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1. Introduction

In ARL-TR-8979,' the author proposed a model for the electrical-conductivity
averaging of a mixed computational cell, assuming randomly distributed material

species of given volume-fraction at a specified minimum granularity.

In this report, we intend to accomplish two goals: to re-express the models of
ARL-TR-8979 and several others in a fashion that can be laid out as engineering
circuit diagrams that may prove a better mnemonic for understanding the original
derivations; and extend the results, so as to calculate the joule heating in the cell
according to the respective averaging scheme, including the total power as well as

the partition of the power deposition into each of the mixed-cell component species.

2. Volume-Average Approach to Conductivity

In engineering treatments of electrical circuits, the electrical component is the small-
est unit considered therein. Electrical behavior within the component is idealized.
Nonideal gradients and inhomogeneities within the component are not considered.
In the case of the idealized resistor (of interest in this report’s treatment), the electric
field and current flow are constant and the voltage varies linearly along the direction

of current flow.

While the electrical treatment within a magnetohydrodynamics (MHD) code can
macroscopically treat current flow in a “continuum”, at a small enough scale—
the level of the computational cell—the treatment reaches component level and
electrical properties are idealized therein. A problem of poor accuracy arises when
this smallest component, the computational cell, contains several different material
species of vastly different electrical properties. The challenge is to formulate an

appropriate sub-circuit within this component we call the computational cell.

The standard approach, which does not always work well to describe electrical

behavior, is that of volume averaging, in which the aggregate conductivity of the

n
ka= Y kv (1)
j=1

Here, « is the electrical conductivity and v; is the volume fraction of material

mixed cell is described as

species j in the cell containing n separate material species. The subscript “a” refers



specifically to the volume-averaged approach discussed in this section.

We will find it extremely helpful, in both understanding and analysis, to describe the
mixed-cell averaging scheme as an explicit electrical sub-circuit, since the engineer-
ing approach to analyze circuits is well established. For purposes of illustration, we
consider a mixed cell containing three species. We now show that the schematic and

the resulting sub-circuit, shown in Fig. 1, are representative of the volume-averaging

approximation.
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Fig. 1 The a) schematic and b) resulting sub-circuit associated with treating a mixed compu-
tational cell with the volume-averaged approach

In the schematic, the length L is the total length of the cell in the direction of the
local electric field, and the total area, Ag = A + A + A3, is the cell’s cross section
perpendicular to the local electric field. The areas shown are proportioned such that
AL represents the total volume of the mixed-cell species j in that cell. The fraction

Aj /Ao is, therefore, the volume fraction of species j, which we may call v j-



To convert to the equivalent sub-circuit, we employ, for each component k of the

sub-circuit, the definitions of conductance G:

Kk Ak
Gy = 2
£= 2)
and resistance R: | .
k
R, = — = 3
KT G T AL 3)

In this particular sub-circuit, we observe that the circuit component number signifies
the material species (k = j) and that L; = L. Because the sub-circuit is parallel,
the total conductance is the sum of the component conductances, expressed as
Gy = Z;le G, which, in turn, can be expressed as Go = Ao/Lo - Z;le kjv;j. But
we know that GoLo/Aq defines the overall cell conductivity, xg. We can therefore
conclude that the net conductivity for the mixed-cell circuit, corresponding to our

schematic idealization, is
n

KOIZKJ'V]' s (4)

j=1

in agreement with the volume-averaged approximation of Eq. 1.

In the MHD code (continuum-approximation) setting, the power dissipated over the

volume ; of material j, resulting in joule heating, is given as

Pj:/ KjE'Ede . (5)
Q;

In an idealized 1-D resistor (as in an idealized mixed cell), the magnitude of the
electric field, E, will be fixed, equal to the drop in voltage per unit length, or
E = V/L. Substituting into the integral, knowing that fdeQj /L? = A;/L;, we
may eventually conclude (using Eq. 3) that

P;= (VJ-Z/RJ- (no sum), (6)

the textbook equation for power loss through a resistor. Thus, we see that the con-
tinuum approach for treating the electrical response of a mixed cell is conceptually
compatible with the notion of an equivalent electrical circuit that we pursue here, in

terms of net conductivity and joule heating.



The total joule heating, over the complete mixed cell, is taken as?

P:/KOE-EdQ 7)
Q

While Eqs. 5 and 7 apply in all cases, in the context of Eq. 4 , noting thatv; = Q;/Q,
we may conclude that Eq. 7 is just a statement asserting, for this volume-averaged
mixed cell, that Py = >}; P;. Such a result is not only the logical conclusion, but

also in agreement with the volume-averaged equivalent sub-circuit of Fig. 1.

Thus, the fraction of joule heating associated with component j of the mixed-cell

parallel (volume-averaged) sub-circuit is
Pi/Pa=v;-kj/ka (nosum). (8)

In the parallel circuit, it is the most-conductive element that receives a dispropor-

tionate amount of joule heating per unit volume.

