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INTERPRETING JOHNSON’S RELATIVE WEIGHTS ANALYSIS

EXECUTIVE SUMMARY

Research Requirement:

The U.S. Army currently uses a whole-person approach to personnel testing and assessment
wherein multiple sources of information are combined to form an overall individual assessment.
As the volume and variety of individual information continue to expand, it becomes all the more
important to determine which pieces of information are relevant to the whole-person approach
and which pieces of information are superfluous. This process of separating the relevant
information from the irrelevant information is known as relative importance analysis.
Unfortunately, currently used relative importance methods (e.g., relative weights analysis,
dominance analysis) cannot easily incorporate the variety and volume of contemporary Soldier
data and suffer from several computational and inferential challenges.

Procedure:

The purpose of this research program is to mathematically and computationally demonstrate that
extant relative importance analysis methods such as relative weights analysis and dominance
analysis are special cases of a more general statistical learning theory of relative importance.
This specific Technical Report re-derives Johnson’s (2000) method of relative weights analysis
using different matrix algebra methods (e.g., Hadamard product) that translate into expository
computer code.

Findings:

This Technical Report demonstrates that Johnson’s (2000) relative weights analysis is actually a
form of principal components analysis (PCA) and is also related to the generalized least squares
(GLS) multiple regression estimator. Further, the specific formulae and computational
algorithms provided here clarify the interpretation of Johnson’s (2000) relative weights and offer
computationally more flexible and efficient means of calculating said relative weights. Finally,
the interpretational clarity offered here also suggests that relative weights analysis should be
used cautiously unless researchers’ explicit analytic goals are to perform PCA.

Utilization and Dissemination of Findings:

The findings offered here expand the scope and rigor of current relative importance methods to
include more contemporary statistical and computational methods from machine learning and
artificial intelligence. As is common with many such methods, however, the interpretational
challenges of using such methods should be weighed carefully against any gains in
computational efficiency, especially when using these methods to derive meaningful conclusions
about which pieces of information are truly important for evaluating the whole Soldier.

The insights gained from this Technical Report’s derivations are also implemented
algorithmically and presented in both vectorized and iterative R code. Both the vectorized and
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iterative versions are presented in three ways: (1) Tables 2 and 3 map non-executable R code to
the algorithm steps presented in Table 1 and to the equations presented in the text, (2) Tables Al
and A2 present executable R code with comments describing the relevant variables and functions
in greater detail, and (3) Tables A3 and A4 present compact, executable R code with no
comments.
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INTERPRETING JOHNSON’S RELATIVE WEIGHTS ANALYSIS: INSIGHTS FROM
NEW FORMULAE AND COMPUTATIONAL TOOLS

Introduction

Organizational researchers increasingly rely on standardized effect sizes to make decisions.
Effect sizes are more intuitive (Cumming, 2014; Cumming & Finch, 2005), conceptually simpler
than standard statistical results (Brooks, Dalal, & Nolan, 2014), and are independent of sample-
specific features (e.g., sample size) allowing for more meaningful comparisons across studies
(Kelly & Preacher, 2012). Such characteristics make effect sizes particularly attractive to applied
researchers in that communicating complex scientific findings to lay decision makers is greatly
simplified (Brooks et al., 2014).

Relative importance multiple regression methods offer predictor-specific effect sizes accounting
for between-predictor correlations (Azen & Budescu, 2003; Braun & Oswald, 2011; Budescu,
1993; J. Johnson, 2000; J. Johnson & LeBreton, 2004; Nimon & Oswald, 2013). Two of the most
popular such relative importance methods are dominance analysis (Azen & Budescu, 2003) and
relative weights (J. Johnson, 2000). Although dominance analysis weights are statistically more
interpretable (e.g., Gromping, 2007; Thomas, Zumbo, Kwan, & Schweitzer, 2014), relative
weights are computationally more tractable (J. Johnson, 2000). The purpose of this research is to
address this computational tractability / theoretical interpretability tradeoff to improve relative
weights’ statistical interpretability.

To do so, I first derive a new set of relative weights equations based on the original formulation
in J. Johnson (2000). The derivation presented herein is novel in that I use different matrix
operations and matrix identities making clearer relative weights’ statistical interpretation. These
new matrix operations and identities are then translated into summation algebra, which is likely
more familiar to applied researchers than the original matrix representations.

Challenging is that that the original relative weights matrix properties allow for two algebraically
equivalent formulae (see Equations 16 and 17 below). Using the path tracing rules of structural
equation modeling, however, I demonstrate that only one of these representations (Equation 17)
is valid and warrants interpretation. I then offer two interpretations of the final formula: one
related to principal components analysis (PCA) and the other related to generalized least squares
(GLS) regression. Step-by-step instructions are also offered for computationally implementing
the matrix and the summation algebra versions in the R statistical programming environment (R
Core Team, 2018).

The arguments that follow require an introductory knowledge of matrix algebra. For readers
unfamiliar with matrix algebra, there are a number of introductory texts designed specifically for
social science researchers. One short and quite accessible such work is Namboodiri (1984).
Additionally, the “matlib” package for R (https://github.com/friendly/matlib) offers a
comprehensive introduction to learning matrix algebra with R. While a full exposition of such
matrix operations is beyond the scope of the current paper, certain critical operations are
described briefly below before continuing to the core derivations. Throughout the remainder of
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this paper, matrices are indicated by bold, upper case symbols such as X, V, D, U, or A; vectors
are indicated by bold, lower case symbols such as y, B, 1, 0, or €2; and scalars or single numbers
are represented by un-bolded symbols such as N, p, 1, or o.

Overview of Relevant Matrix Operations

Let any matrix M superscripted with T (e.g., MT) indicate the transposition operation whereby
the matrix rows and columns are switched. Then, let any matrix M superscripted with an asterisk
(e.g., M") indicate conjugate transposition operation. With respect to real numbers, the
distinction between simple (e.g., MT) and conjugate (e.g., M*) transposition disappears. When
the matrix M contains complex numbers, however, the two operations diverge in that the
conjugate transpose must also negate the imaginary components of its complex numbers.
Further, when the columns of M are standardized and orthogonal to each other, M becomes of a
special kind known as a unitary matrix.

Most notable is the property that a unitary matrix’s conjugate transpose is identical to its inverse
(Arndt, 2011; Golub & Van Loan, 2013). Let the inverse of any matrix M be denoted M~ and
defined as any matrix such that when pre- or post-multiplied by the original matrix produces an
identity matrix with unit main diagonal and zeroes elsewhere. In other words, M~ is an inverse
of M if and only if MM ™1 = M~1M = [. If the matrix M is unitary, then it also holds that M~1 =
M* and, consequently, that MM* = M*M = |.

