intrinsic impedance of free space,  k  is 

the wave number in free space, and a is the decay rate 

away from the surface. At a perfect electric and magnetic 
 

FIG. 3. (a) Simulated S21 and (b) S11 
with and without adiabatic transitions 

between the slotline and LW guide. 

(a) (b) 
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FIG. 4. S parameters of the slotline-LW guide. 

 
boundary condition, the tangential electric and magnetic 

fields vanish separately. Thus, only the TE and TM sur­ 

face modes exist and the hybrid localized mode, the LW 

mode, appears at the interface of two surfaces with differ­ 

ent impedances . Using cylindrical coordinates, the wave 

form of the LW mode can be deduced based on Bessel 

functions as 

FIG. 6. Schematic of the adiabatic transition between a CPW 

and a LW guide, where the inset shows the detail of the structme 

and the electric vector distribution characteristic. 

 
 

the TEM mode suppmted by a slotline as the unperturbed 

original mode. The electric fields of both modes at the 

interface are distributed along the x-o-y plane. The main 

difference is the field penetrating into both sides of the 

impedance surfaces, which could  be matched smoothly. 

In quantum physics, when the Hamiltonian of a system 

changes slowly, eigenmodes at any instant of time can 

Ez  = EoK1 ; 2 (ap)sin  ( ) e-.if3z, 

H
2     

=  Eo K1  ;2  (ap)cos (f) e-.if3z_ 

ryo 2 

(3) 

(4) 

be adiabatically transformed  into  different  eigenmodes 

at a later time. Similar concepts can be applied in the 

electromagnetic field. When the geometry of a waveg­ 

uide is gradually changed along the propagation direction, 
the  fundamental  mode can be adiabatically  changed into 

Figure 1 clearly indicates features of the electric field of 

the LW mode. The field decays away from the  interface 

at different angles with a similar rate. Note that the electric 

field on the ZTM surface has a strong component toward the 

y axis, and the electric field on the Zrn surface has strong 

components toward the x axis, while at the interface, the 

electric field shows a rotational distribution. 

 
B. Adiabatic transitions between the slotline and the 

impedance-interface waveguide 

According to the field distribution characteristics at the 

interface of two impedance surfaces, it is natural to choose 

another fundamental mode with a slightly different field 

distribution. Using this concept,  we  design  a transition 

to match the slotline to the TE-TM impedance-interface 

waveguide, as shown in Fig. 2. The transition is designed 

to  have  a  flaring  ground  plane  on  one  side, described 

as x  =  C1 e" 2 + C2 where C1 =   (x2 -   x1)/ (e"22
-       e"21

)  and 

C2 =  (x1e" 2 2  -   x2ea 21 ) / (ez"  2  -   e"21 )  ,    a=0.l,  and  (z1,  X1) 

and (z2, x2) are the starting and ending points, respectively. 

The total length of the strncture  LI  is 240 mm,  the length  

of transition Ln is 76 mm, the length of the interface 

waveguide LLw1 is 88 mm, the total width  W,  is 32 mm, 

the  slot  width S1 is  0.08  mm,  and  the  patch width  Ws1 is 
 

FIG. 5. (a) Photograph of the near-field 

scan where the electric probe is posi­ 

tioned 1 mm above the sample, and the 

inset at the comer shows the detail of the 

probe.  (b) Measured  £2     distributions  at 

6 GHz. (c) Simulated electric field dis­ 

tributions at 6 GHz. (d) Measured £ 2 

distributions at 20 GHz. (e) Simulated 

electric field distributions at 20 GHz. 

 
 

(a) (b) 

(c) 

(d) 

(e) 
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FIG. 7. (a) Simulated and measured S 

parameters of the CPW-LW guide. (b) 

Comparisons of S 21 between CPW-LW 

and slotline-LW guides. 

 

 

 

 

 

 

 

 

 
4 mm. We design periodic grid and patch arrays to real­ 

ize inductive and capacitive responses, supporting TM and 

TE modes, respectively, as labeled in Fig. 2. The lattice 

constant p is 4 mm, the geometric parameters of the unit 

cells d and g are 1.8 and 2.8 mm, respectively. The sub­ 

strate is 0.8-mm thick Rogers 5880 whose pennittivity is 

2.2 with 0.035-mm thick copper above it. 

