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1. Introduction

In ARL-TR-8899,! electrical connectivity across square 2-D lattice networks, com-
posed of a mixture of conducting and insulating linkages, was examined as a
metaphor for the connectivity across a mixed computational cell. The method utilized
there developed its statistical results by exhaustively enumerating and categorizing
all realizations (possible states) of the network, for the situation wherein each net-
work link has a given probability of exhibiting inter-node connectivity. Such a brute
force approach reaches its practical limit of utility quickly, since the number of
network realizations increases as 2", where n signifies the number of linkages in the
network. This limitation is especially onerous since the number of linkages grows as

n ~m?in 2-D and n ~ m?> in 3-D, where m is the linear dimension of the network.

An alternative (approximate) method was also explored in Appendix C of that report,
in which the likelihood of connectivity (given by Fp) between an origin O and a
given node P could be calculated as a probability cascade™ originating from O. The
goal of this report is to revisit this alternative unidirectional approach to network
connectivity in a more systematic fashion and extend the results to networks of three

spatial dimensions.

2. Nodal Families

In three dimensions, we wish to consider the point-to-point connectivity across the
diagonal of a cubic lattice, from the node O, at (0, 0,0), to X, at (m, m,m). Let us

define notation that will be useful, moving forward in this analysis.

While parentheses are used to denote an indexed node in the Cartesian network, for
example (1, 1, 1), square brackets are used here to denote a set of similar nodes that
we call a family. Members of the family may be obtained by way of permuting the
nodal indices. We use a subscript as a shorthand to remind the reader of the number

of unique permutations. Thus, [2, 1, 0]¢ indicates a family that possesses six nodes,

*By cascade, we mean that network information flows across the lattice in one direction, from
O to P. Nodes downstream from P (toward the endpoint X) play no role in affecting Fp (it is
this unidirectional flow of information that constitutes the approximation to the general solution
explored in ARL-TR-8899). This type of construction is also known as a recombinant “probability”
or “decision” tree.

Another way to characterize this approximation is to say that only electrical pathways of minimal
length are considered (pathlength 2(m — 1) in an mxm network and 3(m — 1) in an mxmxm 3-D
network). Longer meandering pathways (which, it should be noted, are less probable) are excluded
from consideration as viable electrical pathways.



namely {(2,1,0), (1,2,0),(0,2,1),(0,1,2),(2,0,1),(1,0,2)}. If the family has
repeated indices, the number of members is diminished—for example, [2, 1, 1]3 has
three members {(2,1,1), (1,2,1), (1,1,2)}. In the extreme case of triple-repeated
indices, the family has a single member: [1,1,1]; = {(1,1,1)}.

We have introduced the concept of nodal families to save on effort and notation, be-
cause the nodes within a family are topologically symmetric, relative to the network
diagonal of interest (that which connects nodes O and X). This symmetry implies
(for a set of randomly distributed conductors in the network) that the likelihood of
connectivity between nodes O and P is the same for all nodes P of a given family.

Likewise is true for the connectivity between nodes P and X.

To understand this concept of topological symmetry better, we begin with the analysis
of 2-D networks (recall, in Appendix C of ARL-TR-8899, such a case was studied).
In considering the connectivity between the diagonally extreme nodes of the lattice
(which we denote O and X), we look to symmetry relative to the O—X diagonal.
As an example, for the 3x3 square network depicted in Fig. 1, the points (2,0) and
(0,2) possess such symmetry. Based on our newly introduced notation of family,
we note that both nodes are part of the [2, 0] family. Likewise, there are also two
nodes each in the [1,0] and [2, 1] families.

(2,0)€[2,0]

0=0,0)@------

®------@------ °
1 1
1 1
1 1
1 1
1 1
1 1

------ 02,2 =X

Fig. 1 A 3x3 network, depicting the symmetry of the [2,0] node family, relative to the O-X
diagonal

A convenient way to capture this notion of symmetric node families is given in
Table 1, for the case of 2-D square networks. Columns depict the cumulative ad-
dition of nodal families, as the network size grows. Rows depict the unidirectional
(i.e., minimized) path length from O to any member of the given nodal family. The
use of parentheses rather than brackets around diagonal nodes merely indicates a
family of size one (i.e., (j,j) = [/, j]1)-



Table 1 Topological node family hierarchy for 2-D square networks

Path length 1x1 2x2 33 4x4 55

0 (0,0)
1 [1,0]2
2 (1,1) [2,0],
3 (2,12 [3,0]»
4 (2,2)  [3,1]2 [4,0]
5 (3.2 [4,1]2
6 (3,3) [4,2]
7 [4.3]2
8 (4,4)
Node count:
Marginal 1 3 5 7 9