Note that the inverse or transpose of a matrix product is the product of each matrix’s inverse with
their order reversed. In other words, (QR)™! = R™1Q~! and (QR)” = RTQT and this extends to
any number of matrices used in the product such as (QRP)™! = P"'R71Q"! and (QRP)” =
PTRT Q. Note also that the inverse of an inverse returns the original matrix, as with:

[(QR)~']™' =[RT'Q7']™
=@ H7RHT
= QR
Likewise, the transpose of a transpose gives the original matrix as with:
[(QR)']" = [RTQ"]"
= (@) ®"Y’
= QR.
Since the transpose and inverse are one and the same for unitary matrices, any combination of

inversion and transposition of the original matrix returns the original matrix. If Q and R are
unitary matrices, in other words, the following hold true:



[(QR)*]™' = [R*Q*]™*
= @Q)'®RH™
=@Q@H'®HT
= (Q)"(R")"
= QR.

With these matrix operations in mind, the subsequent sections offer a detailed technical account
of relative weights. While other such accounts certainly exist (e.g., J. Johnson, 2000), the method
below employs slightly different identities and matrix operations, both of which ultimately lead
to novel insights about relative weights’ interpretation. Before describing in detail this new
method, however, I offer an overview of the ordinary least squares (OLS) multiple linear
regression problem.

Brief Overview of Ordinary Least Squares Multiple Regression

The general OLS multiple regression problem can be expressed as minimizing the objective
function ||y — §1|3 where ¥ is the predicted outcome score and the double bar notation ||-||3 is
shorthand for the squared two norm or the squared Euclidean norm. Except for a multiplicative

constant of ﬁ, lly — 9113 is equivalent to the residual variance, the error variance, or the mean
squared prediction error given as 62 = ﬁzlivzl(y —-9)? = ﬁZ?’zl(y — XB)?2. The minimum
of this objective function occurs when XT§ = Xy or, equivalently, when X"XB = XTy. Re-

arranging the above and solving for 3 then gives the multiple regression coefficient solution of
B=X"X)"'XTy.

As shown in the original formulation (J. Johnson, 2000, see Equations 3 and 4 on p. 5 and p. 7,
respectively) and several additional accounts thereof (e.g., Tonidandel et al., 2009, see Equations
7 and 8 on p. 398 and p. 390, respectively), the relative weights procedure calculates two sets of
parameters (i.e., Brya and A) using a similar OLS procedure. To do so, relative weights
introduce a new set of variables Z, which then are used as predictors in two OLS regressions.
These relative weights procedures are described in much greater and formal detail in the
following sections. To help situate such details, I first offer a brief conceptual overview of the
relative weights problem.

Overview of Relative Weights Analysis

Relative weights analysis begins much as with the standard regression problem but emphasizes a
new challenge: multicollinearity (e.g., Belsley, Kuh, & Welsch, 1980). In particular, the OLS
solution noted above produces regression estimates that are completely independent of each
other, holding constant all other variables when calculating each regression coefficient. Stated
somewhat differently, the OLS regression coefficients produce estimates of the unique
contribution of each predictor to the outcome after removing the influence of the remaining
predictors, or while holding constant the remaining predictors. Often, however, variables in
multiple regression are correlated with each other indicating that the standard regression



coefficient estimates omit the shared or common sources of explained variability in the outcome
(LeBreton, Ployhart, & Ladd, 2004; Nimon, Henson, & Gates, 2010; Nimon, Lewis, Kane, &
Haynes, 2008; Schoen, DeSimone, & James, 2010; Tonidandel, LeBreton, & J. Johnson, 2009).

Relative weights analysis strives to recover this shared or common explained outcome variability
using a matrix decomposition method known as the singular value decomposition. In essence,
relative weights analysis decomposes the set of observed predictors into a completely orthogonal
or unrelated set of variables that, despite being uncorrelated with each other, are maximally
correlated with one of the original predictors (J. Johnson, 2000). One might conceptualize this
new set of orthogonal variables as a set of p latent variables with each observed predictor
variable loading onto all p latent variables; the observed predictor loading highest onto each
latent variable then serves as said latent variable’s identifying predictor. This is not unlike
identifying a common factor in confirmatory factor analysis by constraining one item loading to
unity. In an ideal scenario, each predictor loads strongly onto only one latent predictor and loads
weakly onto the remaining latent predictors, much as with rotating an exploratory common factor
solution to simple structure (Mulaik, 2010).

The unique relationships between the predictors and outcome are then given by the relationships
between these new, orthogonal latent variables and the outcome. The shared relationship
between each predictor and the outcome through the remaining predictors is captured by the
latent variables’ loadings onto the set of observed predictors. Squaring and then multiplying the
unique paths from the latent variables to the outcome by the set of paths from the latent variables
to the predictors then gives each predictor’s total importance in terms of both uniquely and
commonly explained variability. An attractive characteristic of relative weights analysis is that if
the predictors and outcome data are standardized to have unit variance, the total relative weights
will sum to the model’s squared multiple correlation. For more detailed insight into the relative
weights analysis method, I offer below an in-depth technical description using the matrix algebra
operations described above. In particular, the fact that a unitary matrix is its own inverse, or that
MM* = MM~ = M*M = MM = I, will be used to simplify equations throughout.

The Relative Weights Method Technical Details

Let X represent an N X p multiple regression design matrix in standard score form where N is
the sample size and p is the number predictors. Relative weights analysis begins by decomposing
X into a set of new matrices possessing some useful properties, as shown below:

X = UDV"*. (1)

The matrix U corresponds to the eigenvectors' of the matrix XX”; the matrix V corresponds to
the eigenvectors of X”X; and D is a square matrix with the X”X and XX singular values on its
main diagonal and zeroes elsewhere (singular values are the square roots of eigenvalues).

! For the purposes of this Technical Report, an eigenvector can be conceptualized as a set of values that preserve the
information and direction contained in an original set of correlations. If, for example, X; and X, are correlated —.30,
the first element of an eigenvector (i.e., v;,) encodes the direction of this correlations. As such, the matrix V then
encodes the information about predictor correlations contained in X”X, as does U encode the within-person
correlations contained in XX .