3. Harmonic-Average Approach to Conductivity

In a recent communication,’ Seifert of the ALEGRA team related alternative ap-
proaches to mixed-cell conductivity being considered at Sandia National Laborato-

ries. One such approach was called the “harmonic average” approach, in which

n

k= vk ©9)

J=1

The “h” subscript refers specifically to the harmonic-average approach discussed in
this report section. It can be shown that this scheme is equivalent to treating the

mixed cell as a serial circuit of its constituent species, as shown in Fig. 2.
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Fig. 2 The a) schematic and b) resulting sub-circuit associated with treating a mixed compu-
tational cell with the harmonic-averaged approach



Once again, the number of the circuit component k equals the material species j.
Here, the length of the mixed cell is Lo = L1+ Ly + L3 and all species occupy the full
cross section A of the cell. To accurately reflect the volumes of the species of the cell,
the lengths of the elements are varied so that L; = Q;/Agandv; = Q;/Q = L;/Ly.

In a serial arrangement, the total resistance is Ry = Z;?ZI R;, which, in this case, is
n n
-1
Ro=1/A0 Y Lj/x;=Lo/Ao Y vjK;'
j:] JZI

leading directly to the result that confirms Eq. 9:

n

k' =Ro-Ao/Lo= ) viK;' . (10)
j=1

The joule heating for the harmonic-averaged mixed cell is still governed by Eq. 7,

except in this case, kg is governed by Eq. 10 instead of Eq. 4.

From the mixed-cell sub-circuit, the joule-heating distribution among the various
material species follows the known theory for serial resistive circuits. Namely, since
P = V?/R = i’R, where i is the current through the resistance, the joule heating
in each component is proportional to its resistance R; (since all serial elements
transmit the same current i). This P; « R; relation for the harmonic circuit may be

equivalently stated as
Pi/Py=v; kn/k; (nosum). (1D

Contrast this with the volume-averaged alternative, Eq. 8, in which the joule heating
is proportional to the conductivity of each resistive constituent, rather than its inverse.
In the harmonic (serial) circuit, it is the least-conductive species in the series that

gets the disproportionate amount of joule heating per unit volume.



4. Equivalent Circuit for the Conductivity Model of ARL-TR-8979

In ARL-TR-8979,' a model was proposed for the electrical-conductivity averaging

in mixed computational cells. It was expressed mathematically as

Vi ARL-TR-8979:
Kin-nj = - , (Eq 4)
5
i=1 Ki
Flﬁ“'ﬂj = Flu...uj - Flu...uj_l N (Eq 5)
Fio.v = F(ZLvi) (Eq. 6)
n
K = Kly..un = F]m...mj Kin-nj - (Eq 7)
j=1

The notation is, perhaps, a bit obtuse for the reader—one reason why we revisit the
topic in this report. Rather than trying to re-explain the notation, a summary of the

key model points will suffice in its stead.

The model is based on the idea that, to the extent possible, electrical pathways (think
of them as conductive filaments) will attempt to establish themselves, preferably
through the most-conductive material(s). A key facet of the model is that the mixed-
cell materials are assumed to be randomly distributed throughout the cell in discrete
chunks no smaller than a certain assumed minimum granularity. Only when no
additional pathways are available through the optimal circuit channel will less-

optimal pathways be employed to carry current through the mixed cell.

The model envisions groups of electrical pathways across the mixed cell, denoting
different levels of electrical preference. Such groups, which we call “pathway chan-
nels” or, simply, channels, are characterized by which materials they contain. All
pathways within a given channel are assumed to be electrically indistinguishable. For

a mixed cell of n materials, the model envisions n unique channels of conduction.

The most-preferable 1-channel is that composed solely of the most-conductive ma-
terial in the cell, of conductivity «;, where the materials are designated according
to the rule x; > kp > --- > k,. A statistical model, F(v;), is used to calculate the
likelihood of establishing pathways that constitute the 1-channel. In general, F is a

function of the volume fractions v; of materials j composing the channel i.



When the 1-channel is exhausted, 1N2 pathways (i.e., comprising materials 1 and 2)
that collectively make up the 2-channel become the next most-preferable route. The
F function is again employed to determine the availability of such pathways, given
the larger volume fraction, v + v,, with which to comprise conductive paths across

the mixed cell. When this channel is exhausted, 1N2N3 pathways are sought.

For our sample problem involving three species of material in the mixed cell, those
are the three channels, since, if all materials are available, a connective pathway can
always be found between any two arbitrary points. We are now ready to reveal the
equivalent mixed-cell sub-circuit corresponding to this model in Figs. 3 and 4, for

the case of n = 3 materials.

Ly
Ay
[ K1
A
K1 o} K2
As Ly Ly
4\67) ! O) “ O) ° %7
~— L3 L3 L33 —

Fig. 3 A schematic visualizing conduction through a mixed cell of three materials, in which
the constituent species are ordered to satisfy the relation x; > «, > k3. This model, when
generalized for n components, can be shown equivalent to that described in ARL-TR-8979.

Here, for each circuit component k, we introduce a dual-index ij to help identify
its unique characteristics. All that is required to fully characterize this sub-circuit
is to define the meanings of «;, L;;, and A; in the context of the model, so that the
resistances R;; may be calculated according to Eq. 3. First, we use the convention
that 7 refers to the channel number and j to the material species number in the mixed
cell. The conductivity «; is, as we expect, the conductivity of species j, where the

J are ordered so that k1 > k3 > k3.

