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Chapter 1

Convex optimization for cognitive radar
Bosung Kang1, Khaled AlHujaili2,

Muralidhar Rangaswamy3, and Vishal Monga4

1.1 Introduction

A confluence of factors continues to increase the complexity and challenges of mod-
ern high performance radars [1]. Cognitive radar was described and introduced as
an advanced form of radar systems for the first time by Haykin [2] to meet the chal-
lenges of increasingly complex operating environments. On the contrary to a con-
ventional radar, a cognitive radar includes an adaptive transmitter in addition to an
adaptive receiver, which entails a number of new adaptation and knowledge-aided
methods. A fundamental goal of a cognitive radar is to sense, learn and adapt (SLA)
to a complex environment [1]. The cognitive radar continuously learns about the
environment and updates the receiver with relevant information on the environment.
Then the transmitter continually adjusts its signal in intelligent manner based on the
sensed environment such as the size and range of the targets and clutter. This closed-
loop dynamic system is the key aspect of the cognitive radar. The basic structure of
cognitive radar is shown in Figure 1.1. The learning process starts when the receiver
collects the returns from the target and scatterers. From these returns, the cognitive
radar system acquires the required information about its external environment. The
transmitter uses the obtained information to alter its transmission and hence com-
pensates for the changes in the environment that are captured through the receiver’s
previous interactions.

For a cognitive radar, both transmit and receive functions are utilized in new
ways to enhance channel estimation and the radar optimizes a spatio-temporal trans-
mit and receive strategy. This optimization process involves solving mathematical
optimization problems. For example, it has been shown that the optimum transmit
and receive functions maximize output signal-to-interference ratio (SINR), which
means that it is required to solve an SINR maximization problem to obtain the opti-
mum transmit and receive function. Such mathematical optimization problems may
be convex and the solution can be efficiently obtained by numerical approaches or
1University of Dayton Research Institute, Dayton, OH, USA
2Taibah University, Al-Madinah, Saudi Arabia
3Air Force Research Laboratory, WPAFB, OH, USA
4The Pennsylvania State University, University Park, PA, USA
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Figure 1.1 Basic structure of cognitive radar system

a closed form solution in some cases. However, the optimization problems are in
general non-convex and it is hard to obtain a solution particularly when practical
constraints are exploited in the optimization problems to ensure performance of the
radar and satisfy the hardware requirements under complex environment.

In this chapter, we introduce several kinds of optimization problems that are
widely and actively studied in cognitive radar applications and how the problems
can be solved using mathematical skills and principles of convex optimization. We
first provide importance and purposes of waveform design problems in cognitive
radar and practical challenges in the waveform design problems, which is followed
by the principles and fundamentals of convex optimization. Typical approaches to
solve convex optimization problems and non-convex optimization problems are also
introduced. Lastly, successful examples of waveform design algorithms that solve
hard non-convex optimization problems using the principals of convex optimization
are discussed.

1.1.1 Waveform Design Problems in Cognitive Radar
The basic principle in radar is to illuminate a certain region of interest by transmit-
ting a radio frequency (RF) electromagnetic (EM) signal and receive its echo caused
by an object of interest known as a target and other non of interest objects. Uti-
lizing this echo along with the knowledge about the transmitted signal, the radar
performs various functions such as detection, tracking, imaging, and classification.
In addition to the target return, the received echo contains, as shown in Figure 1.2,
signal-dependent returns from objects not of interest known as clutters, electromag-
netic returns from other radiators known as interference, and noise [3].

1.1.1.1 Waveform Design: Background & Motivation
In the presence of those unwanted contributions, the ability to extract the target re-
turn or suppress the unwanted returns is encouraged to enhance the functionality
of the radar systems. Towards this goal, during the last decades, many techniques

2 
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Figure 1.2 Crowded environment

have been proposed to adaptively suppress those aforementioned unwanted returns at
the receiver side [4]. Examples include constant false alarm rate (CFAR) detectors,
space-time adaptive processing (STAP), and rejecting range-ambiguous scatterer re-
turns. On the other hand, the transmitter could be also incorporated into this task
due to the dependence of the target and clutter returns on the transmit waveform.
Accordingly, adjusting this waveform helps in reducing the effect of the unwanted
returns, and hence leads to better extracting of the target return. This concept of
adaptively adjusting the transmitted signal was proposed by H. Van Trees in 1965
[5] and is known in the literature of the radar signal processing as the waveform
design. The concept of the waveform design can not be applied in a radar system
without exploiting the knowledge about its surrounding environment. The surround-
ing environment includes all objects that contribute to the received signal and affect
the performance of radar [4]. The knowledge about the environment is obtainable
under the framework of the cognitive radar mentioned earlier.

1.1.1.2 Waveform Design via Optimization
The concept of waveform design has been enormously addressed in the literature of
radar signal processing during the last decades for different applications, i.e., detec-
tion, estimation, and tracking. In general, the adaptive transmission technology can
be divided into two main different categories according to the degree of the freedom
of the transmitter. These categories are selection and design [4]. Under the selec-
tion category, we have the methods that either adaptively select pre-designed signals
or select certain parameters of pre-defined signals such as pulse repetition frequency
(PRF) and the signal pulse width. On the other hand, the design category includes the
methods that either arbitrarily design the transmit waveform or design the aforemen-
tioned parameters of an existing waveform. The discussion presented in this chapter
deals with the waveform design category. More specific, the proposed methods or
algorithms here design suitable transmit waveforms to compensate for the changes
in the radar’s surrounding environment. Furthermore, it is assumed that no specific

3 
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structure for the transmit waveform. In other words, in the design process, each time
sample in the desired waveform is considered to be freely available to be designed
and constructed.

Mostly, this type design problems is conducted under the numerical constrained
optimization paradigm where the radar performance metric of interest will be op-
timized as an objective function over the transmitted waveforms while considering
some practical/hardware requirements that are imposed by the system as constraints.
In general, the objective functions and the constraints depend on the task of the radar
system, i.e., detection, estimation, and tracking tasks. In the following subsections,
different common performance metrics and practical constraints will be discussed in
more detail.

1.1.1.3 Radar Performance Metrics (Objective Functions)
As mentioned before, the transmit waveforms from the radar can be designed by
solving optimization problems. The objective functions in these problems usually
represent some performance measures as figure of merits. In this part, our goal is to
highlight some of these merits.

Signal-to-interference-plus-noise ratio (SINR)
Most of the waveform design approaches aim to enhance the detection ability of
radar systems. Enhancing this ability is equivalent to maximizing the radar signal-
to-interference-plus-noise ratio (SINR). SINR has a proportional influence on the
probability of detection, and maximizing SINR is equivalent to directly maximizing
the probability of detection and hence the detection ability [6, 7, 8] and the references
therein.

The transmit beampattern
Under excessive clutter and/or interference disturbance the improvement in SINR
can be indirectly achieved by considering different metrics. For instance, maximiz-
ing the energy of the target return (by focusing the transmit power to the expected
target location) and reducing it for the unwanted returns has been conducted in the lit-
erature by controlling the transmit beampattern [9, 10, 11] and the references therein.
The main idea here is to design a set of waveforms such that the transmitted beam-
pattern matches certain specifications, e.g. a desired beampattern, by minimizing the
deviation between the produced and the desired beampatterns.

The ambiguity function
Another indirect SINR improvement can be achieved by designing a transmit wave-
form that has a specific ambiguity shape [12, 11]. This design problem is known
in literature as the ambiguity function (AF) shaping. The AF represents the range-
Doppler response at the output of a filter matched to the transmitted signal when it
arrives with a time delay (represents the range) and uncompensated Doppler shift.
The transmit waveform has a significant impact on this response, and, hence, de-
signing this waveform can be employed to control the ambiguity function for radar
systems.

4 
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(a)

(b)

Figure 1.3 Necessity and importance of practical constraints on radar transmit
waveform (a) the similarity constraint and (b) the constant modulus
constraint

1.1.1.4 Practical Constraints in the Waveform Design Process
Furthermore, besides improving the performance metric using the optimal wave-
form, many hardware limitations imposed by system components must be consid-
ered during the design process. These limitations are reflected in the design process
as constraints on the designed waveform. Many practical constraints are used in lit-
erature. Salient examples include peak-to-average-power-ratio (PAPR) and energy
constraints (EC), similarity constraint (SC), spectral constraint (SpecC), and constant
modulus constraint (CMC). In the following, we provide brief descriptions of some
of the intensively used/studied constraints.

Peak-to-average-power-ratio (PAPR) and the energy constraint (EC)
Peak-to-average-power-ratio (PAPR) and energy constraints belong to the family of
the modulus constraints [4] and usually are imposed on the transmitted waveform
to maximize the efficiency of the transmitter hardware [13, 14]. Since the constant
modulus constraint results in a hard non-convex optimization problem, PAPR and
the EC are employed as a relaxation of the CMC in the literature.

Similarity constraint (SC)
The similarity constraint (SC) is used to produce a waveform that has some of the
desirable properties of a reference signal. The advantage of imposing this constraint
has been reported in different works in the literature such as in [15, 8]. In these

5 
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works, without enforcing SC the produced waveforms suffer from undesirable effects
in pulse compression, and ambiguity function properties as shown in Figure 1.3a.

Spectral constraint (SpecC)
This constraint has been introduced in the literature of radar signal processing to
ensure the co-existence among radar and communication systems, in a spectrally
crowded environment [16, 17]. The need for this co-existence appears when both
systems occupy the same frequency band. For an instant, in wideband transmission,
radar systems occupy a large bandwidth and hence overlap with the spectrum for
other radiators could arise. The term co-existence implies that the frequency signa-
ture of the transmit waveforms from the radar system exhibits nulls in the frequency
bands of the communication systems.

