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Abstract 

Sound propagation along vertical and slanted paths through the near-
ground atmosphere impacts detection and localization of low-altitude 
sound sources, such as small unmanned aerial vehicles, from ground-
based microphone arrays. This article experimentally investigates the am-
plitude and phase fluctuations of acoustic signals propagating along such 
paths. The experiment involved nine microphones on three horizontal 
booms mounted at different heights to a 135-m meteorological tower at the 
National Wind Technology Center (Boulder, CO). A ground-based loud-
speaker was placed at the base of the tower for vertical propagation or 56m 
from the base of the tower for slanted propagation. Phasor scatterplots 
qualitatively characterize the amplitude and phase fluctuations of the re-
ceived signals during different meteorological regimes. The measurements 
are also compared to a theory describing the log-amplitude and phase var-
iances based on the spectrum of shear and buoyancy driven turbulence 
near the ground. Generally, the theory correctly predicts the measured log-
amplitude variances, which are affected primarily by small-scale, isotropic 
turbulent eddies. However, the theory overpredicts the measured phase 
variances, which are affected primarily by large-scale, anisotropic, buoy-
antly driven eddies. Ground blocking of these large eddies likely explains 
the overprediction. 
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Vertical and Slanted Sound Propagation in the Near-Ground 
Atmosphere: Amplitude and Phase Fluctuations

ABSTRACT:
Sound propagation along vertical and slanted paths through the near-ground atmosphere impacts detection and
localization of low-altitude sound sources, such as small unmanned aerial vehicles, from ground-based microphone

arrays. This article experimentally investigates the amplitude and phase fluctuations of acoustic signals propagating
along such paths. The experiment involved nine microphones on three horizontal booms mounted at different heights
to a 135-m meteorological tower at the National Wind Technology Center (Boulder, CO). A ground-based loud-
speaker was placed at the base of the tower for vertical propagation or 56 m from the base of the tower for slanted
propagation. Phasor scatterplots qualitatively characterize the amplitude and phase fluctuations of the received signals
during different meteorological regimes. The measurements are also compared to a theory describing the log-
amplitude and phase variances based on the spectrum of shear and buoyancy driven turbulence near the ground.
Generally, the theory correctly predicts the measured log-amplitude variances, which are affected primarily by small-

scale, isotropic turbulent eddies. However, the theory overpredicts the measured phase variances, which are affected
primarily by large-scale, anisotropic, buoyantly driven eddies. Ground blocking of these large eddies likely explains
the overprediction.

I. INTRODUCTION

Previous research on sound propagation through the

near-ground atmosphere (which refers, here, to altitudes up

to roughly a couple hundred meters above ground level) has

typically concentrated on nearly horizontal transmission

paths.1–4 However, vertical and slanted transmission paths

through the near-ground atmosphere are increasingly impor-

tant for a variety of timely applications, including acoustic

detection and localization of small unmanned aerial vehicles

(UAVs) using ground-based microphone arrays5,6 and

acoustic sensing from microphone arrays on UAVs and

tethered balloons.7

The phenomenology affecting these opposing transmis-

sion geometries differ somewhat. Horizontal propagation,

which has been well studied, is significantly impacted by

geometrical spreading, atmospheric absorption, reflection,

refraction, diffraction, and turbulent scattering. In contrast,

relatively few studies have focused on vertical and slanted

propagation. Some such studies mentioned here include

applications to low-flying aircraft,8 a sound source on a 150-

m tower,9 sonic boom propagation,10–12 and auralization of

flying aircraft.13 Ostashev and Wilson14 provide an addi-

tional review of this subject. Vertical and slanted paths are

mainly impacted by geometrical spreading, atmospheric

absorption, and turbulent scattering, whereas factors such as

refraction and diffraction typically play a lesser role at least

for near-ground geometries.

Geometrical spreading and sound absorption in the

lower atmosphere, whether along horizontal or vertical

transmission paths, are well understood and can be readily

assessed, e.g., Ref. 15. This leaves turbulent scattering as a

phenomenon which is poorly understood for vertical trans-

mission geometries in the near-ground atmosphere. Among

other effects, atmospheric turbulence causes the amplitude

and phase of acoustic signals to fluctuate. This article

presents results from a uniquely comprehensive experiment

involving vertical and slanted propagation through a turbu-

lent atmosphere and compares the measured variances of the

log-amplitude and phase fluctuations to existing theory.

The experiment was conducted in September of 2018 at

the National Wind Technology Center (NWTC) of the

National Renewable Energy Laboratory (NREL), located

near Boulder, CO. The present article details the experimen-

tal setup, transmitted acoustic signal forms, meteorological

data descriptions, and phasor scatterplots which qualita-

tively characterize the amplitude and phase fluctuations.
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Determination of the turbulence parameters and the log-

amplitude and phase variances is performed over the same

time interval of about 30minutes, which enables us to cap-

ture the effect of turbulence across all pertinent time scales.

In previous studies, the averaging time intervals were usu-

ally shorter and, thus, did not address the impact of turbu-

lence on time scales of a minute and longer.

The theory against which we compare the measured

log-amplitude and phase variances comes from Ref. 14,

which derived the variances for vertical and slanted paths

for the height-dependent turbulence model presented in Ref.

3. Another goal of this article is to validate the turbulence

model and propagation theory, which are important in many

applications. The well-designed NWTC experiment is par-

ticularly useful for this purpose because acoustic signals

were mainly affected by turbulence rather than by other fac-

tors, e.g., interaction with the ground.

This article is organized as follows. Section II provides

the geometry of the problem, theoretical formulations for

the variances of the log-amplitude and phase fluctuations,

and the turbulence model. Section III describes the experi-

ment conducted at the NWTC and pertinent signal process-

ing. Section IV presents the experimental results for the

meteorological data, the log-amplitude and phase fluctua-

tions, their variances, and a comparison to the theoretical

predictions. Last, Sec. V summarizes the results.

II. THEORY

A. Problem formulation

In the NWTC experiment, microphones were placed on

a 135-m tower. The sound source was either at the base of

the tower for vertical propagation or at some distance from

it for slanted propagation. Figure 1 schematically depicts the

slanted geometry. Three microphones were located on a hor-

izontal boom mounted to the tower at the height h above the

ground. In the vertical xz-plane, the propagation path from

the source on the ground to the geometrical center O of the

microphones has length L ¼ h= cos h, where h is the angle

between the path and the vertical axis.

In the NWTC experiment, the path length L was much

greater than the distance between the three microphones.

Therefore, the path length and propagation angle to each

microphone can be approximated, respectively, as L and h.
In addition, the experiment used three horizontal micro-

phone booms mounted to the tower at different heights h,
and Fig. 1 only depicts one of them.