For a given channel i composed of materials j = 1, 2, ..., i, the likelihood of traversing
a given material species is in proportion to its volume fraction among the species

making up the pathways of that channel. Thus, L;;, the pathlength of material j
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Fig. 4 The equivalent circuit used to describe a mixed cell of three materials, according to
the model of ARL-TR-8979. The first index of the resistance denotes the electrical channel on
which the resistor lies and the second index the material species composing the resistor.

along channel i, is
I;—‘; - zv—]v . (12)
k=1"k
So, for example, L>1/Ly =vi/(vi+vy) and L3p/Lo = v2/(vi + vy +v3). The first
index of L;; indicates the number of terms in the denominator and the second index
the term of the numerator. The sum of the pathlengths along each of the n = 3

channels equals L, the length of the mixed cell in the direction of the electric field.

Channel 3 of the present model is, in large regard, identical to the serial pathway
of the harmonic-average circuit, with one significant difference. In the harmonic
average, this constitutes the whole of the sub-circuit and all pathways conform
to that makeup. Here, in contrast, only that fraction of pathways that cannot be
exclusively established with species 1 and 2 will behave as a three-species serial

channel.

To understand the cross-sectional areas A; of the present model is the most chal-
lenging concept to grasp. The unique feature to understand in this model is that the
material constituting each of the three channels of the sub-circuit is not isolated from
the other channels. The material species 1 that makes up the sole material along the
preferred channel 1 at the top of schematic Fig. 3 also participates in the transmis-
sion of current in channels 2 and 3. Different channels can share the same physical
material. For this reason, the volume fraction of material 1 in the sub-circuit will
exceed its actual volume fraction in the mixed cell. This merely means that species
1 is being over-utilized to build multiple pathways across the cell at the expense of

the other species’ utilization rates.



The physical meaning of A; in the model can be understood by considering the
mixed cell if materials 2 through n could suddenly evaporate from the cell. The
area A1/Ayp = F(v)) represents the cross-sectional fraction of the cell face that
is expected to electrically connect to the far end of the now partially vacant cell.
Likewise, (A1+A2)/Ag = F(v1+v;) represents the cross-sectional fraction of the cell
face that is expected to electrically connect if materials 3 through n were evaporated
from the cell. Obviously, by the time the last (lowest conductivity) material in the
cell is considered, (A + Ay +---+ A,)/Ag = F(vi +vo +---+v,) = | guarantees
that the sum of the channel areas will equal the cross section of the cell, Ay, and that

a pathway across the cell is assured. In summary, the n equations, fori = 1,...,n,
provided by .

sz:l Ak :

a4, &) (13)

are sufficient to determine the n values associated with A;. Therefore, with knowledge
of the «; conductivities in the mixed cell, along with Egs. 12 and 13 to calculate L;;
and A;, respectively, the sub-circuit representing the mixed cell is fully determined,

by way of Eq. 3, as

Lij
R = o Z‘i (no sum). (14)

The F function in Eq. 13 is a probabilistic function originally developed in ARL-TR-
8899.% There, a mixed cell of conducting and insulating material was metaphorically
modeled as an mxm 2-D square network, where each linkage of the network repre-
sents a given finite volume of either conductor or insulator. A 2-D mxm nodal grid
has 2m(m — 1) linkages, and thus, each linkage represents 1/[2m(m — 1)] of the to-
tal cell volume over which the available conductor and insulator could be randomly
spread (for example, a 4x4 network has 24 linkages and thus a granularity of 4.2%).
A statistical analysis is performed to determine F, the likelihood of point-to-point
connectivity across the network (cell), given an expected fraction of conducting

material.

Most recently,’ the analysis was extended to 3-D mxmxm nodal grids, containing
3m?(m — 1) linkages (a 5x5x5 network has 300 linkages, making a granularity
of 0.33%). The particular shape of the F function will vary with the network
chosen to metaphorically represent the mixed cell. However, they all share the
common property of being S-shaped, because the connectivity across the network

exhibits threshold behavior. The more finely granulated the network, the sharper the



threshold. Furthermore, the F( f) curves are all monotonic, and possess endpoints

(0,0) and (1, 1). Figure 5 gives examples of F-curves for 3-D networks.

1
0.8 -
0.6 s
[

0.4 | |
o2l S 2x2%2 | |
) ---3x3X3

- 4XAX4
—— 5%x5X%5
0 L | | |
0 0.2 0.4 0.6 0.8 1

Fig. 5 Probability F of establishing connectivity across the diagonal of various 3-D cubic
network cascades, as a function of f, the likelihood that any given network link is conductive.
Originally Fig. 2 of ARL-MR-1030.°

Once all the component resistances R;; are evaluated from Eq. 14 using the known
or calculable values of «;, L;;, and A;, the sub-circuit’s properties of total resistance
Ry and conductance Gy may be calculated using undergraduate circuit-analysis
techniques, arriving at

n

”&:%:Z_;ET' (15)

i=1 &ij=1"1%]
The inner sum covers the components in channel i, with the outer sum covering all
the channels. With those quantities in hand, the net conductivity for the mixed cell
may be obtained as
Ly < 1

Ko = = (16)
Ao = Yoy Rik

The power dissipation in component i j, normalized by the square of the voltage, V,

10



across the cell is
ﬁ — & — —Rif (17)
V2R (yi p.\2
i (Zhar Rie)

where R;. is the resistance along channel i in which component i; sits.

