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Stochastic Differential Equation Modeling of Target Tracking Errors 


 


1.0 ABSTRACT 


SCIENTIFIC METHODS OF TEST AND EVALUATION FOR AIRCRAFT SYSTEMS 


ARE BASED ON MATHEMATICAL MODELS OF THE SYSTEM UNDER TEST (SUT) 


PERFORMANCE. STOCHASTIC DIFFERENTIAL EQUATIONS OFFER A 


PROMISING CANDIDATE TO MODEL SYSTEMS WHOSE OUTPUT IS 


AUTOCORRELATED AND CONVERGES TO A SPECIFIC VALUE OVER TIME. IN 


THIS PAPER, WE ASSUME SUT’S BEHAVIOR CAN BE MODELED AS A 


STOCHASTIC PROCESS.   WE SHOW HOW ERROR PROCESSES (E.G  ALONG- AND 


CROSS-TRACK ERRORS IN TARGET LOCATION ERRORS) CAN BE MODELED BY 


THE ORNSTEIN-UHLENBECK (OU) STOCHASTIC DIFFERENTIAL EQUATION 


(SDE) AND THE RESULTING ONE-DIMENSIONAL EUCLIDEAN ERROR CAN BE 


MODELED BY THE COX-INGERSOLL-ROSS (CIR) SDE.   WE USE THIS RESULT TO 


QUANTIFY THE PERFORMANCE OF A SYSTEM FOR TEST AND EVALUATION 


PURPOSES. WE ALSO INTRODUCE A GENERIC METHOD OF CONTROL 


CHARTING FOR EVALUATING SDES. AN ILLUSTRATIVE EXAMPLE SHOWS THE 


APPLICATION OF THE PROPOSED METHODS FOR AIRCRAFT TRACKING 


PERFORMANCE EVALUATION. 
 


Keywords: System Performance, Ornstein-Uhlenbeck, Cox-Ingersoll-Ross, statistical process monitoring, 


diffusion process, Kalman Filter errors, autocorrelated errors 


 


2.0  INTRODUCTION 
Many of today’s aircraft systems use Kalman filters to obtain estimates of mission parameters of interest.  


For example, navigation solutions and the location of a target of interest.   Kalman filters used in target 


tracking systems provide estimates that are autocorrelated with errors that become smaller as the aircraft 


nears the target location   These characteristics make mean-reverting stochastic differential equations 


(SDEs, also known as diffusion processes) ideal candidates for analysis models.   To date, diffusion 


processes have been applied mostly to either physical phenomena (e.g. gas dynamics), or economic 


variables (e.g. interest rate evolution).  Literature is virtually non-existent in quantifying the performance 


of a mean-reverting process or its statistical process monitoring (SPM) in aircraft system test and 


evaluation. In what follows, we discuss the literature on process control and profile monitoring in evaluating 


and monitoring diffusion processes.  


Control charts, also known as Shewhart charts (Shewhart, 1931), are statistical quality control tools 


used to determine whether a process is in a state of control and are typically depicted graphically.   For 


many years, monitoring the performance of a process or product for a single quality characteristic at a given 


time/space was at the center of standard SPM application. However, it gradually became apparent that in 


practice, some process measurements followed functional relationships. These types of processes are 


known as ‘profile,’ ‘signature,’ or ‘waveform’ in the literature. Monitoring linear profiles has been 


thoroughly studied (Abbas et al., 2016; Jensen et al., 2006, 2008; Kang and Albin, 2000; Kim et al., 2003; 


Mahmoud and Woodall, 2004; Ren et al., 2018; Wang and Tsung, 2005). Williams et al. (2003) proposed 


a broad approach for handling nonlinear profile monitoring where separate nonlinear (NL) regression 


models are fitted to each profile. Williams et al. (2007) provided an application of NL profile monitoring 


to dose-response data. Two major assumptions of profile monitoring were that profiles and/or the 


measurement among profiles are independent of each other (Rassoul Noorossana et al., 2011). These 


assumptions are unrealistic for some real-life applications. Consequently, monitoring profiles with 
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autocorrelated data has received attention in recent years. Noorossana (2008) discussed the monitoring of 


autocorrelated linear profiles and Jensen and Birch (2009) proposed a linear mixed model to monitor the 


profiles when there was correlation within profiles. There are also some studies for complicated profiles 


that can be modeled by nonlinear functions (S. I. Chang and Yadama, 2010; ShingI. Chang et al., 2012; 


Jones and Rice, 1992; Moguerza et al., 2007; Vaghefi et al., 2009; Walker and Wright, 2002).  


