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1. Introduction

The steady-state current in a heterogeneous conducting system is considered.
Fundamentals and early history of the analysis of steady-state electric current can
be found in the classic monographs.t?

One of the goals of this effort is to generate a battery of exact solutions for
Validation and Verification (V&V) purposes. These solutions are to be used for the
electromagnetic software (as of now, for the Sandia package ALEGRA
Magnetohydrodynamic [or MHD] and Full Maxwell Hydrodynamics [or FMHD]).
The system consists of an isotropic, unbounded matrix containing spherical
inclusion (the inclusion can be either isotropic or anisotropic and even nonlinear).
These solutions were suggested and used for V&V in previous reports.>* The
solutions of previous reports,>* however, miss the analysis of the boundary charge
layer and the current in this layer. In this report, we explore these elements of the
exact solutions. After establishing the general steady-state solution we proceed with
considering various asymptotic situations with high and low conductance of the
matrix and inclusion and the high and low conductance of the boundary layer.

2. Mathematical Formulation of the Problem

We remind the reader of the exact solution of the report® from which we borrow
our notation and also Fig. 1. Consider a spherical conductor embedded in an infinite
conducting space, as shown in Fig. 1.

Fig.1  Conducting inclusion within conducting matrix



Let O, be the domain inside the inclusion, and ©_ be the domain outside the
inclusion. The electrostatic potential ¢ satisfies the Laplace equation everywhere
(inside and outside the inclusion)

VVip=0 1)
At the boundary S the following conditions should be satisfied
[p] =0 )
and
[, N'=0 3)

where |, are the components of the electric currentand N' are the components of
the normal to the boundary.

At infinity, we use the following condition
(@) > =17 at|Z| >0 4)
It is assumed the matrix is made of a linear isotropic conductor; this means the
current 1" is connected with the potential gradient V ¢ via the classical Ohm’s law
Ii :_zmatvi¢ (5)

where > __ is a positive constant called the conductivity. We assume a much more
general conductivity law inside the inclusion

L =R (V,.0) (6)
where F, is an arbitrary vector-function of the gradient of the electrostatic potential.

When F, is a linear vector-function, we get

F‘(Vm§0):_zijvj¢ - | :_Zijvj(ﬂ (7)

where X, is the conductivity tensor. It is usually assumed (using different
arguments) that this tensor is positive and symmetric. When the matrix is isotropic
we get, by definition:

So=3 7. (8)



and Eqgs. 6 and 7 lead to the standard Ohm’s law
Ii = _Zincviq) (9)
In this case, we can rewrite the current continuity Eq. 3 in the form

.. VioN' =2, V.oN' (10)

mat

However, in general, we neither need the assumption of isotropy or linearity of the
inclusion. In this general situation, the boundary condition of the current continuity
reads

O-matvi(DNi = I:i (vm(D)NI (11)

where CD(|V§0|) is a certain function of the module of the potential gradient.

When the inclusion is isotropic but still nonlinear, we get
F(V.0)=@(Ve)Vip (12)

When the inclusion is isotropic but still nonlinear, Eqg. 11 should be replaced with
the following one:

Znat VioN' = (V) VioN' (13)
In the case of a linear isotropic inclusion, we get
(Vo) =2, (14)
whereas Eg. 13 should be replaced with the following one
Z"VeN' =ZVIpN! (15)
If the inclusion is isotropic (i.e., when = = £™z,), Eq. 15 can be rewritten as

Zmatvi¢Ni — Zincvi(DNi (16)



3. Exact Solution for Spherical Inclusion (Vanishing Boundary
Conductivity)

In the absence of boundary current, the master system (Eqgs. 1-16) has been
analyzed in Grinfeld et al.® For the case of unbounded linear isotropic matrix and
the spherical isotropic inclusion, the solution is the following:

P (2) = {A is -~ Ei Iﬁ} z' outside the sphere (17)
r mat
and
¢ (2) =K;Z' inside the sphere (18)