Note the asterisk superscripting the matrix V indicating that V is a unitary matrix, the conjugate
transpose of which is given by V*. The decomposition shown in Equation 1 is known as the
singular value decomposition wherein both the U and V matrices are unitary (Golub & Van
Loan, 2013; Horn & C. Johnson, 2013; Watkins, 2010). Relative weights analysis then proceeds
using the matrices U and V to create a new set of auxiliary latent variables denoted as Z. More
specifically, this new set of latent predictor variables is given as (e.g., J. Johnson, 2000;
Tonidandel et al., 2009):

Z = UV*. (2)

It should be noted that Equation 2 contains several implicit assumptions about the specific
singular value decomposition implementation. Most notably, Equation 2 assumes that the
product term UV™ exists, which is only possible when the matrices U and V* have compatible
dimensions. In the original relative weights method, it is stated that the matrices U and V
correspond, respectively, to the eigenvectors of the matrices XX” and XX (e.g., J. Johnson,
2000; Tonidandel et al. 2009). Since XX” has dimensions N X N, so too does the matrix of
eigenvectors for XX (Arndt, 2011; Golub & Van Loan, 2013; Horn & C. Johnson, 2013;
Watkins, 2010) requiring that the matrix U has dimensions N X N. Further, since V is the matrix
of eigenvectors for XX, both are of dimension p X p. Thus, the matrices U and V*, as
originally defined in the relative weights method, are not compatible in that an N X N matrix U
cannot be post-multiplied by the p X p matrix V*.

For the matrix Z to exist, Equation 2 must only use a subset of the full U matrix. The procedure
must select only p of the N columns in U (hereinafter U refers to a sample of p columns from the
full N X N matrix U). Selecting only p of the U columns has implications for Equation 1 in that
D must then be a square p X p matrix with the XTX and XX singular values on its main
diagonal and zeroes elsewhere (i.e., D must be a diagonal matrix; Hastie, Tibshirani, &
Friedman, 2009). If D is diagonal, then so too is its inverse D™!. The diagonal elements of D1
are then given by the reciprocal of D’s non-zero elements (Golub & Van Loan, 2013; Horn & C.
Johnson, 2013; Watkins, 2010). Consider, for instance, the 1 X p vector [01, e ap] collecting
the p singular values from X”X and XX (i.e., the main diagonal of D); this vector’s reciprocal is
[1 /o1,..,1/ ap] thereby giving the main diagonal elements of D1,

When the above is true and D™ exists, the relationship between Equations 1 and 2 is formalized
by post-multiplying both sides of Equation 1 by VD~1V* and simplifying using the unitary
matrix properties noted above. Given X = UDV"*, that is, XVD~1V* = UDV*VD~1v* = UV*,
Pre-multiplying both sides of Equation 1 by UD~1U* and simplifying gives an alternate
procedure for constructing Z given as UD™1U*X = UD~1U*UDV* = UV* = Z. In other words,
the matrix Z is a linearly transformed version of the original predictor matrix X (J. Johnson,
2000; Thomas et al., 2014), which is then scaled by the inverse singular values and transformed
by either the U or V matrix, as formalized below in Equation 3:

XVD~'V* =UD'U*X=UV* =Z (3)



After creating Z, the relative weights analysis procedure continues with the standard OLS
regression procedure noted above. In relative weights terms, two new quantities Bgy 4 and A are
estimated by substituting Z for X to calculate By 4 and also substituting X for y to calculate A (J.
Johnson, 2000; Tonidandel et al., 2009). More formally, Bz 4 and A are given, respectively, as:

Brwa = (Z"Z)"'ZTy 4)

and
A= (ZT7)71Z7X. (5)

The final step in the procedure involves combining the Equation 4 and 5 results to arrive at a
single quantity representing each predictor’s relative weight, which is sometimes presented as
(see Tonidandel et al., 2009, Equation 9 on p. 390):

£ = A%B, 4 (6)

Before continuing it should be noted that the matrix operations implied by Equation 6 deviate
from the relative weights’ matrix operations as described in other relative weights publications
(J. Johnson, 2000; Tonidandel & LeBreton, 2015). Whereas Equation 6 implies the squared
matrix operation proper, the relative weights computation suggests the element-wise square of
each element in A and By 4. Before describing the detailed relative weights derivations, I briefly
discuss below the difference between the matrix square proper and element-wise matrix square
operations, an understanding of which is important for interpreting the new formula presented
later in the report.

Matrix Squares Proper Versus Element-Wise Matrix Squares

In strict matrix terminology (Arndt, 2011; Golub & Van Loan, 2013), the square of a matrix, or a
matrix raised to the power of two, is the product of a matrix and itself. In terms of Equation 6, A?
and B, 4 would then be defined as AA and Bgy 4Brwa- In the relative weights literature, the
quantities described and calculated in Equation 6 are not the matrix squares proper. Rather, the
quantities are the squares of each matrix element. These quantities are also known as the
element-wise matrix product or the Hadamard product operator, which is often denoted by the o
symbol (Golub & Van Loan, 2013). Using the Hadamard product, the relative weights matrices
described as A% and B2, 4, become A o A and Bry 4 © Briwas respectively. Thus, Equation 6
should be re-expressed as

g = (Ao A)(Brwa © Brwa)- (7)

Although subtle, the distinction between Equations 6 and 7 has non-trivial implications in that
the Hadamard or element-wise products in Equation 7 are computationally simpler than the full
matrix product operations implied by Equation 6. Moreover, this computational burden can be
further decreased noting that the relative weights terms A and Bzy4 can, and as will be shown
below, be calculated without inverting the ZTZ matrix. In other words, I show below that the
(Z"Z)~! term in Equations 4 and 5 may be eliminated without loss of generality. It should be
noted that the original relative weights paper demonstrated precisely the same noting that ZTZ =

6



VU*UV™ and that, by the unitary matrix properties (see above), VU*UV* = VV* = I requiring
that ZTZ = (ZTZ)™! = I (see J. Johnson, 2000). Although the derivation below ultimately
reaches the same result, I use instead the Equation 3 identity that Z = XVD~1V*. Using the
Equation 3 identity demonstrates a relationship between the ordinary least squares estimator
shown above and the relative weights quantities Bzy 4 and A.

Simplifying the Relative Weights Equations

Beginning with Bz 4 = (ZTZ) 1ZTy (Equation 4), substituting for each instance of Z the term

XVD~1V*(see Equation 3) and simplifying according to the matrix operations and unitary matrix
properties, the result is:

Brwa = [(XVD~1V*)*XVD~1V*]"1(VD~1Vv*)*XTy
= (VD V*XTXVD~1v*)~1VD~1v*XTy
= VDV*(X"X)"1VDV*VD1V*XTy ®)
= VDV*(XTX) 1XTy
= VDV*B.

