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ABSTRACT 

Experiments conducted in a model tank are concerned with reflection of 

an acoustic signal from the surface" The statistical distributions of the am~ 

plitude and phase of this reflected signal are considered. The statistical 

parameters describing the height and slope of the surface have been the object 

of recent researches. However 9 the relationship between the parameters as-

sociated with the reflected signal and the parameters of the surface is not 

well developed< 

The purpose of this paper is to relate these two sets of parameters 9 or 

more specifically, the parameters of the reflected signal to the parameters 

of the waveheight of the surface. To achieve this purpose, an experiment is 

conducted consisti~g essentially of recording simultaneously an acoustic sig-

nal reflected from the surface and the output of a waveheight detector 9 and 

of analyzing each. This experiment confirms the fact that the received sig-

nals, for several different surface states obtained with a wind generator, 

are well approximated by a Rayleigh probability density function" The out-

puts of the waveheight indicator are Gaussian distributed with increasing 

maximum amplitude as the wind speed decreases" 

Most significantly 9 a linear relationship between the ratio of the stan-

dard deviation a to the root mean square value V of the signal 9 and the e rms 
standard deviation of the waveheights ~ is obtainedo This relationship can w 

be expressed in the simple form cr = KV cr • Such a result is quite satis= e rms w 

factor.y and indicates the possibility of a method for the observation of 

sea-state in which the only quantity observed will be an underwater acoustic 

signal reflected from the surface. In applications concerning the ocean~ 

this method will have the advantage of being completely uncoupled from the 

surface itselL 
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1. 
1. 

INTRODUCTION 

The surface of the ocean is of considerable interest to oceano-

graphers, meteorologists, and, of course, all seafaring men. Techniques 

for observing the 11 sea-state11
9 a measure of the average waveheight, are 

of increasing interest as the effect of the ocean surface on information-

bearing underwater acoustic signals receives increasing attention. So 

far, the techniques available are not completely satisfactory due to 

limitations in size, location, or cost. In recent years, many important 

contributions have been made to the analysis of underwater acoustic re-

flection from the surface and the question may be asked whether or not 

it is possible to use these acquisitions for sea states observations and 

predictions. The investigation of such a possibility, its advantages 

and imperfections, constitute the purpose of this paper. 

1-lo History of I·nvestigations 

As far as it is known 9 the first careful observation of ocean waves 

was initiated by Leonardo da Vinci 13 (1452-1519) 9 and the first systematic 

mathematical study of wave motions appears to have been made by Sir Isaac 
13 Newton (1642-1727). However, theory and experiments were quite uncor-

related. Observations were made whose results can be found in the pub-

lications of T. Stevenson13 (1850), G. Schott 13 (1893) and V. Cornish2 

(1934). The theory received some developments with G. G. Stokes 13 (1847), 

F. Boussinesq13 (1872), and Lord Rayleigh13 (1876). 
15 In 1925 H. Jeffrey made an attempt to correlate theory and ob-

18 servations and H. U. Sverdrup and W. H. Munk developed some empirical 

relationships making possible the forecast of wave height and period. 

More complete statistical descriptions of the sea surface was given later 

by M. 'S. Longuet-Higgins13 (1946-48) and Willard Pierson16 • In 1948 also, 



L. N. Liebermann12 obtained waveheight data by photographing, with a motion 

picture camera, the sea surface against a six foot scale. 

1953 gave the first statistical theory of wave generation" 
3 and Munk made measurements of the sea surface heights and 

6 . C. Eckart 1n 

In 1954, Cox 

slopes from 

photographs of the sun's glitter. In 1958 Longuet-Higgins14 proposed a 

mathematical model of a random surface. In 1963 Gulin and Malishev7 

studied the statistical characteristics of the sea surface. D. Tetreault 

d R "' H·1119 ·1 ··1· • an ~ r= 1-- recen~-Y u~1-1zea a capacitance probe for 

tion of the waveheight statistics of a rough water surface in a model tank. 