The constant vectors A and K, appeared to be the following:

1 . 3t 1
AL Zefwoli 3 . (19)
R Zinc + szat Zinc + szat

Combining Egs. 17-19 we arrive at the following solution for the field potential

a) outside the sphere

(omat(z): 1 |:2inc z“mat R__1j||iooz|

Z:mat Z:inc +22mat r3

_ (20)
b) inside the sphere

3 _
() =——-—— |77
q)mC( ) z“inc + szat l
4. Exact Solution for Spherical Inclusion (Finite Boundary
Conductivity)

According to the classical theory of electric conductors by Landau and Lifshitz, at
equilibrium there are no free electric charges inside conductors. All of the charges
are distributed at the boundaries with the finite surface density 7. Generally
speaking, the density 7 is not uniform (i.e., it changes from point to point).

When there are stationary currents in the conductors, the free charges do exist in
the bulk of the conductor. This does not mean, though, there are no charges and
currents concentrated at the interfaces. In this section, we calculated those
distributed charges and currents.



The electric field £ experiences finite jump at the boundary, and the limit values
E _ of the density at the interface is connected with the charge density 7 by means

of the classical relationship
4t = |V | N (1)

Using the solution Eg. 20, we arrive at the following relationship for the surface
charge density:

DINEEDY .
T = 3 inc mat IX Nﬁ (22)
4y N+ 2% '

mat

It is important to realize that Eq. 22 relies on the assumption there are no surface
currents. Let us get rid of this assumption. Let i be the vector of the surface current.
It is a vector parallel to the tangent plane of the interface matrix/inclusion. For the
steady-state currents, we postulate the following surface balance equation for the
interface:

N =div.i (23)

where div, is a symbol of surface divergence of a surface vector field.

The left-hand side of Eq. 23 expresses resulting influx of electric charges from both
sides of the interface. The right-hand side of Eq. 23 expresses the local divergence
of surface fluxes due to surface fluxes. In the steady-state flows these two effects
should be in balance. When interface currents are equal to zero, the right-hand side
of Eq. 23 vanishes and this equation reduces to Eq. 3.

Also, we have to add the analogy of the Ohm’s law for the surface flux. For isotropy
conductors we can postulate the Ohm’s law in the following form:

i =0k (24)

where ¢ is the surface conductivity constant and EH is a tangent component of the

steady electric field.

The steady-state electric field can still be presented in the form of Egs. 17 and 18,
but the values of the vectors A and K will be different as compared with the case
of nonconducting interface; namely, we get now



RP = -3 20R™
A — INC mat + o — iw (25)
2 et Zine T 22, +20R
and
3
Ki=- =17 (26)
e T22, +20R

Using Eqgs. 25 and 26, we arrive at the following expressions of electrostatic field:

a) r>R:
1|, = -YX +20RT* R} . .1 ..
E™(z)= O, — —ne__“mat —| 8 -3=z,. 27" |} 27
- (2) zmat{ “ 3 +25  +20R™ r{ KT }} 27)
and
b) r<R
E™(2) = — Zna (28)
2ot Zine T 22, +20R

Using Eq. 27, we get for E[™ at the interface

I” | Z.-Z..+20R™" [ :
Eret = )5 - S Zmat 5 —3N,N' 29
“ 3 {k S +238 +20R‘1( T )} (29)

mat mat

Using Egs. 28 and 29, we get

L 3%

E/N = o 30
X > .. Z. 425 +20R* (30)
and
Emat gk _ 31 N PI +20R™ (31)
‘ mat Zinc + szat + 20-R71

Inserting Egs. 30 and 31 in Eq. 21, we arrive at the following relationship of the
interface charge density 7:

