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Abstract—Synthetic Aperture Ladar (SAL) is an emerging
ladar remote sensing technology based on the well-established
synthetic aperture sensing techniques, such as Synthetic Aperture
Radar (SAR). A SAL sensor operates at optical instead of
RF wavelengths. A key benefit of the reduction in wavelength
is SAL sensor’s collect phase history data with an equivalent
resolution to SAR in 10,000x shorter time. A key technical
challenge limiting the efficacy of a SAL sensor is atmospheric
turbulence. Advanced algorithms to mitigate atmospheric phase
errors in measured SAL data are necessary to obtain the
desired interpretable imagery when the atmosphere is the limiting
factor in performance. In this paper, we conduct statistical
performance analysis of a recently proposed algorithm known
as the model-based atmospheric phase correction (MBAPC) and
validate it using Monte Carlo simulations. Specifically, we derive
the Cramer-Rao Lower Bound (CRLB) for the estimate of
the unknown atmospheric model parameter. We show that the
MBAPC algorithm asymptotically attains the CRLB as it is the
maximum-likelihood estimator (MLE) under the assumption of
additive complex white Gaussian noise (CWGN).

I. INTRODUCTION

Synthetic aperture ladar (SAL) is an emerging ladar remote
sensing technology based on the well-established sensing
technique of synthetic aperture radar (SAR) [1]-[4]. In a
spotlight-mode SAL collection the sensor platform traverses
a straight and level flight path while an on-board ladar sensor
collects data. The ladar sensor regularly transmits a linear
frequency modulated (LFM) optical field to illuminate targets
in a region-of-interest. Propagation of the optical field through
a turbulent atmosphere imparts a log-amplitude and phase
perturbation that varies across the optical field [5]-[7]. The
perturbed optical field interacts with targets in the scene and a
fraction of perturbed field reflects back to the receive aperture
where it is detected with an optical dechirp-on-receive. A
sampled version of the detected signal produces phase history
data that can be coherently processed into imagery with a
desired cross-range resolution exceeding the diffraction limit
of the ladar [8]-[10].

SAL sensors are more susceptible to atmospheric effects
that result from changes in the index-of-refraction at optical
wavelengths. The transmitted LFM optical field propagates
through the turbulent atmosphere which imparts phase pertur-
bations corresponding to changes in the index-of-refraction.
Propagation of the phase perturbed field results in self-
interference of the field and produces log-amplitude and phase
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perturbations across the optical field [6], [7]. As the sensor
platform traverses the synthetic aperture the atmospheric chan-
nel will change resulting in a slightly different atmospheric
perturbation. The atmospheric perturbations imparted on a
target’s reflectivity vary spatially throughout the illuminated
scene and as a function of synthetic aperture position [5]. As a
result, the complex reflectivity of each target in the scene is no
longer modeled as an isotropic scattering center [5], [11], [12].
In this paper we focus primarily on mitigating the atmospheric
phase perturbations imparted by the atmosphere.

In order to achieve a desired cross-range resolution we
must be able to coherently process the measured phase history
data [8]-[10]. To coherently process the SAL data we must
have accurate knowledge of the collection. Any deviations
from the pre-determined collection will manifest as an error
source on the measured signal that must be mitigated to restore
coherence. Phase errors arise in measured SAL phase history
data from a myriad of sources, such as, uncompensated motion
errors, vibrations, and atmospheric turbulence [4], [5], [8]-
[11]. We focus primarily on atmospheric phase errors.

The effects of phase errors on image quality are well
established throughout the literature: Constant and linear phase
errors result in undetectable shifts of a target in the spatial
domain. Quadratic phase errors result in a broadening of the
main-lobe of the SAL’s point spread function (PSF). Higher
frequency phase errors induce higher side-lobe levels in the
cross-range dimension [8]-[10]. Atmospheric phase errors
manifest as a power-law random process with a majority
of the power concentrated on the lower frequency phase
error components. As the turbulence strength increases higher
frequency components become more significant and lead to a
drastic decrease in image quality [S]-[7].