We show the simulated S parameters of the proposed 

structures in Fig. 3. As a comparison, results of structures 

without adiabatic transitions (directly connecting the slot­ 

line with the interface waveguide) are also shown. Without 

adiabatical transitions, most of the energy is reflected back 

at the abrupt connections with very low transmission effi­ 

ciency. While using the adiabatic transitions, the reflection 

is suppressed and the transmission efficiency is increased 

dramatically, providing the smooth transfonnation from 

the TEM mode to the LW mode by adiabatic pe1turbation. 

S parameters measured by a network analyzer (Agi­ lent 

Technologies E5071) are shown in Fig. 4. At low 

frequencies, simulations and measurements match well, 

but as the frequency increases the transmission efficiency 

decreases gradually due to errors likely brought on by 

fabrication tolerances. In order to achieve the 50-Ohm 

 
characteristic impedance of the slotline, the width of the 

slot is only 0.08 mm and the impedance is very  sensi­ 

tive when soldered to the connectors, especially at high 

frequencies. 

Although only S parameters below IO GHz are pre­ 

sented due to the limitation of connectors, we can still 

further estimate field distributions at higher frequency 

bands within the desirable area, ignoring the reflection loss 

from connectors on both sides. Figure 5(a) shows the pho­ 

tograph of the near-field scan. One port of the sample is 

connected to a broadband matching load and the other 

port of the sample is connected to the first port of the 

network analyzer whose second port is connected to the 

electric probe d1iven by a motor to scan the target area. 

Measured and simulated electric field distributions at 6 and 

20 GHz are shown in Figs. 5(b}-5(e). It is difficult to dis­ 

cern the LW mode at 6 GHz from measurements, while 

the simulated profile of the total electric field indicates  

the existence of the LW mode along the ID interface. In 

order to better understand the difference, investigatin g the 

electric vector distributions of the LW mode in Fig. 2 is 

instructive. The probe detects the electric field primarily 

toward the y axis. Therefore, more energy above the TM 

 

(a) (b) FIG. 8. (a) Photograph of a near-field 

scan where the electric probe is posi­ 

tioned 1 mm above the sample, and the 

inset at the corner shows the detail of the 

probe. (b) Measured £ 2 distJi bution s at 

6 GHz. (c) Simulated electric field dis­ 

tributions  at  6  GHz.  (d)  Measured  £2 

distributions at 20 GHz. (e) Simulated 

electric field distribution s at 20 GHz. 

(a) (b) 

(c) 

(d) 

(e) 
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impedance surface with a mainly y axis-polarized electric 

vector field will be detected than above the TE impedance 

surface with a mainly x axis-polarized electric field. This 

makes it more difficult to identify the LW mode at the lD 

interface through experiments, especially at low frequen­ 

cies when the decay rate into both sides remains low. It 

should also be mentioned that the transition acts as a pla­ 

nar horn antenna. Thus, part of the energy is radiated out 

during the adiabatic procedure, which is the main cause of 

the transmission loss. 

 
C. Adiabatic transitions between the CPW and the 

impedance-interface waveguide 

In order to suppress  the  radiation  loss,  it  is  natural 

to consider designing a symmetric structure with fields 

distributed in opposite directions during the adiabatic pro­ 

cedure. The TEM mode of a CPW is an ideal  candidate 

as the starting unperturbed state. The structure is shown in 

Fig. 6. The width Ws 2 is 4 mm and the width of slot S2 is 

0.17 mm. Other geometric parameters are the same as with 

the slotline-LW design. The adiabatic transitions are the 

same as the transitions discussed previously. At the middle 

section, there is a sandwich-like structure consisting ofTE­ 

TM-TE impedance surfaces where two mirror-symmetric 

LW modes will be transported along two lD impedance­ 

interface waveguides. The electric field vector distribution 

characteristic of the sandwich-like structure is shown in the 

inset. 

