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EXECUTIVE SUMMARY 

Ocean forecasting is difficult due to the ocean’s inherent chaotic nature and the errors present in 
forecast initial conditions, boundary conditions, forcing, and model physics. Data assimilation is a process 
that combines observations and recent forecasts to create new, accurate forecasts. Data assimilation is 
computationally expensive, often more expensive than producing the forecast alone. Data assimilation 
methods that reduce error or computational cost are of interest. 

This report presents research conducted in investigation of a nonlinear data assimilation method, 
“diffusive back and forth nudging” (DBFN). DBFN may be able to reduce errors like the most advanced 
data assimilation methods but at reduced computational cost. DBFN works by running a model forwards 
and backwards in time with an additional “nudging” term. It can be relatively simple to implement. The 
nudging term updates the ocean model with information from observations per a prescribed covariance. 
DBFN is tested here in two simple dynamical systems. Results are promising and demonstrate a need for 
further research. 
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NONLINEAR DATA ASSIMILATION FOR OCEAN FORECASTING 

1. INTRODUCTION

Accurately forecasting the ocean via numerical models is difficult due to the ocean’s chaotic nature 
and models’ use of erroneous initial conditions, boundary conditions, surface forcing, and physics. Data 
assimilation is the process that combines observations with model results given selected constraints (e.g., 
Bennett 2002, Evensen 1994) and is widely used for ocean forecasting (e.g., Sakov et al. 2012, Cummings 
and Smedstad 2013, Oke et al. 2013). In real-time ocean forecasting, data assimilation is used to correct the 
most recent forecast with observations available after that forecast was issued. This produces an “analysis” 
which is used to initialize the next forecast. There are multiple data assimilation methods and practical 
considerations impact the choice of data assimilation method. Forecasts must be produced in a timely 
manner on limited computer resources but also must be accurate enough to be useful. For regions of great 
interest, very low errors are desired, usually achieved by running at higher resolution but at higher 
computational cost. New methods that improve accuracy or reduce computational cost are of interest. 

Methods currently used for the Navy’s ocean models include three-dimensional (3DVAR; Cummings 
and Smedstad 2013, Daley and Barker 2001) and four-dimensional variational assimilation (4DVAR; 
Ngodock and Carrier 2014). Ensemble approaches are under study (Coehlo et al. 2009, Wei et al. 2016, 
Ngodock et al. 2020). 3DVAR has relatively lower computational cost than 4DVAR, but 3DVAR forecast 
errors can be higher by 10% or more.  

A data assimilation method that could improve upon current methods is a nonlinear approach, referred 
to as “diffusive back and forth nudging” (DBFN; Auroux et al. 2011). It may offer forecast errors like 
4DVAR with reduced computational cost (Ruggerio et al. 2016). Like 4DVAR, it runs forwards and 
backwards in time, but it uses the full model, not the adjoint and tangent linear models of 4DVAR. This 
offers two advantages. One advantage comes at run time. The full model is less expensive to run than one 
iteration of the adjoint and tangent linear models, needing 10% to 20% of the run time (Ruggerio et al. 
2016). Given computational concerns, this is valuable in multiple ways (enabling higher resolution for the 
same computational cost, reallocating resources to other efforts, or simply providing a forecast in a timelier 
manner). The second advantage comes in development and maintenance. Adjoint and tangent linear models 
are time-consuming to develop and maintain, as they work with a larger, modified version of the original 
model physics. Because DBFN uses the original model physics, careful construction of the model, with an 
explicit time-stepping algorithm, enab1les implementing DBFN with less effort in development and 
maintenance.  

The Navy uses two ocean models with data assimilation: the Navy Coastal Ocean Model (NCOM; 
Martin 2000, Barron et al. 2006) for regional ocean modeling, and the Hybrid Coordinate Model (HYCOM; 
Bleck 2002, Metzger et al. 2017). Both 3DVAR (Smith et al. 2017, Rowley and Mask 2014) and 4DVAR 
data assimilation (Ngodock and Carrier 2014) are available for NCOM. In contrast, for HYCOM, only 
3DVAR (Metzger et al. 2017) is available. Both models are large and complex and implementing DBFN 
in either is beyond the scope of this project. Because of this, DBFN’s benefits and costs are examined here 
with relatively simple models. 