Equation 8 demonstrates that By 4 1s the OLS estimator for B pre-multiplied by the term VDV™,
which will be elucidated below. To do so, I repeat the steps in Equation 8 for A (see Equation 5)
and simplify to arrive at:

A= (ZTZ2) 727X
= (VD Vv*XTXVD~1v*)~lyD-1v*XTX
= VDV*(X"X)"1vDV*VD1v*XTX 9)
= VDV*(X"X)"1XTX
=VDV".

The Equation 9 identity A = VDV™ can then be substituted into Equation 8 to give Briya = AB,
which will become instrumental in subsequent sections. Note for now, however, that ZTZ =
VU*UV™, and that substituting this identity into Equation 9 gives an alternative definition of the
lambda matrix as (see also J. Johnson, 2000):

A = (VU*UV*)1ZTX
= VU*UV*ZTX
=VU*uUv*vU*X
= VU'X
=ZTX.



Next, consider that the OLS estimator method can be expressed in singular value decomposition
terms by substituting for each instance of X in the OLS equations its singular value
decomposition given in Equation 1 above. Doing so, the OLS regression coefficients’ solution
can be derived as (see Hastie et al., 2009):

B=X"X)"X"y
= ((UDVH)TUDV*)~1(UDV*)Ty
= (VDU*UDV*)"1vDU"y (10)
= VD 1U*UD V*VDU*y
= VD~ 1U%.

Substituting Equation 10 back into Equation 8 and simplifying gives Bryya = AB =
VDV*VD~1U*y = VU*y = ZTy (see J. Jonhson, 2000 for an alternate derivation). Thus,
Equations 4 and 5 above can be simplified and expressed as:

Brwa = ZTY (11)

and
A=17ZTX. (12)

Then, the relative weights formula shown above in Equation 7 becomes:
€2 = (ZTX ZTX)(ZTy o ZTy). (13)

Equation 13 may be expressed in summation terms to calculate the i™? relative weight as:
p
2
2= > @} (2]y) (14)
j=1

where, as above, p is the number of predictors, (Z7X);; is the ij'" element of Z"X and Z; is the
j™ column of Z. Noting further that since both (Z7X); ; and Z]Ty are single or scalar values, the

summation term may be simplified; the product of two squared scalar terms is simply the square
of the scalar product itself. Then, Equation 14 becomes:

p

g = Z[(ZTX)UZJ'TY]Z (15)

j=1

As noted in the original relative weights analysis method (J. Johnson, 2000), the matrix A is
symmetric requiring AT = A. Since A = ZTX (see Equation 12 above), then (ZTX)” = XTZ must
also be true. Clearly, then, X”Z = ZTX must hold (see also J. Johnson, 2000 and Thomas et al.
2014). In the summation terms of Equation 15, the XTZ = ZTX identity indicates that the i and j



subscripts of (ZTX); ; can be factored through in either order giving the equivalent algebraic
identities:

p p n n 2
€2 = Z(z{x,-zTy) Z(XTZ z7y)" = Z [(Z Zkixkj) (Z ijyk> (16)
j:l = k=1 k=1
and
p p p n n 2
2 2
= (Zxzy) = Y (Kzzly)’ = ) KZ xkizkj) (Z zk,-yk> (7
j=1 j=1 j=1 L\k=1 k=1

Note that since Z]-TXi and Zl-TXj are scalars and that the transpose of the scalar is the scalar itself,
ZiX; = (ZjTXl-)T = X!Z; and ZTX; = (Z7X; )T = X[ Z; must be true. Consequently, Equations
16 and 17 give algebraically equivalent versions of Equation 15. Equation 17 states the i™
relative weight fixes the i column of X or that the i*" relative weight, much as with OLS
regression, is calculated holding constant all remaining p — 1 observed predictors (see Thomas et
al., 2014 for a similar argument). Alternatively, Equation 16 states the i™" relative weight fixes
the i™® column of Z while allowing X to vary (i.e., X is subscripted by j). Equation 16 associating
the i*? relative weight with the unobserved Z is acceptable to the extent that interpreting latent
regression parameters in structural equation modeling is acceptable (e.g., Mulaik, 2010).
Unfortunately, however, Equation 16 also introduces an interpretational paradox: although Z is
considered fixed for the (Z7X); = ZiTXj term, the same Z is allowed to vary across the latent
predictors in the Z]Ty term. Equation 16, that is, allows the latent Z variables to be both fixed and

varying for a given relative weight, which provides an interpretational challenge (e.g., Thomas et
al., 2014).

Equation 16’s limitations are further emphasized when reframing the relative weights procedure
as a graphical model, as is commonly done in the extant literature (e.g., Tonidandel et al., 2009).
Figures 1-3 depict such models wherein Figures 1 and 2 correspond to Equation 16 and Figure 3
corresponds to Equation 17. Each panel in Figure 1 represents one iteration j for a hypothetical
set of p predictors. As noted above, Figure 1 depicts that Z is simultaneously fixed with respect
to X while also varying with respect to y.

In graphical model terms, Equation 16 implies invalid path tracing rules in that one cannot trace
from y to X through Z; doing so would require the additional constraints depicted in Figure 2,
where each dashed line represents a path constrained to unity. Alternatively, the process implied
by Equation 17 and illustrated in Figure 3 depicts valid path traces from y to X through Z without
additional constraints. Thus, only Equation 17 is interpretable. In the sections that follow, I offer
two such interpretations related to principal components analysis and generalized least squares
regression.



Interpreting Relative Weights via the New Formulae

Relative Weights and Principal Components

Recall from above the standard multiple regression problem of minimizing ||y — §||3, which may
be equivalently expressed as ||y — XB||3. Both the observed predictor scores X and the outcome
vector y are assumed known, measured, or observed. On the other hand, the vector 8 is
considered unknown and must be estimated from the data itself. The single best estimate of this
quantity, as shown above, is B = (X7X)"1X"y. In more statistical parlance, while the vector B is
a random variable, the set of predictor scores X is a fixed, known quantity.

Likewise, least squares regression-based factor analytic methods (e.g., principal components)
assume X is fixed, and that the unknown quantity is the set of weights or loadings through which
said scores combine linearly. Fixing each observed predictor when calculating the i™" relative
weight (see Equation 17 and Figure 3) suggests a relationship between the relative weights
procedure and component-based regression methods (e.g., principal components regression).
Indeed, Equation 3, as described further below, depicts the relationship precisely.