Let p(L,t) be the sound pressure at a microphone loca-

tion where t is time. The sound pressure is affected by tem-

perature and wind velocity fluctuations in a volume

encompassing the propagation path. In the quasi-static

approximation (e.g., Sec. 2.4.2 in Ref. 3 and Refs. 16 and

17), the sound pressure can be written as

pðL; tÞ ¼
ð1
�1

exp ð�ixtÞp̂ðL;x; tÞ dx; (1)

where x is the angular sound frequency. In Eq. (1),

p̂ðL;x; tÞ is the time-varying Fourier transform. The time

dependence arises from the temperature and wind velocity

fluctuations. Because the characteristic time Ttur of these

fluctuations is often much greater than 2p=x; p̂ðL;x; tÞ
varies in time much slower than exp ð�ixtÞ. The quantity

p̂ðL;x; tÞ can be obtained by windowing the measured

sound pressure and applying a Fourier transform to each

window. The window must be much longer than 2p=x but

shorter than Ttur; the argument t corresponds to a particular

window of time. If a signal comprises a set of tones (as was

the case in the NWTC experiment; Sec. III), p̂ðL;x; tÞ can
also be obtained by bandpass filtering, Hilbert transforming,

and complex demodulating each tone.

In the presence of turbulent scattering, both the sound

pressure and its transform are random functions. Our goal is

to experimentally investigate the log-amplitude and phase

fluctuations of p̂ðL;x; tÞ with comparisons to existing theo-

retical predictions. This comparison helps both validate the

theory and identify theoretical shortcomings.

B. Log-amplitude and phase fluctuations

The Rytov method (e.g., Refs. 3 and 18) expresses the

sound-pressure transform p̂ðL;x; tÞ as

p̂ ¼ p̂0 exp vþ i/ð Þ: (2)

Here, p̂0 is the transform in a nonturbulent atmosphere, and

vðL;x; tÞ and /ðL;x; tÞ are, respectively, the log-amplitude

and phase fluctuations due to atmospheric turbulence.

The variance of the log-amplitude fluctuations is

defined as

r2v ¼ hv2ðL;x; tÞi; (3)

where the brackets h i denote averaging over an ensemble of

turbulence realizations. The variance of the phase fluctua-

tions, r2/, is defined similarly. Assuming statistical stationar-

ity, r2v and r2/ do not depend on t.

FIG. 1. Geometry for slanted propagation. A loudspeaker on the ground

emits sound toward microphones at locations M1, M2, and M3 on a hori-

zontal boom mounted to a tower. O is the geometrical center of the three

microphones. The propagation path is in the vertical xz-plane.
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In Eq. (78) of Ref. 14, Ostashev and Wilson give the

correlation functions of the log-amplitude and phase fluctua-

tions of a spherical sound wave in the Markov approxima-

tion for vertical and slanted propagation in statistically

inhomogeneous turbulence. Setting the sensor separation to

zero in this equation yields the log-amplitude and phase

variances,

r2v;/ ¼ p2k2

2 cos h

ðh
0

dz

ð1
0

Ueffðz; jÞ

� 17 cos
zðh� zÞj2
kh cos h

� �� �
j dj: (4)

Here, r2v and r2/ correspond to the upper and lower signs in

the square brackets, respectively; k ¼ x=c0 is the acoustic

wavenumber where c0 is the reference sound speed; and the

integration variables are the turbulence wavenumber j and

the height along the path z. In Eq. (7.30) of Ref. 3, Ostashev

and Wilson give the effective turbulence spectrum Ueffðz; jÞ
for the von K�arm�an spectra of temperature and wind veloc-

ity fluctuations,

Ueffðz; jÞ ¼
Cð11=6Þ

p3=2Cð1=3Þ

"
r2TðzÞL3TðzÞ

T2
0 1þ j2L2TðzÞ
� �11=6

þ 22

3

r2v;sL
5
v;sðzÞj2

c20 1þ j2L2v;sðzÞ
� �17=6

þ 22

3

r2v;bL
5
v;bj

2

c20 1þ j2L2v;b
� 	17=6

#
: (5)

In this formula, C is the gamma function; T0 is the reference
temperature; r2T ; r

2
v;s, and r2v;b are the variances of the tem-

perature fluctuations and the shear- and buoyancy-produced

velocity fluctuations, respectively; and LT, Lv;s, and Lv;b are

the length scales of the corresponding fluctuations.

In Sec. 6.2.4 of Ref. 3, Ostashev and Wilson present a

turbulence model for atmospheric acoustics. Using the

mixed-layer and Monin-Obukhov similarity theories, the

variances and length scales in the atmospheric boundary

layer (ABL) are expressed in terms of the friction velocity

(u�), the height above the ground (z), and the ABL height

(zi). The variances of the temperature fluctuations and the

shear- and buoyancy-produced velocity fluctuations are

r2TðzÞ¼
4:0T2

�

1�10z=Loð Þ2=3
; r2v;s ¼ 3:0u2�; r2v;b ¼ 0:35w2

�; (6)

and the corresponding length scales are

LTðzÞ ¼ 2:0 z
1� 7z=Loð Þ
1� 10z=Loð Þ ; Lv;sðzÞ ¼ 1:8 z;

Lv;b ¼ 0:23 zi: (7)

�

w� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gzihw0T0i=T03

p
is the mixed-layer velocity scale. In

these formulas, g¼ 9.81m/s2 is the gravitational accelera-

tion, and jv ¼ 0:40 is the von K�arm�an constant. The formu-

las also use the covariance, hw0T0i, of the vertical wind

velocity fluctuations (w0) and the temperature fluctuations

(T0). This turbulence model is valid for an unstable or neu-

tral ABL for which hw0T0i � 0. In some cases, it can also be

used for a weakly stable ABL (for which hw0T0i < 0) by set-

ting hw0T0i ¼ 0.

No available spectral model captures all the complexi-

ties of the atmospheric turbulence. The present model is an

improvement over those previously employed in atmo-

spheric acoustics, most notably because it incorporates tur-

bulence produced by both shear and buoyancy instabilities.

However, some limiting assumptions should be kept in

mind. First, it is formulated for a stationary ABL with well-

developed (continuous) turbulence, which is necessary for

applying the turbulence similarity theories. Applicability to

intermittent turbulent activity and transitional meteorologi-

cal conditions is, thus, questionable. Second, the model

assumes isotropic turbulence. This assumption is justified in

the inertial subrange of turbulence where the eddies are iso-

tropic and smaller than the outer scales of temperature and

wind velocity fluctuations, which are on the order of the

length scales LTðzÞ; Lv;sðzÞ, and Lv;b. The largest eddies are

on the order of these scales and are anisotropic. Third, the

model predicts that Lv;b in Eq. (7) does not depend on z.
This assumption is unrealistic because the ground blocks the

vertical movement of the air, thus, making the structure of

the large eddies anisotropic. In other words, Eqs. (6) and (7)

for r2v;b and Lv;b may be valid only for z�Lv;b ¼ 023zi.
Smaller heights require a more realistic anisotropic turbu-

lence model. Although such a model is beyond the scope of

this study, we speculate that Eqs. (6) and (7) could still be

used in the horizontal direction, but r2v;b and Lv;b should

decrease (e.g., linearly) with the height for z < 023zi in the

vertical direction. Whereas some previous research has

extended turbulence spectral models to incorporate ground

blocking,19,20 they are involved and would need to be

adapted for calculating the variances of the log-amplitude

and phase fluctuations.

Thus, the theoretical predictions for the log-amplitude

and phase variances based on Eq. (4) and the turbulence

model, Eqs. (5)–(7), may agree with the experimental results

only for certain meteorological regimes and when these var-

iances are primarily affected by isotropic turbulence.