Orthogonality constraint
Imposing orthogonality across antennas has been shown to be particularly meritori-
ous. Orthogonal MIMO waveforms enable the radar system to achieve an increased
virtual array and, hence leads to many practical benefits [18, 19]. A compelling prac-
tical challenge is that the “directional knowledge” of target and interference sources
utilized in specifying the desired beampattern may not be perfect. In such scenarios,
it has been shown in [18, 19] that the gain loss in the transmit-receive patterns for
orthogonal waveform transmission is very small under target direction mismatch.

Constant modulus constraint (CMC)
The constant modulus constraint (CMC) aims to ensure that the waveform’s envelope
have a constant amplitude. The CMC is crucial in the design process due to the
presence of non-linear amplifiers in radar systems [6]. These components are known
to operate in saturation mode, and CMC is required to maximize their efficiency.
Due to this saturation mode, radar transmitters have a peak power level that cannot
be exceeded. Therefore, if the peak amplitude of the waveform exceeds this upper
level, it will be clipped, and hence the transmitted power will not be fully utilized as
shown in Figure 1.3b. Consequently, less than the expected power is carried to the
target, and thus system performance will be degraded.

1.2 Background and Motivation

1.2.1 Principles of Convex Optimization
1.2.1.1 Convex Optimization Problem
Constrained optimization problem
Many estimation and design problems in signal processing, particularly, radar appli-
cations, can be posed as a constrained optimization problem which has the form

min
xxx

f (xxx)

subject to gi(xxx)≤ 0
hi(xxx) = 0

(1.1)

6 
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where the vector xxx is the optimization variable of the problem, the function f is the
objective function or the cost function we desire to minimize, the functions gi are the
inequality constraint functions, and the functions hi are the equality constraint func-
tions. The optimal solution of the optimization problem, xxx?, is a vector that achieves
the smallest objective value of the cost function among all vectors that satisfy the
constraints. xxx? can be expressed by

xxx? = argmin
xxx∈
{
{xxx|gi(xxx)≤0}∩{xxx|hi(xxx)=0}

} f (xxx) (1.2)

where the set
{
{xxx|gi(xxx)≤ 0}∩{xxx|hi(xxx) = 0}

}
is called the constraint set or the do-

main of the problem. In general, the objective function f is a non-convex function
and the problem may have many local optima. Therefore, it is challenging to ob-
tain the global optimal solution of the problem using numerical algorithms or even
impossible to find the solution. A specific class of optimization problems is called
convex optimization problems if the cost function f and the inequality constraint
functions gi are convex and the equality constraint functions hi are affine. For con-
vex optimization problems, any local optimum of the problem is the global minimum
for convex optimization problems.

Convex sets
A set S is called an affine set if it contains the line through any two points in the set.
If S is an affine set, for any two points xxx and yyy in the set S, every linear combination
of them is in the set S.

xxx,yyy ∈ S ⇒ λxxx+(1−λ )yyy ∈ S for λ ∈R (1.3)

In addition, a set S is convex if it contains every line segment between any two points
in the set. In other words, if S is a convex set, for any two points xxx and yyy in the set S,

xxx,yyy ∈ S ⇒ λxxx+(1−λ )yyy ∈ S for 0≤ λ ≤ 1 (1.4)

The weighted average shown in (1.4) can be generalized to more than two points. We
refer to a point of the form λ1xxx1 +λ2xxx2 + · · ·+λkxxxk, where λ1 +λ2 + · · ·+λk = 1
and λi ≥ 0 for all i, to a convex combination. Then it can be also shown that a set is
convex if and only if it contains every convex combination of points in the set. We
can easily know that an affine set is a subset of a convex set and every affine set is a
convex set.

The convex hull is defined on a set S as the set of all convex combinations of
points in the set S.

conv S = {λ1xxx1 +λ2xxx2 + · · ·+λkxxxk|xi ∈ S,λi ≥ 0,λ1 +λ2 + · · ·+λk = 1}(1.5)

The convex hull is always convex and it is the smallest convex set that contains S.
For example, if S is a set of two points, conv S is a line segment between the two
points. If S is a set of three points, conv S is a triangle that is formed by the three
points. If a set C that contains S is given, then conv S⊆C.

7 
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There are some more examples of convex sets that are widely used in the opti-
mization problems. A hyperplane defined by {xxx|aaaT xxx = b} is affine and convex. A
euclidean ball with the center at xxxc and the radius r given by

B(xxxc,r) = {‖xxx− xxxc‖2 ≤ r} (1.6)

is a special case of a convex ellipsoid which has the form {xxx|(xxx−xxxc)
T AAA−1(xxx−xxxc)≤

1} where AAA is symmetric and positive definite. A norm ball is one of the mostly used
convex set in the optimization problem, which is defined by

{xxx|‖xxx− xxxc‖ ≤ r} (1.7)

Note that a kind of norm is not specified. Any function that is positive definite and
absolutely homogeneous and satisfies the triangle inequality is a norm.

Convexity is preserved under intersection and an affine transformation, namely,
the intersection of convex sets is convex and the image and inverse image of a convex
set on an affine function is convex. For example, a polyhedron which is defined as the
solution set of a finite number of linear equalities and inequalities, in other words, the
intersection of a finite number of halfspaces and hyperplanes, {xxx|AAAxxx � bbb,CCCxxx = ddd},
is a convex set.

Convex functions
A function f is convex if the domain of f is a convex set and

f
(
λxxx+(1−λ )yyy

)
≤ λ f (xxx)+(1−λ ) f (yyy) (1.8)

for all xxx,yyy∈ dom f and 0≤ λ ≤ 1. This inequality geometrically means that the line
segment between

(
xxx, f (xxx)

)
and

(
yyy, f (yyy)

)
lies above the graph of f . For example, an

affine function always hold the equality in (1.8) and therefore all affine functions are
convex. If − f is convex, f is called a concave function. An affine function is also a
concave function and any function that is convex and concave is affine.

A convex function can be defined using the α-sublevel set of a function f which
is defined as

Sα , {xxx ∈ dom f | f (xxx)≤ α} (1.9)

If f is convex, then its sublevel sets Sα are convex sets for any value of α . Note
that the converse is not true. For example, a non-convex monotonically decreasing
function has convex sublevel sets. In addition, if a function is differentiable or twice
differentiable, in other words, its gradient or Hessian exists at each point in dom f ,
then f is convex if and only if dom f is convex and

f (yyy)≥ f (xxx)+∇ f (xxx)T (yyy− xxx) for all xxx,yyy ∈ dom f (1.10)

∇
2 f (xxx)� 0 for all xxx ∈ dom f (1.11)

Note that the right term of (1.10) represents the first-order Taylor approximation of
f at xxx and the inequality (1.10) implies that the first-order Taylor approximation of
a convex function is a global underestimator of the function. The inequality (1.11)
shows that the Hessian of a convex function is positive semidefinite.

8 
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Convex optimization problem
For the standard form of the optimization problem in (1.1), an optimization prob-
lem is a convex optimization problem if the objective function f and the inequality
constraint functions gi are convex and the equality constraint function hi are affine.
Therefore, the standard form of the convex optimization problem can be given as

min
xxx

f (xxx)

subject to gi(xxx)≤ 0
AAAxxx = bbb

(1.12)

Since the equality constraint functions are affine, the equality constraint can be ex-
pressed by hi(xxx) = aaaT

i xxx− bi and rewritten as AAAxxx = bbb by stacking all the equality
constraints. Convex optimization problems facilitate solving optimization problems
since any local optimum of the convex optimization problem is necessarily a global
optimum. Therefore, there are many efficient numerical solution methods available
that can handle very large problems with high dimensional variables and a number
of constraints.

Some examples of canonical convex optimization problems are useful to intro-
duce. When the objective function and constraint functions are all affine, the problem
is called a linear programming (LP) which has the form

min
xxx

cccT xxx

subject to GGGxxx� hhh
AAAxxx = bbb

(1.13)

where GGG ∈ Rm×n and AAA ∈ Rp×n, m is the number of the inequality constraints, p
is the number of the equality constraints, and n is the number of the optimization
variables. The feasible set of the LP forms a polyhedron. Linear programmings are
applicable to a number of fields and applications such as finding Chebyshev center
of a polyhedron and dynamic activity planning.

A quadratically constrained quadratic program (QCQP) is also a kind of convex
optimization problems that is widely used in applications. It has a convex quadratic
objective function and convex quadratic inequality constraint functions.

min
xxx

xxxT RRRxxx+ cccT xxx+d

subject to xxxT PPPixxx+qqqT
i xxx+ ri ≤ 000 i = 1, . . . ,m

AAAxxx = bbb
(1.14)

where RRR and PPPi are all positive semidefinite matrices. In QCQP, each inequality
constraint forms an ellipsoid. In the case that PPPi = 0, the optimization problem
becomes a quadratic program (QP) which has a convex quadratic objective function
and affine constraint functions. It also includes linear programs when RRR = and PPPi =
0. The examples of the quadratic program include least squares approximation and
Markowitz portfolio optimization which is a classical portfolio problem.