Finally, the power dissipation (joule heating) in species j, designated P.;, can be ob-
tained from Eq. 17 by summing across those cross-channel components comprising
species j:
i = Lo Y & (18)
QE?  Ag V2T
We show later in this document (via spreadsheet) that the sum of these power
dissipations across all species, given by Py/(QE?) = 2 Pyl (QE?), yields a

value identical to xo (Eq. 16), which is as it should be, in accordance with Eq. 7.

In all of these calculations, extrinsic quantities like R;;, Ry, G;;, and G have values
that vary with the scale of the mixed cell. However, the actual intrinsic quantities
of interest, such as «o and P.;/ (QE?), are independent of the cell size and so
dimensional quantities like Ly and Ag can be taken as unity if it is only the intrinsic

quantities being extracted.

5. Verification Results and Other Comparisons

In considering the solution of the sub-circuit conductance, Eq. 15, one might merely
be reminded that, in a serial network, resistances add, and in a parallel network,
conductances add. Further, the results of ARL-TR-8979! still apply and may be

employed for quantitative calculation as an alternate implementation.

To express the present calculations in a more tangible fashion, we share the results of
a spreadsheet developed to tabulate the circuit solution and compare to the published
results in ARL-TR-8979. A match, to five significant digits, between the results of
the spreadsheet and the previously published report establishes equivalence between

that model and the circuit depicted in Figs. 3 and 4.

Following the verification, we employ the more recently derived 5x5x5 cubic net-
work metaphor for the mixed cell, rather than the 4x4 square network. We study
cases highlighting circuit behavior when the mixed cell contains trace impurities and
compare the results of the present model to that of volume averaging and harmonic

averaging (i.e., the parallel and serial circuit equivalents).

11



5.1 Verification of Equivalent Circuit to Model of ARL-TR-8979

To begin the verification, we reiterate the case we wish to verify, originally presented
in the Appendix of ARL-TR-8979. While the problem contained nominally four
materials, two of them (materials 2 and 3) were of identical properties, and so the
analysis was conducted lumping those two together as a single “material” constituent
in the cell. The volume-fraction and species-conductivity inputs are provided in
Table 1 and the output in Table 2, showing the net conductivity of the mixed cell as
0.84361, using the equations of ARL-TR-8979, also reproduced at the beginning of

Section 4 of this report.

Table 1 Example mixed cell to demonstrate the effect of conductive uniformity (originally
Table A-1b of ARL-TR-8979)

i Vi Ki
1 04 1.0
2Uu3 04 038
4 02 0.1

Table 2 Net conductivity when conductively uniform species (2 and 3) combine pathways
(originally Table A-3 of ARL-TR-8979; equation numbers refer to ARL-TR-8979)

lvi F1U~~~Uj memj Kin---nj Kly---uj
Eq. 6 Eq.5 Eq. 4 Eq.7
1 0.40000 0.02345 0.02345 1.00000 0.02345

2U3  0.80000 0.91198 0.88853 0.88889  0.81326
4 1.00000 1.00000 0.08802 0.34483 |0.84361

J
i=

A spreadsheet was developed to solve the circuit described in Figs. 3 and 4, in
which the above inputs were entered from Table 1. In the spreadsheet, the inputs
are highlighted in bright yellow. The central columns of the spreadsheet are divided
based on material species j, while the central rows are divided based on pathway

channel i. The spreadsheet is replicated in Table 3.

The red numbers near the input section of the spreadsheet are values of F(f)
interpolated from a spreadsheet data set not shown in Table 3. They represent
the functional values associated with the cumulative volume fraction of materials
found along channel i of the circuit, f = ijl v;. For the verification, the same F
interpolation was used as that in ARL-TR-8979, namely, a 2-D 4x4 square network.

The tabulated F(f) function can be found in Table 13 from ARL-TR-8899.

12
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The cross section Ag and cell length L of the mixed cell, highlighted in a pale yellow,
can be exercised as inputs, if desired. Doing so will change extrinsic properties of
the circuit such as resistance and conductance. However, the intrinsic properties
of interest, such as net conductivity and joule heating per unit volume, will be

unaffected by any changes to the dimensions of the mixed cell.

Four columns to note (two on the left and two on the right) point to results labeled
Eq 6, Eq 5, Eq4, and Eq 7. These data should be compared directly to the numbers in
the output of Table 2, so as to verify a match to the final decimal place. The column
data labeled Eq 4, and Eq 7, in particular, represent the outcome of the circuit
analysis. The fact of a verified match confirms that the circuit of Fig. 4 represents
the electrical equivalent of the model proposed in ARL-TR-8979.