Cumulative 1 4 9 16 25

- 12 22 32 42 52

3. The Cascade Relations (2-D)

We can use Table 1 to systematically recreate an analysis similar to that found in
Appendix C of ARL-TR-8899, but for any size 2-D network (for which the hierarchy
has been specified). The probability of connectivity between O and any node P in a
given family derives from the node families that lie immediately upstream from P.
For nodes containing a value of “0” as an index (certain edge nodes), information

derives from one upstream neighbor, according to the relation
Fijo = fFij-100 - (D

Here, f denotes the probability that any given link (connecting two adjacent nodes)
will be conductive, while F' denotes the probability of connectivity from O to any
particular node in the family denoted by the index. For families containing nodes
without an index equal to “0”, information derives from two upstream neighbors,

according to the relation
Fijx) = f(Fij-1a + Flje-n) = PFjia Flie-n 2)

This relation is a statement of mutually non-exclusive event probability, in which
(0,0)—[J, k] connectivity can be established by way of [j — 1, k], [j, kK — 1], or both.

Note that, based on the definition of a node family, the index order is not important,



sothat [j, k] = [k, j]. However, for consistency, we adopt the convention in Table 1

of ordering the indices in decreasing order.

With these rules established, we can now systematically define the cascade through
which the probability of connectivity from O to X is calculated. Starting with
the tautology that F(pg) = 1 (i.e., O is connected to itself), simply proceed down
successive columns of Table 1, applying the rules of Egs. 1 and 2, until the desired
2-D network size has been reached. For example, in the case of the 3x3 network

depicted in Fig. 1,

Foo =1

Fli01 = fF0,0
Fay=2fF0 - fZF[21,0]
Fra01 = fF(1,0)

Fou = f(Fan + Fpo) — £2Fan Flal
Foox =Fop =2fFp1) — sz[zz,l]

One may compare this cascade to the result found in Appendix C of ARL-TR-8899
and find, by way of substitution, the result to be identical. A primary advantage
of introducing this family notation is that symmetry can be systematically taken
advantage of in reducing the calculation of nodal connectivity probabilities. For a
2-D mxm matrix, the reduction in nodal evaluations reduces by up to a factor of 2,
from m? to %m(m + 1). For this 3x3 network of nine nodes, the method requires

% -3 -4 = 6 equations, as shown above.

And while this cascade method is only an approximation to the former exhaustive
approach of ARL-TR-8899 that we hope to replace, the difference in calculation
is stark. With the exhaustive approach, one requires for the 3x3 case (with 12
linkages) the analysis of 2'> = 4096 network realizations (i.e., unique configurations
of conducting/insulating linkages that might describe the state of the network), with
each realization providing up to 12 unique connectivity pathways from O to X.
As the scale of the network grows, the comparison only becomes that much more
lopsidedly prohibitive for the exhaustive approach—a 3x3x3 cubic network has 54
linkages and thus 2% = 18,014,398,509,481,984 realizations.



4. The 3-D Cascade

The real power of this systematic approach is garnered for the more challenging
problem of a 3-D network with additional planes of symmetry, wherein the reduction
in nodal evaluations approaches a factor as large as 6, going from m> to %m(m +
1)(m + 2). With the addition of the third dimension, an extra consideration is that
some node families (those without a zero index) will get their probability information

from three upstream neighbors. Stating the rules for the 3-D cascade,

Fjoo0 = fFj-100]

Fiiko) = f(Fli—101 + Frjk-10) = F2F1j=1.601Fjk-10]

Fljen = FFj-1en + Frja-1n + Flyei-1) - .3)
Ak Frj-1n + Fijk-10 k-1 + Fli-ven Fljc-1) +
PPF-vn Flik-1 Fijc-1

Ifitis not clear to the reader from whence these rules arise, they can be reckoned from
the combined probability of one, two, and three (mutually non-exclusive) events A,
B, and C (representing connectivity by way of distinct upstream nodes, respectively),
where Py = fF|j-1 k1, P = fF|jk-11,and Pc = fF[; i ;-1]- Equation 3, restated

in these terms, would be much more recognizable:

P(A) = Py
P(AUB) =Pp+Pp—Panp
P(AUBUC):PA+PB+PC—(PAQB+PBmc+PAnc)+PAmBmC

As in 2-D, the node families for 3-D can be systematically laid out, as is done
in Table 2. Here, because of increased possibilities for symmetry, nodal families
can possess one, three, or six members, depending on whether they have repeated
indices (and if so, whether two or three). For the 5X5%5 case, there are 35 node
families represented, as compared to 125 individual nodes, representing a savings
of more than 3.5 times over an equivalent brute-force calculation analyzing each

node separately.