9 
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A semidefinite programming (SDP) has the form

min
XXX

tr(RRRXXX)

subject to tr(PPPiXXX)≤ 0 i = 1, . . . ,m
tr(QQQiXXX) = 0 i = 1, . . . , p
XXX � 0

(1.15)

where XXX � 0 represents that XXX is a positive semidefinte matrix. Note that it has a non-
negativity constraint in addition to a linear objective function and linear constraint
functions of XXX . Many optimization problems including a matrix norm minimiza-
tion problem, moment problems, and a fastest mixing Markov chain problem can be
casted to a semidefinite programming.

1.2.1.2 Solving Convex Optimization Problems
There are two main categories for solving convex optimization problems, i.e., ob-
taining the optimal solution of optimization problems, analytical approaches and nu-
merical approaches. Analytical approaches enable a closed form solution but are not
available to all the optimization problems. For those problems where an analytical
approach is not available, a solution can be found via numerical approaches.

Analytical approaches
Lagrangian associated with the problem (1.1) is defined as

L(xxx,λλλ ,ννν) = f (xxx)+
m

∑
i=1

λigi(xxx)+
p

∑
i=1

νihi(xxx) (1.16)

where λλλ and ννν are the Lagrange multipliers. The Lagrange dual function is the
minimum value of the Lagrangian over xxx

g(λλλ ,ννν) = inf
xxx∈D

L(xxx,λλλ ,ννν) (1.17)

where D is the domain of the optimization problem. The dual function gives the
information about the optimal value p? of the problem. For any λλλ � 0 and any ννν ,

g(λλλ ,ννν)≤ p? (1.18)

The inequality implies that the Lagrange dual function is a lower bound on the opti-
mal value p?. Then the best lower bound of the optimum value can be obtained by
maximizing the Lagrangian dual function.

max g(λλλ ,ννν)
subject to λλλ � 0 (1.19)

This is the Lagrange dual problem of (1.1). It is always a convex optimization prob-
lem regardless of convexity of (1.1) since the dual function is concave and the con-
straint is convex. Let d? denote the optimal value of (1.19). The following weak
duality inequality always hold even if the original problem is not convex.

d? ≤ p? (1.20)

10 
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In the case that the problem is convex and there exists a strictly feasible point, strong
duality holds.

d? = p? (1.21)

This means if the dual optimal points λλλ
? and ννν? can be obtained the optimality

conditions of the optimization problem can be derived. Let xxx? be the optimal point
of the optimization problem (1.1). If strong duality holds,

f (xxx?) = g(λλλ ?,ννν?) (1.22)

≤ f (xxx?)+
m

∑
i=1

λ
?
i gi(xxx?)+

p

∑
i=1

ν
?
i hi(xxx?) (1.23)

≤ f (xxx?) (1.24)

From the equality and inqualities above, the Karush-Kuhn-Tucker (KKT) conditions
are derived as following.

gi(xxx?)≤ 0 Primal feasibility (1.25)
hi(xxx?) = 0 Primal feasibility (1.26)
λ
?
i ≥ 0 Dual feasibility (1.27)

λ
?
i gi(xxx?) = 0 Complementary slackness (1.28)

∇ f (xxx?)+
m

∑
i=1

λ
?
i ∇gi(xxx?)+

p

∑
i=1

ν
?
i ∇hi(xxx?) = 0 Gradient condition (1.29)

If the objective function and constraint functions of the problem are differentiable
and strong duality holds, the optimal and the dual optimal points must satisfy the
KKT conditions. Moreover, the KKT conditions are sufficient for convex optimiza-
tion problems, which means any points xxx, λλλ , and ννν that satisfy the KKT conditions
are primal and dual optimal. One simple example of the optimization problem that
can be solved by the KKT conditions is an equality constrained convex quadratic
minimization problem which is given by

min (1/2)xxxT PPPxxx+qqqT xxx+ r
subject to AAAxxx = bbb (1.30)

The KKT conditions for this problem are

AAAxxx? = bbb, PPPxxx?+qqq+AAAT
ννν
? = 0 (1.31)

xxx? and ννν? can be obtained by solving the following linear equation[
PPP AAAT

AAA 000

][
xxx?

ννν?

]
=

[
−qqq
bbb

]
(1.32)

Numerical Approaches
The KKT conditions enable an analytical solution of optimization problems, how-
ever, they are applicable to the limited number of convex optimization problems. In

11 
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most cases, it is required to find the solution by numerical algorithms. First consider
a simple unconstrained convex optimization problem,

min
xxx

f (xxx) (1.33)

A necessary and sufficient condition for the optimal point xxx? is ∇ f (xxx?) = 0. Starting
from an initial point xxx0, a sequence of xxxn is selected by

xxxn+1 = xxxn + tddd (1.34)

where t and ddd are the step size and the search direction, respectively. This is called
a descent method if f (xxxn+1) < f (xxxn) holds for every pair of xxxn and xxxn+1 in the
sequence. For any decent methods for the convex objective function, the search
direction ddd must be a descent direction which satisfies

∇ f (xxx)T ddd < 0 (1.35)

The step size t can be determined by the exact line search or the inexact line search
methods, for example, the backtracking line search. Different choice of the search
direction for the descent methods results in various kinds of the descent methods. A
descent method which takes the negative gradient as the search direction is called the
gradient descent method. For the gradient method, the search direction is chosen by

ddd =−∇ f (xxx) (1.36)

The gradient descent method shows approximately linear convergence and the con-
vergence rate highly depends on the condition number of the Hessian. Though it is
such a simple descent method, the convergence is very slow with the high condition
number of the Hessian.

A descent method with a fixed step size t = 1 and the search direction

ddd =−∇
2 f (xxx)−1

∇ f (xxx) (1.37)

is called Newton’s method. It is motivated by the fact that ddd in (1.37) is the minimizer
of the second-order approximation of f at xxx, i.e.,

ddd = argmin f̂ (xxx+ddd) = argmin f (xxx)+∇ f (xxx)T ddd +
1
2

dddT
∇

2 f (xxx)ddd (1.38)

Newton’s method shows faster convergence than the gradient descent method and
it converges quadratically near xxx?. However, it involves computation of the Hes-
sian and the Newton step at every iteration, which requires solving a set of linear
equations.

An equality constrained minimization problem can be solved by the decent
methods for unconstrained minimization problems described above after eliminat-
ing the equality constraint and simplified to an unconstrained optimization problem.
Consider the following equality constrained minimization problem.

min f (xxx)
subject to AAAxxx = bbb (1.39)

12 
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After finding a particular solution x̂xx of the equality constraint AAAxxx = bbb, the equivalent
unconstrained optimization problem can be written by

ming(zzz) = f (FFFzzz+ x̂xx) (1.40)

where FFF ∈ R is a matrix whose range is the nullspace of AAA, i.e., AAAFFF = 000. This prob-
lem can be solved by the descent methods for unconstrained optimization problems.
After obtaining zzz?, the solution of (1.39) can be easily found by

xxx? = FFFzzz?+ x̂xx (1.41)

Newton’s method for the inequality constrained minimization problem is also avail-
able. Taking the second-order Taylor approximation of (1.39) yields

min f̂ (xxx+ddd) = f (xxx)+∇ f (xxx)T ddd + 1
2 dddT

∇2 f (xxx)ddd
subject to AAA(xxx+ddd) = bbb

(1.42)

Recall that the search direction is the minimizer of the above problem and since it is
an equality constrained quadratic minimization problem as (1.30), ddd can be obtained
by the KKT condition,[

∇2 f (xxx) AAAT

AAA 000

][
ddd
vvv

]
=

[
−∇ f (xxx)

000

]
(1.43)

Lastly, a key idea for solving inequality constrained minimization problems is ap-
proximately to formulate an inequality constrained problem which can be solved by
the methods described above. Consider the following equality constrained optimiza-
tion problem

min f (xxx)+∑
m
i=1 I−(gi(xxx))

subject to AAAxxx = bbb (1.44)

where I− is the indicator function of R− such that I−(u) = 0 if u≤ 0 and I−(u) = ∞

otherwise. Though (1.44) has no equality constraint and it is equivalent to (1.12),
Newton’s method can not be applied since I−(u) is not differentiable. The indica-
tor function can also be approximated by the logarithmic barrier function which is
differentiable and given by

Î(u) =−(1/t) log(−u) (1.45)

Then the inequality constrained problem can be approximated by the following equal-
ity constrained problem

min f (xxx)− (1/t)∑
m
i=1 log(−gi(xxx))

subject to AAAxxx = bbb (1.46)

This problem is convex and the objective function is differentiable. Therefore, it can
be solved by Newton’s method.

1.2.1.3 Approaches for Non-convex Optimization Problems
Convex problems can be solved by the analytical and numerical approaches de-
scribed in the previous sections, however, many of the optimization problems in
practice are non-convex. In general, it is difficult to find a solution of the non-convex
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optimization problem since it has a lot of local minima and maxima and saddle
points. We introduce mathematical skills that help to find optimal or sub-optimal
solution of the non-convex problem, convex relaxation/approximation and transform
of variables with examples.