The circuit components (11, 21, and 31) associated with material species 1 are
treated in the leftward columns, those (22, 32) associated with species 2 in the
middle columns, and those (33) with species 3 in the rightward columns. For each
ij component, values of «;, A;, and L;; are calculated. From these, additional values
of R;; and G;; are derived. The voltage divider .csv;;/V is also calculated for
the component, based on the component resistances along the particular pathway
channel. From this, the component power consumption normalized by the square of
the overall cross-cell voltage drop, P;;/V 2, is also derived. Columns, rightward of
the component calculations, aggregate the results on a per-channel basis and, moving
yet further right, on a network basis, where the equivalent mixed-cell conductivity

can be found.

Below the pathway-channel calculation rows in the spreadsheet are the power-
consumption calculations, done on a per-species basis. Remember, the given material
species may be part of multiple electrical channels—thus, for each species j, we sum
the P;;/V 2 column, while normalizing by the cell volume Q and converting cross-
cell voltage drop V back to electric-field magnitude E. Comparable calculations for

the volume and harmonic averages are provided for comparison below that.

The aggregated output of the present model (mixed-cell conductivity and joule-
heating distribution among the mixed-cell species) is highlighted in a mustard color.
The values for the volume- and harmonic-averaged approaches are also highlighted
in a more faded mustard color, for direct comparison. The observed numerical

equivalence, for each respective model, of the conductivity x and the total power
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consumption P/(QE?) is a check that confirms the validity of Eq. 7, independent of
conductivity averaging scheme—namely, that the joule heating per unit volume is
proportional to the effective conductivity of the mixed cell. An extracted summary

of the spreadsheet is given in Table 4.

Table 4 Summary of results presented in Table 3

Species 1 Species 2 Species 3 Net
k; | 1.0 0.8 0.1 0.84831
v; | 04 0.4 0.2 1.0
joule heating | = (%) | 2% (%) | a2 (%) | o2 =ko

ARL-TR-8979 | 0.37866 (44.89) | 0.44401 (52.63) | 0.02093 (2.48) | 0.84361
Volume-Avg | 0.4 (54.05) | 0.32  (43.24) | 0.02 (2.70) | 0.74
Harmonic-Avg | 0.04756 (13.79) | 0.05945 (17.24) | 0.23781 (68.97) | 0.34483

Things that are worthy of note include the following:

* The present model (AR-TR-8979) carries power most efficiently through the
species and channel that bring the cumulative volume fraction past the connec-

tivity threshold (species 2 on channel 2 in this example).
* Volume average tries to concentrate joule heating in the most-conductive species.

* Harmonic average tries to concentrate joule heating in the least-conductive

species.

* Volume averaged power consumption (always) exceeds the harmonic average.

5.2 Example: Balanced Species Distribution

At this point, we examine other cases of interest. We revise the spreadsheet to
include the more recently developed 3-D cubic lattice connectivity functions, F( f),
as seen in Table 5. These data are drawn from the Appendix of ARL-MR-1030, but

calculated with greater precision.

In this example, we distribute our three species equally (33%/34%/33%%). We choose
two orders of magnitude difference between «; = 1 and «3 = 0.01, with x, = 0.1
in the logarithmic middle, 1 order of magnitude from the extrema. The data were
entered into the revised spreadsheet and a summary of the result is shown in Table 6.
The full spreadsheet result is found in Table 7. We note the following points of interest

in the summary:

* The volume average and harmonic average are symmetrically mirrored in the

percentages of joule heating in the three species, 90/9/1 versus 1/9/90.
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Table 5 The F(f) function used for subsequent examples, corresponding to a 5x5x5 cubic 3-D
lattice

5x5x5 F(f) interpolation
-  F
0.00E+00 0.0000E+00 5.00E-01 7.2799E-01
2.50E-02 4.8179E-15 5.25E-01 7.9202E-01
5.00E-02 1.3865E-11 5.50E-01 8.3940E-01
7.50E-02 1.5434E-09 5.75E-01 8.7507E-01
1.00E-01 4.4626E-08 6.00E-01 9.0256E-01
1.25E-01 6.1242E-07 6.25€-01 9.2415E-01
1.50€-01  5.2273E-06 6.50E-01 9.4132E-01
1.75E-01  3.2070E-05 6.75E-01 9.5505E-01
2.00E-01 1.5415E-04 7.00E-01 9.6602E-01
2.25E-01 6.1331E-04 7.25E-01 9.7476E-01
2.50E-01 2.0939E-03 7.50E-01 9.8165E-01
2.75E-01 6.2798E-03 7.75E-01 9.8701E-01
3.00E-01 1.6773E-02 8.00E-01 9.9112€-01
3.256-01 4.0113E-02 8.25E-01 9.9419E-01
3.50E-01 | 2157205200 8.50E-01 9.9642E-01
8.75E-01 9.9796E-01
3.75E-01 1.6260E-01 9.00E-01 9.9897E-01
4.00E-01  2.7208E-01 9.25E-01 9.9957E-01
4.25E-01 4.0197E-01 9.50E-01 9.9987E-01
4.50E-01 5.3107E-01 9.75E-01 9.9998E-01
4.75E-01 6.4183E-01 1.00E+00 1.0000E+00

* There is a factor of 13 difference in total joule heating between the volume and

harmonic averages.