The measured and simulated S  parameters  are shown 

in Fig. 7(a) and we further compare it with the proposed 

slotline-LW guide structure in Fig. 7(b). Due to the sup­ 

pression of radiation loss from transitions, the CPW-LW 

structure shows higher transmission efficiency. 

We also conduct near-field scans at 6 and 20 GHz, as 

shown in Fig. 8. Similar to the previous results in Fig. 5, it 

is somewhat difficult to recognize the LW mode at 6 GHz 

for the same reason as explained before. However, through 

 
 

 
FIG. 9 The dispersion diagram of the LW mode where the 

background is deduced by Fourier transform of the measured 

near-field distributions and the yellow line is the simulated 

results from the eigenmode solver. 

simulations, we can analyze the total electric field to verify 

the existence of the LW mode. We also use Fourier trans­ 

form to analyze the near-field distribution every 0.5 GHz 

from 1 to 20 GHz to obtain the dispersion diagram of the 

LW mode in Fig. 9, where eigenrnode-simulated results 

are also plotted as a comparison. The results match well, 

further proving the existence of the LW mode. 

 
III. CONCLUSION 

To summarize, this work shows that the principle of 

adiabatic matching can be used to design transitions for 

transform TEM modes, which are common modes in tradi­ 

tional waveguides , into the recently discovered LW modes 

at a ID interface of artificial impedance surfaces. Two 

matching tasks starting from a slotline and a CPW are 

provided as examples of the technique. The proposed 

adiabatic matching strategy shows a high robustness in 

broadband applications, opening the door to implement 

LW modes into systems from microwave bands all the way 

to optical bands. 
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An eigenmode analysis is presented of the electromagnetic field which occurs between two complementary 

surface impedances. The analysis is based on the generalized reflection method  which is  a generalization of  

the Sommerfeld-Maliuzhinets technique. Numerical results are presented and validated against independent 

COMSOL simul ations . Also, the characteristic impedance and phase velocity are defined and calculated for further 

investigation of the structure. 
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I. INTRODUCTION 

Edge modes can be widely found in quantum phenomena 

[1,2], optics [3- 6], and acoustics [7,8]. Because of the com­ 

plexity of such structures, it is almost impossible to obtain the 

exact closed-form solutions of the edge modes. However, a 

simple structure has been discovered which confines the en­ 

ergy along the interface between two planar surfaces recently 

[9- 11]. It has been shown that the line wave  occurs  when 

the surface impedances on the two sides are complementary, 

which means one is inductive while the other is capacitive. 

Both numerical simulation and experimental verification have 

demonstrated these line waves, but an analytical solution has 

only been found for the limiting case where the two surfaces 

are perfect electric and pe1fect magnetic conductors. 

In this paper, we apply the generalized reflection method 

to the eigenmode solution of a wedge with two different 

impedance boundary conditions. The generalized reflection 

method is developed by Vaccaro to study the  scattering 

from an impedance wedge excited by an obliquely incident 

plane wave as shown in Fig. l(a) [12,13]. The generalized 

reflection method is the generalization of the Sommerfeld­ 

However, to the best of the authors' knowledge, no satis­ 

factory analytic solution to the eigenmode on an impedance 

wedge exists. Knowing the eigenmode solution not only helps 

us to understand the driven mode such as the scattered wave 

of a wedge excited by plane wave or dipole, but also gives a 

deeper understanding on the edge mode between impedance 

surfaces. 

 
II. THEORETICAL ANALYSIS 

A. Structure description 

Similar to the driven mode analysis, we have two semi­ 

infinite surfaces with complementary surface impedances Z1 

and Z2 as shown in Fig. l (b), which means lm(Zt )lm(Z2) < 0. 