Section 2 details the method. Section 3 describes the implementation and testing of the method for the 
advection equation. Section 4 describes the implementation and testing of the method for the Lorenz 05 
model, a chaotic dynamical system. Section 5 summarizes results.  

Manuscript approved February 25, 2021. 



2 Osborne 

2. METHOD: DIFFUSIVE BACK AND FORTH NUDGING

DBFN was introduced as an extension of back and forth nudging (e.g., Auroux and Blum 2005), first 
appearing in Luenberger (1966). The DBFN algorithm is relatively simple. Assume we have a time-
continuous system with dynamics given by 

𝜕௧  𝑋 = 𝐹(𝑋) +  𝜐∆𝑋, 0 < 𝑡 < 𝑇, (1) 

where X is the model state (with initial condition X0 = X(t = 0)), F is the model operator (including spatial 
derivatives but not diffusion operators), υ is the diffusion coefficient, ∂t denotes the partial derivative with 
respect to time, and Δ is the diffusion operator (assumed here to be a Laplacian). Analytical equations 
describing ocean circulation may not explicitly include diffusion. However, the numerical schemes for 
ocean circulation often do have diffusion for stability and subscale processes, and so it is considered here.  

With this model, the DBFN framework is 

ቊ
𝜕௧𝑋௞ = 𝐹(𝑋௞) + 𝜐𝛥𝑋௞ + 𝐺൫𝑌 − 𝐻(𝑋௞)൯

𝑋௞(0) = 𝑋⃖௞ିଵ(0), 0 < 𝑡 < 𝑇
(2) 

ቊ
𝜕௧𝑋⃖௞ = 𝐹൫𝑋⃖௞൯ −  𝜐∆𝑋௞ − 𝐺′(𝑌 − 𝐻𝑋⃖௞)

𝑋⃖௞(𝑇) = 𝑋௞(𝑇), 𝑇 > 𝑡 > 0
, (3) 

where H is the observation operator, Y denotes observations, G and G′ are the gain matrices, and 𝑋⃖ is the 
model state from the backward-nudge formulation. The iteration of the system is denoted by k, k > 0. Eq. 
(2) is the forward nudge and Eq. (3) is the backward nudge. For the second and later analysis-forecast
cycles, initialize the forward nudge with the final time step from the prior forecast.

At this point, in Eq. (3), subtraction of the diffusive term makes Eq. (3) ill-posed. Recasting the time 
variable overcomes this. Define 𝑡ᇱ = 𝑇 − 𝑡. Then, Eq. (3) becomes 

ቊ
𝜕௧𝑋⃖௞ = −𝐹൫𝑋⃖௞൯ +  𝜐∆𝑋௞ + 𝐺′(𝑌 − 𝐻𝑋⃖௞)

𝑋⃖௞(𝑡ᇱ = 0) = 𝑋௞(𝑇), 0 < 𝑡ᇱ < 𝑇
, (4) 

and Eq. (4) is well-posed. Note that while F is acting backwards with respect to t, the diffusion term is 
not. So, diffusion continues when the system runs backwards. This will impact results, as seen in sections 
3 and 4. 

Convergence of the system can be set several ways (Ruggerio et al. 2016), e.g., root-mean-square 
difference of successive forward nudges below a threshold. Alternatively, the number of iterations can be 
limited. 