Because small-scale turbulence (which is statistically isotro-

pic) affects the log-amplitude fluctuations (e.g., Sec. 7.2.3 in

Ref. 3 and Ref. 18), they usually satisfy the isotropic turbu-

lence condition. However, large atmospheric eddies (which

are anisotropic) cause phase fluctuations, invalidating the

current turbulence model near the ground and requiring a

more realistic model to predict these fluctuations. Because

such a model has not yet been developed, Eqs. (5)–(7) will

be used to predict the phase variance, understanding their

limitations. In addition, the log-amplitude and phase varian-

ces will be calculated using Eqs. (5)–(7) in which the

Here, T� ¼ �hw0T0i=u� is the surface-layer temperature 
scale, Lo ¼ �u3T0=ðgjvhw0T0iÞ is the Obukhov length, and
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buoyancy-produced velocity fluctuations are omitted, i.e.,

r2v;b ¼ 0. This simplification of the turbulence model helps

illuminate the impact of neglecting the buoyancy-produced

velocity fluctuations.

Finally, the Markov approximation is only valid when

the propagation range is much longer than the scale of the

largest eddies affecting the sound field. Therefore, for atmo-

spheric sound propagation, this approximation is usually

valid for the log-amplitude variance but may not be valid

for the phase variance when the range is not much greater

than Lv;b.
21 Along the propagation paths considered in our

near-ground experiment, the scales of the largest eddies are

probably smaller than Lv;b. If this is the case, then the phase

variance may be calculated with the Markov approximation.

This assumption needs to be revisited after the largest aniso-

tropic eddies and their blocking by the ground are incorpo-

rated into the turbulence model.

III. EXPERIMENTAL METHODS

A. Experimental setup

A sound propagation experiment was conducted 25–28

September 2018 at the NWTC (Boulder, CO; Ref. 22), situ-

ated about 5 km to the east of the Front Range of the Rocky

Mountains (Fig. 2). Near Boulder, the Front Range runs

north-south. The terrain is flat with short-to-medium grass.

The experiment involved the 135-m meteorological

tower shown in Fig. 2. For the prevailing wind direction

(from the west-northwest), the tower is upwind of the wind

turbines. The horizontal cross section of the tower is an

equilateral triangle with a side length of 1.13m. Nine micro-

phones were installed on three horizontal booms mounted to

the tower. Each boom carried three GRAS 40AE 1/2 in. pre-

polarized free-field microphones (Holte, Denmark). The

microphones had windscreens and water-resistant shrouds

and were positioned upward (Fig. 3). The distances between

the microphones and the tower were 0.5m, 1.3m, and

2.8m; the geometrical center O of the microphones (Fig. 1)

was 1.5m from the tower. The microphone booms were

mounted to the tower at the heights 39m, 80m, and 130m

above the ground. The microphone booms pointed toward

north-northwest (338�). In this article, the conventional

cardinal directions are used: north corresponds to 0� (or

360�) and the azimuth angle w increases clockwise. The

tower has 18 horizontal booms with meteorological instru-

ments (Fig. 2) mounted to the tower at various heights; these

booms point west (278�).
The acoustic source consisted of an EM280 driver and

PC364 horn (Community Professional Loudspeakers,

Chester, PA). For the sound frequency f ¼ x=ð2pÞ ¼ 2 kHz,

the beam widths (defined by 6 dB attenuation from the maxi-

mum transmitted power) in two perpendicular directions are

45� and 50�, respectively; the beam widths are frequency

dependent. In the vertical sound propagation trials, the

ground-based source was 3.7m from the tower along the pro-

jection of the microphone booms on the ground, and the horn

aperture was 0.53m above the ground pointing straight up.

This setup minimized the sound reflection from the ground.

Two reference microphones (GRAS 40AE 1=2 in. micro-

phones, Holte, Denmark) were positioned near the source

within the beam widths. Some transmissions used a horn

PC394F (Community Professional Loudspeakers, Chester,

PA), which had a slightly wider beam width.

In the slanted propagation trials, the angle between the

horn axis and vertical was 14.9�. In this case, reflections

from the ground were minimal, and all microphones on the

tower were still insonified. Figure 4 depicts the geometry of

slanted propagation in the horizontal plane. The x axis coin-
cides with the projection of the propagation path, depicted

in Fig. 1, on the ground; the x- and y axes are the same in

FIG. 2. (Color online) NWTC in the foothills of the Rocky Mountains. The

experiment used the red and white tower on the right. [Credit: Dennis

Schroeder, National Renewable Energy Lab, Department of Energy (DOE,

Washington, DC)].

FIG. 3. (Color online) Microphone and meteorological booms attached to

the tower (view from the tower towards the ground).

FIG. 4. Plan view of slanted sound propagation in the horizontal plane. The

equilateral triangle represents the tower, and the microphone and meteoro-

logical booms are mounted to two sides of the tower. In the figure, O is the

geometrical center of the microphones.
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both Figs. 1 and 4. In the experiment, the x axis pointed in

the direction of 236.3�. The angle a ¼ 11:7� characterizes

the angle between the y axis and the microphone boom. The

geometry would have been simpler if a ¼ 0�; however, in
that case, the propagation path would have been too close to

a tower guy-wire, which was undesirable.

For slanted propagation, the speaker was 56.0m from

the projection of the geometrical center O of the micro-

phones on the ground. Analysis of Fig. 1 for heights 39m,

80m, and 130m reveals the path lengths L to the three

booms were 68.2m, 97.7m, and 141.5m; and the propaga-

tion angles h were 55.1�, 35.0�, and 23.3�, respectively.
Acoustic signals were prerecorded on a compact disc

(CD) player (HD/CD CDR420, Marantz Professional,

Cumberland, RI) with a sampling rate of 44.1 kHz and trans-

mitted during the experiment via a power amplifier and the

acoustic source. Outputs of the CD player, 9 microphones

on the tower and 2 reference microphones were recorded by

a 16 channel Yokogawa DL750 ScopeCorder data acquisi-

tion system (DAQ; Musashino, Tokyo, Japan) with a sam-

pling rate of 20 kHz. To provide synchronization to UTC, an

Inter-Range Instrumentation Group (IRIG) code B clock sig-

nal from a Global Positioning System (GPS) receiver was

also recorded on one channel of the DAQ. The CD player,

DAQ, and power amplifier were located in a truck parked at

the base of the tower.

Two continuous waveforms were transmitted: 12 tones

and 9 tones. Using 100Hz increments, the 12 tones had fre-

quencies of 0.6–0.9, 1.4–1.7, and 3.2–3.5 kHz. The nine

tones excluded frequencies 0.9, 1.7, and 3.5 kHz.

Transmission sequences were either 20 or 40minutes in

duration. Sixteen sequences of tones were recorded success-

fully. Background noise was recorded. Short chirps were

also transmitted and will be used in future work.

B. Impermissible wind directions

The meteorological and acoustic measurements may be

invalid when the instruments or the propagation path are in

the wake of the tower, which distorts the measurements. For

the meteorological measurements, Sadoud23 provides the

tower wake analysis for instruments at the end of the 3.7-

and 7.3-m booms. Interpolating these results for the 6.1-m

booms used in this experiment yields the impermissible

wind directions: 80:4� < w < 114:5�. (Here, w is the direc-

tion from which the wind is blowing.)