Although there are studies on non-linear profiles control charts with autocorrelation, these charting 


methods do not handle the Weiner process component present in diffusion models.  Thus, their control 


charts, lacking a stochastic component, would likely result in higher false alarm rates.  The only work 


directly related to control charting of diffusion processes we found was provided by Tsai et al. (2014).  In 


Section 4 of this paper, we show the limitation of the charts provided by Tsai, which results in control limits 


that are either too wide or too narrow. In this paper, we introduce methods by which the performance of 


mean-reverting diffusion processes can be quantified and evaluated.  


 


In Section 3 of this paper, we give a brief review of the mathematics behind the sum-square of 


standardized OU processes (S3OUP) and its relationship with the CIR process. In Section 4, we use results 


from Section 2 to develop methods for the quantification of CIR performance monitoring. In Section 5, we 


provide an example to demonstrate how the proposed methods can be used for testing and evaluation of a 


tracking system performance. Finally, in Section 6 we summarize results and potential future research 


topics in the area.   


 


3.0  RELATIONSHIP BETWEEN ORNSTEIN -UHLENBECK AND COX-INGERSOLL-


ROSS PROCESSES 
In this section, we briefly review the properties of OU and Cox-Ingersoll-Ross (CIR) processes. Further 


details may be found in  Chen and Scott (1992) and Longstaff and Schwartz (1992).  The OU process 


developed by Leonard Ornstein and George Uhlenbeck, is a mean-reverting stationary Gauss–Markov 


process. It is mean- reverting in that realizations tend to drift towards its long-range mean function. The 


OU process is a modification of the Wiener process; different in that the process tends to drift to a central 


location, and this drift tendency is greater, the further any point is from the mean.  The OU process is given 


by the stochastic differential equation d𝑋𝑡 = −𝛽(𝑋𝑡 − 𝛼)𝑑𝑡 + 𝜎𝑑𝑊𝑡, where 𝛽 >  0 is the speed at which 


the process reverts to its long-run (asymptotic) mean 𝛼, 𝛼 ∈ ℝ. The σ2, σ > 0, is the instantaneous variation 


of the process. Wt is the Wiener process, where wt is a time-continuous process,  𝑤0 = 0 ,and ∆𝑤𝑡 =
𝑤𝑡+𝑢 − 𝑤𝑢 are independent of past values ws, s ≤ t and are normally distributed N(0, u) and. Let 𝑋0 = 𝑥0 


represent the initial or starting point of the process. Then, the solution of SDE is: 


 


 𝑋𝑡 = 𝛼 + (𝑋0 − 𝛼)𝑒−𝛼𝑡 + 𝜎 ∫ 𝑒−𝛽(𝑡−𝑠)𝑡


0
𝑑𝑊𝑠   (1) 


 


Equation (1) is a summation of the solution to an ordinary differential equation and the integral of 


a deterministic function with respect to a Wiener process with normally distributed increments. Therefore, 


the distribution of  𝑋𝑡, is normal.  The conditional and asymptotic distributions of Xt are summarized in 


terms (2) and (3), respectively. 