A compressive sensing signal recovery problem is one of the most actively stud-
ied area in signal processing applications. The optimization problem is given by an
l−0 norm minimization problem,

x̂xx = min
xxx
‖xxx‖0 subject to yyy = AAAxxx (1.47)

Since the objective function ‖xxx‖0 is non-convex, it can be relaxed as l − 1 norm
which is convex

x̂xx = min
xxx
‖xxx‖1 subject to yyy = AAAxxx (1.48)

This problem is a convex optimization problem. Though the objective function is still
not differentiable at xxx = 000, it can be solved by efficient solvers such as the interior
point method and least angle regression (LARS). In radar applications, the CMC is
used in many waveform design problems. The SINR maximization subject to the
CMC is given by

min xxxHΦΦΦxxx
subject to |xxx|= 111/n (1.49)

The constant modulus constraint is a non-convex constraint and very hard to exploit
in the optimization problem. The energy constraint is used as a relaxation of the
CMC in many problems

min xxxHΦΦΦxxx
subject to ‖xxx‖2 = 1 (1.50)

A non-convex problem can be converted to a convex problem by transformation
variables. Consider a geometric programming which is given by

min ∑
K0
k=1 eaaaT

0k
xxx+b0k

subject to ∑
Ki
k=1 eaaaT

ik
xxx+bik ≤ 1, i = 1, . . . ,m

egggT
i xxx+hi = 1, i = 1, . . . , p

(1.51)

This problem is non-convex because of non-convexity of the equality constraint.
Taking the logarithm on the objective and constraint functions gives

min log
(

∑
K0
k=1 eaaaT

0k
xxx+b0k

)
subject to log

(
∑

Ki
k=1 eaaaT

ik
xxx+bik

)
≤ 0, i = 1, . . . ,m

gggT
i xxx+hi = 0, i = 1, . . . , p

(1.52)

The objective and equality constraint functions are convex and the equality constraint
function is affine, and therefore the problem is convex.
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1.2.2 Challenges of Optimization Problems for Cognitive Radar
Convex optimization has a long history in signal processing applications including
control, circuit design, economics and finance, statistics and machine learning, and
radar applications [20] and has emerged as a major signal processing tool that has
made a significant impact on numerous problems previously considered intractable
[21]. The classical simplex algorithm was developed during the World War II by
Dantzig to solve linear programming problems. It begins at a starting extreme point
and moves along the edges of the feasible region until it reaches the vertex of the
optimal solution. It showed a great improvement over earlier methods, however, it
takes a long time to converge and the computational complexity is exponential time
at the worst case [22]. In 1980s, Karmarka developed Karmarka’s algorithm [23]
which has been proven to be four times faster than the simplex method, particularly
in polynomial time, by reinventing the interior-point method. It reaches a best solu-
tion by traversing the interior of the feasible region contrary to the simplex method.
This recognition of the interior-point methods stimulated huge interest in new classes
of convex optimization problems such as semidefinite programs and second-order
cone programs and enabled to solve the problems as easily as linear programs [24].
The recent advances in processor power dramatically reduce solution time and even
accelerated usage of convex optimization in numerous applications.

Convex optimization also benefits cognitive radar in many ways and has been
applied to essential problems for cognitive radar, including but not limited to target
detection and estimation, channel estimation, waveform design, beampattern design,
and resource allocation. In practice, however, the optimization problems become
more challenging when practical constraints induced by the environment and radar
physics are exploited in the optimization problems. For example, the waveform
design problem that maximizes a radar output SINR under the EC, xxxHxxx = 1, can
be easily solved by the eigenvalue problem and the optimal waveform is given as
the eigenvector corresponding to the greatest eigenvalue of the SINR matrix [25].
However, the waveform optimization problem becomes onerous and the solution
is difficult to obtain by conventional numerical approaches when the CMC which is
practically essential is employed in the optimization problem. Additional constraints
such as the SC, the SpecC, and the interference constraint make the optimization
problem even more challenging.

1.3 Constrained Optimization for Cognitive Radar

In this section, we introduce three successful waveform design algorithms that solve
a non-convex optimization problems that optimize SINR, the beampattern and the
AF under the challenging constraints. They exploit the CMC in common and have
different additional constraint depending on the purpose of waveform design. Though
the CMC can not be achievable by conventional numerical approaches, the solutions
of these algorithms approach the constant modulus in iterative ways where a convex
optimization problem is solved at each iteration step. It has been proven that the
solutions converge and achieve the CMC at convergence.
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1.3.1 SINR Maximization
We consider a collocated narrow band MIMO radar system with NT transmit anten-
nas and NR receive antennas. The received signal in this model is given by

rrr = α0UUU(θ0)xxx+
K

∑
k=1

αkUUU(θk)xxx+nnn (1.53)

where n is a circular complex Gaussian noise vector with zero mean and covari-
ance matrix σ2III, α0, αk, θ0 and θk denote the complex amplitudes and the angle of
the target and the k-th clutter source, respectively and UUU(θ) is the steering matrix
of a uniform linear array (ULA) antenna with half-wavelength separation between
the antennas. The most common criterion in waveform design involves SINR maxi-
mization, which involves joint optimization of the transmit waveform and the receive
filter. In particular, the receive filter is assumed to be a linear finite impulse response
filter www. The output is given by

r f = wwwHrrr = α0wwwHUUU(θ0)xxx+
K

∑
k=1

αkwwwHUUU(θk)xxx+wwwHnnn (1.54)

Then, the output SINR can be expressed as

SINR =
σ |wwwHUUU(θ0)xxx|2

wwwHΣΣΣ(xxx)www+wwwHwww
(1.55)

where σ = E[|α0|2]/σ2
n , ΣΣΣ(xxx) = ∑

K
k=1 IkUUU(θk)xxxxxxHUUUH(θk) and Ik = E[|αk|2]/σ2

n .

1.3.1.1 Problem Formulation
The objective is to design the optimal waveform which maximizes the SINR subject
to the CMC and the SC, i.e., to solve the following optimization problem

max
www,xxx

σ |wwwHUUU(θ0)xxx|2
wwwH ΣΣΣ(xxx)www+wwwH www

subject to ‖xxx− xxx0‖∞ ≤ ε

|xxx(k)|= 1/
√

NT N

(1.56)

It is a joint problem with respect to xxx and www, however, it is separable and an un-
constrained optimization problem of www. The optimal www can be obtained from the
well-known MVDR problem [26]. By substituting the optimal www into (1.50), we
obtain an equivalent problem

max
xxx

xxxHΦΦΦ(xxx)xxx

subject to ‖xxx− xxx0‖∞ ≤ ε

|xxx(k)|= 1/
√

NT N
(1.57)

where ΦΦΦ(xxx) = UUUH(θ0)[ΣΣΣ(xxx) + III]−1UUU(θ0). Since the dependence of ΦΦΦ(xxx) on the
waveform xxx makes the optimization problem onerous, it has been solved iteratively
assuming ΦΦΦ(xxx) = ΦΦΦ for a fixed xxx and repeatedly optimizing xxx with a new ΦΦΦ till
convergence [27, 15, 8]. However, even for a fixed ΦΦΦ, the optimization of xxx is a hard
non-convex problem for which one of approaches to solve the problem involves SDR
with randomization [28, 15].
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1.3.1.2 Successive QCQP Refinement
The optimization problem (1.56) with signal independent clutter (i.e., ΦΦΦ(xxx) = ΦΦΦ) is
equivalent to the following non-convex problem

max
xxx

xxxH(ΦΦΦ−λ III)xxx

subject to argxxx(k) ∈ [γk,γk +δ ]
|xxx(k)|= 1/

√
NT N

(1.58)

where λ is a constant greater than the largest eigenvalue of ΦΦΦ so that ΦΦΦ−λ III is nega-
tive semidefinite. Due to the CMC, the SC can be expressed by the phase only where
γk = argxxx0(k)−arccos(1−ε2/2) and δ = 2arccos(1−ε2/2). Though it maximizes a
concave quadratic function with a negative semidefinite matrix, it is still non-convex
due to the feasible set. The key idea of the successive QCQP refinement is to solve
the non-convex optimization problem (1.58) by solving a sequence of convex QCQP
problems such that in each iteration of the sequence the designed waveform satisfies
the SC and the constant modulus is successively achieved at convergence. The CMC
enforces the modulus of every element of xxx to be a constant (1/

√
NT N), in other

words, every element of xxx should be located on a scaled unit circle in the complex
plane. The SC restricts the phase of each element as shown in (1.58). Based on this
observation, the successive QCQP refinement method finds the solution by solving
the sequence of convex QCQP problems for which the feasible set gets smaller and
closer to the constant modulus circle.

Consider the following convex optimization problem which is a relaxation of
the non-convex problem (1.58).

max
xxx

xxxHQQQxxx

subject to akℜ{xxx(k)}+bkℑ{xxx(k)} ≥ ck
|xxx(k)|2 ≤ 1/

√
NT N

(1.59)

where QQQ = ΦΦΦ−λ III is a negative semidefinite matrix, ℜ{xxx} and ℑ{xxx} represent the
real and imaginary part of a complex vector xxx, respectively. Note that the CMC
and the SC are relaxed to the convex quadratic inequality constraint and the affine
inequality constraint, respectively. Therefore, (1.59) is a convex optimization prob-
lem. The parameters ak, bk, and ck represent the line that intersects with the constant
modulus at the interval [γk,γk +δk]. The tighter the SC of (1.59) (which implies the
smaller δk), the closer (1.59) to (1.58). For instance, if δ = π/2, the feasible value
of |xxx(k)| lies between 1/

√
2 and 1 and |xxx(k)| approaches 1 as δk reduces as shown in

Figure 1.4.
Figure 1.4 illustrates of the successive QCQP refinement algorithm. At the first

iteration, ak, bk, and ck are calculated from the SC parameters, γk and δk. The feasible
set forms a circular segment of the unit circle with a radius 1/NT N as shown in Figure
1.4a. Then xxx?(k) is obtained by solving the problem (1.59). Denote the solution at
the first iteration by xxx(0). The basic idea of updating the feasible set such that a
new feasible set becomes closer to the constant modulus circle at every iteration
is to choose a half of the current feasible set which the solution xxx(0) belongs to.
Specifically, if arg xxx(0)(k) ≥ γk + δ/2, we set a new SC as [γk + δ/2,γk + δ ], i.e.,
the new constraint angles becomes γ

(1)
k = γk +δ/2 and δ (1) = δ/2. If arg xxx(0)(k)<

17 
Approved for public release; distribution is unlimited.



18 Running head verso book title

(a) (b)

(c) (d)

Figure 1.4 Illustration of the successive approximation of problem (1.58). (a) The
convex hull of the feasible set of (1.58) is the blue area. (b) The
solution point of the convex problem in red. Now we consider only the
upper half of the SC and solve again. (c) Second refinement (d) Third
refinement, here solution in the third refinement is very close to unity.