* The present model (ARL-TR-8979) is the only averaging scheme that focuses
joule heating in species 2, which is the material whose cumulative volume

fraction (i.e., vi + vp) crosses the F threshold.

« In comparison to a cell of pure species 2, in which P,/(Q,E?) = 0.1, in this
scenario, Py/(QE?) = 0.14798/0.34 = 0.435, a factor of 4.4x higher.

* The least-conductive species 3 dissipates 21X less energy in the present model
than in the harmonic model, even though the present model dissipates nearly

8% the overall energy, in comparison.

Table 6 Summary of results presented in Table 7

Species 1 Species 2 Species 3 Net
k; | 1.0 0.1 0.01 0.21275
v; | 0.33 0.34 0.33 1.00
joule heating | ZL; (%) | 2= (%) | o (%) | oo =Ko
ARL-TR-8979 | 0.06360 (29.89) | 0.14798 (69.56) | 0.00117 (0.55) | 0.21275
Volume-Avg | 0.33  (89.84) | 0.034  (9.26) | 0.0033 (0.90) | 0.3673
Harmonic-Avg | 0.00024 (0.90) | 0.00252 (9.26) | 0.02446 (89.84) | 0.02723
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5.3 Example: Predominant Greater-Conducting Component

In this example, while we retain the same species conductivities as in the prior
example, here we distribute the volume fractions of our three species to favor the
most-conductive component (75%/10%/15%). The data were entered into the revised
spreadsheet and a summary of the result is shown in Table 8. The full spreadsheet

result is found in Table 9. We note the following points of interest in the summary:

* There is a factor of approximately 13 difference in total joule heating between

the volume and harmonic averages.

* Because the volume fraction of species 1 is sufficient to cross the F' function
threshold by itself, the present model (ARL-TR-8979) is highly efficient at
establishing pathways exclusively through species 1, even though the volume
fraction is merely 75%. Thus, the net conductivity of the mixed cell is 99% of

that of species 1. Likewise, 99.5% of the joule heating occurs in species 1.

« In comparison to a cell of pure species 1, in which P;/(Q;E?) = 1.0, in this
scenario, P1/(Q1E?) = 0.98473/0.75 = 1.313, a factor of 1.3x higher.

* The least-conductive species 3 dissipates nearly 8 less energy in the present
model than in the volume-average model, even though the present model dissi-

pates nearly 1.3x the overall energy, in comparison.

* The least-conductive species 3 dissipates 281X less energy in the present model
than in the harmonic model, even though the present model dissipates nearly

16x the overall energy, in comparison.

Table 8 Summary of results presented in Table 9

Species 1 Species 2 Species 3 Net
kj | 1.0 0.1 0.01 0.98904
v; | 0.75 0.10 0.15 1.00
: : Py Py Ps3 P _
joule heating aET (%) arT (%) arT (%) o5z = ko

ARL-TR-8979 | 0.98473 (99.56) | 0.00411 (0.42) | 0.00019 (0.02) | 0.98904
Volume-Avg | 0.75  (98.49) | 0.01  (1.31) | 0.0015 (0.20) | 0.7615
Harmonic-Avg | 0.00267 (4.48) | 0.00356 (5.97) | 0.05346 (89.55) | 0.0597
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5.4 Example: Predominant Lesser-Conducting Component

In this example, while we retain the same species conductivities as in the prior
example, here we distribute the volume fractions of our three species to favor the
least-conductive component (15%/10%/75%). The data were entered into the revised
spreadsheet and a summary of the result is shown in Table 10. The full spreadsheet

result is found in Table 11. We note the following points of interest in the summary:

* There is a factor of approximately 13 difference in total joule heating between

the volume and harmonic averages.

* Because the combined volume fractions of species 1 and 2 are not sufficient to
cross the F' function threshold by themselves, the present model (ARL-TR-8979)
must rely largely on pathways including all species (i.e., channel 3). Thus, the
net conductivity of the mixed cell is roughly equivalent to the harmonic average.

As aresult, 95.2% of the joule heating occurs in species 3.

« In comparison to a cell of pure species 3, in which P3/(€3E?) = 0.01, in this
scenario, P3/(Q3E?) =0.01291/0.75 = .0172, a factor of 1.7x higher.

* The conducting species 1 dissipates 1667X less energy in the present model

than in the volume-average model.

Table 10 Summary of results presented in Table 11

Species 1 Species 2 Species 3 Net
k; | 1.0 0.1 0.01 0.01356
v; | 0.15 0.10 0.75 1.00
joule heating | s (%) | &= (o) | o (%) | ooz =Ko

ARL-TR-8979 | 0.00009 (0.67) | 0.00057 (4.18) | 0.01291 (95.15) | 0.01356
Volume-Avg | 0.15 (89.55) | 0.01 (5.97) | 0.0075 (4.48) | 0.1675
Harmonic-Avg | 0.000026 (0.2) | 0.00017 (1.31) | 0.01293 (98.49) | 0.01313
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5.5 Overall Comparison of the Conductivity-Averaging Schemes

In looking at the results of the prior examples studied in this report, a certain
picture emerges about the conductivity model of ARL-TR-8979 with respect to the
volume- and harmonic-averaged models. This uniqueness applies in regard to both

conductivity and joule heating.

