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Abstract—This work evaluates the sensitivity of satellite orbit
determination using known landmarks to orbital altitude and
imaging geometry. Known landmark-based orbit determination
is an autonomous navigation technique that uses a satellite’s
optical observatory to image known landmarks. Measurements
for orbit determination are generated by using image processing
algorithms to find the location of known landmarks in each
image. Previous work stretching back to the Apollo Program
has shown landmark navigation to be feasible and evaluated its
sensitivity to lighting, inclination, pointing accuracy, image reso-
lution, and number of images collected. Evaluating sensitivity to
altitude and imaging geometry is useful for selecting an orbit for
the satellite and for tasking the satellite in order to maximize
the information gained from each collected image. First, a
kinematic solution is studied to understand sensitivity when only
a minimum amount of data are available, for example in an
initial orbit determination. Separate solutions are found for
small and large Field of View (FoV) observatories. For the small
FoV case results show images near nadir are ideal. For the large
FoV case results show that geometrical diversity is important
when data are limited. Specifically there is a trade-off between
minimizing the ground resolved distance and maximizing the
angle between images from the satellite’s perspective. Second,
a batch weighted least squares covariance analysis is performed
over a day with hundreds of measurements. Results show that
when data are abundant imaging landmarks closer to nadir
and from lower altitude produces more accurate orbit solutions
for a given observatory. These conditions minimize the ground
resolved distance and provide the most information about the
in-track position of the satellite, typically the most uncertain co-
ordinate. This work is a step towards fully autonomous satellite
navigation and provides useful information for those designing
image processing algorithms as well as satellite missions.

TABLE OF CONTENTS

1. INTRODUCTION . ..ttteeeenrencancencascascascnnas 1
2. MEASUREMENT TYPES...cciitiiiinnenearaeannnns 2
3. KINEMATIC SOLUTION . .0ttutiateecscescescnnnns 2
4. SIMULATION .t ieiueereeaecacecesassncncesasancnne 5
5. CONCLUSIONS ¢ etttetessosacesessssscncesassncnns 7
ACKNOWLEDGMENTS «1vieteteeeeeacaceseacncnacanans 7
REFERENCES .ttietatnteeeeeacacecesencncasasancans 7
BIOGRAPHY ..viiiininnrnnrnnseasesssscascoscoscnnans 9

1. INTRODUCTION

Satellite navigation using landmarks enables autonomy from
external navigation systems, which can reduce the burden on
those systems and improve system reliability when faced with
outages in external navigation systems [1]. In the early por-
tion of the space age landmark navigation received significant
attention from both NASA and the U.S. Air Force for Earth
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satellite navigation, but interest waned after the advent of
the Navstar Global Positioning System. In the mean time
landmark navigation became an important technology for
deep space missions to other celestial bodies. More recently
there has been renewed interested in landmark navigation of
Earth satellites to increase satellite autonomy.

An early demonstration of spacecraft navigation with land-
marks was the Apollo astronauts collecting bearing measure-
ments to Earth and Moon landmarks using a space sextant
[1]. In [2] Koso describes the measurement equations used
on Apollo for sightings to known and unknown landmarks.
A direction measurement to a known landmark constrains the
vehicle to lie on a line. Repeated direction measurements
to unknown landmarks during a pass can also be used to
update the spacecraft’s position and velocity. Using known
landmarks provides better sensitivity for precise orbit deter-
mination and a better tie to the Earth fixed frame. Conversely
using unknown landmarks does not require landmarks to
be identified in various lighting conditions and it does not
require a map or database of landmarks as it can use any
visually distinctive feature.