In order to improve the image quality we must estimate
and remove the phase errors corrupting the phase history data
using autofocus algorithms. The Phase Gradient Autofocus
(PGA) algorithm is a well-established autofocusing algorithm
in both the SAR and SAL literature. PGA iteratively estimates
and removes phase errors from phase history data using the
maximum-likelihood estimation kernel [13], [14]. The SAL
community has explored the efficacy of PGA under a myriad
of different operating conditions, each showing that PGA is
an extremely useful autofocusing algorithm [15]-[18]. Another
class of autofocusing algorithms implement an Image Quality
Metric (IQM) optimization algorithm typically guided by an
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analytical gradient [10], [19]-[22]. The IQM autofocusing
algorithms arrive at the optimal estimate of the phase error
in terms of image quality: sharpness, entropy, or contrast.

In addition to the aforementioned autofocus algorithms,
there are a class of algorithms that estimate and incorporate
unknown phase errors into iterative model based reconstruc-
tion algorithms [23]-[30]. The model based reconstruction
algorithms rely on an accurate collection or model matrix
to reconstruct a high quality imagery from measured phase
history data. When the model matrix is corrupted by an
unknown phase error the algorithm must jointly estimate
both image and corrupting phase error. Unlike traditional
autofocusing approaches the model error correction step then
incorporates the estimated phase error into the model matrix
making it more representative of the collection that produced
the measured phase history data. In [27]-[29] the SAR/SAL
autofocusing problem is reformatted for three different image
reconstruction algorithms. Whereas, in [30], [31] the digital
holography autofocusing problem is reformatted into a model
error correction step where the corrupting atmospheric phase
error is modeled in the aperture or at intermediate planes along
the slant path.

In [23]-[26] model error correction algorithms to miti-
gate spatially-variant phase errors are developed and tested.
In [23], [24] the model-based atmospheric phase correction
(MBAPC) algorithm is developed to specifically mitigate
atmospheric phase errors corrupting SAL phase history data.
MBAPC is a parametric extension of the spatially-variant
model error correction algorithms developed in [25], [26]. In
[23], [24] the efficacy of the MBAPC algorithm is established
across a wide-range of atmospheric turbulence strengths uti-
lizing an atmospheric ray trace simulation and high-fidelity
modeling and simulation software. A comparison of the re-
construction performance of MBAPC with the algorithms
developed in [25]-[27] is quantified using well-established
image quality and reference-based metrics. As a result of the
analysis , MBAPC algorithm is determined to provide the best
reconstruction performance in terms of the selected metrics
across a wide-range of atmospheric strengths [24].

In this paper, we conduct statistical performance analysis
of the MBAPC algorithm and validate it via Monte Carlo
simulations. Specifically, we derive the Cramer-Rao Lower
Bound (CRLB) for the estimate of the unknown atmospheric
model parameter. We show that the MBAPC algorithm asymp-
totically attains the CRLB as it is the maximum-likelihood
estimator (MLE). To test the derived analytical expression for
the CRLB we implement a Monte Carlo simulation consisting
of numerous independent realizations of randomized target,
additive complex white Gaussian noise (CWGN), and model
coefficient. We compare the mean-squared error (MSE) to the
derived CRLB and show good agreement with theory.

The rest of this paper is organized as follows: In section II
we summarize an atmospheric SAL collection model that
incorporates the spatially-variant phase errors induced by tur-
bulence, originally derived by the authors in [5]. In section III
a discretized version of the atmospheric SAL collection model
is introduced. Furthermore, we elaborate on how this model
is used in a sparse image formation (SIF) algorithm [34]. In
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section IV we summarize the MBAPC algorithm implemented
to estimate and remove atmospheric model errors for the SIF
algorithm. In section V we derive the CRLB for the MBAPC
estimation kernel under the assumption of additive CWGN.
In section VI we describe the SAL simulation parameters
defining the Monte Carlo simulations used to evaluate the
performance of the MBAPC algorithm. Lastly, we provide
concluding remarks on the statistical performance analysis of
MBAPC algorithm in section VII.