 (𝑋𝑡|𝑋0 = 𝑥0)~ 𝑁(𝛼 + (𝑥0 − 𝛼)𝑒−𝛽𝑡 ,
𝜎2


2𝛽
(1 − 𝑒−𝛽𝑡))  (2) 


 𝑋𝑡→∞~ 𝑁(𝛼,
𝜎2


2𝛽
) (3) 


If we have v independent OU processes, we define the asymptotic distribution of each process by 


including index i, where i=1, 2, ..., v. The square of a standard normal distribution variate follows a Chi-


square distribution with one degree of freedom. Thus  𝑍𝑖,𝑡→∞
2 = (𝑋𝑖,𝑡 − 𝛼𝑖)


2
/


𝜎𝑖
2


2𝛽𝑖
~𝜒𝑖,(1)


2 , i=1,2 ,..., 𝜈, 


where 𝑍𝑖,𝑡→∞
2   shows the asymptotic standard normal distribution associated with CIR process i, where αi=1 
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and 
𝜎𝑖


2


2𝛽𝑖
= 2, the mean and variance of  Chi-squared distribution with one degree of freedom. Since  Zi,t→∞


2  , 


i=1,..., 𝜈 are independent identically distributed (i.i.d) thus  the distribution of ∑ Zi,t→∞
2v


i=1  is  𝜒(𝜈)
2 . Let’s 


define 𝑌𝑡→∞ = ∑ 𝑍𝑖,𝑡→∞
2𝑣


𝑖=1 , then 𝑌𝑡→∞~𝜒(𝑣)
2 .   Also, the chi-square distribution with ν degrees of freedom 


is a gamma distribution with shape parameters ν/2 and 1/2. This relationship can then be summarized by 


𝑌𝑡→∞~𝜒(𝜈)
2  = 𝐺𝑎𝑚𝑚𝑎 (


𝜈


2
,


1


2
). Since we know the underlying distribution of 𝑌𝑡→∞, we can calculate 


E[𝑌𝑡]= 𝜈 and var[𝑌𝑡] = 2𝜈. On one hand, the asymptomatic distribution of 𝑌𝑡→∞ is a gamma distribution 


with known parameters, ν/2   and 1/2; on the other hand, we can show that the sum of squares of OU 


processes can be shown to be a CIR process. The general form of a CIR SDE is shown in Equation (4): 


 


 𝑑𝑌𝑡 = −𝑏(𝑌𝑡 − 𝑎)𝑑𝑡 + 𝛿√𝑌𝑡  𝑑𝑊𝑡 (4) 


 


Where b, a, and 𝛿 have similar definitions to 𝛼, 𝛽, and 𝜎 in an OU process. The parameter b (strictly 


positive) corresponds to the speed of reversion to the long-run average a, and 𝛿 is the volatility. A major 


difference between the OU and CIR processes is the inclusion of  √𝑌𝑡, which precludes the possibility of 


negative values for 𝑌𝑡 as long as a and b are positive. Also, the value of zero is excluded when the condition 
2𝑎𝑏


𝛿2 ≥ 1 is satisfied. The drift factor −𝑏(𝑥𝑡 − 𝑎)𝑑𝑡 is similar to that of the OU process, which ensures the 


mean reversion of the variable 𝑌𝑡 towards the long-run value, a.  


 


When α = 0, Equation (4) reduces to d𝑋𝑖,𝑡 = −𝛽𝑋𝑖,𝑡𝑑𝑡 + 𝜎𝑑𝑊𝑖,𝑡  i=1,2, …, ν.  We can show the 


dynamic of  𝑣𝑡 = ∑ 𝑋𝑖,𝑡
2𝑣


𝑖=1  using Ito lemma and isometry ∑ 𝑋𝑗,𝑡
2 𝑑𝑊𝑗,𝑡


𝒗
𝒋=𝟏 = √∑ 𝑋𝑗,𝑡


2 𝑑𝑊𝑡
𝒗
𝒋=𝟏   is expressed by 


a CIR process shown in Equation (5)   


 𝑑𝑣𝑡 = (𝑣𝜎2 − 2 𝛽𝑣𝑡)𝑑𝑡 + 2𝜎√𝑣𝑡  𝑑𝑊𝑡  (5)  


 


This shows that the summation of the zero-mean OU-squared process is also a CIR By comparing 


Equations (4) and (5), whence  𝑎𝑏 = 𝑣𝜎2 and 𝑏 = 2𝛽 given the CIR parameters from OU process 


parameters: 𝑎 =
𝑣𝜎2


2𝛽
 and  𝛿 = 2𝜎.  This means that the speed of mean-reversion in the resulting CIR process 


is 𝑣 times that of the OU process, where 𝑣 is the number of OU processes that are being added. To drive 


Equation (5), we assumed that all the OU processes have identical parameters. In cases where OUs have 


different parameters, the resulting SDE can be shown to still be a CIR process ( Chen and Scott (1992, 


1995), Longstaff and Schwartz (1992) and (Brigo and Mercurio, 2001)).  