In [3] Toda and Schlee build on the earlier work of Levine
in [4], [5] to analyze navigation from tracking unknown
landmarks. They show that the spacecraft state and land-
mark position is observable from measuring the direction
to the landmark, though in some cases the observability
is poor. They also show that unknown landmarks can be
used without estimating their position by employing certain
measurement differences. In [6] Paulson describes a new
unknown landmark tracking system for the U.S. Air Force
designed to measure the angular rate of landmarks as seen
from the satellite, i.e. using image motion to navigate. The
system would capture images at a high frame rate with a
two dimensional Electro-Optical (EO) sensor and correlate
subsequent images to find the shift across the sensor. Earth’s
rotation is used to measure latitude for polar orbiting satel-
lites. Longitude can be measured coarsely if absolute time is
known but precise longitude remains unobservable. Paulson
also discusses using this system to update the vehicle’s state
between infrequent known landmark sightings. Paulson in-
cludes results from laboratory hardware in the loop tests to
show such a system was feasible in 1972. For this system
Kau describes the image correlation algorithm in [7].

In [8], White et al. perform a sensitivity analysis of using
known landmarks for navigation with respect to the quantity
of measurements as well as errors in the measurements and
landmark location. Lowrie summarizes two different imple-
mentations of known landmark navigation techniques in [9].
The first attempts to correlate a known image chip with a
collected image, searching the image pixel by pixel. Once
a match is found Lowrie suggests interpolating between the
pixels to find the sub-pixel location of the chip. The second



watches for linear features with optically distinct edges, such
as roads or rivers, to cross the field of view and then measures
the time the linear feature crossed the sensor’s boresight.
Markley, in [10], discusses how correlations between es-
timated attitude and orbit using known landmarks impact
geolocation accuracy, that is the ability of the satellite to
autonomously locate images that have no known landmarks
in them. He shows that uncertainty in the estimated state
tends to be highly correlated in a manner that cancels out
to first order for geolocation. Markely also presents a non-
singular formulation of the state that uses a quaternion for
attitude and circular elements for orbit state. Chory et al.
summarize autonomous navigation research up to 1984 in
[11].

Autonomous landmark navigation is especially important to
deep space missions that need to navigate near another body,
such as for rendezvous with an asteroid. In [12], [13] Cheng
et al. describe such a system that uses crater detection in
images for proximity operations near the asteroid Eros. They
describe it as an advance over operations for the Near Earth
Asteroid Rendezvous mission where images were transmitted
back to Earth for people to identify craters. In [14] Ma and Xu
describe a similar method for the Japanese Hayabusa mission
and show observability of the system. In [15] Lorenz et al.
describe the autonomous landmark navigation system for the
OSIRIS-REx mission to return a sample from an asteroid.
The system uses an onboard database of features to render
predicted images for the expected sun angle and viewing
geometry that are then compared to images captured from the
navigation cameras using cross correlation. In [16] Borschart
et al. describe the success of the Deep Space 1 mission in
demonstrating autonomous optical navigation for two months
using observations of asteroids and go on to present an error
analysis of optical navigation using asteroids throughout the
solar system.

In more recent work on Earth satellite navigation using
landmarks, Straub and Christian propose using multi-spectral
imagery, such as is generated by Landsat, for coastline de-
tection [17]. They show the system to be feasible for coarse
accuracy, which is likely limited by the size of the objects
that Landsat can resolve. Li et al. extend the analysis in [18]
to evaluate sensitivity to lighting constraints and cloud cover.
In [19] Zhang et al. show the feasibility of using small star
trackers for landmark navigation using absolute and relative
observations, similar to those proposed by [20]. Li and
Xu, in [21], consider autonomous landmark navigation based
on regular geometric shapes, e.g. ellipse and parallelogram,
considering these to be common in imagery of cities. They
compared a Kalman filter estimator with a computer vision
algorithm designed for mobile ground robots and found the
Kalman Filter to be far superior. They also evaluated the
effects of lighting and clouds on the accuracy of the solution.
In [22] Xu et al. consider placing the satellite observatory
on a gimbal for greater access to geographically dispersed
landmarks. They show the system is observable when the
landmark is not always at the sub-satellite point.