3. DBFN FOR THE ADVECTION EQUATION

As a first step, DBFN is implemented for the advection equation using a diffusive numerical scheme.
The advection equation is simple, but this offers benefits. Exact solutions for the advection equation are 
available via the method of characteristics, which enables computing exact errors. Testing a simple equation 
also allows for simplified testing of Eq. (4), the recast version of the backwards nudge.   
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The advection equation describes transport of a conserved quantity by a velocity field. In one 
dimension, the advection equation is 

 

 𝜕௧𝑞(𝑥, 𝑡) = −𝑢𝜕௫𝑞(𝑥, 𝑡), (5) 

 

where q is the conserved quantity (e.g., a non-reactive dye in fluid) and u is the velocity. Here, we pick        
u = 0.5, the spatial domain as 0 < x < 1 with periodic boundary conditions, and the time domain as 0 < t < 6. 
The period of this system is 6 units (e.g., seconds). The advection equation does not have a diffusive term 
and is seemingly a poor fit for studying DBFN. However, if the system is modeled with the upwind scheme, 
a diffusive term can be found via the method of modified equations (e.g., LeVeque 2002). 

Following LeVeque (2002), the upwind method is first-order accurate for the advection equation. The 
explicit time-stepping formulation is 

 

  𝑞௞
௡ାଵ = 𝑞௞

௡ −
௨୼௧

୼௫
(𝑞௞

௡ − 𝑞௞ିଵ
௡ ) + 𝒪(Δ𝑥, Δ𝑡), (6) 

 
where Δt and Δx are the selected time and grid steps and 𝑞௞

௡ = 𝑞(𝑘Δ𝑥, 𝑛Δ𝑡). Let 𝑞ො be an exact solution of 
Eq. (6). Then it can be shown that 
 

  𝑞ො = −𝑢𝑞ො௫ +
ଵ

ଶ
(𝑢Δ𝑥 − 𝑢ଶΔ𝑡)𝑞ො௫௫ + 𝒪(Δ𝑥ଶ, Δ𝑡ଶ), (7) 

 

which has a diffusive term. Thus, as described previously, we have a non-diffusive system in Eq. (5) which 
has a diffusive numerical approximation in Eq. (7). In this case, the viscosity is prescribed by u and the 

time- and space-step sizes, i.e., 𝜈 =
ଵ

ଶ
(𝑢Δ𝑥 − 𝑢ଶΔ𝑡). Three of 𝜈, u, Δx, and Δt may be picked, but the 

choices also must satisfy the Courant-Fredricks-Levy condition, uΔt/Δx < 1 (Courant, Fredricks, and Levy 
1928). 

Before numerically implementing the system, we briefly review what the DBFN equations are for Eq. 
(7). The forward nudge is  

 

  𝜕௧𝑞௞ = −
ଵ

ଶ
𝜕௫𝑞௞ + 𝜈𝜕௫௫𝑞௞ + 𝐺(𝑞ே − 𝑞௞) (8) 

 
and the backward nudge is  
 

  𝜕௧𝑞⃖௞ = +
ଵ

ଶ
𝜕௫𝑞⃖௞ + 𝜈𝜕௫௫𝑞⃖௞ + 𝐺′(𝑞ே − 𝑞⃖௞). (9) 

 

Note that the forward nudge and the backward nudge are identical, except for the sign of the advective 
term. To simplify implementation, computation of the advective term is coded once and includes a switch 
for the forward and backward cases. Similarly, for computing the right-hand side of Eqs. (7)-(9), there is 
an additional switch for forecast or nudging mode (i.e., exclude or include the gain term).  

For an experiment, choose 𝐺ᇱ = 𝐺 = 1, Δ𝑥 = 0.02, 𝑢 = 0.5, and Δ𝑡 = 0.025. Per Eq. (7), the 
viscosity is 𝜐 = 4 × 10ି଺. Pick a truth (or “nature”) state of 𝑞 = sinଶ π𝑥 but an experimental initial 
condition shown in Fig. 1, with values selected from a Gaussian distribution with a mean of 0 and a standard 
deviation of 0.05. Data are assimilated at all grid points and time steps.  
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Fig. 1—The black line is the true initial condition, defined by 𝑞 = sinଶ 𝜋𝑥. The orange line is the experimental initial condition, 

with values picked from a Gaussian distribution with a mean of 0 and a standard deviation of 0.05. 
 