However, instead of solving for scattering by an incident 

wave, we find the eigenmode solution . For simplicity, we as­ 

sume the surface is lossless, so Re(Z 1 )   = Re(Z2)  = 0. We also 

assume the angle between two surfaces is rr, which is the same 

as in Ref. [9]. All the fields in the following  discussion  have 

the -e    iw   t    time dependence,  which is suppressed. The surfaces 

of the wedge satisfy  the Leontovich  boundary  condition  [18 ]: 

Maliuzhinets method, which is applied to solve the problem 

of the scattering wave of a wedge with impedance surfaces 

excited by a nonnally incident plane wave [14 ]. The TM and 

TE polarized wave are coupled for the oblique incidence, 

which makes the Maliuzhinets method no longer valid. Based 

on the Sommerfeld-Maliuzhinets technique, the  diffraction 

of an electromagnetic skew-incident wave by a wedge with 

£ - ¢(¢ · £) = efJ X HZ1, 

£ - ¢(¢ · £) = -¢ X HZ2, 

where¢ is the unit vector as shown in Fig. l (a). 

 
B. Generalized reflection method 

(la) 

(lb) 

anisotropic impedance boundary condition is solved analyt­ 

ically [15,16]. The scattered wave generated by a Hertzian 

dipole placed over an impedance wedge can be calculated by 

expanding the dipole field into plane waves and extending to 

complex angles of incidence [17 ]. 

By applying the Sommerfeld-Maliuzhinets technique, we 

can transform the electromagnetic field from real space to the 

spectral domain: 
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(2) 

where _fz( p , </>, z) = [Z:h) and Z0 is the free space intrinsic 

impedance. The column vector F'z(a) represents the spectral 

function for Ez and ZoH z. For the driven mode,  fJ is  the 

angle  between  the incident  wave  and  the z axis,  which  is  a 
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= 

 

and I is the 2 x 2 identity matrix. Yo = l /Zo is the free-space 

admittance and Y1 , 2 = 1/21 ,2 . 

As shown in Eqs. (4a) and (4b), !he two components in F2 

(a  )  are  coupled  since  the  matrix  C(a)  is  nondiagonal.  In 

order to solve F'z(a ) efficiently, we rewrite Eqs. (4a) and (4b) 

by variable substitution: 

                    (7) 

Then  we have 
 

([ sin a+ sin vi)c z ( a + ) 

= (-Tsina + sin v1)G 2 ( - a + ), (8a) 

(J sin a -  sin V2) Gz ( a  - ) 

 
=  (- J sin a  -  sin v2 )Gz ( - a  - )- (8b) 

 

For Eqs. (8a) and (8b), the two components of Gz are 

decoupled and are solved by Maliuzhinets [14]: 

 

 
FIG. 1. (a) Impedance wedge  with  obliquely  incident  plane 

wav e. The angle between imp edance faces is 0. (b) Lin e wave 

structure shown in Ref. [9] when 0 = n. 

 
where a? and a are arbitrary constants, and 

\V e,h(a )  = 1/f (a+ v f·h )i/f (a+ TC - v f·h ) 

(9) 

given parameter. However, for the eigenmode case, f3 is the 

eigenvalue that we need to find by solving Maxwell equations. 

It  is  proven   that  for  the  wedge  structure  the  z components 
of  the electric and  magnetic  fields are bounded  at the edge, 

x 1/f(a + v;·" - n)i/f(a - v;·"). (10) 

The Maliuzhinets function  1/f (a) of wedge with angle n is 

defined as 

I Ez (P = 0)1 < oo and IH  z(P = 0)1 < oo,  while  IE  p l,   IE 1> I,  

IH p l, and IH ¢ I will tend to infinity [19]. The behavior of 

.fz ( p, ¢, z) at p ---+ 0 is related to the behavior of the spectral 

function F'z( a ) at IIm(a )I ---+ oo: 

1/f (a)  = exp (-1- [a 2u-    n    sinu   du). 

4n }0 cosu 

The asymptotic behavior of 1/f (a) is 

 
(11) 

 
lim Fz(a ) = constant. l 

lm(a)l ---+ oo 

 

(3) lim 1/f(a) = o[exp (IIm(a)I)]· 
llm(a)l ---+ oo  4 

(12) 

 

Applying the impedance boundary condition as shown in 

Eqs. (l a) and (l b) to the spectral expression Eq. (2), we can 

get [18] 

 

(J sin a+ sin V1)C(a )Fz ( a+ ) 

= (-J sin a+   sin v 1 )C(-  a )Pz ( -  a  + ), (4a) 

(J sin a -  sin V2 )C(a )Fz (a  - ) 

Combining Eqs. (9) and (7 ), we can get the expression for the 

spectral function F'z(a ). 