II. SAL ATMOSPHERIC COLLECTION MODEL

Phase history data is measured for each transmitted and
received LFM waveform as the sensor platform traverses the
synthetic aperture. Considering a single (m") point target in
the scene at location py,, the phase history data measured
from a mono-static sensor is defined as follows,

g(flm Tn; I_)m) = 'i(lsm, Tn) exp[_j¢SAL(fk7 Tns f)m)}v (1)
where f, corresponds to the k' frequency sample out of K,
T, corresponds to the n'" slow-time (waveform) sample out
of Np, and ¢sar, is the SAL phase of the corresponding to
point target in the scene [5], [34], [35]. Let AR(Pm,Tn) =
R,.(1m) — Ro(7y,) be the differential range to the target at
Cartesian coordinate Py, = [Um,, Um, Wy, in the scene; where
the distance between the sensor platform and target is R,, and
the distance between the sensor platform and the reference
scene center (motion compensation point) is denoted by Rj.
We define the SAL phase as follows,

47Tfk

2)

¢SAL(fkaTn>I_)m) AR(pm;Tn)

The effects of two-way propagation through atmosphere man-
ifest as a target-dependent, time-varying perturbation on scene
reflectivity [5], [11]. We consider only the phase perturbation
imparted by the atmosphere in this analysis. The atmospheric
phase perturbation on a target in the scene is modeled as a
phase error on the isotropic reflectivity of the target, as follows,

P 72) = 2Bm) 50 |6 Bmir)| O

The measured phase history at each collected pulse corre-
sponds to the coherent integration of all the individual target
phase histories defined in Equation 1,

M
kaT’rL Z j pmaT’ﬂ eXp[ j¢SAL(fk7Tnal_)m)]; (4)
m=1

where, M corresponds to the total number of targets in the
illuminated region of interest.
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III. IMAGE RECONSTRUCTION ALGORITHM

Given the SAL atmospheric collection model we can for-
mulate an SIF optimization problem, which we solve using
the algorithm developed in [34]. The coherent integration of
all targets in the scene in Equation 4, can be written using a
set of linear equations where the vectorized scene reflectivity
is denoted by X € CM*! and the vectorized measured phase
history is denoted by §¥ € CXN»>1 and

y=A®)x+7 (5)
where £ € CKNvXl s the additive CWGN, such that,
£ ~ CN(0,0.1). The SAL atmospheric collection model is
encapsulated in the matrix, A(®) € CKNe*M | where the
atmospheric model errors are represented with & € RM>*N»,
The SAL collection model is perturbed by unknown atmo-
spheric phase errors that vary spatially throughout the illumi-
nated target area. We represent the illuminated region as a grid
of points in the ground plane, which is built into the model
matrix as follows,

A1diag{§1}
Aodiag{32}

ANp diag{BNp }

where [Bulm = exp(j[tn)m) and ¥ = [®], € RM*! is
the n*" vectorized atmospheric phase error perturbation on
the n*" waveform out of N, collected across the synthetic
aperture. The predetermined collection matrix, A, € CK*M,
for the n*" waveform is defined based on the SAL phasor in
Equation 4. We express the elements in A,, as follows,

Bt ©)
C

[An}k,m/ = exp ( —J A]%(I_Dm’ ) Tn))
where the image reconstruction grid defined in the ground
plane is represented by the Py = [Um, U, 0]. The density
of points in the reconstruction grid (v) is a free parameter
in the reconstruction and with the correct prior information
super-resolution reconstructions are possible.

In [25]-[27], [34] a sparse image formation algorithm is
developed that enforces sparsity by introducing a p-norm prior
on the least-squares estimation problem. Utilizing a p = 1 we
write the image estimation step as follows,

R = argmin|[§ — A(@)|3 + A% |l (D)
where \; is a Lagrangian multiplier that enforces sparsity in
the estimated scene reflectivity. In [34] the Conjugate Gradient
(C.G.) algorithm is used to iteratively solve for the optimal
solution, %1, which we reproduce here for the convenience
of the readers,

C.G.{ (AHA + MW (&i))ﬁi“ = AHy}. )

Each image reconstruction step utilizes the most up to date
model matrix, A = A(®*), and the previous estimate of the
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image, %°. The sparsity constraint is encapsulated in W7 (%?),
which is defined as follows for p =1,