The existing published work lacks a sensitivity analysis
of imaging geometry for Earth satellites which would in-
form tasking of which landmarks to collect. This work
presents mathematical models for several landmark measure-
ment types in Section 2, conducts an analytical analysis of
sensitivity to geometry for a point-wise kinematic solution
in Section 3, and then presents sensitivity results for orbit
determination over several revolutions using least squares in
Section 4.

2. MEASUREMENT TYPES

Consider a satellite with an optical observatory in orbit
around Earth. The Earth-centered Earth-fixed frame is de-
noted FE, the Earth-centered inertial frame by I, and the
camera’s frame by C. The transformation from E to [ is
given by

rr=Rp_rE (D

where r; is position in I, rg is position in F, and Rg_, is
the rotation from F to I. The transformation to C'is given by

rc=Ric(rr—7Tcr) ()

where r¢ is position in C' and 7  is the position of the cam-
era in the inertial frame. This equation is applied to landmark
navigation by substituting the position of the landmark for r;.

Direction Measurement

A direction measurement to a known landmark is the unit
vector pointing towards the landmark in C. That is, for a
landmark [,

ric=Ric(Regirig —Ter) = Rimedir (3

where 7; is the position of the landmark and d; is the
direction from the satellite to the landmark in the inertial
frame. Since the direction measurement does not include
the range the measurement is the unit vector #; . The
rotation from inertial to camera frame, R;_,~, is measured
by the satellite’s attitude determination system using, for
example, a star tracker and inertial measurement unit. Since
the landmark is known the position of the landmark in F is
assumed to be known. The rotation Rg_,; can be computed
according to the procedure defined by the International Earth
Rotation Service in [23]. This leaves 7 j, the position of the
camera in the inertial frame, as the remaining unknown.

Differenced Direction Measurement

Consider a single image that contains two known landmarks.
The measured directions may be differenced to remove the
dependency on spacecraft attitude:

sing = |7, ¢ X 7,.¢] )
sinf = |R;_ ¢ ’311,1 X Ellz,f‘ o)
sinf = ‘&ll,l X &12,1’ (6)

where (6) shows that the measured angular distance, 8, only
depends on the position of the satellite and landmarks at
the measurement time. One drawback to this formulation
is that two landmark observations are reduced to a single
scalar equation, necessitating more observations before a
state estimate can be formed.

3. KINEMATIC SOLUTION

In cases where the satellite does not have a priori knowledge
of its location, such as initial orbit determination, it can be
useful to determine the satellite’s position from a minimum
number of observations. For known landmark observations
a minimum of two observations are required to estimate
the camera’s position. The following sections present the
equations for determining position and analyze the sensitivity
to measurement geometry first for a small Field of View
(FoV) and then for a large FoV.
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Figure 1: Diagram of a camera observing the direction to two
landmarks.

From a Small Image

The position of the spacecraft may be computed from a single
image if two (or more) landmarks are present. The geometry
for this scenario is shown in Figure 1. Let b = d;, 1 —
d;, .1 be the baseline vector between the known landmarks.
Substituting in to (6) gives

A d b
smazthxhé+’ 7
2
‘&lhl X b‘
S | 8
& (®)
= is'n )
= ds My
b
= —+/1 — cos2ecos? a (10)
da

where 7 is the angle between the baseline and the line of sight,
and €, o are the elevation and azimuth coordinates of the
satellite, assuming without loss of generality that the baseline

is aligned with the local North direction.> Assuming a small
field of view (0 < 1,d ~ dy ~ dy > b, and v =~ v1 ~ 72)
gives the equation of a surface in spherical coordinates.

b
d=-+/1—cos?2eccos? (11)

0

An example of the surface is shown in Figure 2, which
is half a doughnut since we assume the satellite is above
the landmark’s local horizon.> The surface may be further
reduced to a quarter of a doughnut if it can be determined
from the image which end of the baseline is closer to the
satellite. Two special cases are worth noting. First, when
the baseline is orthogonal to the satellite’s line of sight then

2If the baseline is not so aligned the offset is subtracted from «, which is
simply a rotation about zenith.