γk + δ/2, γ
(1)
k = γk and δ (1) = δ/2. In the same way, the problem (1.59) is solved

in the next refinement with the updated γk and δ . Repeating the refinements for
n = 2,3, . . ., the interval [γ(n)k ,γ

(n)
k + δ/2n] gets smaller and smaller and eventually

the modulus of xxx(n)(k) will converge to the constant modulus circle as shown in
Figure 1.4.

1.3.1.3 Analytical and Experimental Results
Complexity analysis
Based on the computational complexity of a QCQP [29] in each refinement, the over-
all computational complexity of SQR is O(FN3.5

T N3.5) where F is the total number
of refinements. In comparison, SDR with randomization has a computational com-
plexity of O(N3.5

T N3.5)+O(LN2
T N2) [30]. It is shown that the number of required

refinements F is independent of NT N and in fact F � NT N [8] and the SQR algo-
rithm typically has much lower complexity. The SDR with randomization invariably
needs a large number of randomization trials L [15] which makes the term O(LN2

T N2)
much larger.
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Figure 1.5 i(n) versus the number of refinements for λmax = 1.

Convergence Analysis
It is shown that the SINR of the SQR algorithm is non-decreasing with each refine-
ment, which means the following inequality always holds at each refinement.

SINRn−1 = xxx(n−1)H
ΦΦΦxxx(n−1) ≤ xxx(n)

H
ΦΦΦxxx(n) = SINRn (1.60)

The inequality implies that the SQR algorithm improves the SINR after each re-
finement. Furthermore, it is also shown that the sequence SINRn is bounded and
therefore it converges to a finite value SINR? since a function which is monoton-
ically non-decreasing and bounded converges to a finite value from the monotone
convergence criterion [31].

The convergence rate of the algorithm highly depends on the number of refine-
ments. The total number of refinements F can be determined from i(n), the maxi-
mum improvement of the new iteration n+1 over n, which is given by

i(n) = max{SINRn+1−SINRn}= λmax(1−β
2(n)) (1.61)

where β (n) = cos( π

2n+1 ) and λmax is the largest eigenvalue of ΦΦΦ. Figure 1.5 plots
i(n) when λmax = 1. It is shown that at most only 2% of λmax of improvement on the
SINR value is expected after 5 refinements, which means the SINR nearly converges
after the small number of refinements.

Experimental results
The numerical simulations are provided to show the performance of the SQR binary
search (SQR-BS) method and the sequential optimization algorithm 1 (SOA1) [15].
For experimental setup, transmit and receive antennas have NT = 4 and NR = 8 el-
ements, respectively, and the orthogonal linear frequency modulation (LFM) wave-
form is considered as the reference waveform xxx0. The number of randomization
trials used in SOA1 is 20,000 and the SQR method involves four refinement steps,
i.e., F = 4. The target is located at an angle θ0 = 15◦ and three interference sources
is at θ1 =−50◦, theta2 =−10◦ and θ3 = 40◦.
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Figure 1.6 (a) The SINR values at each iteration and (b) the beampattern for
SOA1 and SQR-BS algorithms with ε = 0.7.

Figure 1.7 The SINR values at convergence of SQR-BS and SOA1 vs. ε .

Figure 1.6 shows the SINR improvement in each iteration in (a) and the beam-
pattern in (b) for the SOA1 and SQR-BS. It is shown that SQR-BS achieves an SINR
1.59 dB higher than SOA1 for the same SC and exhibits much better suppression
performance at θ =−10◦ and θ = 40◦ when compared to SOA1. A plot of the con-
verged SINR value versus the SC parameter ε is shown in Figure 1.7. the SOA1
increases approximately linearly with ε while the SQR-BS exhibits a superlinear
increase.

1.3.2 Spatio-Spectral Radar Beampattern Design
In practice, the transmit beampattern design is more challenging for two reasons.
The first reason is the requirement of the CMC on the radar transmit waveform,
i.e. a constant envelope transmit signal [6]. The second reason is the requirement
of spectral compatibility of radar and telecommunication systems, which demands
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Figure 1.8 Configuration of ULA antenna

a spectral constraint on the radar waveform spectral shape. Designing the MIMO
radar beampattern in the simultaneous presence of constant modulus and spectral
constraints remains a stiff open challenge.

1.3.2.1 Problem Formulation
Consider a wideband MIMO radar with a uniform linear array (ULA) of M antennas
and equal spacing distance of d as shown in Figure 1.8. The signal transmitted from
the m-th element is denoted by zm(t). Let zm(t) = xm(t)e j2π fct where xm(t) is the
baseband signal and fc is the carrier frequency. We assume that the spectral support
of xm(t) is within the interval [−B/2,B/2] where B is the bandwidth in Hz. The
sampled baseband signal transmitted by the m-th element is denoted by xm(n) ,
xm(t = nTs), n = 0, ...,N−1 with N being the number of time samples and Ts = 1/B
is the sampling rate. The discrete Fourier transform (DFT) of xm(n) is denoted by
ym(p) and it is given by

ym(p) =
N−1

∑
n=0

xm(n)e− j2π
np
N , p =−N

2
, . . . ,0, . . . ,

N
2
−1 (1.62)

where N is assumed to be even in Eq. (1.62). If N is odd, then p = −(N −
1)/2, . . . ,0, . . . ,(N−1)/2.

The beampattern can be given by the following discrete angle-frequency grid
[14]

Pkp = |aaaH
kpyyyp|2 = |aaaH

kpWWW pxxx|2 (1.63)

where xxx ∈ CMN is the concatenated vector i.e. xxx = [xxxT
0 xxxT

1 ... xxxT
M−1]

T , aaakp =

[1 e j2π( p
NTs + fc)

d cosθk
c . . . e j2π( p

NTs + fc)
(M−1)d cosθk

c ]T , and WWW p ∈ CM×MN is given by

WWW p = IIIM⊗ eeeH
p (1.64)

where eeeH
p = [1 e− j2π

p
N . . . e− j2π

(N−1)p
N ] ∈ CN and IIIM is an M×M identity ma-

trix.
The problem of spectral co-existence has been of great interest recently [16,

32, 33] and involves minimization of interference caused by radar transmission at
victim communication receivers operating in the same frequency band. In this case,
the beampattern of the transmit waveform is required to have nulls in these bands
to prevent interference. For J communication receivers, we suppose that the j-th
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communication receiver operating on a frequency band B j = [p j
l , p j

u], where p j
l and

p j
u are the lower and upper normalized frequency, respectively. We denote the desired

(discrete) spectrum shape by ŷyy = [ŷ−N
2
, ŷ−N

2 +1, ..., ŷ N
2 −1] ∈ CN×1 defined as

ŷp =

{
0 for p ∈ B j = [p j

l , p j
u], j = 1,2, ...,J

γ otherwise.
(1.65)

where γ is a scalar such that ŷyyHFFFFFFH ŷyy = N and FFF is the DFT matrix. In SHAPE
algorithm proposed by Rowe et al. [34], a least-squares fitting approach for the
spectral shaping problem for SISO has been formulated by minimizing the following
cost function

‖FFFHxxx− ŷyy‖2
2 (1.66)

We extend (1.66) for MIMO radar and employ it as a constraint in the optimization
problem as follows.

‖(IIIM⊗FFFH)(111M⊗ ŷyy)− xxx‖2
2 = ‖F̄FF

H ȳyy− xxx‖2
2 ≤ ER (1.67)

where 111M = [1,1, . . . ,1] ∈ RM×1, F̄FF = IIIM ⊗ FFFH , and ȳyy = 111M ⊗ ŷyy, and ER is the
maximum tolerable spectral error.

1.3.2.2 Beampattern Design with Interference Control (BIC) under
Constant Modulus

The optimization problem for beampattern design under the CMC and the spectral
constraint can be formulated as the following matching problem.

min
xxx

∑
K
k=1 ∑

N
2 −1
p=−N

2
[dkp−|aaaH

kpWWW pxxx|]2

s.t.: |xm(n)|= 1, for m = 1,2, . . . ,M and
n = 0,1, . . . ,N−1

‖F̄FFH ȳyy− xxx‖2
2 ≤ ER

(1.68)

where dkp ∈ R is the desired beampattern. These constraints are neither convex nor
linear and it is well known in the literature that (1.68) is a hard non-convex problem
even without the spectral constraint. The objective function can be rewritten as [14]

K

∑
k=1

N
2 −1

∑
p=−N

2

|dkpe jφkp −aaaH
kpWWW pxxx|2 (1.69)

where φkp = arg{aaaH
kpWWW pxxx}. This objective function can be optimized by an iterative

method [14, 35, 36] which first optimizes xxx for a fixed φkp and then finds the optimal
φkp for the fixed xxx. For a fixed φkp, the objective function can be further simplified
in a quadratic form as following [10].