For the acoustic measurements, the microphones were

too close to the tower to interpolate Sadoud’s results.

Instead, this section uses the geometrical “shadow” of the

tower, i.e., the region in the horizontal plane that is covered

by horizontal lines with certain angles w which pass through

the tower. Figure 4 indicates that the microphones are in the

tower geometrical shadow for winds from 338� þ 120�

�360� ¼ 98� < w < 338� � 180� ¼ 158�. The tower wake

is somewhat larger than the geometrical shadow, therefore,

68� < w < 188�. This constraint is more restrictive than the

constraint for the meteorological booms.

Finally, the sound propagation path should not be in the

tower wake. Because the angular position of the vertical

propagation path is the same as that of the microphones, this

path does not further restrict the allowable wind directions.

Thus, for vertical propagation, the impermissible wind

directions were

68� < w < 188�: (8)

For slanted propagation, the tower geometrical shadow

overlapped with the propagation path for wind directions

132:6� < w < 234:8�. Accounting for the buffer angles Dw2

and Dw3 produce 132:6� � Dw2 < w < 234:8� þ Dw3. The

buffer angles are not the same in this case because they

decrease with increasing distance from the tower. The angle

Dw2 is pertinent to the case when the propagation path was

close to the tower and can be approximated as Dw2 ¼ Dw1

¼ 30�. The angle Dw3 is pertinent to the case when the prop-

agation path was about 50m from the tower; let Dw1 ¼ 10�.
(At 7.3m from the tower, Sadoud23 estimates that this angle

is 15�.) These buffer angles for the propagation path result

in 102:6� < w < 235:8�. Combining all of the constraints

yields the impermissible wind directions for the slanted

propagation

68� < w < 235:8�: (9)

C. Meteorological data

The NWTC provided the raw and preprocessed data (all

synchronized to UTC) for all meteorological instruments

installed on the 135-m tower. For the six ATI Model K sonic

anemometers (Applied Technologies Inc., Longmont, CO)

with a sampling rate of 20Hz, the NWTC preprocessed the

data by removing the invalid data from the raw time series,

de-noising data to remove spikes, and remapping the data to

a regular time base. We calculated the streamwise (u), lat-
eral (v), and vertical (w) wind velocities over each measure-

ment period. Detrending the anemometer data produced the

streamwise (u0), lateral (v0), and vertical (w0) wind velocity

fluctuations used to calculate the friction velocity

u� ¼ hu0w0i2tr þ hv0w0i2tr
� 	1=4

: (10)

Here, h itr stands for averaging over the time interval tr of an
acoustic recording. The surface sensible heat flux, which is

proportional to the covariance term hw0T0i in T�; Lo, and w�
is

QH ¼ .aCphw0T0itr : (11)

Here, Cp ¼ 1:01 Jg�1 K�1 is the specific heat of air at con-

stant pressure and T0 is the temperature fluctuation measured

by a sonic anemometer and obtained similarly to the veloc-

ity fluctuations.choosing an approximate buffer angle of Dw1 ¼ 30� yields
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All six sonic anemometers were used to obtain the verti-

cal profile of the wind speed and its direction, w. The tem-

perature T0 was measured with a temperature probe, and the

atmospheric pressure P was measured with a barometer,

both at the height of 3m above the ground. The air density

was then calculated as .a ¼ P=ðRaT0Þ, where Ra¼ 287m2/

(s2 K) is the gas constant for dry air.

The momentum and sensible heat fluxes can be used to

calculate the flux Richardson number,24 which indicates the

tendency of the flow to become or remain turbulent. The

flux Richardson number is defined as

Rf ¼
ðg=T0Þhw0T0i

hu0w0ið@hui=@zÞ þ hv0w0ið@hvi=@zÞ : (12)

When Rf < 1 (including negative values), the flow is gener-

ally turbulent. When Rf > 1, turbulence tends to decay.

The ABL height was not measured but set to zi¼ 1 km,

which is typical for the NWTC site during daytime.24 The

height zi and meteorological measurements described in this

subsection are sufficient to calculate the variances and

length scales of the temperature and wind velocity fluctua-

tions needed for predictions of the log-amplitude and phase

variances (Sec. II B).

D. Signal processing

The signals from each microphone and from the CD

player were bandpass filtered near each transmitted tone to

separate the tones and reduce noise. The bandpass filter was

a 7–9 order Butterworth filter designed to have a 10Hz

bandwidth, 0.001 dB maximum passband ripple, and 40 dB

attenuation stop band beginning 100Hz from the center fre-

quency. The passband filter was applied to the signal in for-

ward and reverse time order so as to remove the filter phase

delay in the passband and to double the stop band

attenuation.

Post-analysis revealed that the CD player, unfortu-

nately, generated a phase discontinuity after playing for

approximately 30minutes. Therefore, all recordings were

truncated immediately prior to this phase jump. Post-

analysis also revealed that the CD player’s clock ran slightly

fast so that the instantaneous frequencies were all slightly

above their nominal values in each band. For example, for

the trial on 09/26 at 11:02, the 3400Hz band had a median

instantaneous frequency of 3400.4444Hz and a clock slew

of 130.70 ppm. For each recording, the clock slew was esti-

mated using the guide band (3400Hz) from the CD player

and that value of clock slew was applied to determine all tone

frequencies xtr that were transmitted by the CD player. The

3400Hz band was the guide band because it was the highest

band included in both the 9- and 12-tone transmissions.

After bandpass filtering, the Hilbert transform was

applied to convert the real signals at each microphone to

complex signals. Then, the signal was complex demodulated

to remove the carrier frequency, i.e., the signal was multi-

plied by exp ðixtrtÞ. The resulting bandpass filtered, Hilbert

transformed, and complex demodulated signal at a micro-

phone corresponds to the sound-pressure transform p̂ in Eqs.

(1) and (2).

IV. EXPERIMENTAL AND THEORETICAL RESULTS

A. Experimental trials and meteorological data

Table I summarizes trial and meteorological informa-

tion for the 16 tone recordings. The dates and times are

specified in the local time zone, which is Mountain Daylight

Savings Time (MDT; UTC-06:00). The indicated duration

of each trial is the time before the CD player generated a

phase discontinuity. The path orientation indicates whether

TABLE I. Trials with 9- or 12-tone recordings, and the meteorological conditions during these trials. The columns indicate the date, local time, usable

length of the trial, geometry of the path, number of tones, and meteorological observations at the indicated heights. Values for these observations are the

means plus/minus the standard deviations. MDT, Mountain Daylight Savings Time.