The other point of interest is the investigation of acoustic signals 

reflected from the sea surface. Among the best studies in this area, a 

few are selected here. 6 In 1953 9 C. Eckart presented a theory on the scat-

tering of sound from the sea surface and showed experimentally that short 

wave radiations, like the sun's radiations, give much less information than 

long wave radiations like sound. In 1955, E. O. LaCasce and P. Tamarkin9 , 

following the theories of Rayleigh, Eckart and Brekhovskikh, calculated the 

dependence on surface and radiation parameters, of the amplitudes of a re~ 

fleeted signal from a pressure-release surface, and compared these calcu-

lations with the results of their own experiment. Other experimental re-

sults due to D. C. Whitmarsh, E. Skudrzyk and R. F, Urik10 , (1957) were given 

also on the scattering of sound by the sea surface. E. O. LaCasce8 in 1958 

presented a paper on scattering at angles near incidence. Measurements on 

amplitude fluctuation of surface reflected signals to deep hydrophones were 

1 taken by J. Beckerle in 1962 and showed that the signal amplitude distri-

bution can be described in terms of a Rayleigh distribution modified by 

adding a single contribution of random phase. R. M. Richter 17 presented in 

2. 



1964 some measurements of ocean surface backscattering and the results con~ 

firmed that scattering strength is proportional to wind velocity and also 
Li. 

to carrier frequency. In the same year, R. oiAntonio and R. Fo Hill· 

studied the scattering in the specular direction of an acoustic signal re-

fleeted from a random surface in a mqdel tank, and their results were in 

good agreement with actual measuremehts in the ocean. They also proposed a 

mathematical model to explain the results based on the assumption that re-

ceived signal in the specular direction is the sum of individual rays coming 

from the horizontal facets in the sonified area. 

1.2 Brief Theoretical Description of the Problem 

The appearance of a wind generated water surface can be considered as a 

series of irregularly moving ridges and hollows gradually growing and shrinking 

with time. If the effect of spray rising into the air and air bubbles in the 

water is neglected, this surface can be represented by a single valued function 

of the coordinates x, y and time t, i.e.TI (x,y,t). The air motions above the 

surface and the water motions below it must satisfy the nonlinear equations 

for fluid motions subjected to nonlinear boundary conditions at this surface. 

These equations have not yet been solved exactly. However, if attention is 

concentrated on measurements at a fixed point as a function of time, techniques 

of varying degrees of precision have been developed to measure 11(t). The 

usual procedure consists of recording the output of a device over a period 

of time and analyzing the record. The experiment may be conducted in the open 

sea, or in a model tank. One of the problems is how to analyze these records. 

When the assumption is made that they are samples of quasi-stationary random 

process that is approximately Gaussian, techniques of analyses can be found. 

But when the records are decidedly non-Gaussian in character, techniques re-

main to be developed. This paper is principally based upon this assumption 

of a quasi-stationary random Gaussian process and such an assumption has 



has appeared to be quite logical4 • 

Several devices can be used to obtain a record of a wind driven surface. 

Visual observations, photography, and variable capacity probes are among the 

most corrnnon. They can be satisfactory in some respects but their utility is 

often limited. Lack of time to perform many records and to analyze them~ im-

possibility to reach the water surface in other applications, and even cost 

of operations can be prohibitive, in many instances. It is believed that a 

4. 

more reliable method can be proposed using the fact that an underwater acoustic 

signal after reflection from a random surface bears information about the sur-

face itself. Therefore, the problem to be investigated is the correlation 

of the time varying waveheight of wind generated surfaces with signals re-

flected from such surfaces. 

1-3. Plan of Attack 

In dealing with this problem, the following procedure is followed: 

(a) an acoustic beam is reflected and received almost normal to the calm posi-

tion of the surface; (b) the signal received is amplitude demodulated and re-

corded along with the output of an instantaneous waveheight detector' (c) re-

cords taken for various surface states are analyzed and compared; (d) finally, 

a mathematical model is proposed to explain the results. 