Recall that in order for the Equation 2 identity Z = UV™ to be valid, Equation 3 must also hold,
which states Z = XVD~1V* or equivalently that Z = UD~1U*X. In terms of either the singular
value decomposition or the eigenvalue decomposition, the quantity XV is the set of p
unstandardized principal components (Hastie et al., 2009, p. 66). Then, XVD ™1 is the
standardized set of all p principal components in that the unstandardized XV becomes
standardized by the set of p singular values (i.e., D™1).

In terms of the original singular value decomposition shown in Equation 1, and using the same
reasoning from which Equation 3 was derived, the standardized principal components are
arrayed in U in that if X = UDV*, then XVD~! = U (see also Hastie et al., 2009, p. 64-67). Thus,
the relative weights definition Z = XVD~1V* = UV* implies Z is the set of p standardized
principal component scores (i.e., XVD~1 = U) transformed by V*. Further, since V* is a rotation
matrix (Golub & Van Loan, 2013; Horn & C. Johnson, 2013), the transformation V* performs on
XVD~?! = U is rotating the latent standardized principal components (e.g., Mulaik, 2010; see
also, Thomas et al., 2014, p. 332-333).

If Z is the rotated set of p standardized principal components, ZTX becomes the principal
components structure coefficients matrix, which is a transformed factor or component loading
matrix (Mulaik, 2010). Then, as shown in Equations 14 and 17, (Z"X)#; = (Z]-TXL-)2 = (Xl-TZ]-)2
represents the squared loading mapping each latent Z onto the set observed predictors X. Further,
squaring each XTZ term, summing the resulting columns, and dividing each quantity by one less
than the number of cases produces the 1 X p unit vector (J. Johnson, 2000; Thomas et al. 2014).
More formally, 17(ZTX o ZTX)(N — 1)7* = 1" where 1 = [1,1,1, ..., 1p]T is the 1 X p unit
vector.

Since X Z is a component-loading matrix, squared and summed X’ Z columns equaling unity is
analogous to squared and summed principal component loadings equaling unity. In factor
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analytic terms, summing the squared principal component loadings gives the observed variables’
communalities (Mulaik, 2010). Whereas extracting fewer than p principal components will give
less than unit communalities, extracting the same number of principal components as observed
variables necessarily requires unit communalities. In other words, p principal components must
explain p observed variables perfectly (Mulaik, 2010). Thus, calculating Z = XVD~1V* = UV*
is analogous to performing a principal components analysis, extracting p components from the p
observed predictors, rotating said p components by V*, and calculating the principal component
scores for said p rotated principal components.

Taken together, the results above suggest the following interpretations for

Brwa = ZTy and A = ZTX = XTZ: the vector Bgy 4 is proportional to the vector of correlations
between the p rotated principal components of X and the outcome y; the matrix A is proportional
to the correlation matrix between the p rotated principal components of X and the original X
variables. Thus, the vector of relative weights €2 is a squared combination of the p principal
components’ correlations with the original predictor matrix X and the original outcome matrix y.

Relative Weights and Generalized Least Squares

The method above also demonstrates a novel relationship between the relative weights’
parameters and the OLS regression parameters. Namely, combining Equations 8 and 9
demonstrates that Bz, 4 = AP, or that the relative weights parameter vector Bgy 4 1s a linear
combination of the OLS regression parameter vector 3. Such a relationship becomes intuitive
when recalling that Z is a linear combination of the original X. Noting, further, that the method of
generalized least squares (GLS) is a linear transformation of OLS regression then suggests a
relationship between relative weights and GLS. Indeed, as shown below, this is precisely the
case.

Recall the original OLS problem of minimizing ||y — §||3 = ||y — XB||5 by finding an
appropriate parameter vector . The objective is to solve for B in the set of linear equations

XB =y.Let Wbean N X N weight matrix constituting a linear transformation of X and y. Pre-
multiplying both sides of the equation by this weight matrix gives WX = Wy. Pre-multiplying
both sides of this equation by X” then gives XT WXB = X" Wy, which is a weighted version of
the original OLS equation XX = XTy. The solution to this weighted regression problem is
BoLs = XTWX)~1XTWy, the vector of GLS regression coefficients (i.e., BsLs is a linear
transformation of ). Next, let the GLS predicted value be y;;,¢ = WXB.s where, as above, W
is a weight matrix linearly transforming X.

The correlation between the original predictors in X and the GLS predicted values would then be
XT9c1.s = XTWXB,,s. Substituting the GLS estimator noted above and simplifying then gives
XY = XTWX(XTWX) 1X"Wy = X" Wy. In other words, the correlation between the
original X and the GLS predicted values ¥, s is a weighted correlation between the original
predictors and outcome. In relative weights terms, let W; = Z; Z]-T. Then Equation 17 becomes

ef = ?zl(X?Vij)z, which is related to the GLS identity X" ;.5 = X” Wy. Relative weights

appear to be a squared-then-summed set of weighted correlations between the original predictors
and outcome; alternatively, relative weights seemingly estimate the squared correlation between
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the original X and the ;¢ for a particular set of weight matrices constructed from Z. To make
the GLS and principal components interpretations above more tractable, it is helpful to translate
Equations 13 and 17 computationally, which is accomplished below using the R statistical
programming environment (R Core Team, 2018).

Implementing the New Formulae Computationally

Tables 1-3 provide the means through which the new formulae may be implemented
computationally. Table 1 describes the new relative weights method in natural language. Tables
2 and 3 provide R (R Core Team, 2018) vectorized and iterative code for implementing Equation
13 and Equation 17, respectively.

Although conceptually similar to the relative weights matrix estimation method shown above in
Equation 13, the vectorized Table 2 code simplifies calculation even further by noting that €2 =
(ZTX 0 ZTX)(Z"y o ZTy) may equivalently be written as €2 = [1T(ZTX 0 ZTX 0 ZTy17 o
ZTy1M)]7 = [1T(ZTX 0 ZTy1" 0 ZTX o ZTy17)]" where, as above, 1 = [1,1,1, ..., 1,,]T. The
term ZTy1T serves to create a p X p matrix where each column is a replicate of the ZTy =
Brwa vector, which is indicated in the Table 2 R code on line (18) by zty €< array(zt %*% yd,
dim = c¢(p, p)). Once created, the p X p matrix, zty, can be elementwise multiplied by ztx, which
is indicated in the R code by ztx * zty (see line (20) in Table 2). Finally, note that in R the square
operator (denoted as Q**2 or Q*2) applied to a matrix indicates that each element of the matrix
is squared. In other words, Q**2 is equivalent to Q * Q and Q o Q rather than Q %*% Q and QQ.
Thus, (ztx * zty)**2 is equivalent to ztx * zty * ztx * zty, which corresponds to the matrix
representation of ZTX o ZTy17 o ZTX o ZTy1T noted above. Finally, the R function colSums()
iterates through each column of a matrix and sums all of the values of said column, which serves
the same purpose as the vector 17 when pre-multiplying a given matrix. Thus, the Table 2 R
code colSums((ztx * zty)**2) shown on line (20) is equivalent to the matrix representation £2 =
[1T(ZTX o ZTX 0 ZTy1T 0o ZTy1")]T = [1T(ZTX 0 ZTy1T 0 ZTX 0 ZTy17)]".