Wi (%) = ding [1/<f<|2 n eﬂ : ©

where we set e 10E~5. Sparse image formation is
performed efficiently using Conjugate Gradient, which is
iteratively implemented until convergence is obtained [34].
Convergence of the algorithm is defined using the normalized
error between current and previous estimates of the scene

reflectivity, 122Xl < = 1053 (2511271,
IV. MODEL-BASED ATMOSPHERIC PHASE CORRECTION
ALGORITHM

The previous sparse image formation algorithm will re-
construct an image using unperturbed and atmospherically
perturbed phase history data. However, the algorithm has no
way of mitigating the atmospheric phase errors corrupting
phase history data. If the phase errors remain un-compensated
the sparse image formation will reconstruct erroneous targets
in locations corresponding to increased side-lobes as opposed
to actual target locations [23]-[27]. The atmospheric phase
errors must be estimated and incorporated in to the model
matrix to reconstruct an image of the targets without side-
lobes.

To estimate the atmospheric model errors we implement
the MBAPC algorithm. The MBAPC algorithm parametrically
represents atmospheric phase errors using a set of orthogonal
spatial basis sets: Zernike polynomials and Fourier-series.
We incorporate the spatial basis sets into the aforementioned
perturbed scene reflectivity (Equation 3) at the n'* pulse as
follows,

%n = Thn. (10)

We represent the element-wise multiplication between scene
reflectivity and atmospheric phase error using a diagonalized
reflectivity matrix, T = diag{X} € CM*M, The atmospheric
phasor is denoted on a per-pulse basis using, 3, € CM*1
We denote the parameterized atmospheric phasor by making
it a function of the unknown coefficients, 3(d@y), where the
atmospheric phase perturbation is modeled using a set of linear
equations zZn = Zay,; where, considering N, coefficients,
Z € RM*No represents the atmospheric basis set. The
unknown coefficients that must be estimated are represented
using &, € R™>*! and are allowed to vary non-parametrically
from waveform-to-waveform, n [23]-[27].

The n'" waveform’s phase history data is discretized as the
complex vector containing the K frequency samples and can
be written as follows,

S’n = AnTB(@n) + &n- (11)

Utilizing the measured phase history data, ¥, € CX*!, the
expected model matrix, Ay, and the current estimate of the
scene reflectivity, X!, we formulate the following nonlinear
least squares estimation problem [24],
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apt! = argmin ||§a — ALT (a3 (12)
which utilizes the latest estimate of the scene reflectivity,
Ti+! and the latest estimate of the model error, 541 built into
the model matrix, A;, using Equation 6.

The nonlinear least squares problem is equivalent to the
maximum-likelihood estimator of the n** waveform’s coeffi-
cients assuming additive CWGN. At each iteration of model
error estimation step we consider each of the N, waveforms
individually. Using the measured complex phase history data
we iteratively search for the optimal combination of target
reflectivity and atmospheric phase error in the least squares
sense. Therefore, for the n*" waveform’s phase history we fit
the spatially-variant phase error (parameterized by atmospheric
basis sets) that best perturbs the most recent estimate of the
scene reflectivity using nonlinear least squares in Equation 12.
The model errors estimated in this step account for any phase
perturbations present in the phase history that are not in the
current model matrix.

We solve the nonlinear least squares estimation using Con-
jugate Gradient guided by the analytical gradient, V&, €
RNex1 Taking the first partial derivative of the nonlinear
least squares cost function we arrive at the following analytical
expression for the gradient [24],

o | . = _
Vén = 55— |I¥n - ALTH(an)|3 (13)
= 2Im{1§ff (yn — AJB(%)) } (14)
= —jBY (yn - AHTB@J); (15)

where B, = A,TA(an)Z € CK*No and A(a,) =
diag{B(an)} € CM*M The result is reminiscent of similar
gradients for IQM optimization [19]-[21], in that, the non-
parameterized gradient is projected onto the orthonormal basis
set, Z. In section VII we provide the full derivation of the
analytical gradient [24].