K

∑
k=1

N
2 −1

∑
p=−N

2

|dkpe jφkp −aaaH
kpWWW pxxx|2 = ∑

p
‖dddp−AAApWWW pxxx‖2

2 (1.70)

= xxxHPPPxxx−qqqHxxx− xxxHqqq+ r (1.71)
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Moreover, using xxxHxxx = 2L, the spectral constraint can also be simplified as

ℜ{ȳyyH F̄FFxxx} ≥ (1−ER/2)L (1.72)

The optimization problem (1.68) for a fixed φkp is equivalent to the following prob-
lem in real variables.

min
sss

sssT (RRR+λ III)sss

s.t.: sssT EEE lsss = 1, l = 1,2, . . . ,L
s̄ssT sss≥ (1−ER/2)L

(1.73)

where λ is an arbitrary positive number, s̄ss= [ℜ{F̄FFH ȳyy}T ℑ{F̄FFH ȳyy}T 0]T , RRR=

[
GGG −ttt
−tttT r

]
,

sss = [ℜ{xxxT} ℑ{xxxT} 1]T , and ttt = [ℜ{qqqT} ℑ{qqqT}]T .

Sequence of Closed Form Solutions
Though (1.73) is a minimization problem with a convex objective function since
RRR is positive semi-definite, it is still non-convex because of the constant modulus
constraint, sssT EEE lsss = 1. It can also be solved by a sequential approach which involves
solving a sequence of convex problems. Let us consider the following sequence of
constrained quadratic programming (QP) where the n-th QP is given by

(CP)(n)


min

sss
sssT (RRR+λ III)sss

s.t.: BBB(n)sss = 111
s̄ss(n)T sss≥ (1−ER/2)L

(1.74)

where s̄ss(n) is given by:

s̄ss(n) =

ℜ{(F̄FFH ȳyy)� e{ j arg(xxx(n−1))−arg(F̄FFH ȳyy)}}
ℑ{(F̄FFH ȳyy)� e{ j arg(xxx(n−1))−arg(F̄FFH ȳyy)}}

0

 (1.75)

and BBB(n)= [bbb(n)1 ,bbb(n)2 , ...,bbb(n)L+1]
T ∈R(L+1)×(2L+1) such that the line defined by bbb(n)Tl sss=

1 is a tangent to the circle sssT EEE lsss = 1 for l = 1,2, . . . ,L. Specifically, bbbl is given by

bbb(n)l (i) =


cos(γ(n)l ) if i = l

sin(γ(n)l ) if i = l +L
0 otherwise.

(1.76)

for l = 1, . . . ,L and bbb(n)L+1 = [0, . . . ,0,1]T where γ
(n)
l = 2arg(x(n−1)

l )− γ
(n−1)
l and x(n)l

is the l-th elements of xxx(n) which is the complex version of the optimal solution of
(1.74), sss(n), that is, x(n)l = s(n)l + js(n)l+L and conversely sss(n) = [ℜ{xxx(n)}T ℑ{xxx(n)}T 1]T .

Note that, the term e{ j arg(xxx(n−1))−arg(F̄FFH ȳyy)}} in (1.75) depends on the argument xxx(n−1),
which changes s̄ss(n) in each iteration.

Although the problem (1.74) does not result in a constant modulus solution, a
sequence of such problems (in the index n) ensures a non-increasing sequence of cost
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(a) The initial problem CP(1), the
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(c) The new adjusted feasible set
(Contains x(1)l ) in blue, the previ-
ous feasible set in gray.
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(d) The converged solution now
lies on the constant modulus.

Figure 1.9 Illustration of the successive solutions of (1.74) for the l-th element of
the vector xxx(n) i.e. x(n)l . The current feasible set is shown via a blue
line.

function values, such that the sequence of the corresponding optimal solutions con-
verges to constant modulus for large enough λ [37]. It is shown that the constraints
of CP(n) in (1.74) are adjusted so that the feasible set of CP(n) includes xxx(n−1) [17].
This means that the feasible set of each iteration is updated such that it contains
the optimal solution of the optimization problem at the previous iteration step. If
|xxx(n)|= 111, then the constraints of the next problem CP(n+1) are the same as problem
CP(n), which means xxx(n+1) = xxx(n) and, hence, the algorithm converges. It has been
also shown that the cost function sequence is in fact non-increasing and converges.
This procedure is visually illustrated in Figure 1.9.

The optimization problem (1.74) is a convex quadratic minimization with linear
equality constraints. Using the optimality conditions for problem (1.74), the suffi-
cient and necessary Karush-Kuhn-Tucker (KKT) conditions [24] of (1.74) give the
following.

2(RRR+λ III)sss(n)+BBB(n)T vvv(n)−µ
(n)s̄ss = 0 (1.77)

BBB(n)sss(n) = 111 (1.78)
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µ
(n)(s̄ss(n)T sss(n)− (1−ER/2)L

)
= 0 (1.79)

s̄ss(n)T sss(n)− (1−ER/2)L≥ 0 (1.80)

µ
(n) ≥ 0 (1.81)

Solving the equations and the inequality above gives a closed form solution as
following.

sss(n)=

{
R̄RR−1BBB(n)T (

BBB(n)R̄RR−1BBB(n)T )−1111 if s̄ss(n)T sss(n)− (1−ER/2)L≥ 0
µ(n)R̄RR−1

(III−BBB(n)T
R̂RRBBB(n)R̄RR−1

)s̄ss(n)+ ŝss(n) otherwise
(1.82)

where R̂RR =
(
BBB(n)R̄RR−1BBB(n)T )−1, µ(n) = 1

α(n)

(
s̄ss(n)T ŝss(n)− (1−ER/2)L

)
, and

α
(n) =−

[
s̄ss(n)

000

]T
[

R̄RR BBB(n)T

BBB(n) 000

]−1[
s̄ss(n)

000

]
(1.83)

Nullforming Beampattern Design
The beampattern design method described above can also be applied the nullforming
beampattern design problem which is a special case of the full beampattern design.
The goal of nullforming beampattern design is to form a beampattern with nulls in
desired directions and the optimization problem is given by

min
xxx

xxxHVVV xxx

subject to: |xxx(k)|2 ≤ 1/(MN)
s.t.: |xm(n)|= 1, for m = 1,2, . . . ,M and n = 0,1, . . . ,N−1

‖F̄FFH ȳyy− xxx‖2
2 ≤ ER

(1.84)

where VVV = ∑

N
2 −1
p=−N

2
WWW H

p AAAH
p AAApWWW p. Since VVV is positive semidefinite and there are no

linear terms in the objective function, the solution can be obtained by the algorithm.

1.3.2.3 Analytical and Experimental Results
Complexity and convergence analysis
Based on the computational cost of each iteration, the overall computational com-
plexity is O(FL2.373)−O(FL3) [38] where F is the total number of iterations. It also
converges to a finite value sss? since the sequence {g(sss(n))}∞

n=0 is non-increasing and
bounded g(sss)≥ 0 where g(sss) = sssT (RRR+λ III)sss. It can be easily shown by the following
inequality,

sss(n)T (RRR+λ III)sss(n) ≤ sss(n−1)T (RRR+λ III)sss(n−1) (1.85)

The inequality always holds since sss(n−1) belongs to the feasible set of CP(n) and sss(n)

is the optimal solution of CP(n) which is a convex problem.

Numerical results
Figure 1.10 shows the results for nullforming beampattern of BIC, POVMM [39],
SHAPE [34], and JDO SSPARC [40]. POVMM performs nullforming beampattern
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Figure 1.10 Nullforming beampattern design

design by optimizing phases of the waveform under the constant modulus constraint
but no spectral constraint is involved. The SHAPE algorithm is a computationally
efficient method of designing sequences with desired spectrum shapes. In particular,
the spectral shape is optimized as a cost function subject to the constant modulus
constraint but the resulting beampattern is an outcome (not explicitly controlled).
JDO SSPARC is an approach for beamforming that maximizes the signal power
through the forward channels while simultaneously minimizes the response at the
co-channels. JDO SSPARC does not control the spectral shape of the waveform in
the frequency domain. It is shown that BIC, POVMM, and JDO SSPARC achieve
nulls in the desired angles, 10◦, 40◦ and 120◦, i.e., desired spatial control in Figure
1.10a. SHAPE lacks a spatial control component by virtue of its design. Note that
the forward channel for JDO SSPARC is set to be θ = [80◦ to 100◦], however, unlike
the other methods, the resulting waveform is non-constant modulus. On the other
hand, Figure 1.10b plots the spectrum versus the frequency. Here, BIC and SHAPE
effectively suppress the energy in the frequency bands where the transmission should
be mitigated. Unsurprisingly, POVMM do not provide the desired suppression in the
frequency bands of interest because it is not designed for the same. In summary, only
the BIC enables the desired spatio-spectral control.

For wideband beampattern design, we place a notch in the band 910-932 MHz
and consider the following desired transmit beampattern

d(θ , f ) =

{
1 θ = [95◦,120◦]
0 Otherwise.

(1.86)

in Figure 1.11. It shows the angle-frequency plot of the beampattern for WBFIT
method [14] (no spectral constraint) and BIC with the spectral constraint (ER = 0.01).
The BIC method is able to keep the energy of the waveform in particular frequency
band low enough as well as achieve higher suppression at the undesired angles com-
pared to WBFIT.
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Figure 1.11 Plot of the beampattern. (a) unconstrained (b) WBFIT method (c)
BIC

1.3.3 Quartic Gradient Descent for Tractable Radar Ambiguity
Function Shaping

The problem of minimizing the disturbance power at the output of the matched filter
in a single antenna cognitive radar set-up improves the SINR for the radar. The
aforementioned disturbance power can be shown to be an expectation of the slow-
time ambiguity function (STAF) of the transmitted waveform over range-Doppler
bins of interest. The design problem is known to be a non-convex quartic function
of the transmit radar waveform. This STAF shaping problem becomes even more
challenging in the presence of practical constraints on the transmit waveform such
as the CMC. Most existing approaches address the aforementioned challenges by
suitably modifying or relaxing the design cost function and/or the CMC.

