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Abstract

We develop an approach to the construction of Lyapunov functions
for the forward equation of a finite state nonlinear Markov process.
Nonlinear Markov processes can be obtained as a law of large num-
ber limit for a system of weakly interacting processes. The approach
exploits this connection and the fact that relative entropy defines a
Lyapunov function for the solution of the forward equation for the
many particle system. Candidate Lyapunov functions for the nonlin-
ear Markov process are constructed via limits, and verified for certain
classes of models.

1 Introduction

Stochastic processes that go under the unusual title “nonlinear Markov pro-
cesses” arise as the limits of large collections of exchangeable and weakly
interacting “particles.” Although these processes originally appeared as mod-
els in mathematical physics (Kac, 1956), they now appear in many other
contexts, including communication networks (Dawson et al., 2005; McDon-
ald and Reynier, 2006; Antunes et al., 2008; Benaim and Le Boudec, 2008;
Graham and Robert, 2009), economics (Dai Pra et al., 2009), and neural
networks (Laughton and Coolen, 1995).
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A nonlinear Markov process involves a pair of quantities that evolve in
time. One quantity is a particle that corresponds to a “typical” or “canonical”
particle at the prelimit level and the other is a probability measure. If the
measure component were fixed then the particle component would evolve as
an ordinary Markov process. The role of the measure-valued component is to
account for the aggregate effect of all other particles on the evolution of the
canonical particle. At the prelimit, each of these particles interacts with the
canonical particle through their state values. Under standard scalings this
effect can be summarized in terms of the empirical measure on the particle
states, and since many particles contribute equally to this empirical measure,
the effect of any one is in some sense weak. In the limit as the number of
particles tends to infinity, this empirical measure converges to the measure-
valued component of the corresponding nonlinear Markov process. Because
of exchangeability one can interpret the empirical measure as an approxima-
tion to the distribution of the canonical particle. In the limit the measure
component is identified with the exact distribution of the canonical parti-
cle, and the two components evolve together. Thus the measure component
feeds into the dynamics of the particle component, which in turn determines
the evolution of the measure since it coincides with the distribution of the
particle. Although the two component picture is useful for interpretative
purposes, one can eliminate the particle from the dynamics and obtain an
evolution equation for just the measure component.

An important but difficult issue in the study of nonlinear Markov pro-
cesses is stability. Here, what is meant by stability is deterministic stability
of the measure component. For example, one can ask if there is a unique,
globally attracting fixed point for the dynamics of the measure-valued com-
ponent. When this is not the case, all the usual questions regarding stability
of deterministic systems, such as existence of multiple fixed points, their lo-
cal stability properties, etc., arise here as well. One is also interested in the
connection between these sorts of stability properties of the limit model and
related stability and meta-stability (in the sense of small noise stochastic
systems) questions for the prelimit model.

There are several features which make stability analysis particularly dif-
ficult for these models. One is that the state space of the system, being
the set of probability measures on some Polish space, is not a linear space
(although it is a closed, convex subset of a Banach space). Obvious first
choices for Lyapunov functions or even local Lyapunov functions, such as
quadratic functions, are not naturally suited to such state spaces. Related
to the structure of the state space is the fact that the dynamics, linearized
at any point in the state space, always have a zero eigenvalue, which also



complicates the stability analysis. Based on one’s physical intuition, it is
sometimes possible to guess a Lyapunov function. See for example Frank
(2001), and also Subsection 5.4 below.

The purpose of the present paper is to introduce and develop a somewhat
more systematic approach to the construction of Lyapunov functions for non-
linear Markov processes. The starting point is the observation that given any
ergodic Markov process, the relative entropy function in some sense always
defines a globally attracting Lyapunov function. Now of course a nonlinear
Markov process is not a Markov process in the usual sense. Indeed, as will be
shown with examples there can be multiple fixed points, locally stable and
otherwise, that are associated with the measure component. The fact that
relative entropy provides a Lyapunov function for ordinary Markov processes
is not directly applicable. Instead, we will temporarily lift the problem to
the level of the prelimit processes. Under mild conditions the N-particle
process will be ergodic, and thus relative entropy can be used to define a
Lyapunov function for the joint distribution of these N particles. The scal-
ing properties of relative entropy and convergence properties of the weakly
interacting system then suggest that the limit of suitably normalized relative
entropy for the N-particle system, assuming it exists, is a natural candidate
Lyapunov function for the corresponding nonlinear Markov process.

To simplify the exposition, in this paper we focus on the relatively simple
setting in which each of the interacting particles is modeled by a finite state
Markov process. This setting is only relatively simple and, as we will see,
even with additional strong assumptions there are many possible behaviors
for the corresponding nonlinear process.

An outline of the rest of this paper is as follows. Section 2 provides the
notation and basic results on families of weakly interacting Markov processes
and the associated limit systems. In Section 3 we recall basic properties
of relative entropy and describe different approaches to the construction of
Lyapunov functions for the limit systems based on relative entropy. Section 4
studies a class of limit systems where the effect of the nonlinear part due to
interaction is in some sense slow. In Section 5 a class of weakly interacting
Markov processes of Gibbs type is studied. Section 6 contains concluding
remarks.



2 Weakly interacting chains and nonlinear Markov
processes

Here we describe the structure and basic asymptotic properties of families
of weakly interacting Markov processes in continuous time. To avoid all
technical complications let us assume that the state of any individual particle
takes values in a finite set X. It is without loss and sometimes convenient
to use the particular choice X = {1,...,d}. For N € N, the N-particle
system is described as an XVN-valued Markov process. We will use boldface
to denote objects that take values in spaces that are N-fold products such
as XN, and ordinary typeface for objects taking values in one copy, such as
X.

A heuristic description of the N-particle process is a follows. Let P(X)
denote the space of probability vectors on X. We are given a family of
rate matrices I'(p) indexed by p € P(X), and assume for simplicity that
p — I'(p) is Lipschitz continuous. Given the states XN (¢),..., XNV (t) of
all N particles at any time ¢, form the empirical measure

N
1
(21) :U’N(t7w) = N Z(SXivN(t,w)a t>0, we,
i=1

where J, is the Dirac measure at . Then the evolution of any particular
particle, say X»V over the interval [t, ¢+ 8] with § > 0 small should be (ap-
proximately) conditionally independent of the evolution of all other particles,
with the law of each particle governed by the rate matrix I'(uV ()).

This description is only heuristic because the particles are continuously
recoupled through the evolution of the empirical measure, and so to give
a precise description we consider the entire XV-valued process. Let x =
(1,...,2N), Y = (y1,-..,yn) be two different states of the N-particle sys-
tem. We assume that instantaneous transitions can occur only if x and y
differ in exactly one component. [This is consistent with the special case
of a Markovian system made up of N independent particles.] The rate of
an admissible transition from x to y is assumed to depend on x and y only
through the values of the component that is changing as well as the empirical
measure of x, i.e.,

N
1
j=1

Set Py (&) = {pd :x e AN} c P(X).