3Though some landmarks may be visible from below the horizon due to
refraction or their height they are not expected to be useful due to the
atmospheric distortion at low elevation angles.
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Figure 2: From a single direction difference measurement
the satellite is constrained to be on the surface of a doughnut
with the baseline at the center. In the example plotted here
the baseline is 1 km and is aligned with the local meridian.
The measured angular difference is 2 mrad.

the line of position is a circle centered on the baseline

= (12)

which is a measurement of the range. Second, when the
satellite lies in the plane defined by the baseline and its local
vertical then the line of position is a circle resting on the
baseline

d= gsine (13)

which is a range-like measurement when the satellite is near
zenith.

Combining the direction difference measurement with a sin-
gle direction measurement creates a line that intersects the
doughnut at the position of the satellite. Rearranging (3) gives

r = 7dlCAll71 (14)

where d; is the range from the landmark to the camera and
r is the position of the camera relative to the landmark.
Substituting (8), making the small field of view assumptions
above, and dropping subscripts since all quantities are now in
the inertial frame gives

&Xb’ bsin

~ "yA
=————d=——d 1
r 7 7 (15)

which is the position of the camera in terms of measured
quantities.

Now, the focus turns to an error analysis to determine the
expected error in position for given measurement errors and
to determine the ideal viewing angles from the satellite for
making an observation. Consider that the measured direction

vector d is perturbed by two small rotations each about an

axis perpendicular to d. The axes are selected so that one is
in the plane containing the landmarks and camera while the



other is normal to it. The axes are

dxb dxb

g = 2 EF (16)
de sm 7y

fio =d X Ay a17)

(18)

which defines an orthonormal reference system. The small
error rotation about the axis is

R (¢) = (1+ ¢nx) (19)

with only a small abuse of notation. Therefore the perturbed
direction is

dy = Ri(61) Ray(2) d (20)
:&+¢1fl1Xd+¢2’fl2X& (21)
= d — ¢17g + o (22)

where ¢; and ¢, are two small independent angular errors.
As shown in [24], small angular perturbations are equivalent
to small perturbations in the tangent plane. Substituting (22)
into (15) gives

’&p X b‘
=

Then derivatives are taken with respect to the three angular
measurement errors:

r, d, (23)

a,rp B (Aip x b U 7 oA
W oe Tt e
orp 1 8&;,, - ~ a‘&p Xb’
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(26)
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= (32)
— (33)
(34)
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Figure 3: Illustrative example of range error as a function of
imaging geometry for several satellite altitudes. The lower
curve of each pair corresponds to when the line of sight is
perpendicular to the baseline (aw = v = 7). The upper curve
corresponds to o = 0, which is the minimum value of 7, i.e.

v =¢.

assuming that v is not small. (I.e. the camera is not co-linear
with the baseline.) Thus the error in the computed position is

or or or
or = %59 + %ﬁfh + %‘?2 (33)
=r ((590 + ¢ cot, 7) d— Pomy + ¢1ﬁ2> (36)

5 ’
|7 :r\/(0+¢1 coW) +¢3 + ¢ 37)

which permits several insights. First, the position error is
proportional to the range. Second, in the directions normal
to the line of sight the position error is simply the angular
error multiplied by the range, as one might expect. Third,
the error in range can be minimized when the angular size
of the baseline, 6, is large and when the line of sight is
perpendicular to the baseline (y = 7). Fourth, when the
line of sight is not nearly co-linear with the baseline (which
is likely impractical) the %9 term dominates because it is the

division of two small quantities whereas the other terms are
just small quantities. Therefore

|07 ~ r(%e (38)

which indicates the percent error in range is the percent error
in measuring 6. Figure 3 plots the range error from (37)
as a function of elevation angle when the line of sight is
perpendicular to the baseline (y = 7) as well as when the
line of sight is above the baseline (y = ¢). In the figure 6
is assumed to be constant, i.e. proportional to the camera’s
field of view. If on the other hand the length of the baseline is
assumed to be constant then the error is given by (39) which
shows that errors are larger at lower elevation angles than



in (38).