In this part, we discuss a solution that involves direct optimization over the non-
convex complex circle manifold, i.e. the CMC set. This solution uses a new update
strategy (quartic-gradient-descent (QGD)) that computes an exact gradient of the
quartic cost and invokes principles of optimization over manifolds towards an itera-
tive procedure with guarantees of monotonic cost function decrease and convergence
[41]. Experimentally, QGD outperforms state of the art approaches for shaping the
ambiguity function under the CMC while being computationally less expensive.

1.3.3.1 System Model and Problem Formulation
We consider a monostatic single-input-single-output (SISO) radar system which trans-
mits a coherent burst of slow-time5 coded pulses dented by

xxx = [x(0),x(1), . . . ,x(N−1)]T ∈ CN (1.87)

The radar system illuminates the environment by sending N coherent burst of slow-
time coded pulses xxx. The signal at the receiver is down-converted to baseband, un-
dergoes a pulse matched filtering operation, and then is sampled. The received vector
vvv = [v(0),v(1), . . . ,v(N−1)]T ∈CN of observations from the range-azimuth cell un-
der consideration is given by

vvv = αT xxx� ppp(νdT )+ddd(xxx)+nnn (1.88)

5For more details about the slow-time and fast-time coding, the reader is advise to see [19, 42, 11]

27 
Approved for public release; distribution is unlimited.



28 Running head verso book title

Figure 1.12 Range-azimuth bins, where the target is located at the point (0,0).
The distance r0 is assumed to be r0 ≤ rmax =

cTr
2 , where rmax is the

maximum unambiguous range defines the maximum distance to locate
a target, and ∆r = rmax.

where αT is a complex parameter accounting for channel propagation and back-
scattering effects from the target within the range-azimuth bin of interest, ppp(νdT ) =

[1,e j2πνdT , ...,ei2π(N−1)νdT ]T , νdT is the normalized target Doppler frequency, ddd(xxx) is
the vector of interfering echo samples, and nnn is the filtered noise vector with E[nnn] = 0
and E[nnnnnnH ] = σ2

n III. According to [12], the vector ddd(xxx) captures the returns from dif-
ferent Nt interfering scatterers located at different range-azimuth bins6 (r, l), where
r ∈ {0,1, . . . ,N−1}, l ∈ {0,1, . . . ,L} (as illustrated in Figure 1.12) and L+1 is the
number of discrete azimuth sectors. This vector ddd(xxx) can be expressed as

ddd(xxx) =
Nt

∑
i=1

ρiJJJri
(

xxx� ppp(νdi)︸ ︷︷ ︸
cccνdi

)
=

Nt

∑
i=1

ρiJJJricccνdi
(1.89)

where ri ∈ {0,1, ...,N− 1} is the range position, ρi is the echo complex amplitude,
νdi and cccνdi

= xxx� ppp(νdi) are the normalized Doppler frequency and the signature7

of the ith scatterers, respectively. JJJr is an N ×N shift matrix and ∀ r ∈ {−N +
1, ...,0, ...,N−1} it is denoted as:

JJJr(l1, l2) =

{
1, if l1− l2 = r
0, otherwise

(l1, l2) ∈ {1, ...,N}2 (1.90)

with JJJ−r = (JJJr)T . Combining Eq. (1.88) and Eq. (1.89), the output of the matched
filter to the target signature cccνdT

= xxx� ppp(νdT ) is given by

cccH
νdT

vvv = αT‖xxx‖2
2 +Dist

(
xxx,ν ,r

)
(1.91)

6Without loss of generality, the target of interest can be assumed to be located at the range-azimuth bin
(0,0) and scatterers are located at further range bins [43, 44].
7This vector cccν will be used in this chapter to represent the signature of any object with a Doppler fre-
quency ν , i.e., cccν = xxx� ppp(ν).
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where Dist
(
xxx,ν ,r

)
represents the disturbance at the output of the match filter, i.e.,

Dist
(
xxx,ν ,r

)
= cccH

νdT
nnn︸ ︷︷ ︸

noise

+
Nt

∑
i=1

ρicccH
νdT

JJJricccνdi︸ ︷︷ ︸
interference

(1.92)

Assuming that nnn is uncorrelated with ddd(xxx), the energy of the disturbances in the
match filter output can be expressed as:

E[|Dist
(
xxx,ν ,r

)
|2] = E

[∣∣∣cccH
νdT

nnn
∣∣∣2]+E

∣∣∣∣∣ Nt

∑
i=1

ρicccH
νdT

JJJricccνdi

∣∣∣∣∣
2
 (1.93)

Problem formulation
In [12], the normalized Doppler frequencies νdi are expressed in terms of the differ-
ence with respect to νdT , and the normalized Doppler frequency range [− 1

2 ,
1
2 ] is di-

vided into Nν bins. Consequently, the normalized frequencies νdi can be represented
by the discrete frequencies νh = − 1

2 +
h

Nν
, h = 0, ...,Nν −1. Using this representa-

tion and approximating the statistical expectation in Eq. (1.93) by the sample mean,
the disturbances in the match filter output will be8

E
[∣∣Dist(xxx,ν ,r)

∣∣2]= N−1

∑
r=0

Nν−1

∑
h=0

p(r,h)‖xxx‖2
2gxxx(r,νh)+σ

2
n ‖xxx‖2

2 (1.94)

where p(r,h) is interference map for the range-Doppler bin (r,νh) and gxxx (r,νh) is
the STAF of the transmitted code xxx defined as:

gxxx(r,νh) =
1
‖xxx‖2

2

∣∣xxxHJJJrcccν

∣∣2 (1.95)

with r ∈ {0,1, ...,N− 1} and νh = − 1
2 +

h
Nν

, h = 0, ...,Nν − 1. Given a (r,νh) pair,
the STAF gxxx(r,νh) gives the range-Doppler response from an interfering patch cor-
responding with a Doppler frequency of νh located r time-lag away. As mentioned
before, the goal is to design a suitable radar waveform xxx in order to shape the STAF
to match a desired range-Doppler response (shaping the STAF is equivalent to min-
imizing the disturbances in the match filter output in Eq. (1.94) [12]) under the
CMC, i.e., |x(n)|= 1, n = 1,2, . . . ,N. With this constraint, the quantity ‖xxx‖2

2 in Eq.
(1.94) is constant and hence the disturbance in the output of the matched filter will
be minimized using the following cost function [11]:

φ(xxx) =
M

∑
i=1

xxxHCCCixxxxxxHCCCH
i xxx. (1.96)

where M = N×Nν , and i is a one-to-one mapping index with (r,h), i.e., for each
pair (r,h) ∈ {0, . . . ,N − 1}× {0, . . . ,Nν − 1}, we have i = rNν + h ∈ {1, . . . ,M =
N×Nν} and the matrix CCCi is defined as CCCi =CCC(r,h) =

√
p(r,h)JJJrdiag(ppp(νh)). Then

8A detailed derivation for Eq. (1.94) can be found in [12].
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the optimization problem for shaping the STAF under the CMC will be the following
complex quartic minimization problem.{

min
xxx

φ(xxx) = ∑
M
i=1 xxxHCCCixxxxxxHCCCH

i xxx.

s.t. xxx ∈ SN
(1.97)

where SN is the complex circle manifold (formal manifold terminology for the CMC

set) defined as SN 4= {xxx ∈ CN : |x(n)|= 1, n = 1,2, . . . ,N}.
It has been shown in [12] that the optimization problem (1.97) is NP-hard. The

authors in [12] approach this problem via a polynomial time waveform optimization
procedure based on the maximum block improvement (MBI) method. In their work,
the CMC is enforced by employing a randomization strategy [45] which leads to
an effective solution but one that has high computational complexity. In [46], a
combination of majorization-minimization (MM) (to majorize the quartic cost by a
quadratic) and coordinate descent methods is used. The CMC is extracted in different
parts of the optimization but a direct optimization over the non-convex CMC remains
elusive.

We invoke principles of optimization over non-convex manifolds to address this
open challenge. Our focus is on developing a gradient-based method, which can
enable descent on the complex circle manifold while maintaining feasibility.

First, the cost function in (1.97) can be altered by adding the term γxxxHxxxxxxHxxx, i.e.,{
min

xxx
φ̄(xxx) = ∑

M
i=1 xxxHCCCixxxxxxHCCCH

i xxx+ γxxxHxxxxxxHxxx

s.t. xxx ∈ SN
(1.98)

where γ ≥ 0 (it will be used later in Lemma 1 to control convergence). Since the
problem (1.98) enforces the CMC, the term γxxxHxxxxxxHxxx is constant (i.e. γxxxHxxxxxxHxxx =
γN2). Hence, the optimal solution of the problem (1.97) and the optimal solution of
the problem (1.98) are identical for any γ ≥ 0.

