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EXECUTIVE SUMMARY

This report presents the derivation and evaluation of the Modified Assigned Material Parameters (MAMP)
concept as an extension of the finite-difference time-domain (FDTD) method for electromagnetic modeling.
In the MAMP concept, a correction factor to the material parameters of a cell is calculated for structures
in a cell, thereby accounting for nonlinear field distributions in the cell. As this is equivalent to a physical
material, the resulting FDTD equations have the same stability constraints as Yee FDTD. To determine
the MAMP coefficients around a cylinder, I use the characteristic near field of a metal cylinder which is
derived in this report. To accurately evaluate the MAMP concept, I develop and evaluate enhancements
to the total-field/scattered-field method for the generation of an incident plane-wave in two-dimensions. In
addition, I show the errors from a conventional method for the evaluation of the scattered far-field versus
alternatives. In summary, I show that MAMP concept provides some increase in accuracy for the scattering
by small cylinders, but to be useful in general requires the quasistatic solution for general shapes and further
improvement will require a different formulation of the MAMP concept.
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FINITE-DIFFERENCE TIME-DOMAIN METHOD WITH THE MODIFIED
ASSIGNED MATERIAL PARAMETERS CONCEPT

1. INTRODUCTION

This report is a continuation of report NRL/MR/5310-20-10,148 [1] with further derivation and evalu-
ation of concepts in the finite-difference time-domain (FDTD) method.

1.1 Finite-Difference Time-Domain in Electromagnetics

All finite-difference time-domain derivations in electromagnetics originate from either the differential
form of Maxwell’s equations,

9B
VxE®W)= T (1a)
V x H(1) = (9’1;0) +T0), (1b)
V. D(t) = p(1), (Ic)
V. B(1) =0, (1d)

or the integral form of Maxwell’s equations,

%S(r)-dl:—%//B(t)-ds, (2a)
yg’H(t)-dl: %//'D(t)-ds+/ J () - ds, (2b)
#’D(t)-dsz///p(t) dv, (2¢)

# B(t)-ds =0, Qd)

where £/H are the electric/magnetic field intensities, D/B are the electric/magnetic flux densities, and J/p
are the electric current/charge densities [2, Section 1-2], [3, Section 1.2]. As adding anisotropic materials
to FDTD is a mathematical exercise and this report is focused on scattering from objects, the following
derivations focus on isotropic materials without local current sources where I rearrange Equations (1a) — (1b)
as follows

,ua?;—t(t) +0"H(t) = -V x E(1), (3a)
LW L e =V x 1), (3b)

Manuscript approved May 24, 2021.
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where € is the permittivity, u is the permeability, o is the effective electric conductivity, and o* is the
effective magnetic conductivity. The effective conductivities contain a first-order approximation of the time-
varying permittivity and permeability, respectively [1]. The remaining equations, Equations (1d) and (1c¢),
are Gauss’ Law for electric and magnetic charge and require free charge to be zero in a source-free region.
By taking the divergence of Equations (1a) and (1b), it is seen that Equations (1d) and (1c) are redundant [4,
Section 2.1].

1.2 Two-Dimensional Finite-Difference Time-Domain

The key concept in the 1966 paper by K. S. Yee proposing FDTD for electromagnetic modeling is the
approximation of the partial derivatives in the differential form of Maxwell’s equations by second order
central differences, thereby yielding a method that is second-order accurate in space and time [5]. From
Equation (3) the Yee FDTD update equations for a two-dimensional problem with the fields &, (x, y, 1),
H(x,y,t), and H(x,y,t) in isotropic material are

Sz(x’y’ t) = Ca8 ()C y’t_At)

+—[7{ (x+2,y,t—— - Hy(x— 2,y,t—— ] (42)

[w (ty+ 82 1= 80) L (x, y— Ay,t—%)],
H o (x, y+ Y 48 = doxH o (x, y+ Y-8 - Ab; [E:(x, y+Ay, 1) = E,(x, y,1)], (4b)
Hy(x+ 85,y t+50) = doy H oy (x+ 85, y, 1-4L) +— [E:(x+Ax,y,1) = E.(x,,1)], (4c)

where At is the time step, (Ax, Ay) are the spatial step in the (x, y) directions, and (cy, ¢p, dg, dp) are the
Yee FDTD equation parameters given by

Co = % (52)
cp = 5”—;'%2’ (5b)
dg = ZZI—ZA; (5¢)
dy = % (5)

with the material parameters defined at (x, y) for (c,, cp), at (x, y+Ay ) for (d,x, dpy), and at (x+ ,y) for
(day, dpy). Some advanced FDTD techniques require the modification of the FDTD parameters; however
for stability I need to calculate the propagation velocity from the material parameters. In that case, the
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material parameters can be calculated from the Yee FDTD equation parameters by

l+cq
€= Ar—Ca (62)
26‘[9
1+d,
=A 6b
Jz 2, (6b)
I- a
o=—a (6¢)
ch
1-d
* = 4. 6d
o d (6d)

The Yee FDTD update equations for a two-dimensional problem with the fields H,, E, and E, are
derived either directly from Equation (3) or from Equation (4) using duality [2, Section 3-2], [3, Section
7.2]. In addition, it has been shown that the Yee FDTD equations directly satisfy Equations (1d) and (1c) [6,
Section 3.6.9]. A key parameter in FDTD is the time step, Af. For two-dimensional Yee FDTD, the maximum
time step for numerical stability in free space is [6, Section 4.7]

AxAy

AT Ay

At = @)

where c is the speed of light.

These derivations are based on the differential form of Maxwell’s equations, which are only valid where
the fields are continuous and have continuous derivatives; however, neither are true at material interfaces [2,
Section 1-2],[3, Section 1.2.1]. The reason Yee FDTD is not affected by these limitations is that the
same equations are derived from the integral form of Maxwell’s equations [6, Section 3.6.8]. If I linearly
approximate the fields and evaluate Equation (2b) over a Ax by Ay square centered at (x, y), then taking &,
to be the value of the linear approximation at (x, y), and taking H and H to be the value of the linear
approximations at the center of their respective edges, I derive Equation (4a) and conclude that it is second
order accurate. Conversely, if I approximated the fields as constants over the square, I would incorrectly
conclude that Equation (4a) was only first-order accurate.

2. TOTAL-FIELD/SCATTERED-FIELD METHOD IN TWO DIMENSIONS

The total-field/scattered-field (TF/SF) method is a technique to simulate scattering calculations in FDTD
by dividing the FDTD space into total-field and scattered-field regions [6, Section 5.6], [7-16]. The scattered-
field region surrounds the total-field region and the incident-field enters into the FDTD equations at the
boundary between the two regions. I presented a detailed explanation and derivation for the one-dimensional
TF/SF problem in [1]. From Equation (4) and following the approach in [1, Sec. 2], where the &, fields
are at the edge of the total-field region, the field corrections for the left boundary (x,,), right boundary (x,),
bottom boundary (y,,), and top boundary (y,) are

’ C -
EL(xmy y, 1) = EL (xm, ¥, 1) — Eb?(’y(xm - &y, -4, (8a)
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’ Ch i
EL(xp,y, 1) =EL (xp,y,t)+Eﬂy(xp+A—2",y,t—% , (8b)
’ C .
EL(x,ym 1) = EL (X, ym, 1) + A—Z?‘(;(x, Ym — ATy, t—%), (8c)
’ Ch 4,0 A
8’Z(x,yp,t) =8; (x,yp,t)—A—XW;(x,yp+7y,t—%), (8d)
’ db .
H (xm = Az—x,y,t+%) =H (xm = ATX,y,H%) - Eyé}’z(xm,y,t), (8e)
! ) d .
H (rp + B 0 480 = H (e + 85y 1+ 4) + 22 8L (xp ), (8)
5 (oo — 2 180 = oy — gty 4 Doxgi (89)
X ,Ym 20 2 X 9ym 2 2 Ax Z ,ym, ’ g
H(x,yp + A—Zy,t+%) =HL (x,yp + %,H%) - Exé‘z(x, Ypo 1), (8h)

where &', is the electric field in the total-field region, H, and H ; are the magnetic fields in the scattered-field

region, and 8;', H f; and H ;/ represent the corresponding uncorrected fields. To minimize noise, the first
non-zero field correction should occur with the E. correction and not the H* corrections, as the latter
would generate an artificial field in the scattered-field region. The incident fields, 82, H ;, ?{;, could be
generated analytically; however, dispersion in the Yee FDTD grid creates noise at the TF/SF boundary as
the fields travel at frequency dependent velocities in the FDTD grid [1, Sec. 2.2], [7, 8]. Instead, I use
a one-dimensional Yee FDTD grid to generate the incident fields, and through a modification of the Yee
FDTD update equations, I align the one-dimensional dispersion with the dispersion of the two-dimensional
FDTD grid. To minimize noise in the one-dimensional Yee FDTD grid, I terminate each end with the cosine
tapered perfectly matched layer (PML) detailed in [1, Sec. 6.3] and add a modulated Gaussian pulse at the
edge of the —x PML region. I modified the one-dimensional Yee FDTD update equations as follows

EIP (x,14A1) = c,EP (x,1) + f(¢i)fEb [HLP e+ 55 0+5) - HIP (x= 85 1+5D)] ., (9a)