V. CRAMER-RAO LOWER BOUND (CRLB)

Under the assumption of additive CWGN the maximum-
likelihood estimate of the spatial coefficients, is given by the
aforementioned nonlinear least-squares optimization. For an
unbiased estimator the CRLB offers insight into the optimal
estimation accuracy obtainable over a range of operating
conditions i.e. signal-to-noise ratio (SNR). In this section
we derive the CRLB for the unknown vector coefficient
parameter, &, assuming that both collection matrix, A, and
the target, T, are known. Assuming the regularity conditions
hold, then the covariance matrix of an unbiased estimator for
the unknown vector coefficients, &, satisfies

cov{dn} —F 1 > 0; (16)

which is interpreted as a positive semidefinite difference
between the matrices [36]. Let In[] be the natural logarithm,
the Fisher information matrix entries are defined as follows,

4

2
da, Oay,

and the expectation is taken with respect to p(¥n; an). Given
this notation we denote the partial derivative with respect to
a specific entry in the unknown coefficient vector, &,, as a
scalar with the subscripts o and o/, such that a, = [@n]o-
The CRLB is a measure of the sharpness of the log-
likelihood function which is quantified by taking the negative
second derivative. Given that the log-likelihood function is a
random variable, as it depends on the measured phase history
data, we must take the expectation to arrive at the average
sharpness of the log-likelihood function [36], [37]. In our case,
¥n ~ CN(A,TB(an),02I). From which we can write the
natural-logarithm of the posterior as follows,

[Flo,o = —E

In[p(¥n; an)] 17

In[p(¥n; @n)] = In[det(2702T))/2 — ...

1. = _
—|[¥n — AnTB(@n)ll3.  (18)
UE
Taking the first derivative of the log-likelihood with respect
to the unknown, scalar parameter, «,, yields a variance scaled
version of the gradient,

2 - = _ =
UzRe{j (yf — B(an)HTHAnH) ALTA(an)Zo } (19)
g

The analytical expression for the Fisher information is derived
as follows,

2

72
OE

[F]O-,O’ =

Blan) P THALTALTS(Gyn), ifo=0o
otherwise

0,

This result comes from the underlying orthogonality of the
spatial basis sets used in the MBAPC algorithm to model
the spatially-variant nature of the atmospheric phase errors
on each waveform. Under the assumption of orthogonality
of the spatial basis set, the Fisher information matrix is a
diagonal matrix with entries equal to the Fisher information
for each respective entry in the unknown coefficient vector,
C_Vn c RN0X1’

=

Inverting the Fisher information matrix produces the CRLB
for the estimates of the unknown coefficient vector parameter,

B(an) " THALT AL TH(an)

2
¢

)I e RNoxNo - (20)

L1

2

2
( _ S >I. @1)
B(n) "THAL" ApTB(0n)
Considering the diagonal elements of the covariance matrix
we can write the CRLB for the estimate of a single coefficient
from the MBAPC algorithm yielding,

2
O¢

1
2 B(an) T TH AL AT (0n)

var[a,] > [F 1,0 . (22)
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Thus the CRLB for the estimate of the unknown coefficient
is derived in closed form providing an analytical method
for quantifying the statistical performance of the MBAPC
algorithm. The full derivation of the expectation of the second
derivative of the log-likelihood to arrive at the Fisher infor-
mation is provided in section VII.

VI. SAL SIMULATION

We design the SAL simulation to provide K x N, phase
history data from an illuminated region containing numerous
randomly-distributed unit-amplitude point targets. The SAL
sensor parameters used to simulate the phase history data are
given in Table I. We assume a center wavelength of 1.55 pm
which only requires 6.4 ms of collection time at a sensor
platform velocity of 160 m/s to obtain the desired cross-range
resolution. We critically sample the complex phase history
data such that the unambiguous range and cross-range extent
are matched to the diffraction limited spot size of the ladar
in azimuth. In the simulations the randomly-distributed unit-
amplitude point targets always fall within this circular region.