2. 

DESCRIPTION OF EXPERIMENT 

2-1. Model Tank 

The experiment is conducted in a steel tank 9 12 feet long, 4 feet wide 

and 4 feet high, filled with fresh water. An absorbent lining is placed at 

the bottom of the tank to eliminate interference from multiple reflections. 

5. 

The two transducers used are 2 inches in diameter and situated 5 inches 

from each other. With their faces making an angle of 85 degrees with the ver-

tical, the incident and reflected beams are almost normal to the calm surface 

of the water in the tank. A transducer positioning control system serves to 

position the pair at a particular depth and place in the tank. This location 

is the same for all parts of the experiment. 

2-2. Water Wave Generation 

Water waves that model the ocean surface are obtained with four 20 inch, 

three-speed fans mounted in two stacks of two on a wooden frame. Waves can 

be generated by varying the distance from the water surface to the faces of 

the fans, by varying the angle between water surface and faces, and by 

changing the speed of the fans. In this application, the last method is pre-

ferred because a larger area over which the waves have spatial stationarity 

exists when the faces of the fans are parallel with the calm surface of the 

water. Ten different states of the water are considered in this experiment 

and are obtained with both fans in each horizontal pair operating at the 

same speed. 

The tank, the servosystem and the fan arrangement can be seen in Fig. 1. 

2-3. Waveheight Indicator 

The waveheight indicator is an active device consisting essentially of 

a square wave generator and a resistor in series with a variable capacitor. 
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Fig. 1: Model Ta:nk. 
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One plate of this capacitor, called the probe, is a piece of Formvar No. 14 

copper wire coated with a thin dielectric enamel; the other plate is the 

tank itself. When a portion of the probe is in the water, the capacitance 

is proportional to the height of the water around the probe. The frequency 

of the square wave generator is chosen so that the voltage across the re-

sistor is proportional, at any instant of time, to the capacitance, there-

fore giving a measurement of waveheight. The device, as used in the ex-

periment, has a linearity of better than 2 percent over its useful range. 

The probe can be seen in Fig. 1 between the fans and the servo mechanism. 

A complete description of the waveheight detector system is given in 

reference 4. 

8. 

Figure 2 is a typical picture of the generated surface. The scale shown 

can be converted in acoustic wavelengths taking 1/25 inch for one acoustic 

wavelength. Also, it can be noted that the water waves are about two to 

three inches in length. 

2-4. Signal Generation 0 Transmission, Reception, and Recording 

A Hewlett-Packard Model 606A signal generator is used to generate a con-

tinuous sine wave at a frequency of 815 kc, the resonant frequency of the 

transducers. The signal is amplified by a General Radio, Type 1233-A power 

amplifier and applied to the transmitting transducer. After reflection from 

the surface, the signal is picked up by the receiving transducer. Transmitter 

and receiver are made of barium titanate slabs, 2 inches in diameter supplied 

by Gulton Industries. The beam patterns are almost identical and show a beam 

width of approximately 3 degrees between the half power points when operated 

at resonance (see Fig. 3). The transducers are 30 inches below the water 

surface. The received signal is amplitude demodulated, amplified, and re-

corded on one FM channel of a seven channel Sanborn magnetic tape recorder, 



A second FM channel is used for simultaneous recording of the output of the 

waveheight detector. An overall picture of the process involved is given 

by the flow diagram of Fig. 4. 

2-5. Analysis of the Experiment 

The object of this research being sea-state observation, the ideal 

situation is one in which a single ray sonifies a single point on the sur-

face. The travel time between transmitter and receiver would then be a 

simple function of the height of the point. In actuality, a relatively 

large area of the surface is sonified. In this experiment, the sonified 

area, defined as the area within the half power circle, has a diameter of 

1.5 inches. Such an area includes many horizontal facets as can be seen 

in Fig. 2. Each ray impinging on a horizontal facet will return to the re-

ceiver. The received signal will be then the summation of many such rays 

with different travel times. To take each small contribution into account, 

a statistical study of the reflected signal is in order. 