Using the node families delineated in Table 2, with the rules of Eq. 3, the cascade for
the 3-D cases may be constructed by proceeding through each successive column of
the table, as in the 2-D case. In the Appendix, the f77 code for doing so is provided

(as well as the numerical results). The logic of Eq. 3 is laid out in the functions



Table 2 Topological node family hierarchy for 3-D cubic networks

Path length 1x1x1  2x2x2 3x3x%3 4x4x4 5x5x%5

0 (0,0,0)
1 [1,0,0]3
2 [1?170]3 [25070]3
3 (1,1,1) [2,1,0]6 3,0,0]3
4 [2’ 1’ 1]3 [3’ 190]6 [470’0]3
[2,2,0]3
5 [2’2’1]3 [3’191]3 [47130]6
[3,2,0]6
6 (2,2,2) [3,2,1]¢ [4,1,1]3
[3’ 39 0]3 [47 2’ 0]6
7 [3,2,2]3 [4,2,1]¢
[3,3,1]3 [4,3,0]¢
8 [3’ 39 2]3 [47 2’ 2]3
[4,3,1]6
[4,4,0]3
9 (3,3,3)  [4,3,2]6
[4,4,1]3
10 [4,3,3]3
[4,4,2]3
11 [4,4,3]3
12 (4,4,4)
Node count:
Marginal 1 7 19 37 61
Cumulative 1 8 27 64 125
— 13 23 33 43 53

Froml, From2, and From3. The cascade itself is provided in the main program
block, which is cycled through for successive increments on the value of f. The

output is graphically presented in Fig. 2.

While the results presented in Fig. 2 are approximate, because they derive from
a unidirectional cascade rather than from an exhaustive tabulation of all possible
network realizations, a comparison to the 2-D results presented in ARL-TR-8899 is

nonetheless illustrative. We have reproduced those earlier results in Fig. 3.

While both results exhibit the characteristic S-curve associated with threshold be-

havior, we note, comparing Figs. 2 and 3, several significant differences:

* The threshold for transitioning to a conducting network occurs sooner in 3-D,
at f = 0.45 rather than at f = 0.65 for 2-D.
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Fig. 2 Probability F of establishing connectivity across the diagonal of various 3-D cubic
network cascades, as a function of f, the likelihood that any given network link is conductive
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Fig. 3 Probability F of diagonal 2-D network connectivity, as a function of the likelihood f that
any given network link is conductive (figure originally appeared as Fig. B-3a in ARL-TR-8899)



* The threshold transition for a 3-D network is steeper (and thus narrower) than

the corresponding 2-D threshold.

While these distinctions are important, they are not necessarily surprising. In 3-D,
interior nodes of the network have three mutually non-exclusive pathways to provide
viable continuity, as compared to two such pathways for the 2-D case. Therefore, the
overall probability of network connectivity increases for a given value of f, shifting
the curves leftward in Fig. 2 vis-a-vis Fig. 3. The addition of the extra pathway in
3-D also means that the order of the polynomial (in f) that governs the O — X
continuity is higher than in 2-D—thus, a narrower threshold window (i.e., steeper

gradient) becomes possible, as witnessed in Fig. 2.

5. Conclusion

In this report, we study networks comprising 2-D square and 3-D cubic lattices, in
search of how the probability of linkage connectivity affects the overall likelihood
of cross-network connectivity. A probability-cascade approach has been developed
and studied as an approximation to a more exhaustive network-connectivity analy-
sis. A downside of the cascade approach is that the more circuitous pathways across
the network are excluded from consideration in establishing connectivity. This ex-
clusion is mitigated somewhat by the fact that circuitous pathways will occur with
a lower probability than direct pathways. More importantly, the cascade approxi-
mation allows for much larger networks to be considered, without running into an

insurmountable calculational wall.

While an example of the cascade approach was originally presented in an appendix
of ARL-TR-8899, here we systematize the approach and expand its application
to that of 3-D cubic networks. The systematization not only provides calculation
savings, by exploiting network symmetries relative to the diagonal, but also defines
the topological hierarchy of nodal families (e.g., Tables 1 and 2) through which the
network connectivity must be established.