- d
HIP e+ A%, 1440) = d, HIP (x+ A%, - A1) + f(qﬁ’)Eb [P (x+Ax,1) - P (x,1)] (9b)

where f(¢') is a dispersion correction factor dependent on the incidence angle ¢°. As the pulse propagating
in the —x direction is absorbed by the —x PML region, I only have a pulse propagating in the +x direction
in the one-dimensional Yee FDTD grid. With ¢’ as the incidence angle for the two-dimensional Yee FDTD
grid, the pulse propagates in the —x direction for ¢’ = 0. Therefore, after accounting for the propagation
direction in the one-dimensional Yee FDTD grid and the definition of the incidence angle ¢, I have

EL(x,y,1) = EP(s,1), (10a)
H (x,y,1) = ‘H;D(s, 1) sin @', (10b)
H(x,y,1) = =H P (5,1) cos ¢, (10c)

where s is the location in the one-dimensional Yee FDTD grid that corresponds to a (x,y) point in the
two-dimensional Yee FDTD grid and is given by

s(x,y):(xo—x)cos¢i+(y0—y) Sin¢i+s09 (11)
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where (x,, y,) are offsets dependent on the incidence angle ¢', and s,, is the offset to account for the PML
layer at the end of the one-dimensional Yee FDTD grid. The offsets are determined as follows

[ x, ifcos¢’ >0,

To = { X, otherwise, (12a)
[ yp ifsing’ >0,

Yo = { ym otherwise, (12b)

and s, is four plus the number of cells in the PML layer of the one-dimensional Yee FDTD grid. Then I
write Equations (8a)—(8h) as

Ch

EL (X y, 14A1) = EL (X, y, 1+A1) + E‘H;D [sCom — &5, y), t+5 ] cos ¢', (13a)
E (xp. v, t+A1) = EL (xp, y, 1+A) — %W;D [s(xp + A%, y), 1+ ] cos ¢, (13b)
EL (X, Yus 1+A1) = E (x, Yyur 1+AT) + iEbﬂ‘yD [s(x,ym s z+%] sin ', (13¢)
EL (X, yp +A1) = E (X, yp. t+A1) — iEbﬂ‘yD [s(x, yp+ 2, z+%] sin ' (13d)
H (m = &y, t+4) = W;'(xm - Ay r+8) - %8? [s(Xm» ), 1], (13e)
H(xp + &y, t+4l) = ?{;,(xp + 8y, 48 + %8? [s(xp.¥). 1], (13f)
HE (X, ym — ATy, t+%) = H (X, Y — %, t+%) + %8? [s(x, ym),t], (13g)
HL(x,yp + ATy, t+%) = ‘chl(x, yp + A—Zy,t+%) - %8;D [s(x,yp),t] . (13h)

For ¢3i =0°,90°, 180°, and 270° the dispersion in the two-dimensional Yee FDTD grid is identical to that
in the one-dimensional grid with the same Ax so no correction is needed when Ax = Ay. For a first example,
I present results in Figure 1 for ¢' = 0° and f(¢') = 1 after 10 and 30 nanoseconds (ns) where the value of
the incident fields (82, H ; H ;) is taken from the nearest field point (& ;D ,H ;D ) in the one-dimensional
Yee FDTD grid. At a graphical level I see no leakage from the total-field region into the scattered-field
region. In Figure 2, I compare the results generated using the nearest field point versus cubic interpolation of
the one-dimensional Yee FDTD grid at 40 ns, which is after the Gaussian pulse has passed the —x boundary
at the edge of the total-field region. In both cases I see residual field errors on the order of 0.007% of the
magnitude of the Gaussian pulse. In order to numerically evaluate the errors for off-axis propagation I detail
the calculation of scattered-fields in the next section.
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a) TF/SF Plane Wave From Nearest One-Dimensional FDTD Grid Point, Time=10 ns

Magnitude

b) TF/SF Plane Wave From Nearest One-Dimensional FDTD Grid Point, Time=30 ns

Magnitude

Fig. 1—Total-field/scattered-field generation of a modulated Gaussian plane wave (f. = 300 MHz,
fBw = 300 MHz) in a two-dimensional Yee FDTD grid, for ¢' = 0°, after (a) 10 ns and (b) 30 ns
with Ax = 0.05 meters and At = Ax/(cV?2).
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a) TF/SF Plane Wave From Nearest One-Dimensional FDTD Grid Point, Time=40 ns

0.00008
0.00004
0

-0.00004

Magnitude

b) TF/SF Plane Wave With Cubic Interpolation of One-Dimensional FDTD Grid, Time=40 ns

0.00008
0.00004

0

Magnitude

-0.00004

Fig. 2—Total-field/scattered-field generation of a modulated Gaussian plane wave (f. = 300 MHz,
fBw = 300MHz) in a two-dimensional Yee FDTD grid, for ¢* = 0°, after 40 ns for (a) no interpolation
versus (b) cubic interpolation for Ax = 0.05 meters and At = Ax/(cV?2).
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3. CALCULATION OF SCATTERED FIELDS

In this section I detail the calculation of fields scattered by an object in a Yee FDTD grid, also known as
a near to far-field transformation [6, Chapter 8]. From the surface equivalence theorem, outlined in Figure 3
[2, Section 3-5],[3, Section 7.8], I know that the fields (E, H) due to currents inside a region, R, can be
determined from equivalent currents (J, M) on surface S of the region.

Equivalent Currents (J, M)

Region R (E,H) (E.H)
Exterior —) No Interior Sources - Exterior
Interior Sources Fields . Fields
Surface S :

Fig. 3—Summary of surface equivalence theorem

The equivalent currents (J, M) are given by [3, Equation 7-43]

x H, (14a)
-AxE, (14b)

Il
>

J
M

where 7 is the outward normal to the surface and (E, H) are the fields on the surface. From these currents I
could directly calculate the scattered fields in free space using two-dimensional far-field radiation equations
[3, Section 11.2.1]; however, this approach limits me to the calculation of the far-field scattered fields in
free space only. With application of image theory [2, Section 3-4], [3, Section 7.4] I could calculate the
scattered fields in the presence of a perfectly conducting ground plane; however, the presence of a lossy
multilayer media such as in geophysics applications [9, 11, 17-21] is substantially more complicated with
this approach.

As an alternative, from the reciprocity theorem [2, Section 3-8],[3, Section 7.5] I know that I can
determine the electric field Ep at point P in Figure 4a due to the equivalent currents (J, M) on surface S
using the reciprocal problem shown in Figure 4b. In the reciprocal problem I determine the fields (EX, HR)

Equivalent Currents (J, M) Fields (ER, HR)
Ep IR
Field & - Current
atP . atP
Surface S Surface S i
(a) Equivalent Problem (b) Reciprocal Problem

Fig. 4—Two problems of identical geometry connected by the reciprocity theorem

incident on surface S due to the electric current J f; at point P. The reciprocity theorem defines the relation



Finite-Difference Time-Domain Method with the Modified Assigned Material Parameters Concept 9

between two problems of identical geometry but with different currents and fields. From [3, Equation 7-
32a], I write a special case of the reciprocity theorem with an electric current line source and zero magnetic
currents in the reciprocal problem as

EP-JRzﬂ[ER-J—HR-M]ds. (15)
N

For this two-dimensional problem I only have the z-component of the electric field; therefore, I take J’If, to
be a unit-amplitude z-directed line source. Then, I reduce the reciprocity theorem to

Ezzﬁ [ER - (axH) +HR - (i xE)] ds. (16)
S

Now I need the fields (ER, HR) from the unit amplitude z-directed electric line source, which in the far-field

are given by [3, Equation 11-13]
ko e—Jkop
ER = 2704/ =2 : 17
oy 5 N (17a)

~ ko e~ kop
HE = — — , 17b
W 7 (17b)

where ng = /o/€o is the wave impedance of free space, kg = 27/ Ay is the wavenumber in free space, A is
wavelength in freespace, and p is the distance in the standard cylindrical coordinate system defined by (¢,p).
Next, I convert Equation (17) to rectangular coordinates and take the line source to the far-field so that I get
the plane wave defined by

ER = 2noER(x,y), (182)
HR = (—fcsin(ng) +ycos(¢S)) ER(x,y), (18b)

where ¢° is the scattered field angle and E® (x, y) is the scalar component of the reciprocal incident electric
field at (x, y), given by

ER(x.y) = 1| K0 gitalxcos(#*)+ysin(#*)] (19)
’ 8n
Then I can write the far-field for the equivalent currents on a two-dimensional box as

Yp [ o _cos(¢®)
E5=/ ER(xm, y) z-(—XXyHy(xm,y))w 0
Ym L

Yp R [

. (—)?X%Ez(xm,y))} dy (20a)

fcxyHy(xp,y)) +ycoi7(—o¢) : (

X2 E.(xp, y))] dy (20b)

+/ " ER (G, ym) 2-(—j)xchx(x,ym))—chin(gbl)-(—yxﬁEZ(x,ym)) dr (200)
Xm L 0
+/ 0 ER(x,yp) [2 (yxchx(x,yp)) —)Acsm;jl) . (j/xﬁEz(x,yp)) dx, (20d)
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where all terms that would evaluate to zero have been removed. Then I can reduce Equation (20) to

Ef = /y,, ER(n,y) | = Hy(Xm, y) + cosn(fs)Ez(xm,y)] dy (2la)

Yp - s

+ / ER(xp) | Hy(xpoy) - S50 )Ez(xp,y)] dy (21b)
Ym L
wo e [ sin(¢®)

+/ E (x, ym) Hx(x’ ym) + 7 Ez(xa ym)} dx (21¢)
Xm L 0
R [ sin(¢®)

+/ E (-x’yp) _Hx(x’yp) - Ez(x’yp)] dx’ (21d)

where E, H, and H, are frequency-domain fields obtained from the Fourier transform of &;, H,, and H,
from the two-dimensional Yee FDTD grid.