Let T'n(x,y) denote the rate of transition from x toy, x #y. If x, y
differ in more than one component then I'y(x,y) = 0. If x and y differ in
exactly one component, that is, if there is [ € {1,..., N} such that x; # y,
and z; = y; for all j # [, then according to the assumptions made above

(23) FN(X7 Y) = @N (:Elv Yy, iuiv)

for some function @y : X x X x Py(X) +— [0,00). The N-particle system
described previously in a heuristic fashion corresponds to ® (xl, T ) =
Ly (B8). (A situation that requires ® to also depend on N will appear in
Section 5.) Set

FN<X7X)i_ZI‘N(X7y)7 XGXN'
y#X

The matrix 'y = (L' n(X,¥))x yexn then is a rate matrix, and it corresponds
to the infinitesimal generator of the Markov family describing an N-particle
system.

Let XV = (XN . XNN) be an &N-valued Markov process with rate
matrix I'y defined on some probability space (€2, F,P). Then X" provides
a precise construction of the desired interacting particle system, with com-
ponent XV representing the state of the i-th particle. We may assume that
XN has piecewise constant cadlag trajectories. The assumption on the non-
zero off-diagonal entries of I'y implies that, with probability one, X, X7V
do not jump simultaneously if ¢ # j. The empirical measure process corre-
sponding to the N-particle state process XV can be written as in (2.1). No-
tice that u/V has P(X)-valued cadlag trajectories. Actually, 4V is a Markov
process with values in Pn(X). Let Ly denote the infinitesimal generator
of uV. Then Ly acts on bounded measurable functions f: Py(X) — R
according to

L)) =N D On(,yp) (flp+ %0y — %02) — F(D)) Pa-

z,yeX

For later use we note that since X% is a Markov process with infinitesimal
generator I'y, the evolution of its law obeys the linear Kolmogorov forward
equation

d
(24) P () =p"(®)lN, t>0,
with initial condition p™V(0) = Law(X"(0)). Note that p™V(t) € P(XN) for
all t > 0. By convention, probability vectors are interpreted as row vectors.



Since X and hence X'V are finite, Eq. (2.4) is a finite-dimensional ordinary
differential equation (ODE).

The structure assumption (2.3) on I'y has two important consequences.
The first is that the random variables X1V (¢),..., XN (¢) are exchange-
able for all ¢ > 0 whenever X1V (0),..., X™¥N(0) are exchangeable. In this
sense particles are indistinguishable. The second consequence is the desired
property that the evolution of the i-th particle depends on the state of the
other particles only through the empirical measure of all particles. More
precisely, with probability one, for all i € {1,...,N}, 0 < s < ¢, and all
functions f: X — R,

E [f(X"N())|XN(s)] = E [f(X™N ()| X"V (s), ¥ ()] -

As noted previously, the interaction between particles is said to be weak
because the contribution of any individual particle to the N-particle empir-
ical measure u” is of order 1/N. Also note that the pair (X»V,uV) is an
X x Py (X)-valued Markov process.

The nonlinear Markov processes mentioned in the introduction arise as
the limit as N — oo of (X®N, ). Since the particles are exchangeable
the choice of i is not important, and can be taken to be i = 1. We have
also noted that the inclusion of the particle component is superfluous, in
that one can derive an evolution equation for the limit of the " component
alone. Although v is random, its limit (under suitable conditions) will
be deterministic, and thus the limit is a form of the law of large numbers.
The stability properties of the limit model are the main object of study,
though ultimately one is also interested in various properties of the prelimit
processes as well.

To simplify the discussion we make the particular choice ®y (x,y,p) =
Iy y(p) for y # « for the rest of this section. Since I'(p) is a rate matrix,
automatically I'y »(p) = —>_, 4, Tay(p) for all z € X. The result stated
below continues to hold if ®x (x,y,p) = ['zy(p) uniformly in p € P(X)
for all x # y € P(X), a situation that will be encountered in Section 5.
The limit of x will be characterized via the nonlinear Kolmogorov forward
equation

(2. plt) = P (p(1).

Since X is finite, Eq. (2.5) is simply a finite-dimensional ODE. It is conve-
nient here to recall the identification of X with {1,...,d} and P(X) with
{peR?:p, >0and 3% p, = 1}. Thus P(X) is a compact and convex



subset of R? equipped with its standard norm, and the solutions to (2.5)
take values in P(X).

Laws of large numbers for the empirical measures of interacting processes
can be efficiently established by using a martingale problem formulation, see
Oelschlager (1984), for instance. In the present situation, due to the fact
that X is finite, we can rely on a classical convergence theorem for pure
jump Markov processes with state space contained in Euclidean space.

Theorem 2.1. Suppose that I'y ,(-) is Lipschitz continuous for all x,y € X,
and assume that pN (0) converges in probability to ¢ € P(X) as N tends to
infinity. Then (1™ (-))nen converges uniformly on compact time intervals in
probability to p(-), where p(-) is the unique solution to Eq. (2.5) with p(0) = q.

Proof. The assertion follows from Theorem 2.11 in Kurtz (1970). In the
notation of that work, £ = P(X), Exy = Pny(X), N € N,

FN(p): Z N - ps (%ey_%ex) P%y(p)v p € En,
T,yeX
F(p) = Z pz(ey - ez)rz,y(p)a pe L,
T,yeX

where e, is the unit vector with component = equal to 1. Note that Fy(p) =
Ln(f)(p), p € Py(X), when f is the identity function f(p) = p € R4
Moreover, the z-th component of the d-dimensional vector F(p) is equal to
>wpzPalaz(p) =22, ., P22 y(p), which in turn is equal to }, p.I's - (p), the
z-th component of the row vector pI'(p), since I'; .(p) = ®(z, 2z,p) for z # 2z
and I'; .(p) = —>_,., ®(2,y,p). The ODE %p(t) = F(p(t)) is therefore the
same as Eq. (2.5). O

Under the assumptions of Theorem 2.1, Eq. (2.5) has a unique solution
for each initial condition in P(X’), and the solution stays in P(X). Although
we have considered just the convergence in distribution N — p, one could
also consider the limit of the pair (X, 4" and thereby show that Eq. (2.5)
is the Kolmogorov forward equation of a nonlinear Markov process. However,
one can also directly construct such a process. To see this, let ¢ € P(X) and
let p(-) be the unique solution to Eq. (2.5) with p(0) = ¢. Set I'y(t) = I'(p()),
t > 0. Then (I'y(t))i>0 is a time-dependent rate matrix, and we can find
a time-inhomogeneous X-valued Markov process X with Law(X(0)) = ¢
(Stroock, 2005, Section 5.5.2). The evolution of the law of X at time ¢ obeys
the linear time-inhomogeneous forward equation

(2.6) L5 = POT(1), 120,



with initial condition p(t) = ¢. Under the assumptions of Theorem 2.1,
uniqueness holds also for Eq. (2.6). Since I'y(t) = I'(p(t)) and p(0) = ¢,
p(+) solves Eq. (2.6) with the same initial condition as p(-) = Law(X(:)).
It follows that Law (X (-)) = p(-), and hence Eq. (2.5) is indeed the forward
equation for the nonlinear Markov process X.