The establishment of such a hierarchy is necessary to facilitate automation of the
connectivity cascade for any arbitrarily sized network, whether 2-D or 3-D—one
merely proceeds downward through each successive column of the tabulated hierar-
chy until the desired matrix size has been reached. In this way, the probability inputs

for any given nodal family in the network have already been established through



prior calculations in the sequence. And while the hierarchies (Tables 1 and 2) pro-
vided in this report were deduced from inspection, such constructions can, likewise,

be deduced via algorithm.

Results indicate a threshold behavior that is even more pronounced than that for
2-D networks. As the probability of linkage connectivity remains small (e.g., below
40%), the overall likelihood of cross-network connectivity remains close to zero.
However, if the linkage-connectivity likelihood rises to 50% or more, the likelihood
of cross-network connectivity rises rapidly, becoming near certain by the time the

linkage probability reaches a mere 60%.

It is hoped that these results may help guide an understanding of electrical conduc-
tivity and joule heating in mixed computational cells, for which the lattice networks
of this report serve as a possible metaphor. The problem is challenging, especially
for cases in which one species in the mixed cell occurs in small proportion to the

overall cell composition.
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The f77 code on the following page demonstrates how the probability of O-X
(diagonal, cross-network) connectivity can be calculated for 3-D lattices. In the
code, the probability is calculated, using the cascade method, for mxmxm cubic

networks, for values of m up to 5.

The code loops through a range of per-linkage probabilities, f, between 0 and 1. The
functions Froml, From2, and From3 calculate the combined probability for one,
two, and three mutually non-exclusive events, respectively (connectivity by way of

upstream nodes). The output of the code is given below.

f 2x2x2 3x3x3 4x4x4 5x5x5
0.0250 0.0001 0.0000 0.0000 0.0000
0.0500 0.0007 0.0000 0.0000 0.0000
0.0750 0.0025 0.0000 0.0000 0.0000
0.1000 0.0060 0.0001 0.0000 0.0000
0.1250 0.0116 0.0003 0.0000 0.0000
0.1500 0.0199 0.0010 0.0001 0.0000
0.1750 0.0313 0.0025 0.0003 0.0000
0.2000 0.0463 0.0056 0.0008 0.0002
0.2250 0.0651 0.0111 0.0024 0.0006
0.2500 0.0881 0.0205 0.0060 0.0021
0.2750 0.1153 0.0353 0.0136 0.0063
0.3000 0.1469 0.0574 0.0285 0.0168
0.3250 0.1827 0.0887 0.0550 0.0401
0.3500 0.2226 0.1308 0.0982 0.0857
0.3750 0.2663 0.1847 0.1622 0.1626
0.4000 0.3133 0.2502 0.2481 0.2721
0.4250 0.3632 0.3260 0.3519 0.4020
0.4500 0.4153 0.4092 0.4643 0.5311
0.4750 0.4689 0.4960 0.5738 0.6418
0.5000 0.5232 0.5819 0.6709 0.7280
0.5250 0.5773 0.6626 0.7505 0.7920
0.5500 0.6305 0.7349 0.8123 0.8394
0.5750 0.6819 0.7967 0.8588 0.8751
0.6000 0.7307 0.8474 0.8934 0.9026
0.6250 0.7763 0.8874 0.9193 0.9242
0.6500 0.8179 0.9181 0.9389 0.9413
0.6750 0.8553 0.9411 0.9539 0.9550
0.7000 0.8880 0.9580 0.9655 0.9660
0.7250 0.9159 0.9704 0.9745 0.9748
0.7500 0.9390 0.9794 0.9816 0.9816
0.7750 0.9576 0.9859 0.9870 0.9870
0.8000 0.9720 0.9906 0.9911 0.9911
0.8250 0.9826 0.9940 0.9942 0.9942
0.8500 0.9900 0.9963 0.9964 0.9964
0.8750 0.9948 0.9979 0.9980 0.9980
0.9000 0.9977 0.9990 0.9990 0.9990
0.9250 0.9992 0.9996 0.9996 0.9996
0.9500 0.9998 0.9999 0.9999 0.9999
0.9750 1.0000 1.0000 1.0000 1.0000
1.0000 1.0000 1.0000 1.0000 1.0000
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implicit none

double precision f,g, F000,F100,F110,F111,F200,F210,F211,F220,
F221,F222,F300,F310,F311,F320,F321,F330,F322,
F331,F332,F333,F400,F410,F411,F420,F421,F430,
F422,F431,F440,F432,F441,F433,F442,F443,F444,