I can align the integration surface S with either the E electric or the (H, H,) magnetic grid points. As
a starting point, I align the integration surface with the magnetic fields and linearly interpolate the electric
fields while using a mid-point Riemann sum for the integration [22, Equation 1.2.3]. In Section 8.1, I align
the integration surface with the E, fields and compare the accuracy between these two approaches.

In two-dimensional scattering problems results are plotted in terms of echo width, o»p [2, Section 7-10],
[3, Section 11.3]. Relative to E, and E' in this report, echo width is defined as

2
-z
Ei

oop = lim 27p (22)

p—)DO

As an example of a scattered field calculation, Figure 5 shows the echo width of a 1 meter by 1 meter square
metal cylinder at 300 MHz. The calculation was performed with a Gaussian pulse with a center frequency of
300 MHz and a bandwidth of 300 MHz, so the echo width could be calculated for any frequency between 150
MHz and 450 MHz. The Yee FDTD grid at 25 ns is shown in Figure 6. The FDTD cell size is 0.05 meters
with a 16 cell thick cosine PML region around the entire two-dimensional Yee FDTD grid, which is 200 cells
square. The integration surface is 4 cells in from the surface of the PML region with the TF/SF boundary 3
cells in from the integration surface. The spacing between the integration surface and the TF/SF boundary
has to be far enough to avoid the interpolation for the integration surface crossing into the total-field region.

4. BACKGROUND NOISE FROM TOTAL-FIELD/SCATTERED-FIELD BOUNDARY

The scattered field calculation is based on fields that pass through the TF/SF boundary into the scattered
field region. Ideally these would only be fields scattered from objects in the total-field region; however, any
imperfection in the TF/SF boundary will result in noise in the scattered field calculation and in this section
I use that to evaluate the quality of the TF/SF boundary. I show in Figure 7 a noise floor of -120 dB for
the same FDTD geometry and parameters as in Figures 5—6. The noise floor is determined by calculating
the scattered field with the same parameters as in Figures 5 —6, but without the metal cylinder. Two factors
make this the best test case for determining if the TF/SF boundary is precisely implemented [7, 8]. The
first factor is that the dispersion correction factor, f(¢"), equals 1 as the dispersion in the two-dimensional
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Echo Width of 1 Meter Square Metal Cylinder (Incident Angle ¢'=0°)

Bistatic Echo Width (dB)

-6 I I I I I
0 60 120 180 240 300 360

Scattered Angle ¢* (degrees)

Fig. 5—Bistatic echo width of a 1 meter metal square cylinder at 300 MHz for a Yee FDTD grid with
Ax = 0.05 meters, 800 time steps, a 16-cell cosine PML, 4 cells between the PML and integration
surface, and 3 cells between the integration surface and the TF/SF boundary.

Gaussian Plane Wave Incident on a 1 Meter Square Metal Cylinder, Time=25 ns

Magnitude

Fig. 6—Gaussian plane wave incident from ¢ = 0 on a 1 meter metal square cylinder in a Yee
FDTD grid with Ax = 0.05 meters and a 16-cell cosine PML.
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Noise From Total-Field/Scattered-Field Boundary (Incident Angle ¢=0°)

-120

Bistatic Echo Width (dB)
o
o

-140

-160
0 60 120 180 240 300 360

Scattered Angle ¢* (degrees)

Fig. 7—Bistatic noise at 300 MHz for a Yee FDTD grid with Ax = 0.05 meters, 800 time steps,
a 16-cell cosine PML, 4 cells between the PML and integration surface, and 3 cells between the
integration surface and the TF/SF boundary.

Yee FDTD grid for ¢' = 0 is identical at all frequencies to that in the one-dimensional Yee FDTD grid
which is the source of the plane wave at the TF/SF boundary. Even numerical round-off error resulting in
f(¢") = 1.000001 raises the noise floor from -120 dB to -60 dB in this example. The second factor is that
with careful alignment of the one-dimensional Yee FDTD grid with the TF/SF boundary points, all the &,
and H , field points on the boundary align exactly with points in the one-dimensional Yee FDTD grid. This
leaves only the H  field points to be interpolated. In this first test case, as in Figures 56, I used the point
nearest to the desired field point. Because of the limited number of points to be interpolated changing to
a cubic interpolation had no effect on the calculations within 7 significant digits. However, changing ¢' to
45° changes f(¢') to 1.002081 for Ax = 0.05 meters and only for a frequency of 300 MHz. As a result, the
difference in dispersion between the one-dimensional Yee FDTD grid and the two-dimensional Yee FDTD
grid is not fully accounted for. In addition, as shown in Figure 8, the type of interpolation makes a large
difference for off-axis propagation as all field points are interpolated. Using the nearest point from the one-
dimensional Yee FDTD grid has the worse noise floor at around -20 dB. Linear and parabolic interpolation
have very similar noise floors around -60 dB except near the forward direction of ¢* = 225° where they peak
at -35 dB. Similarly, cubic interpolation and an average parabolic interpolation both have a noise floor of
approximately -90 to -80 dB depending on angle with an increased noise floor around the forward direction
also peaking at -35 dB. Both the cubic interpolation and the average parabolic interpolation use four points
centered around the target point. Cubic interpolation is a single cubic polynomial fitting the four points. The
average parabolic interpolation is the average of two independent parabolic interpolations, one using the first
three points and the second using the last three of the four points. My purpose in this comparison is that
higher order polynomial interpolation can introduce artificial swings in the data which an averaged parabolic
interpolation should be less prone to; however, this test shows that the cubic interpolation is slightly better.
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Echo Width of Noise From Total-Field/Scattered-Field Boundary (Incident Angle ¢'=45°)

Bistatic Echo Width (dB)

-100 |

-120

-140

-160

MY vf\fm :
«/\/\\/N\/“/W V/

i) Yol

Nearest Point ———

Linear Interpolation

Parabolic Interpolation
Average Parabolic Interpolation
Cupic Interpolgtion

60 120 180 240 300 360
Scattered Angle ¢* (degrees)

Fig. 8—Noise versus interpolation method at 300 MHz for a Yee FDTD grid with Ax = 0.05 meters,
800 time steps, a 16-cell cosine PML, 4 cells between the PML and integration surface, and 3 cells
between the integration surface and the TF/SF boundary.

The effects of using the nearest point from the one-dimensional Yee FDTD grid can be seen in Figure 9a
for 25 ns into the FDTD calculation when compared with the cubic interpolation shown in Figure 9b.
Specifically, the TF/SF boundary is ragged in Figure 9a versus Figure 9b. Also, the trailing edge of the
Gaussian pulse is distorted by noise in Figure 9a. At 50 ns the Gaussian pulse is nearly at the edge of the
FDTD grid and the difference is clear between the nearest point approximation shown in Figure 10a and
the cubic interpolation shown in Figure 10b. At 50 ns the differences are just barely visible between linear
interpolation (Figure 11a) and parabolic interpolation (Figure 11b) versus cubic interpolation (Figure 10b),
even through they are clearly visible in the echo width plot of Figure 8.
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(a) Gaussian Plane Wave from TF/SF Boundary with Nearest Point Approximation for ¢‘=45° at 25 ns

”
0.6
0.2
o 0.5
B -0.2
= 0 -0.6
&
= 05 -1
0 10

Magnitude

Fig. 9—Gaussian plane wave incident from ¢’ = 45 using TF/SF boundary excitation at 25 ns with a
nearest point approximation and cubic interpolation for the one-dimensional Yee FDTD grid.