It  was first discovered  by  Vaccaro  that if Gz(a  ) in Eq. (9) 
is  the  solution  to  Eq.  (8),  G'z(a   )a (a  )  where  a(a) satisfies 

a(a  ± f) =  a(-a ± f) will also be the solution [12]. It is 

easy to show that sin"(a), where n is an integer is a solution 

of a(a). Hence, Eq. (9) can be generalized as [18] 
 

= (-Jsina - sin V2)C(-  a )P2 ( - a -   ), (4b) 
+[:n + [:l] sina    + ...)' 

 
(13) 

where  

 =
Ca = [ 

 

. cosa 

 
- sin a cos /3] 

 

 
 

(5) 

where  ¢ '  is the incident  angle as shown in Fig.  l(a) and  a1 2 
are constants we need to figure out. From Eqs. (12) and (10), 
we  know  that  lim1 1m(a l) ----> oo 'V e,1,(a  ) = O(exp (IIm(a)I))  and 

(    ) srn a cos f3 cos a ' lim1 1111(al) ---+ ooc -    1(a  -   f) =  O(exp(- IIm(a)I)).  Combining 
 

. - 

srn ii1 
'
2 

[ 

sin ve
l ,2 

0 sin:"1,2]  = 

 

Yo sin ,8 

[ 0 

0 ] , 

Zo s in ,8 

 
(6) 

that  with Eq. (3),  we can  conclude  that  a1,2  = 0  for n ? l. 

The first-order pole caused by a;-1 is produced by the incident 

wave in the driven mode. For the eigenmode case, we can set 
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a?, 

a 

at 

a 1 = 0 directly. The spectral function E'z(a) can be expressed 

as 
 

F z(a ) =c-    
1 

( a  - ) [wet ) 1, a  )  ]  [:n (14) 

 

surface is lossless, we know that sin f3 is purely imaginary. 
Without loss of generality, we assume Im(s in /3) > 0. To ensure 
the fastest decay of e-   i ko p s in   fJ cso  "  ,  it  is assumed that the ends 

of Y+  are located  at rr  + ioo and -rr   + ioo and the ends  of y_ 

are at -rr - ioo and rr - ioo. Although the poles intro­ 

a?,2  and  eigenvalue  f3 are  calculated  by  removi ng  the  poles 

introduced by -c 1 (a - ),which have no physical interpre­ 

tation. The poles can be defined as 

cos (at -  )  =f isin (at -  )  cos/3 =  0.   (15) 

The process of removing the poles at is to find appropriate 

eigenvalue  /3 and eigenvector a?,2  that satisfied  the equations 

Fz (a t )[cos2 (at - )+ sin2 (at -  )cos 2 /3) = 0. It can be 
further expressed as 

     
              (16) 

In order to have nonzero solution of a?,2 ,  it requires 

     
             (17) 

Keep in mind that 'lie.h(at) as defined by Eq. (10) are func­ 

tions of {3. By solving  Eq. (17), we can get the eigenvalue   /3. 
It is shown in Ref. [9] that the energy of the electromagnetic 
wave is confined near p = 0 and decays exponentially as p 

grows. Hence, it is intuitive to predict that the eigenvalue  f3 
should satisfy I cos /31 >  1, which means  l kz l  >  ko. Plugging 

f3 into Eq. (16), we can solve 2 and finally get the spectral 

function F2 (a ). 

Once the spectral function Fz(a ) is achieved, we can figure 

out E2 and H2 in real space by applying Eq. (2). The integral 

path as shown in Fig. 2 is symmetric to the origin in the a 

plane [20). The ends of Y± are located in those regions where 

Re(-ikop sin /3 cos a)   <  0 so that the factor e-   i k oPs in   fJ cosa  de­ 

cays as  IIm(a )I -+   oo. Since I cos /31 >   1  and the impedance 

 

 

FIG. 2. Integration path y. 

duced  by c-    1(a  - )   which  have  no physical  interpretation 

have been  removed, the poles introduced by e,1, (a ) still exist. 