A fundamental property of interacting systems that will play a role in
the discussion below is propagation of chaos; see Gottlieb (1998) for an ex-
position and characterization. Propagation of chaos means that the first k&
components of the N-particle system over any finite time will be asymptot-
ically independent and identically distributed (i.i.d.) as N tends to infin-
ity, whenever the initial distributions of all components are asymptotically
i.i.d. In the present context, propagation of chaos for the family (X")yen
(or (I'n)nven) means the following. If ¢ € P(X) and if for all £ € N
Law (X 5N (0),..., X*N(0)) converges to the product measure ®*q weakly
as N goes to infinity, then for all £k € N and all ¢t > 0,

(2.7) Law (XLN (t),..., X5 (t)) N80 okp(t) weakly in P(X),

where p(+) is the solution to Eq. (2.5) with p(0) = ¢. Note that the number of
components whose joint distribution is asymptotically i.i.d. is fixed. Instead
of a particular time ¢ a finite time interval may be considered. Clearly, (2.7)
can be rewritten in terms of p”. Under the assumptions of Theorem 2.1,
propagation of chaos holds for the family of N-particle systems determined
by (). See, for instance, Theorem 4.1 in Graham (1992).

3 Relative entropy as a Lyapunov function

In this section we outline an approach to the construction of Lyapunov func-
tions for nonlinear Markov processes. As noted in the introduction, various
features of the deterministic system (2.5) make standard forms of Lyapunov
functions that might be considered unsuitable. Indeed, one of the most chal-
lenging problems in the construction of Lyapunov functions for any system
is the identification of natural forms that reflect the particular features and
structure of the system. Here the ODE (2.5) is naturally related to a flow of
probability measures, and for this reason one might consider constructions
based on relative entropy. However, the use of relative entropy as a Lya-
punov function is limited to processes that are stationary and ergodic. The
ODE (2.5) corresponds to a nonstationary process, though as was discussed
in the previous section it arises naturally as a certain limit of stationary pro-
cesses. The general approach is to identify ways to exploit this connection



to suggest good forms for the limit, which in general are obtained as limits
of relative entropies for the prelimit model.

3.1 Descent property for linear Markov processes

Here we recall the descent property of Markov processes with respect to
relative entropy. This fact, which is well known, has a straightforward proof
in the setting of finite-state continuous-time Markov processes. The earliest
proof the authors have been able to locate is in Spitzer (1971, pp.1-16-17).
Let G = (G,y)zycx be an irreducible rate matrix over the finite state space
X, and denote by 7 its unique stationary distribution. The forward equation
for the family of Markov processes with rate matrix G is the linear ODE

(3.1) (1) = p(1)C.

Define 1 : [0, 00) > [0,00) by ¥(2) = zlog(z) —z+1. Recall that the relative
entropy of p € P(X) with respect to ¢ € P(X) is given by

. Pa
R(pllg) = polog () .
zeX £

Lemma 3.1. Let p(-), q(-) be solutions to Eq. (3.1) with initial conditions
p(0),q(0) € P(X). Then for all t > 0,

i _ py(t>Q:Jc(t> Qy(ﬂ
RGO == 3 (2 ) 020G, <o

Moreover, %R (p(t)||q(t)) = 0 if and only if p(t) = q(t).

Proof. Tt is well known (and easy to check) that 1 is strictly convex on
[0,00), with ¢(0) = 1 and 9(z) = 0 if and only if z = 1. Owing to the
irreducibility of G, p(t) and ¢(t) have no zero components and hence are
equivalent probability vectors for all £ > 0. Assume for the time being that
p(0), q(0) are equivalent probability vectors.

By assumption py(t) = >, c v Py(t)Gy,o for all 2 € X and all t > 0. Since



G is a rate matrix, Y .y Gy =0 for all y € X. Thus

zeEX

SR (p(1)a()

_d Pe(t)
= i 2 peli s (24)

. / pz(t) / 0 (t)
= 3 suteyton (20 ) 4 Y akt) - X w200

TeEX TEX TEX

=3 (py(t) + py(t) log <Iq)zgg> - pm(t)gigo Gy

T,yeX

T,yeX
_ Py (Da(t)  py(Daa(t) | (y(B)ax(t)) 0 (1)
- mgx <px(t)q@;(t) pw(t)Qy(t)l 8 (px(t)qy(t)> 1) P=(t) O Gye
_ py(t)qx(t) qy(t)
- m,y;ﬁy v (px(t)qy(t)> Pa(?) 42 (t) Gy

Recall that ¢ > 0. Clearly, q;,p, > 0 for all x € X, and Gy, > 0 for all
z # y. It follows that £ R(p(t)|lq(t)) < 0.

Next observe that ¢(1/2)z tends to infinity as z goes to zero. If the
probability vectors p(0), ¢(0) are not equivalent, that is, if there is x € X
such that p;(0) = 0 and ¢»(0) > 0, or py(0) > 0 and ¢,(0) = 0, then
% R(p(t)|lq(t))],—og = —oc and the above equalities continue to hold in the
sense that —oo = —oo0.

It remains to show that %R(p(t)”q(t)) = 0 if and only if p(t) = q(¢).
We claim that this follows from the fact that ¢ > 0 with ¢ (z) = 0 if and

only if z = 1, and from the irreducibility of G. Indeed, p(t) = ¢(t) if and
only if % =1 for all z,y € X with  # y. Thus p(t) = ¢(¢t) implies

AR(p®)lla(t)) = 0. If $R(p(®)]q(t)) = 0 then immediately 2474 =1 for

all z,y € X such that G,, > 0. If y does not directly communicate with
x then, by irreducibility, there is a chain of directly communicating states

leading from y to x, and using those states it follows that % =1 0O

If ¢(0) = m then, by stationarity, ¢(t) = 7 for all ¢t > 0. Lemma 3.1 then

10



implies that the mapping
(3.2) p— R(p|m)

is a strict Lyapunov function for the linear forward equation (3.1). This is,
however, just one of many possibilities. Indeed, a second example is

p = R(x|p).

Yet a third can be constructed as follows. Let 7' > 0 and consider the
mapping

(3-3) p— R(pllgp,(T)),

where ¢,(-) is the solution to Eq. (3.1) with ¢,(0) = p. Lemma 3.1 also
implies that the mapping given by (3.3) is a strict Lyapunov function for
Eq. (3.1). This is so because R (p(t)|lgye)(T)) = R (p(t)||q(t)), where q(-)
is the solution to Eq. (3.1) with ¢(0) = p(T). Note that (3.2) arises as the
limit of (3.3) as T goes to infinity.