Finite-Difference Time-Domain Method with the Modified Assigned Material Parameters Concept

15

(a) Noise from TF/SF Boundary with Nearest Point Approximation for ¢'=45° at 50 ns

0.01
q) 0

©

2

£ -0.01
&

= -0.02

(b) Noise from TF/SF Boundary with Cubic Interpolation for ¢'=45° at 50 ns

0.01

-0.01

Magnitude

-0.02

Fig. 10—Gaussian plane wave incident from ¢! = 45 using TF/SF boundary excitation at 50 ns with
(a) nearest point approximation and (b) cubic interpolation for the one-dimensional Yee FDTD grid.
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(a) Noise from TF/SF Boundary with Linear Interpolation for ¢'=45° at 50 ns

0.01

-0.01

Magnitude

-0.02

(b) Noise from TF/SF Boundary with Parabolic Interpolation for ¢?=45° at 50 ns

0.01

-0.01

Magnitude

-0.02

Fig. 11—Gaussian plane wave incident from ¢’ = 45 using TF/SF boundary excitation at 50 ns with
(a) linear and (b) parabolic interpolation for the one-dimensional Yee FDTD grid.
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5. LOCATION OF SCATTERED FIELD INTEGRATION

The conventional approach is to maintain separation between the PML region, the scattered field integra-
tion, and the TF/SF boundary. However, as the separation increases to overall size of the FDTD grid it also
increases the computation cost of the FDTD simulation. As the scattered fields needed for the calculation
of echo width could be created anywhere in the total-field region, I consider in this section what happens
if I place the scattered field integration at the edge of the TF/SF region. Following the definitions above
the edge of total-field region consists of &, fields, but since I have to calculate the incident field at these
points, I effectively already have the scattered field at these points. So I linearly interpolate the scattered &,
fields across the TF/SF boundary and take the H ., H fields from the edge of the scattered field region.
My first test, shown in Figure 12, is the calculation of the noise for ¢ = 0° with the same parameters as
in Figure 7 but with the modified scattered field integration. These results indicate correct implementation

Noise From Total-Field/Scattered-Field Boundary with Modified Integration (Incident Angle ¢'=0°)

Bistatic Echo Width (dB)
o
o

-120

-140 +

-160

0 60 120 180 240 300 360
Scattered Angle ¢* (degrees)

Fig. 12—Bistatic noise at 300 MHz for a Yee FDTD grid with Ax = 0.05 meters, 800 time steps, a
16-cell cosine PML, 7 cells between the PML and integration surface, with the integration surface
overlapping the TF/SF boundary.

of the integration boundary and TF/SF boundary within numerical limitations. For a second test, I look at
¢' = 45° in Figure 13, and I see an increased noise floor, but not enough to prevent usage of this approach
versus the advantage of reducing the number of FDTD cells between the PML region and the scatterer.
However, in Figure 14 I present the echo width calculation with this modified location for the scattered field
integration for the 1 meter square cylinder previously shown in Figure 5. The majority of the ripple in this
calculation is caused by noise at the TF/SF boundary that does not propagate in the Yee FDTD grid but
by integrating directly at the TF/SF boundary I am capturing that noise. Also, there is some noise caused
by having moved the scattered field integration closer to the scatterer as the scattered fields spatially vary
more rapidly the closer you are to the scatterer. This effect is reduced in Figure 15 where the scattered field
integration is moved to the same location as in Figure 5 while also moving the TF/SF boundary adjacent to
scattered field integration. Based on the results in this section, it is clear that the best results are obtained
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Noise From Total-Field/Scattered-Field Boundary with Modified Integration (Incident Angle ¢'=45°)
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Fig. 13—Bistatic noise at 300 MHz for a Yee FDTD grid with Ax = 0.05 meters, 800 time steps, a
16-cell cosine PML, 7 cells between the PML and integration surface, with the integration surface
overlapping the TF/SF boundary.

Echo Width of 1 Meter Square Metal Cylinder With and Without Modified Integration (Incident Angle ¢'=0°)
12

Modified ——
10 + \ Unmodified —— 1

Bistatic Echo Width (dB)

0 60 120 180 240 300 360
Scattered Angle ¢° (degrees)

Fig. 14—Bistatic echo width of a 1 meter metal square cylinder at 300 MHz for a Yee FDTD grid
with Ax = 0.05 meters, 800 time steps, a 16-cell cosine PML, 7 cells between the PML and TF/SF
boundary, with the integration surface overlapping the TF/SF boundary versus 3 cell separation from
TF/SF boundary.
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Echo Width of 1 Meter Square Metal Cylinder With and Without Modified Integration (Incident Angle ¢?=0°)
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Fig. 15—Bistatic echo width of a 1 meter metal square cylinder at 300 MHz for a Yee FDTD grid with
Ax = 0.05 meters, 800 time steps, a 16-cell cosine PML, 4 cells between the PML and integration
surface, with the integration surface overlapping the TF/SF boundary versus 3 cell separation from
TF/SF boundary.

when the separation between the TF/SF boundary and the scattered field integration is on the order of at least
three cells as originally used for Figure 5.

6. REFERENCE PROBLEM FOR SCATTERED FIELD CALCULATIONS

I need a reference problem in order to evaluate the accuracy of the scattered field calculations in Yee
FDTD versus advanced FDTD methods. The least complicated exact analytical two-dimensional solution
is plane wave scattering from an infinite circular cylinder parallel to the z-axis. For ¢' = 180°, the far-field
frequency-domain scattered field is given by the eigenfunction equation

Btk _ (27 [ dotkoa) oS5 nlhod) N
Ei(kop) ko lH(()z)(koa) + Z H,(lz)(koa) cos(ng®) |, (23)

n=0

where a is the radius of the cylinder, J,, is the Bessel function of the first kind of order n, and H ,(12) is the
Hankel function of the second kind of order n [2, Section 5-9], [3, Section 11.5.1], [23, Section 2.1]. To
demonstrate the convergence of the Yee FDTD, I show in Figure 16 the exact solution for a metal cylinder
one meter in diameter versus a Yee FDTD calculation with Ax = 0.01 meters at 300 MHz (100 cells
per wavelength). In contrast, I show in Figure 17 the same solution versus a Yee FDTD calculation with
Ax = 0.05 meters at 300 MHz (20 cells per wavelength). The errors in Figure 17 are due to the staircase
representation of objects in the Yee FDTD, where the fields near the surface are not well represented by a
simple linear function between the FDTD points.
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Echo Width of Metal Cylinder (Diameter = 1 m, Incident Angle ¢'=180°)
12

Exact Efgenfunctioﬁ
Yee FDTD, Ax = 0.01 m
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Scattered Angle ¢° (degrees)

Fig. 16—Bistatic echo width of a metal cylinder one meter in diameter at 300 MHz for an exact
analytic eigenfunction solution versus a Yee FDTD solution with Ax = 0.01 meters (100 cells per 1),
1720 time steps, a 16-cell cosine PML, 15 cells between the PML and the integration surface, and 30
cells between the integration surface and the TF/SF boundary.

Echo Width of Metal Cylinder (Diameter = 1 m, Incident Angle ¢'=180°)

12

Exact Efgenfunctioﬁ
Yee FDTD, Ax =0.05m
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0 60 120 180 240 300 360

Scattered Angle ¢* (degrees)

Fig. 17—Bistatic echo width of a metal cylinder one meter in diameter at 300 MHz for the exact
analytic eigenfunction solution versus a Yee FDTD solution with Ax = 0.05 meters (20 cells per 1),
340 time steps, a 16-cell cosine PML, 3 cells between the PML and the integration surface, and 6 cells
between the integration surface and the TF/SF boundary versus the analytic eigenfunction solution.
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In order to evaluate a potential solution to the FDTD stair-casing problem, I first consider the problem of
scattering from small cylinders. In Figure 18, I show the exact solution for a metal cylinder with a diameter
of 0.0708 meters versus FDTD calculations with Ax = 0.01 meters and Ax = 0.05 meters at 300 MHz.
The radius and position of the cylinder was picked so that four &, FDTD edges in a square align with the

Echo Width of Metal Cylinder (Diameter = 0.0708 m, Incident Angle ¢‘=180°)

-4.0 ‘ ‘ ‘
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Yee FDTD, Ax = 0.05 m
m 45
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Fig. 18—Bistatic echo width of a metal cylinder 0.0708 meters in diameter at 300 MHz for the exact
analytic eigenfunction solution versus Yee FDTD solutions with Ax = 0.01 and 0.05 meters.

surface of the cylinder in the Ax = 0.05 meter FDTD grid, thereby forcing the &, field to zero at those four
points. In this case, the Ax = 0.05 meter FDTD calculation is more accurate than the Ax = 0.01 meter FDTD
calculation. However, in general this cylinder would not line up perfectly in a Ax = 0.05 meter FDTD grid
and then only a single &, FDTD edge would represent the cylinder resulting in a much lower scattered field.
This is what happens for the smaller cylinder with a diameter of 0.05 meters shown in Figure 19. In this case
the cylinder is represented by a single &, FDTD edge which has a scattered field 3 dB less than the actual
cylinder. Even though the cylinder is represented by 16 E, FDTD grid points in the Ax = 0.01 meter FDTD
calculation, the resulting scattered field is 1 dB less than the exact answer. Any technique that can improve
the FDTD calculations for the small cylinders shown in Figures 18 — 19 has the potential to generalize to the
large cylinder in Figure 17 and more complex geometries.
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Echo Width of Metal Cylinder (Diameter = 0.05 m, Incident Angle ¢'=180°)
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Fig. 19—Bistatic echo width of a metal cylinder 0.05 meters in diameter at 300 MHz for the exact
analytic eigenfunction solution versus Yee FDTD solutions with Ax = 0.01 and 0.05 meters. The
cylinder is centered on a E; FDTD point resulting in scattering from only that point for Ax = 0.05.
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7. ENHANCED FDTD TECHNIQUES

In order to increase the accuracy of Yee FDTD without drastically increasing the number of Yee FDTD
cells, I need to either use a subgridding technique [24-27] where selected FDTD cells are subdivided
into smaller cells or use a subcell technique to modify the FDTD equations to account for the differences
in the FDTD cells at the interface between two materials. In this section, I examine a subcell technique
leaving subgridding for future development. Early subcell techniques for enhancing the Yee FDTD method
used the integral form of Maxwell’s equations with the Yee FDTD grid while retaining the assumption of
linear field variation across the FDTD cells [28-33]. This approach does not account for the field behavior
near surfaces and is limited to simple surfaces cutting through a FDTD cell. Alternative approaches were
developed to include knowledge about fields around small cylinders and at edges [34—-36]. These techniques
are often referred to as quasistatic techniques. Quasistatics refers to electromagnetic solutions that are
neither electrostatic nor electrodynamic solutions. The electroquasistatics model [37] is defined by adding
time-dependence to the Coulomb electric field