9. 

Signals are recorded for different water surfaces, which model different 

sea-states, and at least 15 minute intervals are taken between consecutive 

records to assume reasonable stationarity and each record is ten minutes 

long. 



10. 

3. 

DATA ANALYSIS AND RESULTS 

3-1. Probability Distribution and Probability Density Functions 

In the analysis of the data, the first point achieved is the determina-

tion of the probability distribution function defined as: 

P (x~) = lim 
T- co 

Tx 
T 0-0 

where T is an interval of time chosen large enough so that the signal x 

being analyzed can be considered as stationary; and Tx is the amount of 

time; during the interval T, for which the signal is greater than X. 

Then the probability density function can be obtained as: 

p(x) dP(x~X) 

dx (3-2) 

The minus sign takes into account the fact that the probability distribution 

function defined by (3-1) is unity minus the conventional probability dis-

tribution function, that is, if P 1 (x~X) denotes the usually defined proba-

bility distribution function, then: 

and 

P ' ( x:s:X) = 1 - P ( x~) 

p(x) dP 1 (x::;;X) 
dx 

dP(x";?:X) 
dx 

(3-3) 

(3-4) 

For the purpose of analysis, X is a reference magnitude or, for a voltage 

signal, a threshold vqltage E
0

, and x the instantaneous value Es of the signal. 

A circuit designed to compare E to E is given in Fig. 5. In this diagram, s 0 

the input current to the amplifier is 

i (3-5) 
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When the signal passes through the value X 

E s E 
0 

Rl 
R2 

E ref 

14., 

0-6) 

and the direction of the current changes. With the amplifier working into 

saturation, its output will be: 

+ saturation whenever E 2 s 

R 
_l E or E 2 E R2 ref s o 

Rl 
- saturation whenever E < - R E f or E < E s 2 re s o 

(3-7a) 

(3-7b) 

The output of this amplifier is used to trigger a gate on the output of a 

20 kc oscillator. An electronic counter is used to count the number of 

cycles passed by the gate during a one minute sample period and thus deter-

mine the amount of time that the signal is above the reference level, Figs. 6 

and n. 
3-2. Mean Value, Standard Deviation, and Ergodic Theorem 

The mean value of a random variable xt with probability density function 

p(xt) is given by: 

m x (3-8) 

xt as above refers to the possible values which can be assumed at the time 

instant t by the sample signal x(t). The random process with which we are 

dealing is assumed to be stationary 3 meaning that p(xt) is the same regard-

less of the time t, or m does not change with time. Furthermore, a time x 

average for x(t) can be defined as 

,x(t) 1 r lim 2T 
T .... oo ..,T 

x(t)dt (3-9) 



Tape 
Recorder . . 
('. 

Ampli. ~ EJ C-·-rc: . . 
Threshold 

->- l ->-- betec~o >- -~ate 

---
Oscillator 

i----

Fig .. 6 Flow Diagram of Analyser 

Counter 

·---·-

I-' 
U'I 
• 



16. 

r"\ ~ -)di-- - -fc:_ -
I 

I I I I l I I ! 
I I I I 
I I I 't_: --

+Sat : I I n I 
- Sat·~ LJ, . u 

- I I 

a~ Time Varyi~g Sicnal 

I 

I 

b) Outnut cf Threshold I I I J Detector 

I I I I I · " 
t .-- ,--, r==--1 --, + sat I I I 
j~l----L---1_._1~1~1--~I __ ____... .. 
. I I I Ill • ' ·t 

I · .1 

1 

I c) Outp'}t of Gate 

I•il7::or ~ I 
Outpu \ 'I l . 