The poles of the Maliuzhinets function 1/f (a) are all on the real 

axis  of  the  a   plane.  According  to  the definition  of e,J, (a) 

given in Eq. (10), the poles are shifted  to  the  region  with 

Im(a) #- 0   due  to  the  fact  that  Im(vr )  may  be  nonzero. In 

order to ensure that no singularities of' the integrand function 

are located in the regions bounded by Y± above Y+      and below 

y_, the integral path should be  chosen  sufficiently  far  from 

the real axis. For simplicity, we choose Y+  =  (ioo + rr , id  + 
rr] U [id + n, id -  JT] U [id -  n , ioo -  n ),  where  d  can   be 

any constant that satisfies d  >  ll m(v  :  )I. 

 
III. NUMERICAL RESULTS AND DISCUSSION 

Numerical results will be presented in the section to verify 

the accuracy of proposed analytical representation. The two­ 

dimensional (2D) model in COMSOL is chosen for compatison 

since we neglect the z dependence of field, which is in the form 

of ei kozco s  fJ  when showing the result. 

 
A. Eigenvalue verification 

Since we assume the su·rtace impedance Z1 and Z2 are 

constants and the structure is invariant under the scaling 

transform, kz / ko should be a constant that will not vary with 

ko , which means cos f3 should be a constant only related  to Zt 

and Z2.  The method  to figure out cos f3 is to solve Eq. (17). By 

sweeping the value of cos {3, we can easily find the correct so­ 

lution as shown in Fig. 3. Comparing with the result simul ated 

by COMSOL,  we find  the high accuracy  of our method when 

calculating the eigenvalue cos f3. Here the surface impedances 

Z1 and Z2 are inductive and capacitive impedance respectively. 
When they are both inductive  or  capacitive,  no  eigenmode 

will exist. Because  of  the inversion  symmetry  in  the  z axis, 

if cos f3 is one solution  for  the eigenvalue, then  -  cos f3 will 

also be a solution. For simplicity, we only  focus  on  the 

positive cos f3. As shown in Fig. 3, I cos /31 > 1 is satisfied for 
different  values of Z1 and Z2,  which in dic ates the energy of the 

electromagnetic field is confined near  the  inte·rtace  between 

the two surt·aces. Also, larger values of I cos /31  represent 

better  confinement  of  the  eigenfield.  Hence,  the  case  when 

Z1 =  -  iZ0 / v'3, Z2 =  v'3iZ0 in Fig. 3(a) decays faster in the 

p direction  than the case when Z1  = -  iZ0 / 2, Z2  =  2./5.iZo in 

Fig. 3(c). 

 
B. Eigenfield verification 

When Eq. (17) is satisfied, Eq. (16) will have a nonzero 

solution  for  ('h.  We  will  take  [_ljl( ("  cilll   ]   in  the  following 
2 

t .: a 0 

derivation. Assuming the case when  Z1  =  -i/2./5.Zo  and 

Z2 = 2iZ0, we can achieve the eigenvalue  cos f3 = 1.7205 
by sweeping  the parameter  as mentioned.  Also,  we can get 
a?= -  0.1143 + 0.3244i   and   a = 0.1359 -  0.3858i. By 

inserting  the  values  of  a?  and  a  into  Eq.  (14),  we have 
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FIG. 5. (a) Absolute value and (b) phase of n01malized electric  

field E, / E,(cp = n / 2) (blue line for analytic solution and green dots 

for COMSOL simulation) and normalized magnetic field Z0H, / E,( cp = 
n / 2)  (red  line for analytic  solution  and  yellow  dots for COMSOL 

simulation) when k0 p = 0.5. 

 
 
 

1.718 

 
 

1.72 

 
 

1.722 

C08/3 

(C) 

 
 

1.724 
The phase of the eigenfield along the p axis is a constant 

which can be concluded from Fig. 4(b). 