Date Time Length Path Tones Wind speed Wind direction Temperature Friction velocity Sensible heat flux Richardson

(mm/dd) (MDT) (s) 15m (m/s) 15m (�) 3m (�C) 15m (m/s) 15m (W/m2) 15–41m

09/25 06:45 1808 Vertical 12 4.46 0.7 3386 6 5.166 0.15 0.276 0.07 �4.26 4.2 0.04

09/25 12:45 1201 Vertical 12 3.26 1.4 3046 25 12.416 0.31 0.406 0.25 2906 200 �2.83

09/25 13:16 1201 Vertical 12 2.56 1.2 3356 28 13.196 0.53 0.366 0.22 3206 180 �6.08

09/25 13:47 1816 Vertical 12 2.96 1.4 3126 38 13.736 0.38 0.356 0.24 3006 320 �4.89

09/25 15:44 1793 Vertical 9 3.06 1.0 3256 30 14.596 0.22 0.356 0.17 1706 98 �3.01

09/26 09:59 1783 Vertical 9 3.26 0.9 3266 18 11.936 0.21 0.256 0.13 1906 100 �6.83

09/26 11:02 1832 Vertical 12 2.56 1.0 3036 27 13.596 0.25 0.316 0.17 1806 130 �4.56

09/27 09:06 1832 Slanted 9 5.06 1.7 1266 20 18.736 0.19 0.606 0.23 886 61 �0.20

09/27 10:01 1824 Slanted 12 4.86 1.7 946 51 20.166 0.52 0.796 0.37 1306 130 �0.33

09/27 12:48 1723 Slanted 9 5.36 1.3 3086 18 21.706 0.28 0.416 0.16 1406 93 �1.54

09/27 13:41 1826 Slanted 9 4.56 1.3 2906 21 22.786 0.28 0.326 0.18 1106 84 �1.86

09/27 14:35 1824 Slanted 9 3.36 1.3 2476 25 23.386 0.23 0.346 0.21 1406 110 �3.94

09/28 05:40 1825 Slanted 9 2.86 0.6 2316 9 4.896 0.08 0.246 0.07 7.46 3.9 �0.21

09/28 07:35 1802 Slanted 12 1.96 0.5 2906 17 4.616 0.08 0.176 0.07 136 11 �2.11

09/28 08:45 1801 Slanted 9 3.06 0.6 3016 11 4.706 0.10 0.236 0.11 286 29 �1.42

09/28 10:35 1825 Slanted 9 1.96 0.5 3156 18 5.566 0.11 0.146 0.08 276 18 �9.52
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the sound propagation was vertical or slanted. Seven trials

with vertical propagation were conducted on the first two

days, while nine trials with slanted propagation were con-

ducted on the last two days.

Most of the wind directions are valid with respect to the

tower wake (Sec. III B) except for the first two trials on 09/

27 (at 09:06 and 10:01 MDT). The trial on 09/28 at 05:40

MDT also has a borderline invalid wind direction.

According to Eq. (9), the wind direction should be larger

than 235.8�, but the mean wind direction is 231�.
Nevertheless, this trial is of substantial interest because it is

the only one occurring entirely before sunrise at around

06:55 MDT.

The temperature and its variability on 09/28 were rela-

tively small compared to similarly timed measurements on

the previous days, probably resulting from the increased

cloud cover on this day. Based on the photographs taken

during the measurements, skies were clear on 09/25–26,

partly cloudy on 09/27, and overcast on 09/28.

The friction velocities and sensible heat fluxes in

Table I were estimated from the sonic anemometer data at a

15m height. The means were calculated over the duration of

the corresponding trial and the standard deviations using a

one-minute moving average. Most of the trials can be char-

acterized as moderately windy and unstable stratification

(positive sensible heat flux). The trial on 09/25 at 06:45 was

the only one with a negative sensible heat flux, indicating

weakly stable stratification. For the trial on 09/27 at 09:06,

the wind was relatively strong with a small positive heat

flux. Hence, this trial is representative of windy, near-

neutral conditions. For the trials on 09/28, the wind speed

was relatively low and the temperature profiles were close

to neutral because of the cloud cover. These trials span a

time period starting before and ending after sunrise and,

hence, exemplify a nonstationary situation.

The values of flux Richardson numbers, Rf, in Table I

were estimated using the wind and temperature measure-

ments at 15 and 41m. We see that Rf is negative for all trials

except for the trial on 09/25 at 06:45. For this trial, although

RF is positive, the condition Rf < 1 is still met, therefore,

we would expect turbulence to occur but perhaps be weaker

than it was in the other trials.

Based on these meteorological characterizations, we

examine four example cases in more detail: 09/25 starting at

06:45 for a weakly stable condition with vertical propaga-

tion, 09/25 starting at 12:45 for an unstable condition with

vertical propagation, 09/27 starting at 12:48 for an unstable

condition with slanted propagation, and 09/28 starting at

05:40 for a low-wind, cloudy atmospheric condition with

slanted propagation. The unstable conditions may be

regarded as typical daytime cases, whereas the weakly sta-

ble and cloudy low-wind conditions explore the limits of the

theory and demonstrate interesting atmospheric effects.

Figures 5–8 show the horizontal wind speed and direction,

temperature, friction velocity, and sensible heat flux versus

time for each of the four cases. To better distinguish the

trends, a 10-s moving average was applied to the tempera-

ture and wind velocity, and a one-minute moving average

FIG. 5. (Color online) Meteorological time series for the trial on 09/27 at 06:54 (a weakly stable ABL, vertical propagation). (a) illustrates the wind speed at

15m (blue, solid), 61m (orange, dashed), and 119m (green, dashed-dotted) heights; (b) displays the temperature at 3m (blue, solid), 28m (orange, dashed),

and 87m (green, dashed-dotted) heights; (c) gives the direction from which the wind is blowing at 15m (blue, solid), 61m (orange, dashed), and 119m

(green, dashed-dotted) heights; and (d) provides the friction velocity u� (blue, solid) and sensible heat flux QH (orange, dashed).
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was applied to the friction velocity and surface heat flux.

Note the change of scales for the sensible heat flux in Figs. 5

and 8 in comparison to those in Figs. 6 and 7.

For 09/25 at 06:45, shown in Fig. 5, the wind speeds

increase with the height while the variability decreases. The

temperature at 3m starts to increase at around 12min into

the trial, whereas the temperatures at the other two heights

are steady. Also, around this time, the wind speed at 15m

appears to become more variable. We mark this event in

Fig. 5 with a vertical dotted line. Although this transition

FIG. 6. (Color online) Details are the same as in Fig. 5 but for the trial on 09/25 at 12:45 (an unstable ABL, vertical propagation).

FIG. 7. (Color online) Details are the same as in Fig. 5 but for the trial on 09/27 at 12:48 (an unstable ABL, slanted propagation).
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start warming slightly while the temperature at 87m con-

tinues to cool. This transition will be discussed later

because it appears to have a pronounced impact on the sig-

nal behavior. The friction velocity and its variability are

relatively low, similar to those in the other morning case.

The sensible heat flux is small but positive with little

variability.

B. Phasor scatterplots

In this subsection, we consider the behavior of the

transformed pressure p̂ for the four trials discussed in Sec.

IVA. Specifically, we examine the scatterplots of temporal

samples of the energy-normalized wavefunction phasor,

which is defined as Ŵ ¼ p̂=
ffiffiffiffiffiffiffiffiffiffi
jp̂0j2

q
, where p̂0 is the unscat-

tered pressure given by Eq. (2). By the conservation of

energy, hjp̂j2i ¼ jp̂0j2. The choice of the normalization fac-

tor (the denominator in the definition of Ŵ), thus, ensures

that hjŴj2i ¼ 1. As we cannot actually observe the unscat-

tered pressure p̂0, the normalization is performed with hjp̂j2i
in lieu of jp̂0j2. This process loses the phase of p̂0, therefore,
the initial phase of Ŵ is arbitrary.