 


The conditional expected value and variance of the CIR process given an initial point y0 are shown 


in Equations  (6) and (7) respectively (Cox et al., 1985). 


 


 𝐸[𝑌𝑡|𝑌0 = 𝑦0] = 𝑎 + (𝑦0 − 𝑎)𝑒−𝑏𝑡  (6) 


 𝑉𝑎𝑟[𝑋𝑡|𝑌0 = 𝑦0] = 𝑦0
𝛿2


𝑏
(𝑒−𝑏𝑡 − 𝑒−2𝑏𝑡) +


𝑎𝛿2


2𝑏
(1 − 𝑒−𝑏𝑡)2 (7) 


 


Asymptomatically, Equations (6) and (7) are 𝐸[𝑋𝑡→∞|𝑌0 = 𝑦0] = 𝑎 and 𝑉𝑎𝑟[𝑋𝑡→∞|𝑌0 = 𝑦0] =
𝑎𝛿2


2𝑏
 respectively. Also, the distribution of a CIR, asymptomatically, is a gamma distribution with density 


function  𝑓(𝑌𝑡→∞; 𝑎, 𝑏, 𝛿) =
𝜌𝜏


𝛤(𝜏)
𝑥𝑡


𝜏−1𝑒−𝜌𝑥𝑡 . Thus, we can express the distribution of  𝑌𝑡→∞ using the 


parameters of the CIR process by 𝑌𝑡→∞~𝐺𝑎𝑚𝑚𝑎 (
2𝑎𝑏


𝛿2 ,
2𝑏


𝛿2). Previously, we showed that the CIR generated 
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by S3OUP has an underlying gamma distribution 𝐺𝑎𝑚𝑚𝑎 (
𝜈


2
,


1


2
). By placing these terms equal, we have 


2𝑎𝑏


𝛿2 =
𝑣


2
 and  


2𝑏


𝛿2 =
1


2
.  As a result, 𝑏 =


𝛿2


4
 and by substituting b in 


2ab


δ2 , we have 𝑎 = 𝑣, which is the long-run 


mean for the CIR process.  This is an important conclusion, as it gives us the parameters of the underlying 


CIR process for test and evaluation of the process quality. In the next section, we will use this conclusion 


to discuss methods that quantify the performance of a CIR process. 


 


4.0  DEVELOPING QUALITY METRICS  
In section 4.1 we use the discussion of Section 3, to develop a method for evaluating the quality of the CIR 


process when its dynamic is explained by S3OUP.  In section 4.2, we introduce phase I analysis and control 


charting of diffusion processes when the generalized method of moments (GMM) is used for parameter 


estimation. 


 


4.1 Quantification of a CIR process performance generated by S3OUP 
If we take samples of size n from independent realizations (or profile) of the CIR process, then according 


to the central limit theorem, we can conclude that the average of the CIR processes, denoted by Y̅t, 


asymptotically follows a normal distribution with the parameters given in Equation (8)  


 


 𝑌̅𝑡→∞~𝑁 (𝑣,
2𝑣


𝑛
)  (8) 


 


Since the distribution of  Y̅t→∞  is known, the natural tolerances of the underlying process can be 


readily established. The natural tolerance limits are those that contain 100(1-α)% of the quality 


characteristic.  For Y̅t→∞, these limits are 𝑣 ± 𝑍𝛼


2


√
2𝑣


𝑛
.  Often a constant K is used instead of 𝑍𝛼


2
  so that in 


a large number of samples, a fraction γ of the intervals x̅ ± Ks will include at least 100(1- α)% of the 


distribution (Montgomery, 2012). this statement can be summarized by Equation (9)   