Similar to Fig. 4, we set k0 p = 0.5 as a constant and sweep  

</>  from  O  to  Jr   in  Fig.  5.  Divided  by  E,( </> = JT /2), 

FIG. 3. Absolute value of the determinant defined  in  Eq.  (17) 

when sweeping cos f3 (blue  line)  and  eigenvalue  cos  f3  calculated 

by COMSOL (red line) for (a) Z1 = -iZo/./3, 2i = ./3 iZ0; (b) Z1 = 

- iZo/ v'2 , Z2 = 2iZo; and (c) Z1 = - iZ 0/ 2, Z2 = 2v'2iZo. 

 

completely solved the spectral function  Fz ' (a ).  One  last  step 

is to define the integration  path  y  in  order  to  calculate  Ez 

and  Hz in  real  space  as  shown  in Eq.  (2).  We choose  Y+ = 
(ioo+n, id + n ] U [i d + n , id-n]U[id-n, ioo-n) where   

d   satisfies   the  condition   d  >   ll m(vf·; ) I.    Here   we 

have   vf =   JT /2   -    l .3286i,   v\' =   -0.2553,     2 =    -   0 . 36 52, 

v = JT /2 - 0.8955i. We set d = JT and the integration  

path becomes Y+ = (ioo + JT, in+ n] U [in+ JT , in - n] U 
[in -JT, ioo -n), y_ = (-ioo - JT, -in -n] U [-in - 
n, -in+ n]U [-in+ rr, -ioo + n). 

As  shown  in  Fig. 4,  we set ¢  = Jr / 3  as a constant  and 

sweep the value of kop from 0.1 to 1.0. Both Ez and ZoH z are 

normalized  by Ez( k0 p = 0.1) so we can compare  the analytic 

solution with the COMSOL simulation result. Figure 4(a) shows 

that both IEzl and IHzl decrease with the increase of k0 p and 

the analytic solution matches well with the simulation result. 

the normalized eigenfield calculated by the analytic method 

shows high accuracy. From Fig. 5(a), we can conclude that 

the absolute value of Ez and H, will not vary monotonically 

with the increase of¢, but instead they increase after reaching 

a minimum at a particular value of¢. Figure 5(b) shows that 

the phase is also a constant when k0 p is fixed. Combined with 

result in Fig. 4(b), we predict that both Ez and Hz have same 

phase throughout the xy plane. 

The   absolute    values    of    the    normalized    electric 
field    I Ez / Ez( kop  = 0)1   and   normalized    magnetic   field 

I HzZo/ E,( kop  = 0)1 are plotted  in Figs. 6 and 7 respectively. 

The phases are neglected  here  since  we  can  conclude 

from Figs. 4(b) and 5(b)  that  the  phases  of  Ez  and  Hz  

are uniformly distributed  in  the  xy  plane.  As  we  can  

see,   the  field   is   concentrated   at   the  interface  between 

two complementary surfaces where p = 0 and decays 

exponentially as p grows. Both Ez and Hz are finite at p = 0, 

which satisfies the boundary condition  while Ep, E</> ,  Hp, and 
H</>  can have a singularity  at the edge [9,19]. The field is not 

symmetrically distributed about axis  ¢  = Jr / 2  since  for  E, 

the left  part  Jr /2  < </>  <     JT   is  larger  while  for  Hz  the right 

part O < </> < JT / 2 is larger. It is more clear in Fig. 8, where the  

ratio  of  electric  field  and  magnetic  field  IE  z/ (H, Zo)I  is 

plotted. The  value  will  increase  as ¢  varies  from O to Jr for a 

1.5° 
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-4 · 
0 0.5 
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FIG. 4. (a) Absolute value and (b) phase of  normalized  elec­ 

tric field Ezf Ez( k0 p = 0.1) (blue line for analytic solution and 
green dots for COMSOL simulation) and normalized magnetic field 

Z0 H, / E,( ko p = 0.1) (red line for analytic solution and yellow dots 

for COMSOL simulation) , when¢ = n / 3. 