1 p(r',HR
Ec(r,1) = dnen /// = dv’, (24)

Ho J. xR
Z):E// Tdv’ 25)

and the Biot-Savart law

combined with the continuity equation

dp(r,t
V. J(rf) = _M’ (26)
ot
where Equation (24) solves the differential equations
VxEc(r,t) =0, (27a)
V.-Ec(r,t)=0, (27b)

with R = ¥ — ¥, R = |[R|, and R = R/R. The Darwin quasistatic model [37] adds the Faraday electric field

Er(r.1) = ——///‘93(" 3 —d / (28)

which solves the differential equations

VX Ep(r,1) = —aBa(:’ 28 (29a)
V-Ep(r) =" (Z 2 (29b)

where the total electric field is given by E(r,1) = Ec(r,t) + Ep(r,t). The quasistatic approximations to
Maxwell’s equations enable approximate solutions to problems that are either very expensive or impossible
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to solve exactly. Integrating the exact electric and magnetic fields near a cylinder from the eigenfunction
solution is one such problem. In this section I examine the development of an enhanced FDTD technique
with regards to the small cylinders in Figures 18— 19 and evaluate this technique for the larger cylinder in
Figures 16 —17.

7.1 Modified Assigned Material Parameters

While sometimes successful, the use of known field behavior in combination with the integral form of
Maxwell’s equations is problematic in that stability can not be proven in general for the resulting equations. A
recent development is the concept of modified assigned material parameters (MAMP) [38-42]. A correction
factor to the material parameters of a cell is calculated for structures in a cell, thereby accounting for nonlinear
field distributions in the cell. As this is equivalent to a physical material, the resulting FDTD equations have
the same stability constraints as Yee FDTD. The development of the conformal and MAMP techniques start
with the integral form of Maxwell’s equations,

%//eg(t).ds+//o'8(t)-ds= %H(t)-dl, (30a)
%//u?—t(t)-ds+//o'*7i(t)°ds= —%S(t)-dl, (30b)

generalized from Equations (2a) —(2b) to account for the effective conductivities [1]. For example, when
applied to the three-dimensional Yee FDTD grid for &,, H, and Hy, I get

0 A el SR
E/ Ay / Ax GSZ(X”y” Z+£’t) dx’dy,+/ Ay / Ax O_(Sz(x,a y,, Z+%7t) dx,dy, =
Y=z JXTT y=5 Jx-A

A
y X_éz

y+
/ A Hy(x+2E 5y z+ 2,t)dy +/ H o (x', y+ ,Z+ z,t)dx
y Yy A

X
X+7

2
y—Af x+5
+/ Hy(x— ,y z+ < 1)dy’ +/ R H(x,y- 2,z+ ,Hdx’, (3la)
y+4% x—5

§ [FAz ytAy z+Az  py+Ay
— / / uH (x,y', 2/, t)dy’dz" + / / o Hy(x,y', 2/, 1) dy'dz’ =
ot /, y 2 y

Z+Az y
—/ SZ(x,y+Ay,z',t)dz'—/ Ey(x,y', z+Az, 1)dy’
Z y+Ay

z y+Ay
—/ SZ(x,y,z’,t)dz'—/ Ey(x,y',z,1)dy’, (31b)
z y

+Az
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o Z+Az xX+Ax z+Az X+Ax
a, / ,u?{y(x’, Y, Z/e t) dx,dz,+/ / U*(}{y(x/, y,Z/,t) dx'dz' =
ot x - X

Z+AzZ X+Ax
—/ E,(x,y,7,1)d7’ —/ Ex(x',y, z+Az, t)dx’
z X

z X
_/ SZ(X+Ax’y’Z’7t)dZ’_/ 8x(x',y,z,t)dx', (310)
z+Az X+Ax

where the geometry for Equations (31a)—(31b) is shown in Figure 20. If I assume the electric and

7+ Az ‘Sy
JHy
H PR
Z 'f)’
y y+3 y+Ay

Fig. 20—&; and H  Integration contours for the Yee FDTD grid.

magnetic fields in Equation (31) are linear functions of x, y, and z, I get the Yee FDTD update equations for
&, H, and H , before the time derivative is approximated (Equations 22c, 23a, and 23b from [1])

0
AxAy(a—e+(T)8 (x,y, z+ t)—Ay(W (x+8x 5, Y, 2t z,t) Hy(x— ,y,z+ 2,1))

(32a)
— Ax (‘Hx(x,y+ ,z+ ) —Hi(x,y- Ty %,I)) ,
0
AyAz (—,u+0' )7{ (x, y+— z+— 1) =—-Az (8 (x, y+Ay,z+ 1) — &, (x, y,z+ t))
or (32b)
+Ay(8 (x, y+2,z+Az 1) = &Ey(x, y+2,zt))
AxAz(a,u+0' )7{ (x+4% 55 Y z+ < 1) =Az (8 (x+Ax,y, z+52,1) = &, (x, v, z+5%,1) )
0 (32¢)

— Ax (8x(x+A2—x,y,z+Az, 1) — Ex(x+4% >, Vs 2, t)).
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A significant approximation in Yee FDTD is the implicit assumption that

1 A pxel A 1 Z+Az

—_— E,(x", v 7245, ) dx'dy’ = — E,(x,y,7,1)d7, 33

1 Z+Az  py+Ay 1 x+4r A A
Hi(x,y', 2/, t)dy'dz’ = — H (', y+3, 2455, 1)dx’, 33b
AyAz/Z /y (¥, 2 ) dy'dz AX/X_A; (X y+5E, 2+ 5F, dx (33b)

1 z+Az  px+Ax 1 Y+A7y N R
Hy(x',y, 2/ t)dx'dz’ = — H,(x+22,y", 2+ 82, 1)dy’, 33c
AXAZ/Z . )’( y ) Ay y—% y( 7Y 2 ) Yy ( )

which is not apparent in the derivation via finite difference approximations to Maxwell’s differential equa-
tions, which themselves are also are not valid at material discontinuities. Following and expanding on the
development of MAMP from [39, 41, 42], I first restructure Equation (31) such that

Ax

8 o y+ATy x+7 A
(EJ’_)/A / E-(x',y 2+ 5, 1) di'dy’ =
€ y_l X_TX

2
Ay

N eans A A T A A
- ' 7'(y(x+7x,y’,z+72,t)dy'—/ N Hy(x=55, ", z+58, 1) dy’

y=7 Y=
X+ A x+8x A
—/ X Wx(x’,y+7y,z+%,t)dx'+/ X Wx(x/,y—%,z+%,t)dx’ , (34a)
x=5 x=5

a % Z+AzZ y+Ay
(E"L z )/ / H(x,y', 2" 1) dy'dz’ =
M z y

1 Z+AzZ z+Az
L (_ / &, (x, y+Ay, 7,1 dz’ + / 8. (xy 2o 1) d2’
Z Z

y+Ay y+Ay
+/ Ey(x,y' z+Az, 1) dy’ —/ Ey(x,y',z,t)dy"|, (34b)
y y

0 * z+Az x+Ax
(E ¥ %) / Hy(x',y, 2/ 1) dx'dz’ =
z X

1 z+Az z+Az
/._1 (/ E,(x+Ax,y,7',1)d7’ - / E,(x,y,7',1)d7
Z Z

xX+Ax X+Ax
_ / Ex (X', y, 2+AZ, 1) dx’ + / &)y, 20 dx’ |, (34c)
X X

where I have transposed all the line integrals into an identical format. Next I restructure Equation (34) to
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o Z+Az
(— + z) / E,(x,y,7/,0)d7 =
ot €/,

Ay y
yt+

A
1 y*3
( 7-{y(x+ 5Ly, 7+42 S, t)dy’ — /_Ay ‘Hy(x 55, 7+42 e, 1) dy’

ez(x,y,z+%)e Ay

-2
Ax Ax

x+5* xAx
_/ i H . (x', y+—,z+ ,0)dx’ +/ N H(x',y— ,z+ < )dx’

Ax

Ax

a o % X+
(E-F?)/x N H(x', y+ z+2,t)dx =

z+Az

1 Z+AZ ’ ’ ’ ’
T Eo(x, y+Ay, 2, 1)dz" + Ez(x,y,7,1)dz
px(x, y+ 3, 2+ \ Uz z

(35a)

y+Ay y+Ay
+/ Sy(x,y’,z+Az,t)dy’—/ Ey(x,y',z,t)dy’"], (35b)
y y

8 o\ T
(—+7) Hy(x+55, ', 2+ 88, 1)dy’ =

_Ay
2
1 z+Az z+Az
Ax Az (/ E (x+Ax,y, 7/ 1) d’ —/ E,(x,y,7',t)d7
/‘ly(x+77y7 Z+7)/«l Zz z

x+Ax x+Ax
_/ Ex(x',y,z+Az, 1) dx'+/ Ex(x’,y,z,t)dx"], (35¢)

where the correction factors for all update equations are given by

fZ+2 fy 8 ()C+ ,y z’)dy'dz

Ax
& (x+85 . y,7) =
x( 2 Y z) f;+Ax E.(x',y,7)dx’
+A2 L BX A
fz 2 X Ai Sy(x',y+7y,z') dx/dzl
2