§r=r (( ! 50+¢1cot’y) d — doi, +¢>1ﬁ2>
bsiny
(39

From a Large Image

This section considers the case of determining the position
of a camera with a large field of view, or equivalently two
co-located small field of view cameras with a large angle
separating their boresight. Again, the geometry is shown in
Figure 1. The baseline and unit direction vectors are known
and therefore all of the angles are known. The position of the
camera is found by solving for the range from the landmarks.

Using the law of sines, the range to the first landmark is

bsi
dy = =2 (40)
sin 6
therefore the position of the camera is
re =1, —didy (41)

and similarly for the other landmark.

Now consider small angular perturbations about the axis
n; = dp X b by ¢ and ¢ to the measured directions d;
and dp, respectively. The perturbed angles are then

sinf, = sinf + (¢ — ¢1) cosd (42)

and
sin yg, = sinya — ¢2 cos Y2 (43)

The perturbed range is

_ bsinnygy,
dip = sin ), @4
Sinyz — ¢z cos Y2
45
sin @ + (¢po — ¢1) cos 0 “3)
and its derivatives are
Odip cos
=d 46
01 P5in g + (2 — 1) cos O (46)
~ d; cot 6 (47)
odyy b '
dpa  (sinf + (g — ¢1) cos)? 48)
(— (sin @ + (¢2 — ¢1) cosb) cos¥o
— (sin~ya — @2 cosya) cos B)
sin (6 + y2)
~ pHY T 2) 49
sin” # “9)
sin yp
=} 50
sin” § °0)
— d2
" sind D

From these formulas it is clear the magnitude of the errors

decrease as the ranges decrease and as 0 approaches 7. It

is also clear the system is unobservable at § = 0 as may be
expected. The perturbed position and its derivatives are

Tep =Ty — dlpalp (52)
81°Cp ~ ~ adlp
= —d —d 53
8¢1 1pT2 1p 3(;51 (53)
~ —d, (m + cot 9&1) (54)
8rcp ~ 8d1p
96 "o &)
~ dy csc 0dy (56)

where n is perpendicular to &1 and 1.

Now assume d = d; = dy which minimizes the range for
a given 6, both landmarks are on the surface of a spherical
Earth with radius rg, and the camera is outside the Earth.
Further assume that ¢; and ¢, are independent and iden-
tically distributed Gaussian random variables with standard
deviation o4. Then for in plane errors the ratio of position to
measurement errors is

o d? d? cos2 6
e = + +d? 57
g \/sin2 0 sin” 0 >7)
=V2dcsch (58)

The out of plane errors are proportional d and the estimated
out of plane position is the average of the out of plane errors

in Eil and 32. Thus the ratio of position to measurement errors

1S
. 1
Tre — dy/2ese20 + = (59)
O’¢ 2

which shows in plane errors are always greater than out
of plane errors for this viewing geometry. Equation 59 is
equivalent to [16, eq. (10)] under the assumption of equal
range to the two targets.

Equation 58 and (59) are plotted together in Figure 4 as a
function of elevation angle and in Figure 5 as a function of
nadir angle. In each figure the upper curve for each altitude
corresponds to (59) and the lower curve corresponds to (58).
For the altitudes considered there is a fairly flat minimum
between 40° and 60° Ground Elevation Angle (GEA), which
corresponds to the same minimum between 30° and 40°
off nadir. Considering out of plane errors slightly shifts
the minimum towards smaller § where d is smaller. Errors
increase for low elevation angles due to increasing range and
Earth’s curvature. Errors increase for large elevation angles
due to decreasing baseline length. For two landmarks near
nadir the large field of view case degenerates to the small field
of view case presented above in (37) and Figure 3.