3.2 Approximations for nonlinear Markov processes

Since a nonlinear Markov process is not in general equivalent to a time in-
homogeneous Markov process, the descent property for relative entropy does
not directly apply. Indeed, a review of the proof shows that the descent
property relies crucially on the fact that p(-) and ¢(-) satisfy a forward equa-
tion defined in terms of the same rate matrix. However, nonlinear Markov
processes can be related to linear Markov processes through the law of large
numbers and propagation of chaos, and this suggests an indirect way to ob-
tain natural forms of Lyapunov functions. There are in fact many different
ways this connection could be used to suggest forms that are suitable, and
this paper will consider two that are arguably the most straightforward.
Consider a fixed point 7w of (2.5), i.e., 7['(w) = 0, and suppose for the
sake of argument that 7 is either a global or local attractor for the limit
dynamics p'(t) = p(t)T'(p(t)). Consider a weakly interacting system as in
Section 2. In particular, for N € N, let I'yy be the infinitesimal generator of
a linear Markov process with values in XV, describing the N-particle system,
and suppose that I'(-) is the nonlinear generator of the corresponding limit
model. For simplicity, let us assume that the initial distributions for the
N-particle systems are of the product form ®% ¢ for some ¢ € P(X), and let
p™ (t) be the law of the N-particle system at time ¢ for this initial condition.
As before, let X*Y and u/V denote the ith particle and empirical measure.

11



We next use the fact that « is a local or global attractor for the limit
dynamics. The discussion here is formal, being meant only to motivate the
possible forms for Lyapunov functions, which will later be justified by direct
verification. We claim that when 7 is a local or global attractor, a good
starting point for the construction of a Lyapunov function is the mapping

(34) g R EVO)pV (),

where T' € (0, 00] is chosen to make certain approximations to p™¥(T') plau-
sible and approximately independent of the starting distribution ¢. The
scaling in N is natural, given that the relative entropy would be expected to
scale proportionally with V.

As discussed in Lemma 3.1, the mapping ¢ — R (p™ (t)|[p™(T + 1)) is
non-increasing at ¢ = 0 (and if p~(0) is not the stationary distribution
strictly decreasing) for solutions of (2.4). Suppose that (3.4) has a well-
defined limit which, ignoring all other dependencies, we write as F'(¢). Then
one might conjecture that F'(-) could serve in some sense as a Lyapunov
function for p/(t) = p(¢t)T'(p(t)). There are (at least) two potential problems.
One is that although R (p™ (0)||p™ (T)) is strictly decreasing along solutions
to (2.4), the strict decrease may be lost in the limit as N — oo. This can in
fact happen, as will be seen in examples considered in Section 5. However, in
those examples there are multiple fixed points to (2.5), and F still serves as
a Lyapunov function (though not a global one), with a strict decrease at all
points that are not fixed points. A second (and more significant) potential
problem is that in the interchange of differentiation of time and limits in IV,
even the non-increasing property may be lost. Suppose for simplicity that
T = o0, i.e., that p™V(T) is the stationary distribution 7y of the N-particle
system. Let p?¥(0) = @V p(0). For § >0

R (Y @0)llmx) < R (2Vp(0)mn)

Thus the non-increasing property will be inherited by F(p(t)) if it turns out
that

(3.5) R(2Vp(6)|mn) < R (0 (0)m) + 0(6)N,

since this will imply F(p(d)) — F(p(0)) < o(d). When (3.5) does not hold,
then additional information on the “error” R (®"p(0)||wn) — R (pY (6)||7n)
would likely be needed to construct a candidate Lyapunov function. Letting
again p¥(0) = ®" ¢, we note that this discussion is also relevant when

12



considering use of the mapping

(3.6) g %R (P™(1)p™(0))

as a potential Lyapunov function.

Thus two issues that should be addressed if this approach is to be used
successfully are (i) how to construct approximations to p” (T") that capture
as much of the dynamics of the N-particle system as possible, and yet for
which the calculation of the relative entropy as N — oo is possible, and (ii)
ensuring that a bound such as (3.5) is valid. It turns out that the second
issue is not symmetric for the two forms (3.4) and (3.6). In fact, based
on large deviation calculations one can show that the bound (3.5) typically
holds for the former, and that it usually fails for the latter. However, we will
not give this calculation since for the problems we consider F' is obtained in
an explicit form for both cases, and we simply test whether or not F' has the
desired Lyapunov function property. The asymmetry is discussed further in
Remark 5.6.

Thus we return to the first issue, the construction of approximations to
p™(T). The simplest possible situation is when 7y, the unique stationary
distribution of the N-particle system, is available in some tractable form.
One class of models for which this is the case are those connected with
Gibbs measures. This class of models will be discussed in Section 5. The
next simplest may be to assume that the propagation of chaos approximation
is valid over a large enough time interval that the marginals of p" (7T are
nearly equal to p(T"), which is itself approximately equal to 7. Now in fact the
propagation of chaos considers only the joint distribution of a fized number
of particles as N — oo (see (2.7)), but we ignore that issue and assume in
fact that a good approximation for p™(T) is @Vp(T) ~ @~ «. This crude
approximation suggests the candidate Lyapunov function

31 S RONO)N(T) % R (@] o 1) = R(dlm) = Fla)

One would expect this to yield a useful Lyapunov function only when the
interaction between particles is limited (which is related to but distinct from
the strength of the interaction as measured by 1/N). One can formulate such
a class of problems in terms of what we refer to as “slow adaptation,” for
which (3.7) generically gives a global Lyapunov function. The analysis for
this case complements results proved in Veretennikov (2006). While this class
of models is clearly not as broad as one would like, it is useful in that when
compared with the Lyapunov functions obtained for the models of Section 5

13



(where both methods apply), one can identify important “correction terms”
that are lost by neglecting the correlations between particles.

4 Systems with slow adaptation

Here we consider a class of finite-state nonlinear Markov processes of the type
introduced in Section 2 as limit systems, but with a structure we call slow
adaptation, for which the strength of the nonlinear component is adjusted
through a small parameter. The long-time behavior of systems of this type,
in the context of nonlinear diffusions arising as limits of weakly interacting
It6 diffusions, is studied in Veretennikov (2006) based on coupling arguments
and hitting times (and not in terms of a Lyapunov function).

Recall that X is a finite set with d > 2 elements. Let I'(p) be the
rate matrix for a nonlinear Markov process, and assume that p — I'(p) is
Lipschitz continuous for p € P(X). Assume also that 7 € P(X) is a fixed
point of the corresponding ODE. Then for any A € [0,1], 7 is also a fixed
point for the ODE defined by p’ = I'(A\(p — 7) + ). The rate matrix I'*(p) =
I'(A(p—m)+7) corresponds to a version of the original system but with slow
adaptation when A > 0 is small. With A € (0,1] fixed, the rate matrices
I'\(p), p € P(X), determine a family of nonlinear Markov processes. The
corresponding forward equation

a

(4.1) s

(t) = p ()T (p (1))

has a unique solution given any initial distribution p(0) € P(X). We are
interested in the question of when 7 is a stable fixed point for sufficiently
slow adaptation.

Following the discussion of the last section, the mapping

(4.2) F(p) = R(plr)
is a natural candidate for A > 0 but small.