 


 𝑃(𝑃(𝐿 ≤  𝑌̅ ≤ 𝑈) ≥  1 − 𝛼) = 𝛾  (9) 


 


For example, if the number of OU processes that are building the CIR process is 2 (𝑣 = 2), 𝛼 =
0.05, n=25, 𝛾 = 0.99, then K = 2.972, and the natural limit of this process is the interval [0.811, 3.189]. 
Thus, we can conclude that the interval encompasses 99% of the 95% confidence intervals that include the 


average of 𝑌̅𝑡→∞ processes. We can establish the natural tolerances of the underlying process as the lower 


and upper specification limits (LSL and USL). Using these limits, a measure of process quality would be 


the probability that the asymptotic average of a given process falls within the natural limits of the underlying 


process. Additionally, control charts can be established for monitoring the average and standard deviation 


of the 𝑌̅𝑡→∞ or 𝑌𝑡→∞.  


 


4.2 Capability Metrics 
In the context of SPM, process capability metrics are defined as measures that determine what a process 


can produce. Given LSL and USL defined in Section 4.1, the measure of process capabilities, Cp, are 


defined in Equation (10) 


 𝐶𝑝 =
𝑈𝑆𝐿− 𝐿𝑆𝐿


6б
  (10) 


Where б is the process standard deviation, and when it is unknown we use the estimated standard 


deviation б̂ and can define Ĉp in Equation (11).  



https://en.wikipedia.org/wiki/Gamma_distribution
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 𝐶̂𝑝 =
𝑈𝑆𝐿− 𝐿𝑆𝐿


6б̂
=


𝑈𝑆𝐿− 𝐿𝑆𝐿


6√
2𝑣


𝑛


  (11) 


Since 𝐶̂𝑝, does not show deviations from the center of the process, a revised version is introduced 


called Ĉpk, which is shown in Equation (12) 


 𝐶̂𝑝𝑘  =
𝑚𝑖𝑛(𝑈𝑆𝐿 − 𝜇̂,𝜇̂ − 𝐿𝑆𝐿)


3б̂
 (12) 


Although Ĉpk captures deviation from the process mean, the value of standard deviation can 


dampen the effect of deviation from the mean. To avoid this problem a modified coefficient Cpmis given 


by Equation (13) 


 𝐶𝑝𝑚  =
𝑈𝑆𝐿− 𝐿𝑆𝐿


6𝜏
=


𝑈𝑆𝐿− 𝐿𝑆𝐿


6√𝜎2+(𝜇−𝜗)2
=


𝐶𝑝


√1+𝜉2
            𝜉 =


𝜇−𝜗


б
   (13) 


Where 𝜗  is the average of the target process. When mean and standard deviation are unknown, 


they are estimated from the process. By replacing Equation (11) in Equation (13), we can conclude Equation 


(14) for calculating the capability of Y̅t→∞. 


 𝐶̂𝑝𝑚 =
𝐶̂𝑝


√1+𝑉2
     𝑉2 =


2𝑏̂(𝑎̂−𝑣)2


𝑎̂𝛿̂2    (14) 


When deviation from mean is zero, Ĉpm=Ĉpk. However, as the deviation from the target mean 


increases, Ĉpm decreases, making the process capability metric to decrease accordingly. Monitoring 𝐶̂𝑝 and 


𝐶̂𝑝𝑚 together can provide insights into the amount of shift in the asymptotic average of the process.   


 


4.3 Control charts for Diffusion processes  
In section 4.1, we introduced measuring and monitoring the quality characteristics of a CIR process resulted 


from S3OUP. In this section, we relax this assumption so that the control charting method introduced here 


can be used for any diffusion process.   