5.5.1 Conductivity

With the volume-averaged model, the most-conductive species in the mixed cell
tends to drive the net conductivity. For example, in Table 10, the volume-averaged
model exhibits behavior in which the net conductivity is larger than the species
conductivity of 85% of the material in the cell. That is to say, 15% of the x{-material
more than balances out the 75% of x3-material in the cell.

In this regard, the harmonic-averaged model is equally extreme in the opposite
direction, favoring the properties of the least-conductive component in the mixed
cell. In Table 8, we see the net conductivity of the harmonic model falls below that
of 85% of the material in the cell. The 15% of the x3-material within the cell is
driving the magnitude of the overall conductivity. This effect would be even greater
if the range of conductivities in the cell were larger than the 2 orders of magnitude

considered in our examples.

In contrast to these two extremes, the present model of ARL-TR-8979 exhibits a
blend of these behaviors. When the volume fractions of mixed-cell species favors
the most-conductive species, this model presents a net conductivity that favors
conduction. When the volume fractions favor the least-conductive species, the net

conductivity provided by this model is in line with that species.

A reaffirming trend with this behavior is that a small volume fraction of contam-
inant in a cell does little to change the overall conductivity of the cell, unlike
the volume-average model, which changes conductivity in proportion to the frac-
tion of contaminant, and the harmonic-average model, which works to favor the
least-conductive material, regardless of whether it is the primary material or the

contaminant.

5.5.2 Joule Heating

The distribution of joule heating for the various averaging schemes is, if anything,

even more telling than the conductivity calculation. In the volume-average approach,
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as the volume fraction of the most-conductive species 1 was varied from 15% to
75% in the examples, the percentage of joule heating concentrated in species 1 never
falls below 89.5% of the total.

In the same manner, with the harmonic-average approach, as the volume fraction
of the least-conductive species 3 was varied from 15% to 75% in the examples, the
percentage of joule heating concentrated in species 3 never falls below 89.5% of the
total.

The mirror symmetry of these two models is no accident, given that one is a purely
parallel circuit and the other purely serial. In the parallel circuit, voltage drop
is equal across all components and the current is proportional to the component
conductance. In the serial circuit, the current through all components is equal and the
voltage drop is proportional to the component resistance. Since power consumption
isP=%Vi=YV>G =i?Rand G = 1/R, it follows that V2G for the components
of the parallel circuit looks functionally like i>R for the components of the serial

circuit.

In contrast to these two archetypal circuit layouts, the present model exhibits prop-
erties of both parallel and serial circuits, as seen in Fig. 4. When there is ample
supply of high-conductivity species 1 in the mixed cell, enough electrical pathways
can establish themselves through species 1 so that A} > A, > A3 and the circuit is
functionally parallel. But if the quantity of species 1 and 2 is small in the mixed cell,
the areas A; and A become small, indicating that large numbers of connections
could not manifest across the cell using only those two species. Thus, in this case,
the predominant path of the circuit belongs to channel 3, which embodies all the

mixed-cell species arranged in serial.

In the present model, the transition from serial to parallel behavior and vice versa is
governed by the F-function threshold. In particular, starting with the most-conduc-
tive species, the question of “how many species are required to reach the total-volume
fraction corresponding to the F-function threshold value?” becomes the key ques-
tion. If it takes k species of the n total in the cell to pass that threshold, then channel &

will comprise the predominant pathways in the circuit, consisting of species 1, ..., k.

To see this in action, we need merely look at the prior examples. In the first example

(see Table 7), with an equal partition of species in the cell, we note that it is species
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2 that takes the cumulative volume across the F-function threshold. Thus, from the
table, we see that channel 2 comprises A, = 90.3% of the total pathways, while
Aj only comprises 4.9% of such pathways. While channel 1 will dissipate energy
exclusively in species 1, channel 2 dissipates in both species 1 and 2. However,
because the resistivity of species 2 is a factor of 10 times that of species 1, the vast
majority of dissipation along channel 2 occurs in species 2. Overall, 69.56% of joule
heating occurs in species 2 and only 29.89% in species 1 (the remaining 0.55% in

species 3).

In example 2 (see Table 9), the volume fraction of species 1 (75%) is sufficient
to push past the F-function threshold by itself. Thus, channel 1, comprising solely
species 1, provides connectivity for A; = 98.2% of the mixed-cell circuit pathways.

Not surprisingly, therefore, 99.6% of the joule heating also occurs in species 1.

In example 3, the situation is reversed. The species 1 and 2 only compose 25% of the
mixed cell, which is not sufficient to cross the conductivity threshold. Thus, it falls
upon channel 3 to establish the vast majority of pathways across the cell. Because
this channel is a serial circuit comprising all three materials in the cell, the net result
should be very similar to the harmonic average. This proves to be the case, with over
98%% of the pathways in channel 3. Correspondingly, 95.2% of joule heating occurs

in species 3 (similar to the 98.5% for the harmonic-averaged approach).