Proposition 4.1. Let p*(-) be defined by (4.1). Then there is A\g > 0 such
that if A € [0, Ao], then for allt >0

SR H) <0,

with a strict inequality if and only if p*(t) # .
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Proof. By construction and hypothesis, there is C < oo such that for all
z,y € X,all A >0, all p e P(X),

‘Fg//\x(p) - Fyx(ﬂ')’ < XClp— |,

where ||p — 7|| = >, |px — 7| Using calculations similar to those in the
proof of Lemma 3.1, with p*(t) = p we have

GROOID = 3 oy (0 (%) +1) Thi0)

xT

T,yeX
Dz DT
= Z Dy <log <xﬂy) — Lﬂy + 1> Lye(m)
T,YyeEX x#y Py PyTa
p
+ 3 pytog (22) (009 - Tynt)
T,YyeX Tz
Dz DT
= Z Dy (log <$7Ty> — Lﬂy + 1) Lya(m)
z,yEX xFy PyTz Py
P T
£ % pylos (2T () - Talm).
TYyEX xHy PyTa

For xz,y € X with = # y set

. DT DT
re(P) = py (log (y) _Pay 1) Ly ().

PyTx DPyTz

P (p) = pylog <Z;Tz> (Fﬁx (p) — Fyz(ﬂ)) :

Thus, we have to show that there is A\g > 0 such that

(43) > (elp) +)u(p)) <0 forall A€ [0, 7],
T,y TAY

with equality if and only if p = .

We first use the fact that s — log(s) — s + 1 is smooth and concave
for s € [0,00), with the maximum value of zero at s = 1. Since P(X) is
compact, we find that there is ¢ > 0, not depending on p, such that

S ) < —cllp— 7%

T, yeX :x#y
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This clearly implies that

c 1
(4.4) Y. @ <=5l +5 Y welp):
T,Y:TH#Y T,y TEY

Set Ymin = min{Ly,(7) : Tye(m) > 0}. Then iy > 0 since I'(w), being
irreducible and finite, has a minimal strictly positive entry. Notice that
maXyecy % < 00 since Mpin = Mingey T, > 0.

Let z,y € X, ©x # y, and set z = Z—:z. We distinguish two cases. If
z>1or L;,.(p) — Tye(m) > 0, then, since |log(s)| < 2[s — 1] for all s > 1

Py (p) = py10g(2) (T, (p) — Tya(7))

Dz
< 2p, |22y 1‘ lfgx(p) - Fyx(w)|
DPyTx
2
= 7|pz77y - pyﬂ'xHFg}/\;v(p) - Fym(ﬂ-”
T
2
< 2 (mlpe — ol + Ty — 1)) CAlp = 7.
min

If '), (p) — Tye(m) < 0 and z € [0, %), then Tyy(m) > Ymin since Ty, (p) > 0
for x # y, and, since log(s) —s+1 <0 for all s >0,

$100(p) + 03 (p) = py (3 (08(2) = 2+ 1) Ty () +log(2) (D, (p) — Tye(m))
< py (3 (log(2) — 2+ 1) ymin + | log(2)|20))

S %py ( ’10g(2)| (f)/min - 4CA) + (1 - z)’)/min) .

This quantity is non-positive for z € [0, 3) whenever A < J=iz . Consequently,
recalling inequality (4.4), we have for )\ € [0, Twmin ]

» 16C
A
Z (’ny(p)_’_py:p(p))
T,y TAY
c 2C\
L m|* + ——lp =7l D (mylpe — ol + malmy — pyl)
i T, Yty
c
< —§Hp—7TH2 =l { D Ipe — 7l + D Iy — pyl
TEX yeX
c 4C\
< —§Hp—7TH2 lp — =%
min
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This last quantity is strictly negative if A < min{J2%, c%2a} and p # T,
and zero for p = 7. Choosing Ao € (0, min{ &5, c™@in 1), we find that (4.3)

holds, with equality if and only if p = 7. O

The bound on A is obviously conservative, and better bounds that depend
on I'(7) and 7 can be found.

5 Systems of Gibbs type

In this section we carry out the program outlined in Section 3 for a class
of problems where the stationary distribution for the N-particle system is
known. Subsection 5.1 introduces the class of weakly interacting Markov pro-
cesses and the corresponding nonlinear Markov processes. The construction
starts from the definition of the stationary distribution as a Gibbs measure
for the N-particle system. In Subsection 5.2 we derive candidate Lyapunov
functions for the limit systems as limits of relative entropy. As we will see,
(3.4) is suitable while (3.6) is not, and there are interesting terms that are
not needed when one restricts to systems with slow adaptation as in the last
section. In Subsection 5.3, the functions obtained from (3.4) are shown to be
indeed strict Lyapunov functions for the limit systems. Subsection 5.4 con-
tains a discussion of Tamura (1987), where the somewhat analogous situation
of nonlinear It6 diffusions of Gibbs type is studied.

5.1 The prelimit and limit systems

Recall that X is a finite set with d > 2 elements. Let V: X — R, W :
X x X — R be functions, representing the environment potential and the
interaction potential, respectively. Assume throughout that W is zero on the
diagonal, that is, W(x,z) = 0 for all z € X. It turns out that the same
models at both the prelimit and limit are obtained for the symmetrized
version of W as for W itself, and hence we assume that W(z,y) = W(y, )
for all (z,y) € X x X.

Let 8 > 0 and N € N. The functions W, V induce a Gibbs distribution
with interaction parameter 8 on the N-particle state space XN given by

N N
Zzw(xlvx]) »
i=1 j=1

2l

1 N
(5.1) m(x) = —exp | - > Vi) -
=1
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where

N N N

Zn = Z exp —ZV(%‘) - %ZZW(@,:E])
xexN i=1 i=1 j=1

is the normalizing constant (also known as the partition function).

There are standard methods for identifying X'V-valued Markov processes
for which 7y is the stationary distribution. The resulting rate matrices are
often called Glauber dynamics; see, for instance, Stroock (2005, § 5.4) or
Martinelli (1999, § 3.1). To be precise, we seek an X'V-valued Markov process
which has the structure of a weakly interacting N-particle system and is
reversible with respect to 7. To start, define a function Uy : XN — R, the
N-particle energy function, by

N /B N
UN(X) = ZV(&JZ) + N Z W(:ri,xj).
i—1 ij=1

In view of (5.1), for all x,y € &,

TN(X)  Un)-Un(x)
5.2 —— L = eUNWY)TUNI)
(5:2) ()

Let A = (a(x,y))zyex be an irreducible and symmetric matrix with
diagonal entries equal to zero and off-diagonal entries either one or zero. A
will identify those states of a single particle that can be reached in one jump
from any given state. For N € N, define a matrix Ay = (AN(X,¥))x yexn
indexed by elements of XV according to Ax(x,y) = a(z;,y) if x and y
differ in exactly one index [ € {1,...,N}, and An(x,y) = 0 otherwise.
Then Ay determines which states of the N-particle system can be reached
in one jump, as discussed in Section 2. Observe that Ay is symmetric and
irreducible with values in {0, 1}.