L 
I 

., 
t ' Outnut of .L ~. •• 

' 'Nixer 
" ... :.,:' • '··#'#t,{. ,. ,• •• ' >\,t v 

Fig.· 7 Outputs of Va1 .. fuous Po:l1- tions· o:f Analyser 



The ergodic theorem5 guarantees that the limit of <x(t)> in the case of 

a stationary random process exists for every sample function except for a 

set with probability zero, and under a certain condition called ergodicity, 

this limit is equal with probability one to the constant statistical aver-

age, m. x Thus, under the valid ergodic hypothesis, 

m = < x(t) > x 

For purpose of calculation, p(x~) in equation (3-8) is 
L. 

ferent points and m found as: x 

p(x. )fix. 
l l 

(3-10) 

sampled at dif_, 

(3-11) 

The mean was also observed by averaging the signal in the time domain for 

one minute with an analog computer (Electronics Associates TR-48). The com-

puter diagram is given by Fig. 8. Equation (3-8) has been used to ascertain 

the results. 

This 

The other quantity of interest is the variance: 

2 
-f;.co 

2 
crx J (xt-m) p(xt)dxt 

-= 

integral is evaluated as: 

N 

cr = (x.-m) 
2 1- 2 
x l x 

i.::1 

p(x.)Lix. 
l l 

The standard deviation is obtained as a . x 

From equation (3-11) the variance can also be written as: 

2 
m x 

0-12) 

0-13) 

0-14) 



where: 
+co 

_ Jx~ p(xt)dxt 
_co 

0-15) 

Applying the ergodic hypothesis 

T 

lim ~T J x2
(t)dt 

T--= -T 
0-16) 

which is found using the analog computer programmed as shown in Fig, 9. 

Finally, the variance is obtained from the two analog computer results as: 

0-17) 

3-3. Application of Data Analysis Methods 

The recorded signals are analyzed utilizing the above equations. 

First, the ·waveheight artd envelope probability density functions are deter-

mined utilizing equation (3-2). The variances are obtained from the time 

domain expression given by equations (3-16) and (3-17). The time domain 

analysis is used since this yields a great saving in time. The use of 

equation (3-13) would require a complex programming of a digital computer. 
C' 

Finally, the ratio ~V e has been computed and compared to 0 • where 0 , w' e rms 
aw are the standard deviations of the envelope and waveheight output re-

spectively, and V the root mean square value of the received acoustic rms 
signal. Since the acoustic signal is composed of a constant average m and e 

a time varying part xe(t), its mean square value can be obtained as: 

v2 
rms 1 . 1 

im 2T 
T-40 

0-18) 

18 . 
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or 

v2 
rms lim ;T 1 x! (t)dt 

T _,, -T 

Noting that x (t) has no d-c component: e 

equation 

or 

1 . 1 
im 2T 

T-l<Xl 

1 . 1 
im 2T 

T-= 

(3-19) 

v2 
rms 

v rms 

..,., 
J.& Jx (t)dt 
-T e 

0 

2 
(J 

e 

can be written 

2 + 2 m ae e 

r 2 
lme 

.!. _2 Tu 
, OeJ 

(J e Then -V~- is determined: 
rms 

a e 
v rms 

3-4. Results 

as: 

(3=19) 

0-20) 

0-21) 

0-22) 

0-23) 

(3-24) 

Figure 10 shows probability density functions of the envelope of the 

20. 

received signal. They follow in general the form of a Rayleigh distribution, 

with a maximum amplitude shifting to the right as the speed of the wind de-

creases. Such distributions are not unexpected and have been reported in the 

1 . 4 iterature . 

Figure 11 shows some of the probability density functions of the output 

of the waveheight detector. These curves are Gaussian, with an increasing 



maximum amplitude for decreasing windspeed. The Gaussian distribution has 

4 17 been reported ' , and the increasing maximum amplitude is due to the small 

waveheights which become dominant as the windspeed is decreased. 

cre 
v rms 

Figure 12 is the presentation of the final results of this work. 

has been plotted against cr , and the different points obtained have w 

suggested a straight line for a final curve. It seems, therefore, that 
a 
~ is linearly dependent upon crw. 