4. SIMULATION

During steady state operation of the satellite many observa-
tions are available over a longer time span. This section in-
vestigates the error characteristics and sensitivities of steady
state orbit determination using a batch weighted least squares
covariance analysis with simulated measurements. Direc-
tion measurements are modeled using the method described
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Figure 4: Plot of position errors as a function of GEA for a
large FoV.
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Figure 5: Plot of position errors as a function of nadir angle
for a large FoV.

in [25]. The Orekit open-source astrodynamics library is used
to perform the simulations.*

A satellite is simulated for one day in a nominal 500 km
circular orbit. It is assumed that the only force acting on the
satellite is Earth gravity, modeled to degree and order six.
Twenty times each orbit a pair of measurements to landmarks
are collected at equal angles off nadir, one to port and the
other to starboard, for a total of 286 measurements per day.
The nadir angle is varied from one run to the next. Measure-
ments are generated regardless of practical constraints such
as land, lighting, and weather. Each direction observation
is assumed to be an independent sample from a Gaussian
distribution with standard deviation 1purad. No covariance
consider parameters are included. This will produce an

dhttps://orekit.org
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Figure 6: Covariance analysis results of varying nadir angle
to landmark.

optimistic estimate of the covariance, but it is still useful for
gauging the relative effect of measurement uncertainty when
varying parameters.

Figure 6 shows the estimated in-track and cross-track co-
variance during the fit span. Figure 7 shows the estimated
uncertainty as a function of nadir angle. From these plots it is
clear images near nadir minimize estimate uncertainty. Since
errors are proportional to ¢ it is consistent that the minimum
range geometry would produce the lowest estimate error. In
Figure 7 for small nadir angles the in-track uncertainty is
the largest component, as is typical for orbit determination,
but the cross-track uncertainty grows more quickly with the
two becoming equal near 41° off nadir. This characteristic is
likely explained by the size of a pixel projected to the ground.
When imaging to port or starboard the in-track dimension
grows with the range whereas the cross-track direction also
grows because the Earth slopes away from the line of sight.
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Figure 7: Estimated uncertainty in the in-track and cross-
track directions as a function of nadir angle to the landmarks.

To characterize the variation of uncertainty with altitude
the above experiment is repeated while holding the nadir
angle constant at zero and varying altitude from 300 km to
1100 km. The estimated uncertainty is shown in Figure 8
and in Figure 9 as a function of orbit altitude. Again it
appears that range, or equivalently the projected size of a
pixel, is the primary factor in determining the uncertainty.
This result is consistent with those from Section 3 where
increasing altitude is seen to produce proportional increases
in uncertainty.

5. CONCLUSIONS

In conclusion the ideal imaging geometry is determined for
three cases of using known landmark measurements. When
determining position from a single small image it should
be taken near nadir. When determining position from a
single large image, or two small images, the ideal geometry
varies with orbital altitude, but is near 35° off nadir in
low Earth orbit. When determining an orbit from many
measurements the images should be collected near nadir.
Additionally decreasing the altitude decreases the uncertainty
proportionally in all cases. These results provide useful input
for satellite mission design and for observatory tasking so that
the information gained from collected measurements can be
maximized.

Future work includes analyzing differenced measurements of
the same landmark at different times, producing a measure-
ment sensitive to velocity. Furthermore the scope of steady
state orbit determination analysis could be expanded by in-
cluding consider parameters, refraction, and varying param-
eters simultaneously for a more global sensitivity analysis.
While the current work establishes ideal imaging geometries
for one, two, or many images, future work could establish
the ideal imaging geometry as a function of the number of
images collected to bridge the gap between initial and steady
state orbit determination. Though much remains to be done,
this is a step towards fully autonomous satellite navigation.
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Figure 8: Covariance analysis results of varying orbital
altitude.
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