[ % —%  4+2R"
F= i k Nk inc mat +20 : (32)
47 3 ch + QEmat +20R"

mat




Using Egs. 27 and 28, we get for the bulk currents

a) inside matrix

X Y 4+20RT R} L .1
1% (2) = 174 6, ——e—mal —| 6 —352,2'7 33
< (2) '{k Y +2%  +20R™ r‘{ KT }} (33)
b) inside inclusion
. 3y
L (2)=1; 34
(@)=l S +2%  +20R* (34)
For the interface current we get the relationship
i 17(5 —NN.) 30 (35)
ok 7y, +2%  +20R™
5. Special Cases
5.1 Vanishing Surface Conductance ¢ =0
Electrostatic field outside inclusion:
1> 1. T - R . 1 o
Emat 7) = i 5!_ inc mat ‘o 5'—3—Z-ZJZI 36
‘ ( ) z“mat{ ‘ Zinc-i_zz:mat rS[ ‘ r2 kJ :l} ( )
Electrostatic field inside inclusion:
: 7 3=
E"™(z)=— mat 37
‘ ( ) Zinc Z:inc-l_zzmat ( )
Electric current outside inclusion:
X -y R . .1 o
") =173y — e Zmat _ | 5137 717 38
k ( ) i { k Zinc+22mat r3|: k r2 kj :l} ( )
Electric current inside inclusion:
: 3=
1"(2) =17 ——ma__ 39
“ ( ) ‘ Zinc_i_zzmat ( )



Interface current:

i, =0 (40)
Interface charge density:

e Y -%
T = i k Nk inc mat (41)
41 3] Y. 42X

mat inc mat

5.2 Nonconducting Inclusion ¥ =0

Electrostatic field outside inclusion:

E™ (z) = El:t {5; + sz f;;: R [5' -3 rl 217 }} (42)
Electrostatic field inside inclusion:
(D)= 3 3o “3)
Electric current outside inclusion:
™ (2) =17 {5; i R {5' 3% 2,2'7' }} (44)
25, +20R™ r
Electric current inside inclusion:
1°(z) =0 (45)
Interface current:
=1 NN T (46)
22, +oR™)
Interface charge density:
C_ B3I 20R-S n



5.3 Superconducting Inclusion ¥ = oo

Electrostatic field outside inclusion:

mat IiOO i R3 i 1 Jol
E, (Z):Z 5k—F 5k—3r—zzka Z (48)

mat

Electrostatic field inside inclusion:

E (2)=0 (49)
Electric current outside inclusion:
I(z) =17 {5,1 —5—5[5; —3r—122k|z"z'}} (50)
Electric current inside inclusion:
1°(z) =3I, (51)
Interface current:
i, =0 (52)
Interface charge density:
T = 473r§ N* (53)

mat

5.4 Superconducting Interface o0 =

Electrostatic field outside inclusion:

ma 1 [ R’ i 1 i o
E, t(z) :z—at{é'k _F[ék —BF ijZ’Z }} I, (54)

m

Electrostatic field inside inclusion:
E™(z)=0 [; 3R |:Cj (55)
20

Electric current outside inclusion:



mat i R3 i 1 joi 0
1,%(2) = 5K_F 5k—3FijZ z' |l (56)

Electric current inside inclusion:

inc © 3R2inc
1*(z)=0 {zlk o } (57)
Interface current:
. » 3R
|j:|k(5jk—N‘<Nj)7 (58)
Interface charge density:
]')C
r= ey (59)
41 Y]

mat

6. Conclusion

We explored the steady-state current in the heterogeneous system consisting of
conducting unbounded matrix and conducting spherical inclusion. For simplicity,
both are assumed isotropic. The effects of magnetic field are excluded from this
study. At the same time, we explore the roles of the distributed charges at the
interface. Also, we calculated explicitly the interface current.

The general solution is described by Eqgs. 27, 28, and 32-35 in Section 4: Exact
Solution for Spherical Inclusion (Finite Boundary Conductivity). Then, in Section
5, Special Cases, we consider different asymptotic cases: nonconducting and
superconducting interface and nonconducting and superconducting spherical
inclusions.
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