rms 
The explanation that is proposed here 

for this result is quite simple. As cr increases with windspeed, the ten-w 

21. 

dency of cre is to increase first and then to decrease in absolute magnitude; 

however, the envelope of the received signal becomes more and more distorted 

and the energy is reflected more uniformly through all angles of reflection 

and thus a smaller amount returned in the normal direction. It seems ap-

parent that V , which measures the reflected energy, decreases faster rms 

than better the magnitude of the envelope variation increases rela-

tive to the signal strength. 
cre 

Then -V~- increases with crw. Other methods 
rms 

of presentation of the final results have been studied, but this one is 

preferred since it yields to a much simpler expression. 
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4. 
THEORETICAL CONSIDERATIONS 

4-1. Introduction 

This chapter is a discussion of the theories involved in this work. 

The probability density function of the amplitude of the received signal is 

derived and compared with the probability density of the waveheight indicator 

and an attempt is made to explain the final results obtainedo Figure 13 is 

a simplified diagram of the experiment conducted in the steel tank and shows 

the relative positions of the transmitter, receiver, and waveheight indicator. 

The derivations that follow are primarily based on ray theory, and the 

usual. conditions are satisfied, namely the change in curvature of a wave-

front along a ray is negligible in terms of wavelength, the dimensions of the 

source and receiver are large compared to a wavelength, and the signal at= 

tentuation is low. 

4-2. Analytical Model 

Figure 17 is a magnified version of Figure 16. The reference axes are 

the vertical and a horizontal axis referring to the calm position of the 

surface. In the reflection of the incident beam, only the rays reflected in 

the specular direction are received by the second transducer. The path of a 

ray such as TAR is shown in Fig. 17, and the reference ray is taken as TBR 1 • 

The interest is here in the difference in path length of TAR and TBR 1 , which 

is according to the figure: 

~d BA + CB (4-1) 

But CB BA ws2a (4-2) 

And ~d BA (l+Cos 2a) (4~3) 



Making the trigonometric substitution 

2 l + Cos 2a = 2 Cos a 

4=3 becomes 

6d 

Ai so 

BA 

2 2BA Cos a 

HA 
Casa 

The expression for the path difference becomes 

6d = 2HA Casa 

(4-4) 

(4-5) 

(4-6) 

(4-7) 

Where a is the incident angle, and HA h(t) is the variable height of the 

point A. 

In this particular application a is very smail and Casa ~f and, (4-7) 

can be therefore written in the final form: 

Lld ~ 2h(t) (4-8) 

Introducing the wave number k, the phase difference between TAR and the 

reference ray can be obtained as: 

¢(t) = 2kh(t) 

24. 

The received signal at an instant of time will be composed of many rays with 

different travel paths and when the transmitted signal is of the form 

(4-10) 

each reflected ray wi 11 be of the form An Coslw ct + iz\n ( t) 1 where An is the am-

plitude of the ray and ¢ (t) is its phase: n 

cb (t) = 2kh (t) n n 
(4-11) 
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The received signal will be then: 

x r 

N L AnCosLwct + ¢n(t)J 
n=l 

The resultant of this summation "t·Jill be~ 

x r A(t)Cos [wet + ¢(t)] 

where A(t) and ¢(t) are random variables. 

4-3. Probability Density Functions 

28, 

(4-12) 

(4-13) 

At this point, we want the probability density functions of the amplitude 

and phase of the received signal. From what has been said in the previous 

chapter, one may expect the result of this derivation to be a Rayleigh density 

function for the amplitude and a phase evenly distributed in the range 0 to 

2n since the receiver cannot distinguish between rays separated by 2n or 2kn, 

K=O, 1, 2, 3., 

A few assumptions largely satisfied in practice are necessary. The en-

velope A(t) and the phase ¢(t) are small compared to the variations of the 

transmitted signal. 