The phasor scatterplots provide a useful visual depic-

tion of the scattering regime. Amplitude variations (the

magnitude of W) spread the samples in the radial direction,

whereas phase variations (the phase of W) spread the sam-

ples in angle. When the amplitude and phase variations are

both small, as is the case for unsaturated scattering, the sam-

ples are confined to a small arc on the unit circle. If the

amplitude variations are small but the phase variations are

large (greater than 360�), then the samples spread around

FIG. 8. (Color online) Details are the same as in Fig. 5 but for the trial on 09/28 at 05:40 (low-wind and cloudy, slanted propagation).

occurs around sunrise at 06:55, that may not be the cause of
the increasing temperature as the solar radiation is still quite
weak around sunrise. Close examination of the wind at 15 m
shows events involving wind speeds nearly equal to those at
61 and 119 m; these events suggest that relatively fast mov-

ing and warm air aloft is being intermittently mixed down-
ward toward the ground.

For 09/25 at 12:45, shown in Fig. 6, wind speeds are sim-

ilar at the three observation heights and vary substantially
throughout the measurement period on time scales from sev-
eral seconds to tens of minutes. The temperature gradient
near the ground is much more strongly negative than it was
earlier in the morning, and the temperatures are more vari-
able, especially at 3 m height. Both the friction velocity and
sensible heat flux have much variability as well, and the sen-
sible heat flux is usually a large positive value. The measure-

ments for 09/27 at 12:48, shown in Fig. 7, are qualitatively
similar to those in the previous afternoon case.

For 09/28 at 05:50, shown in Fig. 8, the measurements

are qualitatively more similar to those in the weakly stable
morning case (09/25 at 06:45) than those in the unstable
afternoon cases. However, the wind speeds are very similar

at all observation heights. The 15 m wind speed has by far
the greatest variability, and the 61 m wind speed is often
greater than the 119 m wind speed. This behavior may indi-
cate the presence of a low-level jet and stratification of tur-
bulent activity. The temperatures are very stable but slowly
decreasing because this measurement finishes about 35 min

before sunrise. The temperature differences between the
three heights correspond closely to the adiabatic lapse rate
of 0.98 �C/100 m. However, at around 18 min into the trial 
(a vertical dotted line), the temperature at 3 m appears to
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the entire unit circle and create a bull’s-eye pattern as is

characteristic of the partial saturation regime. When the

amplitude and phase variations are both large, the center of

the unit circle fills in; this behavior is characteristic of the

full saturation regime. In this regime, the signal undergoes

frequent deep fading events, meaning that the amplitude

occasionally drops to a value near zero. Because the phase

cannot be accurately tracked (i.e., unwrapped) through these

deep fading events, the concept of phase variance does not

apply to the saturated regime.

Figure 9 shows the phasor scatterplots for the four

selected trials. The scatterplots are for the lowest and high-

est heights (39 and 130m) and the frequencies 600 and

3400Hz. These examples span the full spectrum of scatter-

ing behavior from unsaturated (e.g., 09/25 at 06:45 at 39m,

600Hz), to partially saturated (e.g., 09/27 at 12:48 at 39m,

600Hz), and finally to fully saturated (e.g., 09/25 at 12:45 at

130m, 3400Hz). For all four trials, the amplitude and phase

variations increase with frequency as expected. For three of

the cases, the variations increase with height (i.e., length of

the propagation path) as expected. However, in the fourth

case (09/28 at 05:40), the amplitude and phase variations

show a slight tendency to decrease with height. This effect

is likely due to the slanted propagation path geometries and

atmospheric stratification. In this case, the slanted paths do

not overlap and the wind speed variability was much higher

near the ground (Fig. 8). Thus, the propagation path to the

lowest microphones (39m) may have a larger percentage of

the path in more turbulent air, leading to greater signal var-

iations. Because stratification of the turbulence does not

FIG. 9. (Color online) Phasor scatterplots for the four selected trials. Each row presents results for one of the trials obtained at 39m and 130m, and for

600Hz and 3.4 kHz. The rows with two colors show the data before (blue) and after (orange) the vertical dashed lines in Figs. 5 and 8.
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generally occur for unstable atmospheric conditions as were

present during the other slanted propagation trial (09/27 at

12:48), the variations predictably increased with height for

that case.

The amplitude and phase variations also tend to

increase as the atmospheric instability (surface sensible heat

flux) increases. The weakly stable case (09/25 at 06:45) has

the smallest variations, the low-wind cloudy case (09/28 at

05:40) has the next smallest variations, and the two unstable

cases have the largest variations. Although the sensible heat

flux is larger for the 09/25 at 12:45 vertical propagation case

than for the 09/27 at 12:48 slanted propagation case, the var-

iations are slightly larger for the 09/27 at 12:48 case at the

39m height, in contrast to the established pattern, probably

because of the much longer propagation distance for the

slanted case.

C. Time series of log-amplitude and phase
fluctuations

This section examines the time series of the fluctuations

in the log-amplitude (ln jWj) and unwrapped phase of W for

the four previously considered trials. Figure 10 plots the

log-amplitude and phase at 39m height for the frequency of

600Hz. Again, a 10-s moving average removes the highest

frequency fluctuations so that the entire 20–30min time

series can be viewed readily. This plot uses the lowest

height and frequency to avoid the saturated regime for

which the phase cannot be unwrapped. For present purposes,

we consider that the phase cannot be unwrapped if the maxi-

mum change in phase between time-adjacent points

(Dt ¼ 0:05 s) exceeds 90�.
For all of the trials, the phase appears to fluctuate over

longer time scales than the log-amplitude. This occurs

because the eddies affecting the log-amplitude are mostly

on the spatial scale of the Fresnel zone, whereas the eddies

affecting the phase are the largest eddies in the ABL.

The trial on 09/25 at 06:45 for weakly stable conditions

exhibits much smaller log-amplitude fluctuations than the

other three trials. The trial on 09/28 at 05:40 for low-wind

cloudy conditions exhibits log-amplitude fluctuations simi-

lar to the two afternoon cases despite its neutral atmosphere.

This may be a result of the high wind speed variability for

this trial.

The signal phase for the trial on 09/25 at 06:45 also

behaves differently from the other three cases. For this one

trial, the phase mostly fluctuates about a fixed value without

evidence of a long-term trend. For the other three trials, the

phase wanders on a time scale larger than the 20–30min

measurement. Because the largest eddies in the flow tend to

drive the signal phase variations, the characteristic sizes of

the eddies are apparently smaller for the weakly stable case.