6. Possible Inconsistencies for Further Study

The big advantage of being able to cast the conductivity-averaging scheme in terms
of an equivalent circuit is that it permits a clearer understanding of the model
and how its components interact. It is, therefore, also capable of highlighting model
inconsistencies that may indicate negative features of the scheme. In this regard, there

are two features of the model of ARL-TR-8979! that warrant further consideration.

First, the calculation of channel cross sections, originally embodied in the terms
Fin..nj and Fijy..uj, now also described by Eq. 13,* allows for a channel cross
section that is larger than the cross section of the physical material available in those
species. While it is wholly consistent, for example, that the introduction of porosity

into a material could lower the effective conducting cross section of the specimen,

*To draw fully the connection in nomenclature between the model notation of ARL-TR-8979 and
Eq. 13, it is the case that A;/Ag = Fin...nj, Where i = j.
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Eq. 13 also allows for the possibility that significant porosity could be introduced
without reducing the effective conducting cross-sectional area. Such a possibility

seems counterintuitive and therefore needs to be revisited.

A second model facet of ARL-TR-8979 that is worthy of further study concerns
the explicitly stated assertion that a physical material point in the mixed cell may
be part of several distinct electrical channels. This point is manifested in Eq. 12, in
which the amount of a material species available to construct channel pathways is
undiminished, regardless of usage along other channels. This formulation has the
net effect of making the volume fractions of material used in the equivalent circuit
different from the volume fractions in the actual mixed cell and always favoring the
more conductive species. Whether such species overutilization has a physical basis

requires further consideration.

Because the intent of this report is to introduce the notion of equivalent sub-circuits
for the various mixed-cell conductivity-averaging schemes, we do not address in
this report the validity of these modeling concerns. Suffice it here to say that such
concerns only arose because of the increased understanding provided by the equiv-
alent circuits developed for this report. We will leave it to a future study to address

these concerns.

7. Conclusion

In this report, we examine three approaches to treating the conductivity of a mixed
computational cell: the volume-average approach, the harmonic-average approach,
and the present approach detailed originally in ARL-TR-8979.! The ability to create
equivalent sub-circuits corresponding to each of these approaches was demonstrated
by virtue of the fact that, in each case, the circuit conductivity could be shown to be

identical to the mixed-cell conductivity of the associated scheme.

The ability to characterize each mixed-cell conductivity model as an equivalent
sub-circuit is a strategically important advance! Because the analysis of circuits is
a well-established engineering discipline, the equivalent sub-circuit not only yields
up an equivalent conductivity, but also the distribution of joule heating among the
various “‘components” of the circuit. These “components” represent material along
resistive pathways of conduction in the mixed cell. Therefore, the joule heating of the

sub-circuit components provides a direct measure of the joule-heating distribution
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among each of the mixed-cell species, which is a key item of required understanding

for any conductivity-averaging scheme.

The volume-averaging approach to conductivity was shown equivalent to a parallel
sub-circuit of n channels, where each channel of the sub-circuit is occupied by one
of the n material species in the mixed cell. While the length of each channel is the
length of the cell, the cross section of the channel is proportional to the volume

fraction of the respective species that constitutes it.

In the case of the harmonic-averaging approach to conductivity, the equivalent sub-
circuit is a serial circuit, comprising elements made up from each of the n species in
the mixed cell. The cross section of each component is the mixed-cell cross section,
while the length of each component is in proportion to the volume fraction of the

species constituting the element.

Like the volume-averaged model, the present model (introduced in ARL-TR-8979)
produces an equivalent sub-circuit of n channels. However, unlike volume averaging,
the channels can comprise more than a single resistive component. The first channel
comprises one component, the second two components, and so on until the nth
channel. Of these n(n + 1)/2 components, n are composed of the most-conductive
species-1, n—1 are composed of species-2, and so on. Section 4 of this report should
be consulted to understand the manner in which the resistive values for each of these
components is calculated and the layout by which they are arranged. However, a
key point is that this sub-circuit design can exhibit both parallel and serial behavior,
depending on the particular volume-fraction distribution of the species in the mixed

cell.

We see, in the examples presented in this report, the ability of the present model
to adjust to a serial or parallel nature for the mixed-cell sub-circuit, on the basis
of the volume fractions of the constituents. Logically, a mixed cell in which the
conducting element predominates will tend to parallel-circuit behavior, as there
will exist many pathways that can proceed exclusively through this most-conductive
species. In contrast, a mixed cell in which the less-conductive species predominates
will tend toward serial-circuit behavior, since this species is necessary to establish
connectivity while at the same time pathways will attempt to serially divert into

the more-conductive species when presented with the topological opportunity. The
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present model is the only one of the three studied that permits this contextual switch

automatically.

The development of an equivalent circuit corresponding to each of the averaging
schemes considered in this report provides a clearer picture of the model principles.
This feature helps in evaluating the tenets of each model, both for consistency and
accuracy. For the model of ARL-TR-8979, the circuit highlights two possible incon-
sistencies that should be examined in a future study. In this regard, the introduction
of model-equivalent sub-circuits is already helping to spur future improvements for

mixed-cell conductivity-averaging schemes.
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