 

 

FIG. 6.  Nonnalized electric field IE, / E,(k 0 p = 0)1 calculated  by 

(a) analytic method and (b) COMSOL simulation. 

•       •     •     •      •     •     •     •     •      
• 

• • 
••• 

 
 

DISTRIBUTION A: Distribution approved for public release



ANALYTIC THEORY OF AN EDGE MODE BETWEEN . .. PHYSICAL REVIEW A 99, 033842 (2019) 

033842-5 

 

 

.. 

(_ 

 

 
 

FIG. 7. Normalized magnetic field I H,Z 0 / E,( k0p = 0)1 calcu­ 

lated by (a) analytic method and (b) COMSOL sim ulation. 

 

Once we figure out the value of Ez  and  Hz ,  it is easy  to 

get the value of transverse electric field Ep, E<P by applying 

(similarly for transverse magnetic field) 

 

(18a) 

 

(18b) 

 
Alternatively, we can also solve them by the Sommerfeld­ 

Maliuzhinets technique and the derivative in  Eq.  (18)  turns 

into multiplication in the spectral domain through a/ ap 

- ik0 sin f3 cosa, a/ a¢ ik0p sin f3 sin a. Equation (18) can 

be rewritten as 

-0.5 0 

k0x 

(a) 

0.5 

 ei koz cos   f31 ( _ TC ) 

Ep= 
2m sm f3 

[c os t3cos a , - sin a ]F 2 a + - - </> 
y 2 

-0.5 0 

ko x 

0.5 

X e  - ik0 p sin f3 cosada, (19a) (b ) 

E<P = -  ei ko z
.

co
.
s   f31 [cos /3 sin a, cos a ]F z a TC ) 

+  -   -  </> FIG. 9. Real pait of the transverse electric field calculated by 

2m sm/3 y 2 
 

 

 

(19b) 

(a) applying Eq. (19) and (b) COMSOL sim ulation is plotted. 

The   spectral   functions   of   Ep    ([cosf.lcosa,  -sina] 

F, / sin /3) and E<P (-[cos f3 sin a, cos a ]F, / sin /3) tend to in­ 

finity when llm(a)I oo,  which indicates Ep  and E<P  will 
tend to infinity at p 0 in real space. However, the volume 

integrals of I EP 1 
2 and I E¢ 1 

2 are still finite for finite volume 

C. Characteristic impedance and phase 

velocity of the waveguide 

The phase velocity of the structure shown in Fig. l(b) can 

be calculated by 

(J) C 

around p = 0 since the energy should be finite for any prac­ 

tical physical system. As shown in Fig. 9, the transverse 

Vp= - = -- 
kz cos /3' 

(20) 

electric field decays when p increases, which also matches 

the simulation results in Ref. [9]. 
where c is the speed of light in vacuum and cos f3 is the 

eigenvalue mentioned above. 

Also, we can follow the definition given in Ref. [21] and 

define the characte1istic impedance as 

2P 
 
 
 
 
 
 
 
 

 
FIG. 8. 1£ , / (H,Z o) I calculated by (a) analytic method and 

(b) COMSOL simulation. 

 

 
where 

 

 

 
and 

Zc  = fl' (21) 

 
 
 
 
 
 
 
 

(23) 
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FIG. 10. (a) Normalized phase velocity v p / c and (b) nonnalized 

characteristic impedance Zc/ Zo are plotted as functi ons of Z 1 and Z2• 
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IV. CONCLUSIONS 

An analytic solution of the eigenmode of a wedge struc­ 

ture with two complementary surface impedances has been 

carried out by using the generalized reflection method which 

is developed from the Sommerfeld-Maliuzhinets technique. 

Compared with the driven mode which can also be solved 

by generalized reflection method , both spectral function Fz(a) 

and integration path y have to be modified in order to make 

the method effective. The analytic theory not only proves the 

existence of an edge mode but also provides the theoretical 

support for understanding the relation between edge modes 

and diffraction from a wedge structure. The results are useful 

because we have also calculated the waveguide properties 

such as characteristic impedance and phase velocity for the 

structure. 
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