Since the record of the signal was made for a finite amount of time, it 

is convenient to represent the received signal in an interval of time [O,t] 

by the Fourier Series: 
co 

x (t) =2: [x Cos nw t + x sin nw t 1 r en 0 sn 0 J n=l 
(4-14) 

with 2n w T 0 
(4-15a) 

and T 
x ¥f x (t)Cos nw t dt en r 0 

(4-15b) 
0 



x sn 
2 
T 

T 

~ x/t) 

0 

Sin nw t dt 
0 

(4-15c) 

It can be shown that x amd x are also Gaussian random variables which en sn 
become uncorrelated as the expansion interval increases without limit. 

The carrier frequency is intr~duced by writing equation (4-14) in the 

following form: 

Defining: 

x (t) c 

-- ( f-) '°'s' '-.I 

then: 

x (t) 
r 

x Cos((nw -w t + w t 1 +x Sin, (nw -w ) t+w t] en o c c sn o c c 

= ~=l [ x Cos(nw -w )t + x Sin(nw -w )t] en o c sn o c 

r'V" C!..: - { ..... H\ H\ \ .t.. 

l .L'lrr.. ..... .1.LL\liW -w IL. en o c - x Cos(nw -W )t1j sn o c 
n=l 

x (t)Cos w t c ·c x ( t)Sin w t s c 

For comparison~ equation (4-13) is rewritten: 

(4-13) 

or: 

x (t) = A(t)Cos¢(t) Cos (1) t - A(t)Sin¢(t)Sin w t r c c 

Then from (4-18) and (4-19) 

x (t) c A(t) Cos(D(t) 

x (t) s A(t) Sinc,D(t) 

/ .. '-

(4-16) 

(4-17a) 

(4-18) 

(4-19) 

(4-20a) 

(4-20b) 



and 

A(t) (4-2la) 

¢(t) {/,_')1}..'\ 
,,..-£...LL.I~ 

Where A(t) ~ and ¢(t) is limited to the range 0 to 2n. 

Introducing x , x and x as the random variables referring to the ct st rt 

possible values of xc(t), x
8
(t) and xr(t) respectively, xct and xst are the 

sums of Gaussian random variables with zero means. They are therefore 

Gaussian with zero means: 

The mean square of x is: ct 
co 

_r, . 2 1 n 
t;I tx_.._J I = } " 

'- l,;l.. J -
m=l 

co 
~rr ~ 
) 1Elx x Cos(nw -w )t Cos(mw -w )tJI u \, L. en cm o c o c 
m=l 

(4-22) 

+E[x x Cos (nw -w )t Sin(mw -w )t] +E(x x Cos(mw -w )tSin(nw -w )t1 . en sm o c o c cm sn o c o c 

+E [x x Sin(nw -w )t Sin(mw -w )tJ} sn sm o c o c (4-23) 

Using the or<thogonal properties of sinus and cosinus, equation (4-23) sim-

plifies to: 

In the same manner:. 

2 
E(x ) J en 

2 (4-24) 

(4-25) 



and upon comparison of (4-24) and (4-25) 

(4-26) 

Using the same technique, it is quite easy to show that the covariance of 

xct and xst is zero 

(4-27) 

The random variables xct and xst are therefore independent random variables 
2 with zero means and variance c . Their joint probability density function x 

can be obtained as: 

1 (4-28) e 

Now, the joint probability density function of the envelope and phase ran-

darn variables can be found from: 

(4-L9) 

Where J is the Jacobian of the transformation from xct and xst to At and 

w(t)as given by equations (4-20a) and (4-LOb) 

J 

then: 

e 

0 

A L 

~ 
2 

20 x 

(4-30) 

For Vt~O and O~~(t)~2rr (4-31) 

Otherwise 

3L 



Integrating (4-31) first with respect to A and then with respect to ¢(t), 
t 

co 

p(<,1\) p(At,¢t)dAt (4=32) 
0 

and 
2TT 

p(At) P (At' a\t) M\ (4-33) 
0 

yields 

1 
0~¢t<2TT p(¢t) 2TT (4-34) 

0 Otherwise 

A2 
A t ---

p(At) t e 2a 2 
A~ 2 x t (4-35) 