Recall that W(z,x) = 0 for all z € X. Let x,y € XV be such that
An(x,y) = 1. Then z; # y; for exactly one [ € {1,...,N}. Using this
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property and the symmetry of W

Un(y) — Un(x)
N ,8 N
= Z (V(yz) - N Z ylvy] (:Eivxj))
=1 Jj=1
ﬁ N
=Viy) = Viz) + > (Wl yy) = Wlan ) + W(yj,m) — W(xj,2))
7j=1
Vi) - Vi) - %(W@l,xl) W Gen)
N
S W ) = W )+ W ) — Wy )
j=1
=V(y) —V(x)
2> W2 = W 2) (1 — 8 ) (D)
ZEX

where d,, denotes the Dirac measure at x; and p% is the empirical measure
of x asin (2.2), i.e., ud ({2}) = #{j € {1,...,N} : 2, = 2}/N. Let M;(X)
denote the set of subprobability measures on X. Define ¥: X' x X' x M1 (X) —
R by

U(z,y,v)=V(y) —V(z)+28 Z (W(y,2) — W(z,z2))vs.

zeX

Then for x,y € XV as above,

(5.3) Un(y) = Un(x) =V (2,50, py — %0,) -

There are many ways one can define a rate matrix I' ;v that corresponds
to . Three standard ones are as follows. For x,y € XV, x # y, set either

(5.4a) In(x,y) = 6_(UN(y)_UN(x))+AN(X>Y)

(5.4Db) or In(x,y)=(1+ eUN(Y)_UN(X)) An(x,y)

[l N

(5.4c) or I'n(x,y) = (1 + ef(UN(Y)fUN(X))) An(x,y).

2
In all three cases set I'nv(x,x) = =3 ., Tn(x,y), x € XN, The model
defined by (5.4a) is sometimes referred to as Metropolis dynamics, and (5.4b)
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as heat bath dynamics (Martinelli, 1999, p.110). In what follows we will
consider only (5.4a), the analysis for the other dynamics being completely
analogous.

The matrix I'y is the generator of an irreducible continuous-time finite-
state Markov process with state space XN. In view of Eq. (5.3), for x,y €
XN such that x; # y, for some [ € {1,..., N}, x; = y; for j # 1,

P(x,y) = e (P =x0a)) o L 1.

Thus the jump rate depends on the components x;, j # [, only through the
empirical measure 1, and so for each of the three choices in (5.4), Ty is the
generator of a family of weakly interacting Markov processes in the sense of
Section 2. Indeed, in the notation of that section, I'y is defined in terms of
a function ®n: X x X x Py (X) — [0,00) given by

Sn(ry.p) = ¢ (VEvo-30))"

The rate matrix I' y has 7y as its stationary distribution. Let x,y € X,
By symmetry, Ay(x,y) = Anx(y,x). Taking into account Eq. (5.2), it is
easy to see that for any of the three choices of I'y according to (5.4) we have
n(X)Ty(x,y) = 7y (y)Tn(y,x). Thus 'y satisfies the detailed balance
condition with respect to 7y, and 7 is its unique stationary distribution.

In order to illustrate the construction we consider an example with three
states and near-neighbor transitions.

Example 5.1. Suppose that X = {1,2,3}. Set a(z,y) = 1 if and only if
|z —y| = 1 and zero otherwise. Let 71,72 € (0,1), ws € R. Define functions
V, W according to

V(1) =0, V(2)=—log(r1), V(3)=—log(ra)—log(r1),
W(3,2) =W (2,3) =ws, W(z,y) =0 otherwise.
Then

U(1,2,p) = —log(r1) +2Bwsps, ¥(2,3,p) = —log(rz2) + 28ws(p2 — p3),
\P(27 17]3) = _\Ij(la 27p)7 \11(3727}7) = _\P(2737p)

Consider the models (5.4a) and (5.4b), respectively, in the limit N — oo.
For the model (5.4a), if ws > 0 and ry < e~ 29“3 then the transition rates
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will asymptotically be

e~ 2Pwsps for transition from x; =1 to y; = 2,
roe” 203 (P2=ps) for transition from x; =2 to y; = 3,
1 for transition from x; =2 to y; = 1,
1 for transition from x; = 3 to y; = 2,

where p corresponds to the empirical measure. For the model (5.4b), if
71,79 < e~ 2P"3 then the transition rates will asymptotically be

L (1 4 Tledﬁws;ﬂs) for transition from x; =1 to y, = 2,
1 (1 + r26—25w3(p2_p3)> for transition from x; =2 to y; = 3,
1 (1 - r1@25w31’3> for transition from x; =2 to y; =1,
% (1 — 7«26251”3(1’2_?’3)) for transition from x; =3 to y; = 2.

For p € P(X) let I'(p) denote the rate matrix (I'; 4 (p))z,yex given by

. (U(x +
(5.5) Toy(p) = e V@) (. y), o £y,

and with diagonal entries I'; »(p) = — >, cx Tuy(p), z € X. If p € P(X)
is fixed then I'(p) is the generator of an ergodic finite-state Markov process,
and the unique invariant distribution on X is given by m(p) with

! exp | =V (z)—28 Z W(z,y)py | »

68 =
yeX

where

Zp) =Y exp | V() =28 W(z,y)py

reX yeX

Let (Q, F,P) be a complete probability space and for N € N let XN =
(XU XNNY be an XN -valued cadlag Markov process with generator
T'y. Asin Section 2, pV is the empirical measure process corresponding to
XN

Theorem 2.1 implies that the sequence (u™)nyen of D([0,00), P(X))-
valued random variables satisfies a law of large numbers with limit deter-
mined by Eq. (2.5), the nonlinear forward equation. More precisely, if 1V (0)
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converges in distribution to ¢ € P(X) as N goes to infinity then p™¥(-) con-
verges in distribution to the (deterministic) solution p(-) of

The nonlinear generator I'(+) above, or in Eq. (2.5), is now defined according
o (5.5). Thus I'(-) describes the limit model for the families of weakly
interacting Markov processes of Gibbs type introduced above.

5.2 Limit of relative entropies

We will construct a candidate Lyapunov function for the nonlinear limit
model as the limit of normalized relative entropies according to (3.4). To
this end, for N € N, define F: P(X) — [0, 00| by

(5.7) Fnlp) = %R (&Vp| 7).

Theorem 5.2. For N € N, let Fy be defined according to (5.7). Then there
is a constant C' € R such that for all p € P(X),

Jim Fx(p) = R (plln(p)) —log(Z(p) = B 3 W(zy)pepy — C.
T, yeX

Proof. Let p € P(X). By definition of relative entropy and (5.6),

Z szL10g< = l(p;:l>

XGXNZ 1
¥ 3 T (Sstr ) + L tog(z
xeXNz 1
N N
+ = Z prl ZV .I'Z Z W(:ci,a;j)
xEXN’L 1 z’,j:l

Let (X;)ien be a sequence of i.i.d. X-valued random variables with common
distribution p defined on some probability space. Then

N
— Z szz (Zlog Pa, > = %Zlog(pxi)
=1

xeXN i=1

=E [log (le)] )
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3 T (Svien) <o

xexN i=1

and as N — oo

B 1 & B
Z l_Ipz7 N Z_ xm«%’] = N2 Z_ XZ,X

XGXN =1

s N R, x)

—>BE[ (Xl,XQ)}.