Ideally, control charts for the estimates of the separate process parameters 𝑎̂, 𝑏̂, and 𝛿2  would 


provide a way to monitor them over time. However, when the parameter estimates are correlated, a joint 


chart is required for profile monitoring of the parameters. The joint distribution of the parameters depends 


on their estimator. In this paper, we use the Generalized Method of Moments (GMM) for parameter 


estimation of diffusion processes (Hansen, 1982) . Unlike Maximum Likelihood Estimation (MLE), GMM 


does not require complete knowledge of the distribution of the data. Instead, it matches the moments of an 


underlying model to an observed data value. Also, GMM is computationally less cumbersome than MLE  ( 


Chen et al. 1992). GMM estimates are consistent (i.e., as time approaches infinity, the estimated parameters 


converge to their true values) and are asymptotically Normal. 


When different realization (profiles) of a diffusion process are independent of each other, control 


charting for a joint normal distribution is be appropriate.  Harold Hoteling (1947) introduced 𝑇2   distance 


as a measure that accounts for the covariance structure of a multivariate normal distribution, also known as 


Hoteling 𝑇2.  To reduce the problem of change detection from data to the change in model parameter 


estimates, the fitted model must adequately describe data. Therefore, to extend the application of 𝑇2 control 


chart to monitor the parameter of diffusion processes, we introduce the application of the J-statistics chart 


in addition to the 𝑇2 control charts.  J-statistics is used to monitor the stability of the GMM estimator. When 


in the GMM method, parameters are over-identified (the number of moment conditions is more than the 


parameters) GMM estimation provides a method to test the specification of the proposed model. Details on 


the calculation of J-statistics are given in Hansen (1982). In section 5, we show the application of 𝑇2 and 


J-statistics charts in developing the phase I control charts for a CIR process.  


 


5.0 AN ILLUSTRATIVE EXAMPLE: APPLICATION IN AIRCRAFT TARGET 


LOCATION ERROR TEST AND EVALUATION  
In this Section, we provide a real-life example that shows the application of the methods discussed in 
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Section 4 for an aircraft tracking performance test and evaluation. Target Location Error (TLE) is defined 


as the difference between the actual and the aircraft-system predicted location of the target. Target tracking 


systems are a major component of aircraft avionics systems. Currently, most systems that provide the target 


location estimation, are based on an underlying Kalman Filter.   The errors from TLEs generated by a 


Kalman filter can be modeled by OU processes- due to the nature of Kalman Filter estimates’ 


autocorrelation and tendency to revert to the long-run mean of zero.  In this example, we assume a two-


dimensional error in the horizontal plane— along-track and cross-track or latitude, longitude errors— that 


are independent. We first model the errors in two orthogonal directions using OU processes. Simulated 


horizontal errors associated with along-track and cross-track are denoted by 𝑂𝑈𝑥 and 𝑂𝑈𝑦 with parameters 


defined below: 


𝑂𝑈𝑥  :  𝛽𝑥 = 0.2611, 𝛼𝑥 = 0 , 𝜎𝑥 = 1 and 𝑋0 = 15 


𝑂𝑈𝑦 :  𝛽𝑦 = 0.2611, 𝛼𝑦 = 0 , 𝜎𝑦 = 1 and 𝑋0 = 1 


We are interested in the quantification of the instrument performance in measuring the target 


location accurately. Figure 1 shows 30 realizations of the error along the x and y-axis in a period of 10 


seconds where time steps are equal to 0.1 seconds.  


 


As seen in table 1, GMM provides a close estimation of the expected long-run mean of 2 and 𝑌𝑡  has 


a δ2 which is approximately four times its reverting speed.  We previously showed that the natural tolerance 


of the CIR process was made from S3OUP when v=2 is [0.811     3.189]. As a result, we can calculate the 


first quality metric, and that is, the probability of the given process asymptotically falls outside the natural 


tolerances of the underlying processes. To this end, we use the approximated parameters provided in Table 


1 to calculate the distribution of Yt→∞ , Yt→∞~Gamma (0.919,0.49). Given the parameters of the gamma 


distribution, we can calculate the asymptotic expected value and variance of the Yt→∞ process 


E[Yt→∞|Y0 = y0] = 1.876 and Var[Yt|Y0 = y0] = 1.9572. If we take samples of size 25, then 


Y̅t→∞~N (1.878, (
1.957


5
)


2
). Consequently, the probability that the sum of squares of errors is within the 


natural tolerances of the target process is P(LSL ≤  Y̅t→∞ ≤  USL) =  P(0.811 ≤ Y̅t→∞ ≤ 3.189) = 0.996. 