O' x 

0 Otherwise 

32,., 

It seems from these investigations that the probability density function 

of the amplitude of the received signal is Rayleigh distributed 9 if the pro-

cess is itself Gaussian. This is in good agreement with the results of the 

experiment conducted in the tank? since the received signals were found to 

be of the Rayleigh tyPe. Also experiments conducted by other researchers in 

this field working in model tanks and in the open ocean resulted in practically 

the same conclusions" 

4-4. Investigations of the Final Result 

The result of this work consists of a simple equation: 

cre 
-v-

rms 
ku w (4-36) 

Where cr is the standard derivation of the envelope of the received signal 9 e 

V is the root mean square value of the signal, u is the standard devi-
r~ w 

ation of the waveheights, and k is a constant of proportionality dependent 

upon beam pattern, frequency, transducer depth, etc. A direct analytical 



derivation of this equation is under attack at the present time and initial 

1 t . . 10,11 resu ts are mos prom1s1ng However, it is possible to develop a 

logical argument that will give some insight into this equation. 

The distortion of a signal can be considered as the ratio of a measure 

of the signal variation to a measure of the signal strength. The left hand 

side of equation (4-36) is such a distortion measure in that it is the ratio 

of the rms value of the envelope (distortion signal) to the nns value of the 

signal. It is reasonable to expect that this distortion will increase with 

waveheight since the phase differences between the received rays will in-

crease and become less correlated over the range 0 to 2n. The interesting 

result of this experimental investigation is that this distortion measure 

varies linearly with average waveheighto 

Looked at from another point of view, a horizontal facet is a portion 

of the water surface with a zero slope near its center and with a small vari-

ation in height relative to an acoustic wave length. The power at the re-

ceiver is determined by the signal strengths from these facets and will change 

as their net size changes. The size of the facets in turn depends on the rough~ 

ness of the surface with the total horizontal area in a sonified area inversely 
21 proportional to the roughness • Thus as the roughness of the surface in-

creases, the average received signal power will decrease and the rms value of 

the envelope tends to decrease because of the decrease in average power while 

it also tend~ to increase with the increase phase variation. The ratio of the 

envelope "power" to the signal power seems to limit these variations to the 

single variation due to roughness. 
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CONCLUSION 

The main objective of this report is the observation of sea-state using 

the reflection of an underwater acoustic signal. Based upon previous work 

which demonstrated that model tank experiments can be used to arrive at con-

clusions valid in the ocean, a model tank is used to observe underwater acous-

tic scattering from a random water surface for different surfaces. 

The probability density functions derived theoretically are in agreement 

with those obtained in the experiment. The probability density functions for 

the waveheight are approximately Gaussian which compares well with results of 

other researchers in this area. The probability density functions for the en-

velope of the received acoustic signal are well approximated by the Rayleigh 

as found in the literature. 

The most significant result was the experimentally derived relationship: 

er e 
v rms 

ko w (5-1) 

which states that the ratio of the envelope variance to the received signal 

power is directly proportional to the rms waveheighto Althouth this rela-· 

tionship as yet does not have theoretical verification~ intuitive arguments 

are presented that give credulance to the general form of the equation. 

Equation (5-1) suggests that a sea-state indicator can be constructed 

using a bottom mounted hydrophone.. To complete the indicator system, it 

would only be necessary to devise a circuit to determine the ratio of the rms 

value of the two signals. 

This work suggests the following questions as desirable of additional 

study: 



1 - Since only a narrow beamwidth transducer has been used, what is 

the effect of using wider beamwidth transducer? 
2 - Could other than normal incidence be used and a Doppler frequency 

shift observed to measure wave velocity? 

3 - What is an optimum acoustic frequency for different sea states? 

4 - Can a more complete statistical analysis be utilized to observe 

"roughness parameters" as well as average waveheight? 

5 - What is the effect of white-caps and bubbles near the surface in 

the real ocean? 

35,, 
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