In order to compute the limit of % log(Zy), define a bounded and con-
tinuous mapping ¢: P(X) — R by

=8> W(z,y)4aqy-
z,yeX

Let iV be the empirical measure of N independent and identically dis-
tributed X-valued random variables with common distribution v given by
vy = exp(=V(x))/Z, v € X, where Z = 1 exp(—V(x)). Then

log(Zn) = logE [exp (—-N®(i))] + Nlog(Z).

By Sanov’s theorem and Varadhan’s lemma on the asymptotic evaluation of
exponential integrals (Dupuis and Ellis, 1997), it follows that

— — inf P 7) = —C.
1gnooN10g(ZN) qelg(x){R(qHVH (@)} +1og(2) = -C

Note that C' is finite and does not depend on p.
Recalling that X, X5 are independent random variables with common
distribution p, we find

A Fy(p) = Elog (px,)] + E[V(X1)] + BE[W (X1, X5)] - C
= pelog(pa) + Y V(@)pe+8 > W(x,y)pepy — C.
zeX reX z,yeX
On the other hand, by the definition of relative entropy and (5.1),

R (pll7(p)) =log(Z(p)) + Y pulog(pa) + Y V(z)p

TeEX reX

+28 Y W(z,y)pzpy-

z,yeX
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Therefore

Jim_Fx(p) = R (pllr(p)) ~108(Z(0)) ~ 5 3 Wz, y)pepy — C.
z,yeX

g

The constant C' appearing in the expression for limy .. F(p) in The-
orem 5.2 does not depend on p. We therefore define a candidate Lyapunov
function F for the limit model by

(5.8) F(p) = R(plx(p)) —log(Z(p)) — B Y W(x,y)ppy-
z,yeX

In the proof of Theorem 5.2 it was incidentally noted that F' also takes
the form

(5.9) = palog(pe) + > V(@)pa+ 8 > W(x,y)pspy.

TEX TEX z,yeX

Since the first sum in (5.9) equals minus entropy of p, F' is the sum of a
convex function, an affine function and a quadratic function on P(X’). This
fact is useful in determining if the fixed points of F' are stable or not. Here we
will use it to characterize the fixed points. Recall that W has zero diagonal
elements, and as in Section 2 identify X with {1,...,d} and P(X) with
{peRY:p, >0and Zi:ﬂ?x = 1}. Let 0, denote 0/9,,. From (5.9) it
follows that for p € P(X) such that p, > 0 for all x € X,

(5.10) 0. F(p) =log(py) + 1+ V(z)+ 20 Z W(x,y)p
y#x

Set Pran(X) = {v € R?: ZZ 1 Vi = 0}. The directional derivative in any
direction v € Pian(X) is given by

9 pp) =3 v | log(pa) + V(@) + 28 Wiz, )y

81/
TeEX y#x

If the derivatives of F' in all directions in Pia,(X) vanish at some point
p € P(X) then p is an equilibrium point for Eq. (2.5), the nonlinear forward
equation. The converse is true as well.

Theorem 5.3. Let p € P(X). Then p is an equilibrium point for (2.5) if
and only if p is non-degenerate and d F(p) =0 for all v € Py (X).
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Proof. Recall that 7(p) is the unique invariant probability associated with
I'(p), and hence 7(p)I'(p) = 0. First observe that p is an equilibrium point
for Eq. (2.5) if and only if pI'(p) = 0, which can be true if and only if
p=m(p). If p=m(p) then p, > 0forall z € X ={1,...,d} and so (5.10)
holds. Let x,y € X, x # y. Then by (5.10),

(02 — 0,)F(p) = log(ps) + V() +28) W (x,2)p.
zH#x

—log(py) = V(y) +28)_ W(y,2)p-.
2#£yY

(5.11)

Note that (0, — 0y) is the derivative in direction v € Pygn(X) with v, =1,
vy =—1,v, =0for z € X\ {z,y}.

Now assume that %F(p) = 0 for all v € Pign(X). In view of (5.1), the
definition of m(p) in (5.6), and (5.11) it follows that for all 7,5 € {1,...,d},

el pi\ _ (p)i
ou () =1 ()

which implies p = 7(p) since p, 7w(p) are both probability distributions.
On the other hand, if p = 7(p) then, by (5.11), (0; — 9;)F (p) = 0 for all
i,j € {1,...,d}, i # j, which implies £ F(p) =0 for all v € Pyen(X). O

According to Theorem 5.3, the equilibrium points of the forward equation
(2.5) are precisely the critical points of F' on P(X). If there is no interaction
(i,e., B = 0 or W = 0) then the generator I'(p) does not depend on p
and Eq. (2.5) has a unique equilibrium point, namely the unique stationary
distribution associated with I'. From Eq. (5.9) and the strict concavity of
entropy it follows that in this case F'is a strictly convex function.

In general, Eq. (2.5) can have multiple equilibria, stable and unstable.
Let us illustrate this by a simple example.

Example 5.4. Assume that X = {1,2}, V. =0and W(1,2) =1 =W(2,1).
Then F(p) = f(p1) with

f(z) =zlog(z) + (1 —x)log(l — ) +28(1 — z)xz, = €]0,1].

The critical points of F' on P({1,2}) are in a one-to-one correspondence with
the critical points of f on [0,1]. Clearly, f(0) =0 = f(1), and for z € (0, 1),

(@) = log(z) — log(1 — z) + 28 — 4Bz, f"(x) = % L1

—48.

1—=z

25



Moreover, f/(x) — —oo as x tends to zero, f'(z) — oo as = tends to one.
If B <1 then f has exactly one critical point, namely a global minimum

at x = l If 8 > 1 then there are three critical points, one local maximum at

T = % and two minima at xg and 1 — g, respectively, for some z3 € (0, 2)
where xg — % as B \/ 1, xg — 0 as 8 goes to infinity.

As a consequence of Theorem 5.3 and Theorem 5.5 below, if 8 > 1 then
the two minima of f correspond to stable equilibria of the forward equation,

while the local maximum corresponds to an unstable equilibrium.

5.3 Lyapunov function property

The function F' defined in (5.8) is a strict Lyapunov function for the dynamics
of the limit model as given by Eq. (2.5), the nonlinear forward equation.

Theorem 5.5. Let p(-) be a solution to the forward equation (2.5) with some
initial distribution p(0) € P(X). Then for all t >0,

d d
SF() = 2R (6(0)|(a)

<0.

q=p(t)
Moreover, ;ZitF( (t)) =0 if and only if p(t) = w(p(t)).

Proof. We will show that if p(-) is the solution to Eq. (2.5) with p(0) = ¢
then

d

(5.12)
o dt

—F(p(1))

R (p®)|r(q))

t=0
In view of the semigroup property of solutions to the ODE (2.5), the forward
equation, and since ¢ is arbitrary, validity of (5.12) implies %F(p(t)) =
LR (p(t)|7(q)), ¢ = p(t), for all t > 0.