R

Froml, From2, From3
write(*,’ (5al10)’) ’'f’, ’"2x2x2’, '3x3x3’, ’'4x4x4’, ’'5x5x5’
f =0.d0
do while (f .le. 1.d0)
f =f 4+ 0.025d0

F000 = 1.d0 ! (0,0,0) +1 =1 =173
F100 = Froml (£,F000) ' [1,0,0]_3

F110 = From2 (£,F100,F100) ' [1,1,0]1_3

F111 = From3(f,F110,F110,F110)! (1,1,1) +7 = 8 = 273
F200 = Froml (£,F100) ' [2,0,0]_3

F210 = From2 (£,F110,F200) ' [2,1,0]1_6

F211 = From3(f,F111,F210,F210)! [2,1,1]_3

F220 = From2 (f,F210, F210) ''[2,2,0]_3

F221 = From3(f,F211,F211,F220)! [2,2,1]_3

F222 = From3(f,F221,F221,F221)! (2,2,2) +19 = 27 = 373
F300 = Froml (£,F200) ' [3,0,0]_3

F310 = From2 (f,F210,F300) ! [3,1,0]_6

F311 = From3(f,F211,F310,F310)! [3,1,1]_3

F320 = From2 (f,F220, F310) ' [3,2,0]_6

F321 = From3(f,F221,F311,F320)! [3,2,1]_6

F330 = From2 (£,F320, F320) ! [3,3,0]1_3

F322 = From3(f,F222,F321,F321)! [3,2,2]_3

F331 = From3(f,F321,F321,F330)! [3,3,1]_3

F332 = From3(f,F322,F322,F331)! [3,3,2]_3

F333 = From3(f,F332,F332,F332)! (3,3,3) +37 = 64 = 473
F400 = Froml (£,F300) ! [4,0,0]_3

F410 = From2 (f,F310,F400) ! [4,1,0]_6

F411 = From3(f,F311,F410,F410)! [4,1,1]_3

F420 = From2 (f£,F320, F410) ! [4,2,0]_6

F421 = From3(f,F321,F311,F420)! [4,2,1]_6

F430 = From2 (f£,F330,F420) ! [4,3,0]_6

F422 = From3(f,F322,F421,F421)! [4,2,2]_3

F431 = From3(f,F331,F421,F430)! [4,3,1]_6

F440 = From2 (f,F430,F430) ! [4,4,0]_3

F432 = From3(f,F332,F422,F431)! [4,3,2]_6

F441 = From3(f,F431,F431,F440)! [4,4,1]1_3

F433 = From3(f,F333,F432,F432)! [4,3,3]_3

F442 = From3(f,F432,F432,F441)! [4,4,2]_3

F443 = From3(f,F433,F433,F442)! [4,4,3]_3

F444 = From3 (f,F443,F443,F443)! (4,4,4) +61 = 125 = 573

write (%,’ (5£10.4)’) £, Fl1ll, F222, F333, F444

end do

stop

end
Chh,hhkhkhhhkhhhhkhhkhhhkhkhhkhhhkhkhhkhhhkhkhkhkhhhkhkhk kb hkdkhkhk kb hkhkhkhkhkrhkhkhhkhkkrkhk*x

double precision function Froml (f, F1)

implicit none

double precision £, F1

Froml = £ xF1

return

end
Chhkhkhkhkhkkhhkhkhhkhkhhkhkhhkhkkhkhkhkhhkhkhkhkhhkhkhkhkhkhhhkkhkhkhhkhkhkhkhkhrhkhkhkhkhkrhkhkhhkhkrkkkx

double precision function From2 (f, F1l, F2)

implicit none

double precision f, F1l, F2

From2 = £ *(F1 + F2) - f*%2 *F1*F2

return

end
Chh,khkhkhkkhkkhkkhkhkhkhkkhkkhkhkhkhkhkhkkhkhkhhkhkhkhkhkhhhkhkhkhkhhkhkkhkhkhkhkhkkkhkhkhbhkhkhkhkhkrhkhkkhkhkhkkkx

double precision function From3(f, Fl, F2, F3)

implicit none

double precision f, F1l, F2, F3

From3 = £ *(F1 + F2 + F3) - f*x*x2 *x(F1xF2 + F2*F3 + F1*F3)
& + f£x*x3 *FL1*xF2xF3

return

end

Chkh,khkhkhkkhkkkhkhkhkhkhkkhkhkhkhhkhkkhkhkhhkhkhkhkhkhhkhkhkhkhkhhkhkhkhkhkhkhkhkkkhkhkhbhkhkhkhkhkrhkhkhkhkhkhkkkx
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