A
e s

[ &y (x.y" 2)dy’

A
ey (x, y+5,2) =

fy+ATy fx+2 & ( +A2)d 'dy’
yohy Jyoax X,y z X ay
€Z(x’y’Z+%) = : z+Az

8.k, y, 2z

A A ’ ’ 4 ’
Ay Az fzz+ ) fy+ y(]—{ (X Y,z )dy dz
llx(X,)""T,Z"'T) - e 2 Az ’
fx H o (x?, y+ ,z+—)dx’

Ar fZ+AZ f;+Ax7_{ (X v,z ,) dX/dZ
py (x+85, y, 2+ 52) = - ;
f 7{ y(+ 85y z+58)dy’

(36a)

(36b)

(36¢)

(36d)

(36e)
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fy+Ay fx+Ax7_{ ()C y Z) dx’dy

po (x+ 85, y+ 22, 2) = (36f)

f _a 7{ (x+ y+ 3 Y 2)dz

I have removed the time-dependence from & and H to indicate that the fields in these equations are the
characteristic time-independent fields in the FDTD cell dependent on the geometry. For a two-dimensional
problem with &, H x, and H y, I reduce the expanded MAMP equations, Equation (35) and Equation (36),
to the following,

0 o y+% yi )
—+—]6& H=——— Ax v pdy' - —Ax V' Hdy!
(az+ 6) (6 3,0) e | s Hy(x+55, ", 1)dy /y? Hy(x—25, ", 1)dy
x+A—" x+A—X
- H(x', y+ Y ) dx’ +/ R H(x',y— ,t)dx' , (37a)
Ax X
x—5 x-8x
o o* x+5% 1
(— + —)/ Wx(x,,y+A—2y,t)dx' = [— E;(x, y+Ay,1) +82(x,y,t)] s (37b)
o ] ety fhx (2, y+ 3
0 o* v+ 1
(_+_)/ Hy(x+ 55y, 0dy = ————[E:(x+Ax,3.0) = E:(x.y.0)] . (370)
o w)ly-y fy (x+55, v

with the following reduced correction factors

Ay X
fy+g x+2 E,(x',y")dx'dy’

e (x,y) = —= ) : (38)

y+Ay ’ ’
H(x,y’)dy
o (x, y+ 22 = f (38b)

x+Ax
oy (e, y) = f & (380)

fy g (e A X y)dy’

The application of MAMP to the FDTD update equations results in the slightly different FDTD parameters
shown here

2€ — oAt
== 7= 3
T et oAl (392)
1 2At
= S 39b
cb Exyz 26 + TAL (39)
2u — o*At
d,=="‘*—— 39
oA (39¢)
1 2At
dp = (39d)

Hxyz 20+ 0 AL
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In a lossless material the application of the MAMP concept effectively changes the material’s permittivity
and permeability; however, that is not true in general as seen in Equation (39) where I can see that the
coeflicients indirectly modify the permittivity and permeability for the c¢; and dj parameters, but do not
modify the c, and d, parameters.

7.2 Characteristic Near Field of Metal Cylinder

In this section I present the exact and approximate fields near a metal cylinder to develop the coefficients
for the MAMP concept. From the exact analytical eigenfunction solution [2, Section 5-9], [3, Section
11.5.1] I combine terms for the electric and magnetic fields around a metal cylinder of radius a to get

+00
E. = [Jo(kop) + a0ty (kop) | +2 3" 17 | Jntkop) + anH (kop) | cos(ng), (40a)
n=1
Hy=——— f nj ™ [nkop) + anHY (kop) | sin(ng), (40b)
Jkocuop
1

o = {[Jé(kop) * aOH(()z),(kOP)] *2 Z " [J,Q(kop) - anHr(Lz)/(kop)] Cos(n¢)} ’ (40c)
n=1

JcHo

where a, = —-J,,(koa)/H ,(12) (koa) and the incident field is a unit amplitude plane wave propagating in the +x
direction (¢; = 180°). For small cylinders, that is kga < 1, the exact solution is dominated by the n = 0 term
of Equation (40). Then using the derivative relationships for Bessel functions,

J§(x) = =J1(x), (41a)
HY' () = -H P (x), (41b)
I approximate the fields for small cylinders as
Jo(koa)

E; ~ Jo(kop) = =5 ———Hy (kop), (42a)

HO (koa)
H, ~0, (42b)

1 Jo(k
Ho ~ ——— |71 (kop) - 2000012 1) (42¢)
Jemo H? (koa)

For kgp < 1, I approximate Equation (42) with the small argument formulas for Bessel functions [2,
Appendix D], [3, Appendix IV], [43, Section 9.1],

Jo(x) ~ 1, (43a)
2

Yo() = = 1n (%) (43b)

T (x) ~ %C (43c)

Yi(x) > -2 (43d)

X
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where y ~ 1.781, H,(lz) (x) = Jn(x) = jY,(x), and Y}, (x) is the Bessel function of the second kind of order n.
With these approximations I reduce the approximate fields to

1-j21n(3kop)

E, ~1- 2 , (44a)
‘ 1~ j21n (Zkoa)
1 kop 1 (kOp .2 )
Hy ~ —— OF =2F . (44b)
*7 jewo | 2 1-jZIn(¥koa) \ 2 ]ﬂkop

To get the characteristic fields near a small cylinder, I approximate Equation (44) for ko — 0 (a quasistatic
approximation) as

a

In(3kop)  1(3)

E,~1- = , 45a
: In ($koa)  In(%koa) )
J 1
N (45b)
C/l()k() In (%kga) 1%
Converting Equation (45) to rectangular coordinates I get
In ( = )
2442
E,~ — 21 (46a)
In (£ koa)
J y
H,~ - , 46b
* C/.l()k() In (%koa) x2 + y2 ( )
Hy ~ J a (46¢)

cpokoIn (S koa) x2 +y2

From Equation (46) I can see that except for the constant In (%koa) the fields near a small cylinder are nearly
independent of frequency. To evaluate these approximations for the fields near a small cylinder I first look
at the metal cylinder with a diameter of 0.05 meters from Figure 19. In this case I am interested in the E,
H,, H, fields in the four FDTD cells around the cylinder for Ax = 0.05 meters as shown in Figures 21 —23.
In Figure 21 I can see a correlation between the shape of the exact and approximate E, fields. Since the
approximate fields do not directly account for the incident field they do not have the directional bias seen in
the exact fields. The correlation between the exact and approximate H, fields is very strong in Figure 22,
without much directional bias in the exact fields. In contrast, in Figure 23 I see a very strong directional bias
in the exact H, fields; however, the shape correlation is very strong between the exact and the approximate
fields.
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(a) Exact E, Fields Near Metal Cylinder (Diameter = 0.05 m, Incident Angle ¢'=180°)

0.6
o 0.4
©
=}
= 0.2
g
p= 0
0.04
©0.02
©
002 <%
(b) Approximate E, Fields Near Metal Cylinder (Diameter = 0.05 m)
[}
©
2
'c
(@]
©
p=

Fig. 21—Exact and approximate E, fields near a metal cylinder 0.05 meters in diameter at 300 MHz
for ¢ = 180.
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(a) Exact H, Fields Near Metal Cylinder (Diameter = 0.05 m, Incident Angle ¢'=180°)
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(b) Approximate H, Fields Near Metal Cylinder (Diameter = 0.05 m)
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Fig. 22—Exact and approximate H fields near a metal cylinder 0.05 meters in diameter at 300 MHz

for ¢ = 180.
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(a) Exact Hy, Fields Near Metal Cylinder (Diameter = 0.05 m, Incident Angle $'=180°)

'“”[ 0.01
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§ 0.002
= 0.000
(b) Approximate Hy, Fields Near Metal Cylinder (Diameter = 0.05 m)
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0.002 -
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Fig. 23—Exact and approximate Hy fields near a metal cylinder 0.05 meters in diameter at 300 MHz
for ¢ = 180.
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8. APPLICATION OF MODIFIED ASSIGNED MATERIAL PARAMETERS

For the first application of the MAMP concept I consider the 0.05 meter diameter metal cylinder from
Figure 19 aligned in the 0.05 meter FDTD grid as shown in Figure 24. From Equation (36) the frequency

° Hy oEZ Hy °
H, H, H,
.EZ H, .EZ H, .Ez
H, H H,
° Hy QEZ Hy °

Fig. 24—First example of the MAMP concept applied to a metal cylinder with the same
diameter as the FDTD grid size.

dependent In (%koa) term in Equation (46) divides out and therefore I have [38, 39]

E;(x,y) cn

bl

17
a

Yy
H(x,y) m,

X
x2 +y2’

Hy(x,y) o

(47a)
(47b)

47¢)
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From Equations (38b) —(38c) for a cylinder located at the origin, the general u, and u, correction factors
are given by

Ay
Yt5 _u du
_Ay xZ4y?