The iterative R code version presented in Table 3 will produce the same results as the vectorized
version having the advantage of more explicitly stating the steps involved in Equation 17. Note
that the iterated version in Table 3 is identical to the vectorized version in Table 2 up to line (15)
where the Z matrix is created. The iterative version continues on line (16) by creatingap X 1
vector named rws in which the calculated relative weights will eventually be stored. The first
for() loop on line (18) with subscripts i iterates p times because p relative weights will ultimately
be calculated. The second for() loop on line (20) with subscripts j corresponds to the outermost
summation term in Equation 17. The third and final for() loop on line (23) with subscripts k is an
iterative substitute for the X! Z j Z]-Ty matrix operations, which is captured by the

(2713:1 XkiZk j)(Zﬁzl Zy jyk) terms in Equation 17. More specifically, summing across all N ks in
Is €« Is + xd[k,i] * z[k,j] on line (24) is equivalent to XiTZ]- = (Zﬁzl XkiZk ]-). Likewise, summing
across all N ks in bs € bs + z[k,j] * yd[k] on line (25) is equivalent to Z]-Ty = (Zﬁzl Z ]-yk).
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Table 1. Relative weights analysis algorithm

1.
2.
3.

Standardize all data to have zero mean and unit norm / variance.

Separate data into design matrix of predictor scores X and the vector of outcome scores y.
Store the number of predictors (i.e., number of X columns) as a new variable p, and store the
degrees of freedom (i.e., one less the number of rows in X) as a new variable c.

Perform and store a singular value decomposition (SVD) on X extracting only p left singular
vectors (i.e., extracting only p eigenvectors of XXT).

Store the SVD left singular vectors as new matrix U, and store the SVD right singular vectors as
new matrix V.

Calculate and store new matrix ZT = (UVT)T = vUT.

Calculate and store new matrix A = ZTX and new vector Bryys = ZTy.

Forall j € {1,2, ..., p} columns of = ZTX | calculate the i*" raw relative weight as the squared
product between the ij¢" element of A and the j¢" element of By, 4 summing across all j (see
Equation 17).

Calculate the i*" standardized relative weight g; by dividing the it" raw relative weight by the
squared degrees of freedom c?2.

Table 2. Vectorized relative weights analysis code for R

(1) rwa_vec <- function(dat, xs, ys){

(2)

(3) d <- scale(dat) # Step 1 Table 1

(4) xd <- d[,xs] # Step 2 Table 1

(5) yd <- d[,ys] # Step 2 Table 1

(6)

(7) p <- ncol(xd) # Step 3 Table 1

(8) n <- nrow(dat) # Step 3 Table 1

(9) c<-n-1L # Step 3 Table 1

(10)

(11) svdx <- svd(xd, nu = p) # Step 4 Table 1

(12) u <- svdxsu # Step 5 Table 1

(13) v <- svdx$v # Step 5 Table 1

(14)

(15) zt <- v %*% t(u) # Step 6 Table 1

(16)

(17) ztx <- zt %*% xd # Step 7 Table 1
(18) zty <- array(zt %*% yd, dim = c(p, p)) # Step 7 Table 1
(19)

(20) rw <- colSums((ztx * zty)**2) / c**2 # Steps 8-9 Table 1
(21) res <- matrix(rw, p, 1, T, list(xs, "rw"))

(22)

(23) return(res)

(24) %}
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An additional advantage of the iterative code version shown in Table 3 is that such code can be
implemented across a wide range of computing languages (e.g., Fortran or C++). The method
proposed herein offers additional advantages beyond the improved statistical interpretations
offered above. Most notably, the method proposed above avoids matrix inversion and is better
suited for modern missing data methods such as full information maximum likelihood, both of
which are described further below.

Table 3. Iterative relative weights analysis code for R

(1) rwa_iter <- function(dat, xs, ys){

(2)

(3) d <- scale(dat) # Step 1 Table 1

(4) xd <- d[,xs] # Step 2 Table 1

(5) yd <- d[,ys] # Step 2 Table 1

(6)

(7) p <- ncol(xd) # Step 3 Table 1

(8) n <- nrow(dat) # Step 3 Table 1

(9) c<-n-1L # Step 3 Table 1

(10)

(11) svdx <- svd(xd, nu = p) # Step 4 Table 1

(12) u <- svdxsu # Step 5 Table 1

(13) v <- svdx$v # Step 5 Table 1

(14)

(15) zt <- v %*% t(u) # Step 6 Table 1

(16) rws = matrix(@, p, 1, T, list(xs, "rw"))

(17)

(18) for(i in 1:p) { # Step 9 Table 1 begins
(19) rw <- 0

(20) for(j in 1:p){ # Step 8 Table 1 begins
(21) 1s <- 0o

(22) bs <- 0

(23) for(k in 1:n){

(24) 1s <- 1s + xd[k,i] * z[k,7] # Analogous to X]Z
(25) bs <- bs + z[k,j] * yd[k] # Analogous to ny
(26) }

(27) rw <- rw + (bs * 1s)**2

(28) } # Step 8 Table 1 ends
(29) rws[i,] <- rw / c**2 # Step 9 Table 1 ends
(30) }

(31) return(rws)

(32) 1}
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Additional Advantages of the New Formulae
Avoiding Matrix Inversion

Although defined in terms of the singular value decomposition, the original relative weights
method notes that such decomposition could, at the time, be computationally intensive,
especially with large sample sizes and many predictors (see Appendix in J. Jonhson, 2000). As
such, relative weights are, in practice, calculated using an eigenvalue decomposition of the
predictor correlation matrix. More specifically, extant relative weights methods begin by
decomposing X7 X into the corresponding matrices of eigenvectors and eigenvalues. In the
notation above, this eigenvalue decomposition is given by XTX = VD?V*, As above, V is the
matrix of eigenvectors corresponding to X”X and D? = DD where D is the square diagonal
matrix of singular values.