1.3.3.2 Quartic Gradient Descent (QGD) algorithm
The goal is to find an efficient method to deal with the non-convex feasible set of the
problem (1.97) (or (1.98)), i.e., the complex circle manifold. Many classical line-
search algorithms from unconstrained nonlinear optimization in CN such as gradient
descent can be used in optimization over manifolds but with some modifications. In
general, line-search methods in CN are based on the following update formula [47]:

xxxk+1 = xxxk +βkηηηk (1.99)

where ηηηk ∈CN is the search direction and βk ∈R is the step size. The most obvious
choice for the search direction is the steepest descent direction which is the negative
gradient of φ̄(xxx) at the point xxxk, i.e., ηηηk = −∇xxxφ̄(xxxk) [48, 47]. In the literature
[49, 50], the following high level structure is suggested:

• The descent will be performed on the manifold itself rather than in the Eu-
clidean space by means of the intrinsic search direction. The intrinsic search
direction is a vector in the tangent space TxxxkM to the manifold M at the point
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Figure 1.13 Illustration of the update of xk+1(n) starting from xk(n), where xk(n)
and ηk(n) are the n-th elements of the vectors xxxk and ηηηk, respectively.

xxxk ∈M. This intrinsic search direction can be obtained by projecting the stan-
dard search direction ηηηk =−∇xxxφ̄(xxxk) onto TxxxkM by means of a projection op-
erator ProjTxxxkM

(
ηηηk
)
.

• The update is performed on the tangent space along the direction of ProjTxxxkM

(
ηηηk
)

with a step β , i.e.,

x̄xxk = xxxk +βProjTxxxkM
(ηηηk) ∈ TxxxkM

• Since x̄xxk /∈M, it will be mapped back to the manifold by the means of a retrac-
tion operator, xxxk+1 = Ret

(
x̄xxk
)
.

For many manifolds, the projection ProjTxxxkM
(.) and retraction Ret(.) operators ad-

mit a closed form. Interested readers may refer to [49] for more details.
For the manifold under interest, i.e., the complex circle manifold, [11] developed

a framework for the optimization over this manifold. Consequently, the problem of
shaping the STAF over CMC defined in (1.98) can be solved by utilizing the afore-
mentioned framework. Precisely, at the kth iteration, (1.98) will be solved iteratively
using the following steps (illustrated visually in Fig. 1.13)

1. A projection of the search direction ηηηk = −∇xxxφ̄(xxxk) onto the tangent space of
the manifold at the point xxxk, TxxxkS

N , using

PPPTxxxkS
N (ηηηk) = ηηηk−Re{ηηη∗k� xxxk}� xxxk (1.100)

2. A Descent on this tangent space to update the current value of xxxk on the tangent
space TxxxkS

N as

x̄xxk = xxxk +βPPPTxxxkS
N
(
ηηηk
)

(1.101)

3. A Retraction of this update to SN by using RRR(www) = www� 1
|www| as

xxxk+1 = RRR
(
x̄xxk
)

(1.102)
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where� is the element wise product and |xxxk| is a vector of element wise absolute
values of xxxk, i.e., |xxxk|=

[
|xk(1)| |xk(2)| . . . |xk(N)|

]T .

The algorithm utilizing these steps to solve P2 is named as quartic-gradient-
descent (QGD). It is shown [11] that the gradient of the quartic cost in Eq. (1.98)
is

∇(φ̄(xxx)) = 2
( M

∑
i=1

CCCixxxxxxHCCCH
i xxx+CCCH

i xxxxxxHCCCixxx
)
+4γNxxx (1.103)

Using optimization over the complex circle manifold along with the gradient in Eq.
(1.103), the QGD algorithm with Armijo line search method is formally described in
Algorithm 1.

Algorithm 1 Quartic-Gradient-Descent (QGD) with Armijo line search
1: Inputs: The interference map p(r,h), xxx0 ∈ SN , scalars τ > 0,β ∈ (0,1),σ ∈

(0,1) and a pre-defined threshold value ε .
2: Output: A solution xxx? for optimizing φ̄(xxx) over the complex circle manifold

SN .
3: i = 1
4: for each (r,h) ∈ {0, ...,N−1}×{0, ...,Nν −1} do
5: Compute JJJr as Eq. (1.90)
6: Compute νh and ppp(νh)
7: CCC(r,h) =

√
p(r,h)JJJrdiag(ppp(νh))

8: i← i+1
9: end for

10: Set k = 0.
11: Compute the search direction using the gradient in Eq. (1.103) as ηηηk =
−∇(φ̄(xxxk)).

12: Compute the projection of the ηηηk onto the tangent space according to Eq.
(1.100), and let zzz = PPPTxxxkS

N
(
ηηηk
)
.

13: (Armijo line search) Find the smallest integer m≥ 0 such that

φ̄(xxxk)− φ̄(xxxk + τβ
m

ηηηk)≥ στβ
mzzzHzzz

14: Compute the update of sssk onto TssskS
N as

x̄xxk = xxxk + τβ
m

ηηηk (1.104)
15: Compute the next iterate xxxk+1 by retracting x̄xxk to the complex circle manifold by

using the retraction formula xxxk+1 = RRR
(
x̄xxk
)
.

16: if ‖xxxk+1− xxxk‖2
2 < ε then

17: STOP.
18: else
19: k = k+1.
20: GOTO step (11).
21: end if
22: Output: xxx? = xxxk
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1.3.3.3 Analytical and Experimental Results
Convergence analysis
The cost function in Eq. (1.98) is quartic w.r.t. xxx and hence finding a condition on the
step size µ to ensure the monotonic decrease in the cost function during the descent
step on the tangent space TxxxkS

N of SN at xxxk is a challenging task. Empirically, a small
step size shows good results (monotone decrease in the cost) during this step. Instead
of working with a fixed step size, we can employ well-known backtracking line
search methods that produce a variable step size that ensures the reduction in the cost.
One of these methods is Armijo line search [51, 49]. In [51], Proposition 1.2.1 states
that for a gradient method (such as steepest descent method) with a step size chosen
by the Armijo method, every limit point of the generated sequence is a stationary
point. In the setup, the Armijo line search will be used to ensure the reduction
on the tangent space (an affine set) and hence the result from the aforementioned
proposition can be utilized here. In other words, using Armijo line search method
will produce a point on the tangent space of SN at xxxk with an improvement on the
cost, i.e., φ̄(xxxk) ≥ φ̄(x̄xxk). Now, the point x̄xxk will be on the tangent space and it will
be retracted to the complex circle manifold, hence we need to investigate the effect
of this operator on the change in the cost. The following lemma establishes that the
cost function φ̄(xxx) will be non-increasing through the retraction step given that the
positive scalar γ satisfies a certain condition.

Lemma 1: Let λBBB denote the largest eigenvalue of the matrix

BBB =
M

∑
i=1

(
vec(CCCi)vec(CCCi)

H)
If γ ≥ N2

8 λBBB then φ̄(x̄xxk)≥ φ̄(xxxk+1).

Proof. See [11].

Enabled by monotonic cost function decrease in both the Armijo line search and
retraction steps (Lemma above), we have φ̄(xxxk) ≥ φ̄(xxxk+1)⇒ φ̄(xxxk)− φ̄(xxxk+1) ≥
0⇒ φ(xxxk)− φ(xxxk+1) ≥ 0. Then the sequence {φ(xxxk)}∞

k=0 is non-increasing and
since φ(xxxk)≥ 0, ∀ xxx (bounded below), converges to a finite value φ ∗ is guaranteed.

Experimental results
We show performance of ambiguity function shaping algorithms, the QGD algo-
rithm, the MBI method with a quadratic improvement (MBIQ) [12], and the co-
ordinate iteration for ambiguity function iterative shaping (CIAFIS) [46]. Consis-
tent with existing work [12], the number of bins Nν in the normalized Doppler fre-
quency axis is set to 50 which produces the discrete frequencies νh =− 1

2 +
h

Nν
, h =

0, ...,49. The desired response p(r,h) = 1 for (r,h) ∈ {2,3,4}× {35,36,37,38},
(r,h) ∈ {3,4} × {18,19,20}, and 0 otherwise (see Figure 1.14). The signal-to-
interference-ratio (SIR) provides numerical assessment of all algorithms and is de-
fined as

SIR =
N2

∑
N
r=1 ∑

Nν

h=1 p(r,h)‖xxx‖2
2gxxx(r,νh)

(1.105)
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Figure 1.14 The desired STAF (p(r,h)).

(a) QGD (b) MBIQ (c) CIAFIS

Figure 1.15 STAF for (a) QGD, (b) MBIQ, and (c) CIAFIS for N = 25.

In Figures 1.15 (a) - (c), 2D plots for the STAFs are shown for QGD, MBIQ,
and CIAFIS for N = 25. From these figures, it is evident that the response for the
QGD waveform is the closest one to the desired one (the unwanted range-Doppler
responses in the red rectangles are suppressed with average values around -45 dB). In

(a) Average SIR in dB (b) Average simulation time (sec)

Figure 1.16 (a) SIR average values, and (b) Average Simulation times for QGD
and CIAFIS for N = 50, 70, and 100. Each value is averaged over
100 random trials.

Figures 1.16 (a) and (b), QGD is compared against the CIAFIS method for different
large values values for N varying from 50− 100. We focus on comparisons only
against CIAFIS because [46], it has been reported that the results for MBIQ [12] for
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relatively large values of N, i.e., beyond N = 25 take prohibitively long to generate.
Figure 1.16a shows that both QGD and CIAFIS exhibit expected average SIR gains
with increasing N but QGD can still outperform CIAFIS by 4-10 dB as N varies
from 50− 100. On the other hand as Figure 1.16b reveals, the complexity of QGD
increases more gracefully (slowly) with increasing N as compared to that of CIAFIS.
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