(X, y) = ————— (48a)

y
x—Ax u24y2 du

2
x-T uy

Hy(x,y) = —FH—, (48b)

Y+5  x
f Ay xZ+u? du

which can be integrated analytically to give

(49a)

1
Ux(x,y) =

(49b)

1
Hy(x,y) = 3

The four H field points on the surface of the cylinder are the most significant correction factors, which after
adjusting the integration limits to account for zero fields inside the cylinder, are given by [38, 39]

o (2
Nx(x = an = Ty) = _1 Ax s (503)
2 tan —y]
In|-&
A
ﬂx(-x = an = _A_ZY) = J’ (SOb)
—2tan™! [A—x]
y
In (%")
Hylx =55y =0) = ———"—. (50c)
2tan~ [—x]
In (£5)
py(x==5,y=0) = e (50d)
—2tan~ [—x]

Modifying the FDTD parameters for just these four points corrects for about one-half the difference between
the FDTD scattering from the single E field point and the exact eigenfunction solution as seen in Figure 25.
Using Equations (49)—(50), I extend the MAMP calculations to all H field points within one cell of the
cylinder surface; however, I do not see further improvement in the scattered field, as seen in Figure 26. What
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Echo Width of Metal Cylinder (Diameter = 0.05 m, Incident Angle ¢' = 180°)
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Fig. 25—Bistatic echo width of a metal cylinder 0.05 meters in diameter at 300 MHz for the exact
analytic eigenfunction solution versus the MAMP FDTD solution with four modified parameters for

Ax = 0.05 meters.

Echo Width of Metal Cylinder (Diameter = 0.05 m, Incident Angle ¢' = 180°)
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Fig. 26—Bistatic echo width of a metal cylinder 0.05 meters in diameter at 300 MHz for the exact
analytic eigenfunction solution versus the MAMP FDTD solution with modified H field parameters

for Ax = 0.05 meters.
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is missing at this point is the MAMP’s €, correction factor, which is given by
y+
€ (x,y) = / / [ Vu? +v2| dudv. (51)
In [ m] -4

Analytical integration of this double integral requires a number of steps, starting with an rearrangement
using logarithmic properties, which gives me

(52)

) _Ax
y-—7 JXT3

y+5 R el
€(x,y)= ——— / / u +v )dudv—/ X / In(a)dudvy .
In [_\/m] -y -y ey
Next, using the integration rule from [44, Eq. 2.733.1], I get

y+ u u M:X+ATX
€ (x,y) = / [—ln (u2+v2) —u+vtan! —]
[ Vx2+y ] =%

dv — Ay Ax ln(a)} . (53
Ax
U=x-"=-

Using the trigonometric relationship between inverse tangent and inverse cotangent, I get

y+2M

l/ l (u2+v2)—u+vcot_lzdv
_,/x2+y] a2 u

— 4 Ax
u=x+ 0]

€(x,y) = - [

~AyAxIn(a)}.  (54)
u:x—ATX

Next, using the integration rules from [44, Eq. 2.733.1 and Eq. 2.853.2], I get the asymmetric result

uv
€(x,y) =

1V
Tln(u2+v2)—uv+u2tan T
u

In [ L3 +y7]

A u=x+A7x (55)
=y

1,, 5 1V oouv YR
+§(v +u-)cot™ —

— Ay Ax In(a)
Ay
2

—y—Ax
u=x >

As I know the result should be symmetric in # and v, I use another trigonometric property for inverse tangent
and cotangent to get the almost symmetric result

1 uv 5 o\ 3uv ur v vE
€x,y) = ——7-—— —ln(u +v)——+—tan -+ —tan~ —
I [LyZ ey | [ 12 202 w2
~ (56)
) v:y+% Lt=X+T
HL] — Ay Ax In(a)
4 yay-
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Next, evaluating the v integration and simplifying, I get

1 uys uyi 3MAy
EZ(X,y)=1— Tln(u2+y%)—71n(u2+y%)— )
In [;\/xZ + yz]

2

+ 2 (an! 2 - ant 2 (57)
2 u u
) ) u=x+54%

+y_2 tan~! 2 — il tan~! L —AyAx In(a) ¢,
2 y2 2 N .

u=x-"%

where y; = y— %, Y2 =y+ &Y and the asymmetric term evaluated to zero. Next, evaluating the u integration
and simplifying, I get the symmetric result

1 X2)2 X1)2
o= (2] - ()
In [E\/x +y ]
3
- )% In (x% + y%) + )% In (xf + y%) — AxAy (5 + ln(a))
(58)
X3 Y2 A Y2 Y1
+=2[tan' 2 —tan”' =) - 2L [tan™! = —tan”' £
2 X2 X2 2 X1 X1
y3 X X i X X
+2 (tan_] 2 _tan™ —1) -1 (tan_1 2 _tan™! —1) ,
2 y2 2/ 2 i i
where x| = x — ATX and xo = x + ATX. Unfortunately, the inclusion of the e, parameters does not improve

the results, as seen in Figure 27. In this specific case, the results including the eight €, corrections are
graphically identical to the results which included only the sixteen i , corrections. All the analytically
calculated MAMP coefficients used in this calculation are shown in Figure 28. Numerical integration is
an alternative to analytical calculation of the MAMP coefficients and critical for the generalization of the
MAMP concept. For the numerical integration I use Bode’s rule (the five-point Newton Cotes rule) [43,
Eq. 25.4.14], with the analytical fields from Equation (47). The resulting MAMP coeflicients are shown in
Figure 29. From a comparison of Figures 28 and 29, I conclude that the analytical and numerical integration
are both correctly implemented judged by the close correlation between the analytical and numerical results.
For the p, and p, coefficients on the surface of the cylinder I need to adjust the numerical integration limits
as including the zero field points in the integration not only reduces the number of integration points but also
creates a discontinuous function that is hard to numerically integrate accurately.
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Echo Width of Metal Cylinder (Diameter = 0.05 m, Incident Angle ¢' = 180°)
-5 ‘

Bistatic Echo Width (dB)
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Fig. 27—Bistatic echo width of a metal cylinder 0.05 meters in diameter at 300 MHz for the exact
analytic eigenfunction solution versus the MAMP FDTD solution with modified £ and H field
parameters for Ax = 0.05 meters.
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Hy
1.0772

Mx
1.0772
.Ez Ly .ez My .Ez
0.9990 0.7475 1.0058 0.7475 0.9990
Mx Mx Mx
0.7475 0. 0.7475
Hy oz Hy oz Hy oz
1.0772 1.0058 0.4413 0.4413 1.0058
~Hx U ~Mx
0.7475 0.4413 0.7475
o<z My oz My ez
0.9990 0.7475 1.0058 0.7475 0.9990
= ~1.0772 =

Fig. 28—Analytically calculated MAMP coefficients for metal cylinder with the same
diameter as the FDTD grid size.
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Fig. 29—Numerically calculated MAMP coeflicients using Bode’s integration rule for
metal cylinder with the same diameter as the FDTD grid size.
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8.1 Enhancing Far-Field Calculations

When I examine the far field calculations in Figures 25 —27 I see an unusual ripple caused by the far-field
integration I chose in Section 3. I aligned the far-field integration surface with the (H,, H,) magnetic
fields and linearly interpolated the E, electric fields. Because of the location of these field points the only
integration procedure is Riemann sum without further interpolation. In this section I align the far-field
integration surface with the electric fields and use cubic interpolation on the magnetic fields. Because of the
location of the E, points, the minimal integration rule I can use is the trapezoidal rule. From Figure 30 I can
see that nearly all the ripple in the scattered field is removed by this change. I can see an additional slight
reduction in the remaining ripple in Figure 31 where I have switched the far-field integration to Simpson’s
Rule. However, from Figure 32 I can see that further enhancement to the far-field integration by switching
to Bode’s Rule is not enough to justify the added complexity.

Echo Width of Metal Cylinder (Diameter = 0.05 m, Incident Angle ¢' = 180°)
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Fig. 30—Trapezoidal rule far-field integration for bistatic echo width of a metal cylinder 0.05 meters
in diameter at 300 MHz for the exact analytic eigenfunction solution versus the MAMP FDTD solution
with modified E and H field parameters for Ax = 0.05 meters.
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Fig. 31—Simpson’s rule far-field integration for bistatic echo width of a metal cylinder 0.05 meters in
diameter at 300 MHz for the exact analytic eigenfunction solution versus the MAMP FDTD solution
with modified E and H field parameters for Ax = 0.05 meters.
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Fig. 32—Bode’s rule far-field integration for bistatic echo width of a metal cylinder 0.05 meters in
diameter at 300 MHz for the exact analytic eigenfunction solution versus the MAMP FDTD solution
with modified £ and H field parameters for Ax = 0.05 meters.