After performing an eigenvalue decomposition, relative weights’ computational routines take the
square root of the diagonal elements of D? to get D; the A matrix is then constructed using
Equation 9 as above (i.e., A = VDV*). Consequently, this method requires all elements of D? to
be non-negative, which is equivalent to stating that X7 X must be non-negative definite (e.g.,
Arndt, 2011; Golub & Van Loan, 2013; Horn & C. Johnson, 2013; Watkins, 2010). When XX
violates non-negative definitiveness, at least one element of D? is negative. Thus calculating the
square roots introduces complex numbers that extant relative weights procedures do not easily
accommodate.

Assuming for now that X7 X is non-negative definite and that A = VDV* can be calculated from
the eigenvalue decomposition of XTX = VD?V*, the extant relative weights routines continue by
calculating Bz 4. To do so, the A matrix is inverted and pre-multiplied by the vector of
correlations between original predictors and the outcome (see also Appendix in J. Johnson,
2000). That is, Briwa = A"1XTy. Using the matrix operations noted above, inverting A requires
inverting VDV*, which is given as (VDV*)~1 = (V*)"1D~1V~1, Recall that V is unitary, V* =
V™1 and so this can be simplified as (V*)*D~1V* = VD~1V*,

Since D is diagonal, its inverse is simply the reciprocal of its diagonal elements. In other words,
and as shown above, if the diagonal of D is [01, e ap], D1 is a diagonal matrix with its nonzero
elements equal to [1 /oy, .., 1/ ap]. Clearly, a necessary condition for calculating said
reciprocals is that all singular values be greater than zero lest the process attempt to divide by
zero. Therefore, all diagonal elements of D must be strictly non-negative, which only occurs
when the elements of D? are strictly positive. Stated otherwise, the extant relative weights
methods require X7 X to be positive definite and will fail when this condition is not met. Note

that Equation 17 above does not require matrix inversion and, thus, can be used even when X7X
is non positive definite.?

2 Whether relative weights should be used at all in these instances is worth discussing, but such discussions are
beyond the scope of the current paper.
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Potential for Handling Missing Data in the Predictors

The second advantage of the proposed method above is the potential for using missing data
methods. Extant relative weights routines use the raw data to calculate the predictor correlation
matrix, which is followed by an eigenvalue decomposition and the steps noted above. In
calculating such correlations, researchers must decide how to handle missing data in the
predictors, which is most often accomplished using listwise or pairwise deletion. The method
above offers additional missing data procedures beyond listwise and pairwise deletion. One such
approach might be multiple imputation where several X datasets are created with randomly
imputed values for missing data. Relative weights could then be calculated for each of these
datasets using Equations 3 and 17 and the results pooled into a final estimate.

An alternative, and perhaps more promising, approach is to employ full information maximum
likelihood via the expectation maximization (EM) algorithm (Dempster, Laird, & Rubin, 1977).
Using continuous integral calculus and correlations rather than the matrix terminology, Equation

17 can be re-written as €2 = [ (rxiy | Z)de. In other words, Equation 17 indicates that the it"

relative weight is an expectation of the squared correlation between the it" predictor and the
outcome y conditional upon the j* Z with Z ultimately marginalized out. Recall that the set of Z
variables are not actually observed but rather are a latent, linear combinations of the original X
variables. As such, Equation 17 and its continuous integral counterpart indicate that the objective
of relative weights is to estimate the expectation of an observed correlation conditional upon a
set of unobserved, latent variables, which can be calculated even in the presence of missing data
in X (e.g., Dempster et al., 1977). To our knowledge, however, current relative weights
estimation methods cannot easily incorporate such missing data methods.

Topics Warranting Caution and Additional Research

Although the new method proposed herein describes more precisely the relative weights analysis
procedure, the exact meaning of relative weights remains somewhat ambiguous (Thomas et al.,
2014). Other than summing to the squared multiple correlation, little is known about the meaning
and properties of the relative weights themselves. Conversely, dominance analysis is a relatively
well-defined method and produce easily interpretable weights (Gromping, 2007); dominance
weights are the average incremental variability explained by a specific predictor across all
possible regression sub-models (Azen & Budescu, 2003). Although such precise interpretation
currently evades relative weights, the new method proposed herein does offer — through the
concept of principal components and GLS — promising insights for guiding future such research.
Such promise must nevertheless be couched in caution, as described further below.

Thomas et al. (2014) recently noted that the geometric rotations inherent to the singular value
decomposition pose several interpretational difficulties for relative weights. The formulae
described herein demonstrate that Z is the set of standardized principal components scores
rotated by the matrix V*. Challenging, however, is that the matrix V* simply arrays the set of
eigenvectors corresponding to X" X and is, in general, not unique. Consider the general definition
of an eigenvector v for a p X p matrix A as any p X 1 vector satisfying the identity Av = g?v
where 6 is the squared singular value of the i variable or column in A. This identity can also
be expressed as (A — 6#I)v = 0 where I is the p X p identity matrix. In terms of the notation
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above, the eigenvector matrix V is any set of vectors satisfying the identity X" XV = D2V or,
equivalently, (XX — D?)V = 0. Any matrix V multiplied by a scalar value a also satisfies this
identity in that (XTX — D?)Va = 0 can be expanded to aX”XV — aD?V = 0 and re-arranging
then gives aX”XV = aD?V, which, after dividing both sides by the scalar « is clearly the
original identity XXV = D2V. Thus, choosing V* instead of any other aV* as the matrix by
which to rotate the standardized principal components U is largely arbitrary.

It is worth noting that one argument for choosing V as a rotation matrix is that the resulting
relative weights sum to the model squared multiple correlation (e.g., J. Johnson, 2000). As
Thomas et al. (2014) note, however, any matrix whose elementwise-squared columns sum to
unity will similarly decompose the squared multiple correlation (p. 333). More formally, the
model squared multiple correlation will be additively decomposed substituting for V any matrix

A that satisfies the identity 17 (A o A) = 17 where, as above, 1 = [1,1, 1, ..., lp]T. If V satisfies
this identity, then clearly so does —V (i.e., the elementwise square removes the sign). Further,
—V satisfies the requirements of an eigenvector of XTX by setting the eigenvector multiplier
above to negative unity, or « = —1. Thus, even if researchers wish to additively decompose the
squared multiple correlation, the choice between V or —V as a principal component rotation
matrix is arbitrary.