Let p(0) = ¢q. By Eq. (5.9) and since > p,.(0) =0,

d

ZF(plt )) =) 1og(q.)p,(0) + > V(x)p,(0)
= zeX zeX
+/D’Z (@, 9)e(0)gy + 8 > W(z,y)p,(0)ga
T, yeX T,YyeX

On the other hand, by the definition of relative entropy and (5.6),

TREOI@)| =Y loal@)ph(0) + 3 V)L 0)
=0 zex TEX
+B8 > Wz, y)p,(0)gy+5 > W(y,z)p,(0)qy.
7y€X ,yGX
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Since >, W(y,z)pp(0)gy = >, , W(z,y)p,(0)gs, it follows that (5.12)
holds.

The rest of the assertion follows from the observation that 7w(q) is the
stationary distribution for the (linear) Markov family associated with I'(q)
and from the strict Lyapunov property of relative entropy in case of ergodic
Markov processes, see Lemma 3.1 in Section 3. 0

Remark 5.6. It was noted in Subsection 3.2 that the reversed form of
relative entropy is not as suitable a starting point for the construction of
Lyapunov functions. In the present setting use of the reverse form would
mean defining a candidate Lyapunov function by

R 1 N
F(p)—]\}gnmNR(ﬂNH@ p)-

Suppose that Zx,yeX W (x,y)papy is convex and that p is the unique solution
to pI'(p) = 0in P(X'). Using the Lyapunov function F' it is not hard to check
that under 7wy the empirical measure converges in probability to p, and that

F(p) = R (pllp) + log Z(p).

In contrast to F'(p), this function does not always serve as a global Lyapunov
function, confirming the asymmetry in this setting as well.

Remark 5.7. Consider the slow adaptation setting of Section 4 for the limit
dynamics associated with a Gibbs measure. Choosing Metropolis dynamics
as above, we thus start from a family of rate matrices I'(p), p € X, defined
according to (5.5). Suppose that p* is a fixed point of the mapping p — m(p).
For A € [0,1], p € X, set TA(p) = T'(p* + A(p—p*)). The rate matrices I'*(p)
are again of Gibbs type, that is, I'*(p) is defined according to (5.5) but with
different potentials in place of V, W, namely VM WA given by

VM ()= V() +281—A)) Wz, 2)p;, W(z,y) =AW (z,y).
zeX

Fix A > 0. Then Eq. (5.9) and Theorem 5.5 imply that

FMp) = pelog(pe) + Y VM (@)pe + 8 Y W2, y)papy

reX reX T,yeX
= palog(ps) + Y (V(l‘) +28(1—X) ) W(z, Z)p§> Dz
zeX reX zeX
+A8 D Wz, y)papy
T,yeX
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is a (strict) Lyapunov function for the nonlinear forward equation

d

P = p(t)T (p(1))

associated with F)‘(p), p € X. Proposition 4.1, on the other hand, implies
that F'(p)=R (p||p*) is also a strict Lyapunov function when A is positive but
sufficiently small. Since p* = 7(p*), by (5.6)

R(plp*) = > palog(ps) — Y pxlog(p})

reX TEX
= palog(ps) +log(Z(p*) + > ( )+28 Wiz, Z)]i) P,
zeX reX zeX

which is equal to F*(p) + log(Z(p*)) for A = 0. Observe that the term
log(Z(p*)) has no impact on the Lyapunov function property as it does not
depend on p.

5.4 Comparison with existing results for 1t6 diffusions

A situation analogous to that of this section is considered in Tamura (1987),
where the author studies the long-time behavior of “nonlinear” It6-McKean
diffusions of the form
(5.13)

dX(t) = — <VV(X(t)) + 28

Rd

VAW (X(0.) () ) dt + V2B ()

where p; = Law(X (¢)), B is a standard d-dimensional Wiener process, V' a
function R¢ — R, the environment potential, and W a symmetric function
R? x R? — R with zero diagonal, the interaction potential. Signs and con-
stants have been chosen in analogy with the finite-state models considered
here. Solutions of Eq. (5.13) arise as weak limits of the empirical measure
processes associated with weakly interacting It6 diffusions. The N-particle
model is described by the system

XN () =~V (XN )2 37 (X (0, X () e R (),
Jj=1

where i € {1,...,N}, B',..., BY are independent standard Brownian mo-
tions, and V; denotes gradient with respect to the first R%-valued variable.
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In Tamura (1987) a candidate Lyapunov function F': P(RY) ~ [0, o] is
introduced without explicit motivation, and then shown to be in fact a valid
Lyapunov function. This function, which appears to be a close analogue of
the functions derived in this section as the limits of relative entropies, takes
the following form. If u is a probability measure that is absolutely continuous
with respect to Lebesgue measure and of the form f,(x)dx, then
(5.14)

F(u) = / log (fu(2)) fu(z)dz + / V(@) u(de) + / / Wz, ) de) ().

In all other cases F'(u) = oo.

There are, however, some interesting differences. The most significant of
these is the form taken by the derivative of the composition of the Lyapunov
function with the solution to the forward equation. In Tamura (1987) the
descent property is established by expressing the orbital derivatives of F
in terms of the Donsker-Varadhan rate function associated with the empir-
ical measures of solutions to Eq. (5.13), when the measure p; is frozen at
p € P(RY). In contrast, in our case the orbital derivative of the Lyapunov
function is equal to the orbital derivative of relative entropy with respect to
the invariant distribution 7(p) that is obtained when the dynamics of the
nonlinear Markov process are frozen at p. The relationship we have derived
in fact carries over to the diffusion case in the sense that for all ¢ > 0,

d d
(5.15) S F ) = 2 R (ullm), =, »

where p; = Law(X (¢)), X being the solution to Eq. (5.13) for some (abso-
lutely continuous) initial condition, and 7, € P(RY) is given by

(5.16) o (dz) = - exp <—V(x) = W(x,y)u(dy)) da
with Z, the normalizing constant. Clearly, the probability measures given
by (5.16) correspond to the distributions 7(p) € P(X) defined in (5.6).
Relationship (5.15) can be established in a way analogous to the proof of
Theorem 5.3. On the other hand, the relationship between orbital derivative
of the Lyapunov function and Donsker-Varadhan rate function as established
in Tamura (1987) for the diffusion case does not carry over to the finite-state
Gibbs models studied above.
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6 Concluding remarks

In this paper we have exploited a connection between nonlinear Markov pro-
cess and approximating N-particle systems to generate Lyapunov functions
as a limit of normalized relative entropies. Explicit identification was car-
ried out for two classes of models, based on very different approximations.
However, there are other quite natural approximations that should be con-
sidered so that the technique can be developed more broadly. The goal of
these approximations should be to bring in more information on the corre-
lations between particles when the N-particle system is “quasi-stationary,”
but hopefully without requiring that full information on the stationary dis-
tribution be available. For example, as an improvement on the very crude
product form approximation used for the case of slow adaptation, one might
consider the mapping

1,y
pr> lim =R (@ pllan(T)) ,

where gy (-) is the solution to Eq. (2.4) with ¢n(0) = @V, with 7 a fixed
point of I'(+).
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