44 Michael S. Kluskens

8.2 Further Consideration of Modified Assigned Material Parameters with Quasistatic Cylinder
Solution

In this section, I present results for MAMP FDTD scattering from small cylinders for different sizes and
locations of the cylinder. Starting with the 0.5 meter diameter cylinder, I move the cylinder one-half a FDTD
cell along the x-axis. This puts two E, points on the surface of the cylinder and the Yee FDTD solution is
within 0.5 dB of the eigenfunction solution. The MAMP FDTD solution using numerical integration of the
quasistatic cylinder solution is even closer to the eigenfunction solution as seen in Figure 33. For the second

Echo Width of Metal Cylinder (Diameter = 0.05 m, Incident Angle ¢' = 180°)
-5

Bistatic Echo Width (dB)

Eigenfunction
MAMP FDTD Ax =0.05m
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Fig. 33—Bistatic echo width of a metal cylinder 0.05 meters in diameter at 300 MHz for the exact
analytic eigenfunction solution versus the MAMP FDTD solution for Ax = 0.05 meters. The cylinder
is centered on a Hy, FDTD point resulting in scattering in the FDTD from the two E; points on the
surface of the cylinder.

test case I move the cylinder one-half a FDTD cell along the y-axis. The errors are about 0.7 dB as seen
in Figure 34, with the MAMP solution being slightly better than the FDTD solution. In the third case, not
shown, I moved the cylinder one-half a FDTD cell along both the x and the y-axes. There is no scattering
from the cylinder in the FDTD solution because since no E, FDTD points are inside the cylinder nor on
the surface of the cylinder. The MAMP FDTD results have an average scattering value of -35 dB, which
shows a limitation in the MAMP concept. For the next test case I choose a cylinder with a diameter of 0.025
meters centered on a £, point. The FDTD solution, shown in Figure 35, is the scattering from just the single
E, point, the same as for the cylinder with a diameter of 0.05 meters, first shown in Figure 19. I can see
in Figure 35 that the MAMP solution is very accurate for cylinders less than one cell in diameter when the
cylinder is centered on a £, FDTD grid point. For the MAMP solution in Figure 35 I used the analytical
MAMP equations, Equations (49) and (58), rather than numerical integration of the quasistatic fields of a
small cylinder. Next in Figure 36, I look at the cylinder with a diameter of 0.0708 for the cylinder aligned
with four E, points. With the enhanced far-field integration the FDTD solution does not have the ripple
seen in Figure 18. When the integration of the denominator of the MAMP coeficients crosses into the zero
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Fig. 34—Bistatic echo width of a metal cylinder 0.05 meters in diameter at 300 MHz for the exact
analytic eigenfunction solution versus the MAMP FDTD solution for Ax = 0.05 meters. The cylinder
is centered on a Hy FDTD point resulting in scattering in the FDTD solution from the two E,; points
on the surface of the cylinder.
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Fig. 35—Bistatic echo width of a metal cylinder 0.025 meters in diameter at 300 MHz for the exact
analytic eigenfunction solution versus the MAMP FDTD solution for Ax = 0.05 meters. The cylinder
is centered on a E; FDTD point resulting in scattering in the FDTD solution from only that point.
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Echo Width of Metal Cylinder (Diameter = 0.0708 m, Incident Angle ¢’ = 180°)
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Fig. 36—Bistatic echo width of a metal cylinder 0.0708 meters in diameter at 300 MHz for the exact
analytic eigenfunction solution versus the MAMP FDTD solution for Ax = 0.05 meters.

field region there are two choices, either adjust the integration limits for the zero field region or continue the
integration using the quasistatic fields as was done in [38]. In Figure 36, the version 1 MAMP solution is the
case where the integration limits in the denominator are adjusted to account for the zero field region. This
MAMP solution is not more accurate than the FDTD solution. In contrast, the version 2 MAMP solution in
Figure 36 is the case where the integration limits in the denominator are not adjusted and the integration used
the continuation of the quasistatic solution for a small cylinder. I see that the version 2 MAMP solution is
nearly on top of the eigenfunction solution, even closer than the FDTD solution. However, when this cylinder
is centered on a E, field point in Figure 37, the only scattering in the FDTD solution is from that single £,
field point. Again, I find that the MAMP results are far better when the integration limits in the denominator
are not adjusted for the zero field region as seen in Figure 37 (MAMP v2). The difficulty with this solution is
that some of the i, u, MAMP coeflicients are small enough to require a significant reduction in the FDTD
time step, Az. To minimize the side effects of small p, u, MAMP coeflicients, I next restricted them to
be no smaller than 0.3. As seen in Figure 37, this version 3 MAMP is slightly less accurate than version
2; however, the time step adjustment is limited to no greater the 1.8 which still a significant time penalty.
Further testing showed no improvement for the cylinder with a diameter of 1.0 meters.
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Echo Width of Metal Cylinder (Diameter = 0.0708 m, Incident Angle ¢’ = 180°)
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Fig. 37—Bistatic echo width of a metal cylinder 0.0708 meters in diameter at 300 MHz for the exact
analytic eigenfunction solution versus the MAMP FDTD solution for Ax = 0.05 meters.
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9. CONCLUSION

This report presented the derivation and evaluation of the Modified Assigned Material Parameters
(MAMP) concept as an extension of the finite-difference time-domain (FDTD) method for electromagnetic
modeling. In the MAMP concept, a correction factor to the material parameters of a cell is calculated for
structures in a cell, thereby accounting for nonlinear field distributions in the cell. As this is equivalent
to a physical material, the resulting FDTD equations have the same stability constraints as Yee FDTD. To
determine the MAMP coefficients around a cylinder, I used the characteristic near field of a metal cylinder
which is derived in this report. To accurately evaluate the MAMP concept, I developed and evaluated
enhancements to the total-field/scattered-field method for the generation of an incident plane-wave in two-
dimensions. In addition, I showed the errors from a conventional method for the evaluation of the scattered
far-field versus alternatives. In summary, I show that MAMP concept provides some increase in accuracy
for the scattering by small cylinders, but to be useful in general requires the quasistatic solution for general
shapes and further improvement will require a different formulation of the MAMP concept as the required
reduction in the time step would require double the computation time.
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Appendix A

LIST OF SYMBOLS

permittivity (F/m)

permittivity of free space (8.854 x 10~'2 F/m)

wave impedance of free space, \/po/eg (V/IA)

~ 1.781, natural log of Euler’s constant, when used in the Bessel series for the term ln(%x)
~ 0.5772, Euler’s constant, when used in the Bessel series for the term {In(3) + v}
wavelength in free space, ¢/ frequency (m)

permeability (H/m)

permeability of free space (4 x 10~7 H/m)

electric charge density (time-domain, scalar) (C/m?)

distance in cylindrical coordinate system (m)

effective electric conductivity (S/m)

effective magnetic conductivity (€2 / m)

echo width (m)

incidence angle

scattered field angle

FDTD time step (s)

FDTD spatial step in x direction (m)
FDTD spatial step in y direction (m)
ohm, unit of resistance (1 Q=1 V/A)

speed of light in free space (299,792,458 m/s)

parameters in FDTD electric field update equation
parameters in FDTD magnetic field update equation
dispersion correction factor dependent of incidence angle ¢’
center frequency of a Gaussian pulse (Hz)

bandwidth of a Gaussian pulse (Hz)

wavenumber in free space, 27/1 (1/m)

outward normal to a surface (vector)

offset to account for PML region in the plane wave excitation of total-field region
—x boundary of total-field region

x offset for plane wave excitation of total-field region

+x boundary of total-field region

—y boundary of total-field region

y offset for plane wave excitation of total-field region

+y boundary of total-field region
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= Q>

B(t)
D(r)
E()
&(n)
&(1)
&'(1)
&' (1)

81D (t)
H(1)
H (1)
H(t)
H (1)
H* (1)

WID([)
J @)

ampere, unit of current (1 A=1C/s)

coulomb, unit of charge (1 C=1A's)

electric field intensity (frequency-domain, vector) (V/m)

electric field intensity in reciprocal problem (frequency-domain, vector) (V/m)
farad, unit of capacitance (1 F =1 C/V)

henry, unit of inductance (1 H=1 Wb/A)

magnetic field intensity (frequency-domain, vector) (A/m)

magnetic field intensity in reciprocal problem (frequency-domain, vector) (A/m)
Hankel function of the second kind of order n

Bessel function of the first kind of order n

electric current density (frequency-domain, vector) (A/m?)

electric current density in reciprocal problem (frequency-domain, vector) (A/m?)
magnetic current density (frequency-domain, vector) (V/m?)

siemens, unit of electrical conductivity (1 S =1 A/V)

volt, unit of potential difference (1 V=1J/C)

weber, unit of magnetic flux (1 Wb=1 V s)

Bessel function of the second kind of order n

magnetic flux density (time-domain, vector) (Wb/m?)

electric flux density (time-domain, vector) (C/m?)

electric field intensity (time-domain, vector) (V/m)

electric field intensity (time-domain, scalar) (V/m)

incident electric field intensity (time-domain, scalar) (V/m)

electric field intensity in total-field region (time-domain, scalar) (V/m)

electric field intensity in total-field region uncorrected for incident magnetic field in FDTD
update equations (time-domain, scalar) (V/m)

electric field intensity in one-dimensional FDTD grid (time-domain, scalar) (V/m)
magnetic field intensity (time-domain, vector) (A/m)

magnetic field intensity (time-domain, scalar) (A/m)

incident magnetic field intensity (time-domain, scalar) (A/m)

magnetic field intensity in scattered-field region (time-domain, scalar) (A/m)

magnetic field intensity in scattered-field region uncorrected for incident electric field in
FDTD update equations (time-domain, scalar) (A/m)

magnetic field intensity in one-dimensional FDTD grid (time-domain, scalar) (A/m)
electric current density (time-domain, vector) (A/m?)

a region surrounded by a surface S

a surface surrounding a region R
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