The general problem of non-unique rotation matrices is far from novel (e.g., Schénemann, 1966;
Schonemann & Steiger, 1978). In fact, it is quite well known that rotational indeterminacy is
addressed by specifying a desired pattern of item-factor loadings against which an empirical
solution is compared (e.g., Mulaik, 2010). In other words, rotational indeterminacy is addressed
by choosing a particular objective function against which the estimated solutions will be
compared. Researchers may currently choose among several, well-researched factor rotation
objective functions, such as oblimin, quartimin, varimax, and promax (see, e.g., Mulaik, 2010).
Currently, however, the relative weights procedure offers no such guidance for choosing an
appropriate rotation matrix. Future relative weights research would benefit from comparing
several such rotational matrix objective functions, particularly if relying on the principal
components-based relative weights interpretation presented above.

Another important caveat to the principal components interpretation presented above is that the p
components are extracted from the p predictor scale scores where, presumably, a set of observed
items have been aggregated to a single score. In such instances, the relative weights procedure
implies a hierarchical or second order principal components model where the first order model is
a unit weighted composite. The relative weights procedure then performs a principal components
analysis on these p unit weighted composite variables extracting p principal components that
must perfectly explain the first order weighted composites. Thus, the full measurement model
implied by the relative weights procedure is a second order model. Future research should
explore the implications of assuming such a measurement structure when performing the relative
weights procedure (see J. Johnson, 2004 for one such example).
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Conclusion

Relative importance methods offer attractive means of interpreting multiple regression results
within an effect size context (LeBreton, Hargis, Griepentrog, Oswald, & Ployhart, 2007).
Arguably, the two most popular such methods are relative weights and dominance analysis.
Although the statistical properties of dominance weights are relatively better known (Gromping,
2007), the method can prove computationally intensive requiring 2P — 1 different multiple
regressions. Although relative weights were designed to be computationally simpler, the specific
matrix decompositions implemented obfuscate the method’s interpretation (Thomas et al., 2014).
Thus, one must often choose between computational simplicity (i.e., relative weights) and
theoretical interpretability (i.e., dominance weights). Equation 17 and the new relative weights
method proposed herein, combined with the transparency of the R code provided, however, offer
novel insights increasing relative weights’ theoretical interpretability while remaining
computationally efficient.
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Appendix

Table Al. Commented executable vectorized relative weights analysis code for R

rwa_vec <- function(dat, xs, ys){ # dat = data;
# xs = predictor names character vector;
# ys = outcome name in quotes;

d <- scale(dat) # Step 1: Standardize all data
xd <- d[,xs] # Step 2: Collect predictors into the design matrix
yd <- d[,ys] # Step 2: Collect outcome into vector
p <- ncol(xd) # Step 3: Store number of predictors
n <- nrow(dat) # Step 3: Store sample size
c<-n-1L # Step 3: Store degrees of freedom
svdx <- svd(xd, nu = p) # Step 4: Perform singular value decomposition
u <- svdx$u # Step 5: Store left singular vectors
vV <- svdx$v # Step 5: Store right singular vectors
zt <- v %*% t(u) # Step 6: Store transpose of transformed predictors
ztx <- zt %*% xd # Step 7: Calculate lambda matrix
zty <- array(zt %*% yd, dim = c(p, p)) # Step 7: Calculate Beta vector
rw <- colSums((ztx * zty)**2) / c**2 # Steps 8-9: Calculate epsilon vector
res <- matrix(rw, nrow = p, # Column vector for results
ncol = 1,
byrow = T,

dimnames = list(xs, "rw"))

return(res)
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Table A2. Commented executable iterative relative weights analysis code for R

rwa_iter <- function(dat, xs, ys){ # dat = data;

# xs = predictor names character vector;
# ys = outcome name in quotes;
d <- scale(dat) # Step 1: Standardize all data
xd <- d[,xs] # Step 2: Collect predictors into the design matrix
yd <- d[,ys] # Step 2: Collect outcome into vector
p <- ncol(xd) # Step 3: Store number of predictors
n <- nrow(dat) # Step 3: Store sample size
c<-n-1L # Step 3: Store degrees of freedom
svdx <- svd(xd, nu = p) # Step 4: Perform singular value decomposition
u <- svdx$u # Step 5: Store left singular vectors
vV <- svdx$v # Step 5: Store right singular vectors
zt <- v %*% t(u) # Step 6: Store transpose of transformed predictors

rws = matrix(@, nrow = p, # Column vector to store results
ncol =1,
dimnames = list(xs, "rw"))

for(i in 1:p) { # Loop through p times, once for each observed predictor

rw <- 0 # Stores sum of relative weights across j Zs

for(j in 1:p){ # Loop once for each transformed predictor in Z
1s <- 0 # Stores sum of lambdas across k people
bs <- © # Stores sum of betas across k people

for(k in 1:n){
1s <- 1s + xd[k,i] * z[k,j] # Same as (Xi)’Zj for each ij

bs <- bs + z[k,j] * yd[k] # Same as Z’y for each j
iw <- rw + (bs * 1ls)**2 # Mimics matrix products from Steps 7-8
iws[i,] <- rw / c**2 # Step 9 Table 1
ieturn(rws)

}
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Table A3. Simple executable vectorized relative weights analysis code for R

rwa_vec <- function(dat, xs, ys){
d <- scale(dat); xd <- d[,xs]; yd <- d[,ys]
p <- ncol(xd); n <- nrow(dat); c <- n - 1L
svdx <- svd(xd, nu = p); u <- svdx$u; v <- svdx$v
zt <- v %*% t(u); ztx <- zt %*% xd
zty <- array(zt %*% yd, dim = c(p, p))
rw <- colSums((ztx * zty)**2) / c**2
res <- matrix(rw, p, 1, T, list(xs, "rw"))
return(res)}

Table A4. Simple executable iterative relative weights analysis code for R

rwa_iter <- function(dat, xs, ys){
d <- scale(dat); xd <- d[,xs]; yd <- d[,ys]
p <- ncol(xd); n <- nrow(dat); c <- n - 1L
svdx <- svd(xd, nu = p); u <- svdx$u; v <- svdx$v; z <- u %*% t(v)
rws = matrix(@, p, 1, T, list(xs, "rw"))
for(i in 1:p) {rw <- 0; for(j in 1:p){ls <- @; bs <- ©
for(k in 1:n){1ls <- 1s + xd[k,i] * z[k,j]; bs <- bs + z[k,j] * yd[k]};
rw <- rw + (bs * 1s)**2}; rws[i,] <- rw / c**2}
return(rws)}
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