D. Sound scattering by the tower

For the vertical propagation trials, the signal amplitudes

assessed by considering the first Fresnel zone along the

source-microphone propagation path. The first Fresnel zone

is a fairly large region in space where the scattered wave is

in phase with the unscattered wave from a source to a

receiver. Scattering from this region leads to significant

amplitude fluctuations. If the tower was within the first

Fresnel zone, noticeable scattering is expected. Going

beyond the first Fresnel zone, there are alternating regions

where the scattering tends to be in phase or out of phase

with the unscattered wave. But these regions are smaller in

size and scattering from them is often modeled as incoher-

ent. The radius of the first Fresnel zone is given by

rFðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kz 1� z=hð Þ

p
: (13)

Here, k is the sound wavelength, z is the height along the

path, and h is the microphone height.

Figure 11 depicts both the Fresnel zone radii (colored

curves) and horizontal distances between the tower and the

propagation paths (black lines) for the microphones at

h¼ 39m (top subplot) and h¼ 130m (bottom subplot).

Each colored curve gives the Fresnel radius for a different

frequency where the lowest frequency has the largest

Fresnel radius. Each black line gives the horizontal distance

between the propagation path and the tower for a different

microphone on the same boom. All black lines start at a

source distance from the tower (3.7m) and end at their

microphone locations: 0.5m (dashed), 1.3m (dashed-dot-

ted), or 2.8m (dotted). If a colored curve is above a black

line, then the tower is in the first Fresnel zone.

It follows from Fig. 11 that for h¼ 39m, only the

microphone at 2.8m was not affected by sound scattering by

the tower. This was also the case for h¼ 130m in the 1 kHz

and 3 kHz ranges, but not in the 600Hz range. The results

obtained but not presented here show that for h¼ 80m, the

sound scattering by the tower is qualitatively similar to that

for h¼ 39m.

E. Log-amplitude and phase variances for the four
trials

The log-amplitude and phase fluctuations considered in

Sec. IVC were detrended and then used to calculate the cor-

responding variances, r2v and r2/. The averaging was done

over the same time interval as for the meteorological param-

eters (Sec. III C).

Figure 12 depicts the variance of the log-amplitude fluc-

tuations, r2v, versus frequency, f, for the four trials consid-

ered in Secs. IVA–IVC. The symbols correspond to the

experimental results obtained with the three microphones at

the heights h¼ 39m and 130m. The dashed lines (marked

BST, which stands for buoyancy-shear-temperature) corre-

spond to the theoretical results for r2v, obtained with Eqs.

(4)–(7), which will be referred to as the BST predictions.

The dashed-dotted lines (marked ST, or shear-temperature)

are the same predictions except that the buoyancy-produced

velocity fluctuations are set to zero as explained at the end

of Sec. II B. These theoretical results are referred to as the

measured by some microphones were affected by the scat-
tering from the tower. This scattering can be qualitatively
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ST predictions. It follows from Fig. 12 that r2v increases

with increasing frequency and height and is in the range

0.001–1. (See SuppPub1.pdf for the log-amplitude variance

data from all 16 trials.25)

The log-amplitude variances measured with the three

microphones at the same height are expected to be about the

same. For the most part, this is the case for slanted

propagation; see the last two rows in Fig. 12 and the supple-

mentary material SuppPub1.pdf.25 For vertical propagation

(the first two rows in Fig. 12 and SuppPub1.pdf),25 the log-

amplitude variances measured with the three microphones

deviate significantly, especially for h¼ 130m and low fre-

quencies, probably because of sound scattering from the

tower. Combining this result with the Fresnel zone analysis

FIG. 10. (Color online) Log-amplitude and phase versus time smoothed using a 10-s moving average for the four selected trials at 39m and 600Hz. The sub-

plots with two colors and line styles show the data before (blue, solid) and after (orange, dashed) the vertical dotted lines in Figs. 5 and 8. The log-amplitude

scales are the same for all four trials, but the phase scales are different to highlight the fluctuations.
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For the trial on 09/25 at 12:45 (and microphone at 2.8m

from the tower) and the trial 09/27 at 12:48, conducted in

unstable ABLs, the measured log-amplitude variances agree

relatively well with the BST predictions. The ST theoretical

results underpredict the variances.

For 09/28 at 05:40 and observations at 39m, the BST

and ST predictions are close to each other because the sur-

face heat flux is small. These predictions agree with the

experimental results. However, at 130m, the BST results

overpredict the measured variances. This can be explained

by findings in Secs. IV A–IV C: for the considered trial, the

air was more turbulent at 15m above the ground than at

61m and higher.

Figure 13 is similar to Fig. 12 but presents results for

the phase variance, r2/. It follows from Fig. 13 and

SuppPub1.pdf,25 where the data for all 16 trials are pre-

sented, that the phase variances are similar for the three

microphones at the same height because the phase fluctua-

tions are caused by eddies that are much larger than the

structural elements of the tower (e.g., crossbars of order

1m), minimizing their effects on the phase variance. For the

first three trials in Fig. 13, the phase is unwrapped correctly

only for the 600Hz and (in some cases) 1 kHz ranges.

Similar to the log-amplitude, the phase variance increases

with increasing frequency and height above the ground. As

expected, r2/ is significantly greater than r2v and in the range

0.05–30 rad2 in Fig. 13 (and up to 100 rad2 in the supple-

mentaary material25). The BST and ST results predict even

greater phase variances, which were not observed experi-

mentally due to the phase unwrapping issue.

For the trials on 09/25 at 06:45 and 09/28 at 05:40, Fig.

13 indicates that the BST and ST models overpredict the

observed phase variances. For the other trials, the measured

phase variance tends to agree better with the ST predictions

rather than with the BST predictions.

F. Log-amplitude and phase variances for all trials

Figure 14 depicts the measured log-amplitude and

phase variances, r2v and r2/, versus the BST and ST predic-

tions for all 16 trials. To avoid sound scattering by the

tower, the experimental results only include the variances

measured at the microphone 2.8m from the tower. Different

colors and symbols specify the trials conducted in different

meteorological conditions and with vertical/slanted propaga-

tion. The phase subplots have fewer points because the

phase could not be unwrapped in many cases. In Fig. 14, the

dashed lines show the ideal where the measured and pre-

dicted variances are equal. The points above the dashed line

indicate that the measured variance is larger than the pre-

dicted variance and vice versa.

Figure 14 suggests that the measured log-amplitude var-

iances agree better with the BST predictions than with the

ST predictions. On the other hand, the measured phase var-

iances agree better with the ST predictions. These qualita-

tive observations are quantified by calculating the relative

FIG. 11. (Color online) Radius of the first Fresnel zone versus height along
the vertical propagation path. Each colored curve represents a different fre-
quency. The dashed, dash-dotted, and dotted lines give the horizontal dis-
tances between the tower and the propagation paths to microphones at
0.5 m, 1.3 m, and 2.8 m from the tower, respectively. The upper and lower
subplots correspond to microphones at h ¼ 39 m and h ¼ 130 m.

(Sec. IV D), we conclude that for vertical propagation, the
microphones at 2.8 m provide the most accurate log-

amplitude measurements, which likely have been affected
by tower scattering only at h ¼ 130 m and the 600 Hz fre-
quency range.

The log-amplitude fluctuations are affected mainly by
the turbulent eddies with sizes on the order of the first
Fresnel zone radius rF, Eq. (13). Equation (13) also applies 
to slanted propagation if h is replaced with the path length L
and z with the distance along the path. It follows from Fig.
11 that in the experiment, these eddies were less than about
4 m. For the most part, such eddies are in the inertial sub-
range of turbulence and are isotropic. Therefore, the experi-
mental results for the log-amplitude variance are expected
to agree with the BST predictions.