 

The analysis after one, two, and three pairs of DBFN forward and backward nudges is shown in Fig. 
2. The analysis from the first pair of nudges resembles the truth. The analysis after the second pair of nudges 
offers only a small additional reduction in error. The analysis after the third pair of nudges is nearly identical 
to the second. The mean absolute error (MAE, ∑ |𝑦௜ − 𝑥௜|ே

௜ୀଵ ) of the solution as a function of time is shown 
in Fig. 3, with blue used for forward nudges and red for backward nudges. Initial error is about 0.5 but 
quickly comes down in the first forward nudge. The first backward nudge also noticeably reduces error. 
After this, error is only slightly reduced, consistent with Fig. 2. The reason for the limited improvement 
appears to be the diffusive nature of the numerical scheme, discussed below. 
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Fig. 2—DBFN solution analysis of one, two, and three pairs of back-and-forth nudges (green lines of light to dark intensity). The 
analysis after the third pair of nudges is nearly identical to the analysis after the second pair of nudges and is visually 
indistinguishable. 
 

 

 
Fig. 3—Error as a function of time step. Blue shows error in forward nudge and red the error in backward nudge. The initial error 

is near the top of the figure, approximately 0.5. 
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A forecast is computed from the analysis following the third pair of nudges. The forecast is for the 
time interval from t = 0 to t = 2 (i.e., one period). Results are shown in Fig. 4. The truth is shown in black. 
Because Eq. (5) is nondiffusive and periodic, the truth at t = 2 is equal to the truth at t = 0. The forecasts 
initialized from the analysis and random initial conditions also are shown (green and orange, respectively). 
Because the numerical scheme is diffusive but the true system is not, the error in the forecast has increased 
from t = 0 to t = 2. This can been seen in the lower peak (cf. Figs. 2 and 4). How much of this error can be 
corrected by a second analysis cycle? 

 
Fig. 4—Results at t = 2 for the Nature Run (green), forecast from analysis initial conditions (green), and forecast from original 

initial conditions (orange). 

 

 

Running a second cycle reveals little improvement over the first analysis (Fig. 5). The analysis is 
computed from the forecast shown in Fig. 4 (green line). Three pairs of DBFN nudges are used. The second 
analysis is nearly identical to the first analysis (cf. Figs. 5 and 2). Through ten analysis-forecast cycles, the 
analysis error does not reduce (Fig. 6), due to the diffusive nature of Eq. (7). Additional tests with more 
pairs of nudges show similar results. It appears the diffusive nature of Eqs. (7)–(9) limits the accuracy of 
the system. 
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Fig. 5—Results of the second analysis. The Nature Run is shown in black, the background condition in orange (identically the 
green line in Fig. 4), and the resulting analysis in green. This second analysis is nearly identical to the first analysis (Fig. 2, dark 
green line). 
 
 

 
Fig. 6—MAE of background and analysis states over 10 analysis-forecast cycles (evaluated at analysis time). After the first 

cycle, errors do not reduce due to the diffusive nature of Eq. (7). 
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4. DBFN IN THE LORENZ 05 MODEL 
For a second example, DBFN is implemented in the dynamical system described by Lorenz (2005). 

DBFN will be tested for one forecast cycle and will show the ability to reduce analysis errors to 0. Lorenz 
(2005) introduces a simple dynamical model that displays chaotic behavior, tunable small- and large-length 
scale variability, and slow and fast temporal modes of variability. Because of the chaotic behavior, it is 
sensitive to small perturbations (e.g., analysis error), and it has been widely used as a data assimilation 
testbed (e.g., Ngodock et al. 2020, Fairbairn et al. 2014, Ambadan and Yang 2009, Bishop et al. 2014). The 
dynamical equation is 

 