Thus, when the threshold for accepting errors is 0.01, the process meets the specification.  
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Figure 1 30 realization of the 𝑂𝑈𝑥 (top left) and  𝑂𝑈𝑦 (top right)  and  𝑌𝑡 = 𝑍𝑥


2 + 𝑍𝑦
2 (bottom) 


 


Table 1 estimation of parameters of  𝑌𝑡 = 𝑍𝑥
2 + 𝑍𝑦


2  process 


 a b δ2 


GMM 1.875  0.05 0.204 


GMM estimation lower confidence level (α = 0.05)   1.746   0.045   0.199 


GMM estimation Upper confidence level (α = 0.05) 2.004   0.055   0.209   


 


To measure the process capability, we use the metrics shown in equations (18), and (20) 


respectively:  


Ĉp =
3.681 − 0.319


6(0.391)
= 1.433 


Ĉpm =
Ĉp


√1 +
(1.876 − 2)2


0.3912


= 1.337 


 


Figure 2 shows the underlying process density along with the distribution of the process in hand. 


As shown in the figure, the tighter blue curve implies that the standard deviation of the process is less than 


the underlying process. However, the process is slightly shifted to the left (average of 1.876 as opposed to 


2). As a result, Ĉpm is smaller than Ĉp, as it accounts for the shift of the process average. The vertical lines 


show the natural tolerances of the underlying process (red curve), which are assumed to be the upper and 


lower specifications limit for the process.  
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Figure 2 asymptotic densities of the underlying and 𝑌̅𝑡→∞ processes 


 


In this example, we know the long-run mean of the S3OUP process is v = 2. To develop control 


charts for monitoring of the CIR process, first, unstable estimates of the process parameters must be 


removed.  To this end, we set-up the J-statistic chart to identify the GMM method instability. As shown in 


Figure 3 there are 4 estimates in which the moment condition does not hold, which are associated with 


profiles 4,10,16, and 30. Therefore, those estimates were removed from phase I analysis for setting up 


control limits.  


 
Figure 3 J-Statistic for the 30 estimates of  𝑌𝑡 = 𝑍𝑥


2 + 𝑍𝑦
2  process with GMM 


 


Figure 4 shows the T2 control charts, with (left chart) and without (right chart) the four unstable 


estimates.  As shown in this figure, by removing the unstable estimates from the dataset, all estimates fall 


within the control limits of the multivariable control chart. Thus, these limits could be used for the phase II 


analysis of the diffusion process.   


 







9 


 


 
Figure 4 control charts for the joint distribution of the parameters before (left) and after (right) removing 


the unstable parameter estimates 


 


Figure 5 shows control charts for the process based on the method described by Tsai (2014). As 


shown in this figure, limits for the average chart are too wide and in the variance chart, most of the points 


fall outside the limits. That is an indication that the T2 chart, as well as the J-statistic in combination with 


Hotelling control charts are more appropriate methods for monitoring profiles of diffusion processes. 


 
Figure 5 average (left) and variance (right) charts calculated by Tsai et al. (2014) method 


 


6.0 CONCLUSION  
In this work, we first quantified the performance of a CIR process when its dynamic is given by the sum of 


squares of standardized OU processes. Following this, we showed that the long-run mean of a S3OUP is 


given by the parameters of the OU processes, and can be used to develop quality metrics. When the 


assumption that the diffusion process is a S3OUP is relaxed, control charts for any diffusion process can be 


derived. To this end, we used a GMM estimator to estimate the parameters of the process and suggested 


monitoring of the process parameters as a joint multivariate normal distribution in combination with the J-


statistics chart. The application of J-statistics is to evaluate and remove weak estimators of the process 


parameters.  Future works include the extension of the result from Section 4.1 to cases where the dynamic 


of the CIR processes is not explained by S3OUP.  
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