It follows from Fig. 12 that for the trial on 09/25 at
06:45, the theoretical results underpredict the measured var-
iances in the 1 and 3 kHz ranges. This trial was conducted in
a weakly stable ABL for which the turbulence model may

not be applicable (Sec. II B). The BST and ST predictions
coincide because QH is negative (Table I), therefore, hw0T0i 
is set to zero. For 600 Hz and the microphone at heights
130 m and 0.5 m from the tower (the most extreme case), the
tower is deep in the first Fresnel zone (Fig. 11), which could
explain the large discrepancy between the experiment and
the theory.
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errors between experimental results and theoretical

predictions

Dr2 ¼ r2th � r2m
r2m

: (14)

Here, r2m is the measured log-amplitude or phase variance,

whereas r2th is the BST or ST theoretical prediction. Table II

summarizes the statistical analysis of the relative errors,

excluding trials 09/25 at 06:45 (weakly stable case) and 09/

27 at 09:06 and 10:01 (tower upwind of the propagation

path or meteorological instruments). For the log-amplitude

variance, the data with the measured r2v > 0:2 are also

excluded because such data correspond to strong scattering,

whereas Eq. (4) is valid for weak scattering. In Table II, a

positive bias indicates that, on average, the BST or ST

FIG. 12. (Color online) Log-amplitude variance versus frequency for the four selected trials at 39m and 130m. The blue squares, orange circles, and green

triangles respectively give the experimental results for microphones on the same boom 0.5m, 1.3m, and 2.8m from the tower. The red dashed and purple

dash-dotted lines respectively provide the buoyancy-shear-temperature (BST) and shear-temperature (ST) theoretical predictions.
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09/28 trials, the standard deviations of the relative errors for

the log-amplitude variances are about 0.2. Such standard

deviations are typical for measurements involving turbu-

lence. For the trials on 09/28, the standard deviation is about

twice as large (0.5), probably due to an evolving meteoro-

logical regime of that day. As we did not apply any tests for

non-stationarity,26 some of the trials might not have been

conducted in a fully developed, stationary ABL for which

the turbulence model in Sec. II B applies. This possible

FIG. 13. (Color online) Details are the same as in Fig. 12 but for the phase variance versus frequency.

prediction is greater than what was measured, which corre-
sponds to a symbol that is below the dashed lines in Fig. 14.

Table II demonstrates that the magnitudes of the log-
amplitude biases are smaller for the BST predictions than
they are for the ST predictions. The BST bias for 9/28 is
0.13, while that for other slanted trials is about twice as
large in magnitude and opposite in sign. The vertical propa-
gation has a larger bias magnitude, likely due to sound
scattering by the tower. For BST predictions, excluding the

15



deviation from the model assumptions may also partially

explain the increased standard deviations (and biases).

For the phase variance, the bias magnitudes are much

smaller for the ST predictions than they are for the BST pre-

dictions. The phase standard deviations follow a pattern sim-

ilar to that of the log-amplitude standard deviations with the

09/28 trials showing the greater spread.

Table II substantiates that the theory in Eqs. (4)–(7) can

be used to predict the log-amplitude variances, which are

affected by small-scale isotropic turbulence. The measured

phase variances agree better with the ST theoretical predic-

tions. This insight can lead to future development of a turbu-

lence model that accounts for the largest anisotropic eddies

being blocked by the ground.

V. CONCLUSIONS

This article presented experimental data with compari-

son to theoretical predictions for log-amplitude and phase

fluctuations of narrowband acoustic signals propagating

over vertical and slanted paths in the near-ground turbulent

atmosphere.

Existing theoretical formulations for the variances of

the log-amplitude and phase fluctuations were outlined. The

pertinent turbulence model provided the height-dependent

variances and length scales of the temperature fluctuations

and the buoyancy- and shear-produced velocity fluctuations.

The limitations of this isotropic model were discussed and

FIG. 14. (Color online) Measured log-amplitude and phase variances versus the BST and ST theoretical predictions. The orange squares are for the trial on

09/25 at 06:45 (a weakly stable ABL), the green downward-pointing triangles are for the trials 09/27 at 09:06 and 10:01 (a tower wake issue), the red right-

pointing triangles are for the other trials on 09/27 with slanted propagation, the violet left-pointing triangles are for all trials on 09/28 (low-wind and cloudy),

and the blue upward-pointing triangles are for all trials on 09/28 (low-wind and cloudy), and the blue up triangles are for all other trials with vertical

propagation.

TABLE II. Bias and standard deviation (Std. Dev.) of the relative error, and

N is the number of samples.

Relative error Log-amplitude variance Phase variance

Trial Model N Bias Std. Dev. N Bias Std. Dev.

Other vertical BST 157 �0.34 0.20 23 7.01 2.76

Other vertical ST 157 �0.68 0.13 23 �0.15 0.26

Other slanted BST 72 �0.25 0.23 31 4.02 1.17

Other slanted ST 72 �0.58 0.15 31 �0.45 0.20

09/28 all BST 117 0.13 0.49 105 14.13 7.54

09/28 all ST 117 �0.34 0.39 105 1.91 3.46
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approaches were suggested to generalize the model for 
anisotropic turbulence.

An experiment on vertical and slanted sound propaga-
tion conducted at the NWTC was described. The main fea-
ture of the experiment was to place microphones on three 
horizontal booms mounted to the 135-m meteorological 
tower at different heights. A ground-based speaker transmit-

ted narrowband tones and was either immediately below the 
microphones or at some distance from the tower.

Acoustic recordings were processed into time series of 
the amplitudes and phases of the tones for all experimental 
trials. For the four selected trials, phasor scatterplots exhibit 
the full spectrum of scattering behavior: unsaturated, par-
tially saturated, and fully saturated. Three of the trials exhib-
ited an increase in the amplitude and phase fluctuations with 
increasing height, whereas the fourth had a decrease with 
height, which might be explained by turbulence concentrat-
ing below a low-level jet combined with the slanted geome-

try of the propagation path.
Finally, the relative errors between the measured log-

amplitude and phase variances and the BST or ST theoretical 
predictions were analyzed. The former predictions are based on 
the turbulence model employed in the article, whereas the latter 
omit the buoyancy-produced velocity fluctuations. The 
measured log-amplitude variances agree relatively well with the 
BST predictions as would be expected as the amplitude 
fluctuations are caused by small-scale isotropic turbulence, 
which is described correctly by the existing turbulence model. 
However, the BST theoretical results significantly overpredict 
the variance of the phase fluctuations, which are caused by large 
anisotropic eddies. Somewhat surprisingly, the measured phase 
variances agree relatively well with the ST predictions. This 
result suggests that the turbulence model should be modi-fied to 
account for the ground blocking large eddies.

In future work, we plan to examine other statistical 
characteristics of acoustic signals such as statistics of pulse 
propagation; distributions of signals at one or multiple 
points in space, time, or frequency; and the spatial, tempo-

ral, and cross-frequency coherences.
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