 
ௗ

ௗ௧
𝑋௡ = [𝑋, 𝑋]௄,௡ − 𝑋௡ + 𝐹, (10) 

 
where [𝑋, 𝑋]௄,௡ (defined below) is the advection term, −𝑋௡ is the diffusive term, and F is a selected forcing. 
The advection term is defined as 
 

 [𝑋, 𝑌]௄,௡ =
ଵ

௄మ
∑ ∑ ൫−𝑋௡ିଶ௄ି௜𝑌௡ି௄ି௝ + 𝑋௡ି௄ା௝𝑌௡ା௄ା௝൯

௃
௜ୀି௃

௃
௝ୀି௃ , (11) 

 
where J = K/2 and K is a selected smoothing parameter. Large K produces a spatial energy spectrum with 
a peak at long wavelengths. See Lorenz (2005) for more details. 

For a numerical experiment, choose F = 10, K = 8, and the number of grid points N = 240. These are 
commonly used values (e.g., Ngodock et al. 2020). As with Eq. (5), periodic boundary conditions are used. 
For time stepping, use the Runge-Kutta fourth order accurate scheme (e.g., Press et al. 1992) with a time 

step of ∆𝑡 =
ଵ

ସ଴
. In Eq. (10), one unit of time is comparable to 5 days, per Lorenz (2005). For initial 

conditions, values are picked from a uniform random distribution between 0 and 1. The model is spun up 
for 10 years (720 time units). The model state during the tenth year of spin-up is shown in Fig. 7. Variability 
at multiple time and space scales is visible.  

 

 
 

Fig. 7—Year 10 of spin-up of the Lorenz 2005 model. Multiple scales of variability are visible in space and time. 
 

 

To test DBFN, set the background state identically equal to 0. The truth is taken as the model state at 
the end of spin up (Fig. 8). Data are assimilated at all grid points. Five pairs of back-and-forth nudges are 
used. Results, with different choices of gain G, are shown in Fig. 9. The choice of gain has a large impact. 
With small gain (G = 1), the analysis solution (purple) does not resemble the truth (green). In fact, the 
analysis is worse than the background, as will be discussed. An intermediate gain value (G = 5, blue line) 



 
Non-Linear Data Assimilation 9 
 

 

does resemble the truth. A large gain value (G = 50, orange line) nearly, but not identically, matches the 
truth. 

 
Fig. 8—Green line shows the true initial condition. Black line shows the background initial condition (identically 0). 

 
 

  
Fig. 9—Analysis state resulting from three different choices of gain, using background initial conditions of 0 (cf. Fig. 4.2). 

 
 

Error evolution during the nudging process is examined now. Fig. 10 shows MAE of each gain case 
as a function of time. Results show only one pair of nudges is needed to minimize error. This may be due 
to the large amount of data available. Curiously, error tends to increase throughout the backwards nudge, 
particularly for the G = 1 case, for which the analysis error is much higher than the initial condition error 
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(i.e., the error level on the left-hand side of the graph). Perhaps this is because the diffusion term is working 
in opposition to the flow of time and the gain is relatively small. This issue also has been noted in the 
literature (Ruggerio et al. 2016). In the G = 50 case, error does not grow during the backwards nudge, 
perhaps because the gain is large. 

 

  
Fig. 10—For each choice of gain, MAE throughout the five pairs of nudging iterations. The gray vertical lines mark the switch 
between nudging directions. Nudging direction is indicated along the bottom axis by the arrows (forward: ->, backward: <-). 

 
 
5. CONCLUSIONS 
 

The DBFN method has provided accurate results in limited testing. Additional work is needed to 
establish its viability before testing in NCOM. Specifically, it needs to be compared with 3DVAR and 
4DVAR methods in the Lorenz 2005 model. Prior work by Ngodock et al. (2020) can be leveraged there. 
Realistic data density needs to be used, which will necessitate identifying appropriate gain matrices 
(covariances), which is a challenging issue for data assimilation. If these results are promising, the next step 
would be to implement and test DBFN for NCOM.  
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