SAL Parameters | Value
Resolution, 04 6r Dgpot/32
Center wavelength, A 1.55pum
Number of pulses, N 32
Number of Frequency Samples, K 32
Collection Time, Tsynth 6.4 ms
Platform Velocity, V), 160 m/s
Platform Altitude, H) 30 kft
Real Aperture Size, Dap 6 inch
Diffraction Limited Spot Size, Dgpot 1.22X:R/Dap

TABLE I
SAL SIMULATION PARAMETERS [24]

We perturb the ideal phase history data by randomly varying
the first ten Zernike coefficients (ignoring constant term)
across the synthetic aperture. An i.¢.d. random variation in the
Zernike coefficients is different than a correlated atmospheric
phase error. We use the random Zernike coefficients to test the
model-based atmospheric phase correction algorithm’s ability
to estimate and remove a spatially-variant phase perturbation.
The spatial perturbation applied is well-represented by the
spatial basis set used in MBAPC. In other words, we apply a
randomly varying Zernike perturbation in the ground plane
and implement MBAPC using a Zernike basis set in the
ground plane. In Figure 1[a-b] we plot the first and last
waveform’s spatially-variant phase error corrupting the target
reflectivity. The coefficients are zero-mean, w-variance Gaus-
sian random variables. Each coefficient is weighted according
to Kolmogorov (power law) power spectral density, such that
a majority of the power exists at the lower-order coefficients
[6], [7], [32], as shown in Figure I[c]. Lastly, in Figure 1[d]
we plot the phase perturbation on each of the point targets in
the scene, represented by the red dots in the spatially-variant
phase, as a function of waveform.

Performing sparse reconstruction using the perturbed phase
history data we note the drastic increase in cross-range side-
lobes and the inherent loss of contrast. The spatially-variant
phase errors correspond to errors in the phase history data that
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Pulse -1 Pulse - 32

viml
v[m]

u[m]
Spatially-variant Phase

u [m]

Zernike Coefficients

Coefficient
Phase [rad]

Pulse Number

o s 1 1 2 2 w0 %
Slow-time samples

Fig. 1. [a-b] First and last waveform’s spatially-variant phase error. [c] Re-
alization of random Zernike coefficients with 7-variance Normal distributions
across the first 10 Zernike coefficients. The power in each coefficient decreases
according to Kolmogorov PSD for D/rg of 1/4. [d] A plot of each point
target’s random phase error resulting from the spatially-variant phase errors
in [a-b].

are not captured in the model matrix. The sparse reconstruction
algorithm treats the phase errors increase in side-lobes as a
reflectivity that exists in the scene, as shown in Figure 2[b].
It can be seen that only after a model-error correction step
is introduced the sparse reconstruction is able to separate
phase error induced side-lobes from target reflectivities. In
Figure 2[c-d] we show that utilizing the MBAPC algorithm
the perturbed phase history reconstructs a high contrast image
void of increased cross-range side-lobes..

A. Monte Carlo Results

In this section we focus on perturbing simulated SAL phase
history data with a single Zernike coefficient. We select the
first and third Zernike coefficient (Tip and Defocus) as defined
by Noll [7], [38] and randomly vary the coefficient across
the synthetic aperture. The random variation of the coefficient
is a zero-mean, ai—variance Gaussian random variable. We
implement a Monte Carlo simulation to test the MBAPC
estimation accuracy by comparing the variance of the MBAPC
estimates with the derived CRLB. Each realization of the
Monte Carlo simulation instantiates a new realization of ran-
dom Zernike coefficient which perturbs the simulated phase
history according to Equation 11 and is corrupted by additive
CWGN. We simulate numerous independent realizations of
Zernike coefficient and additive CWGN over multiple SNR
values (—20 dB to 20 dB).

The standard deviation of the additive noise is defined as
follows,
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Sparse Reconstruction , Uncorrected Reconstruction
0

v [m]

-40 -40

u [m]

ufm]

Zernike Correction Fourier Series Correction
0

vim]

-40 -40

u[m] u[m]

Fig. 2. Random realization using Figure 1 to generate spatially-variant
phase error corrupting target reflectivity. [a] is ideal reconstructed reflectivity.
[b] is reconstructed perturbed reflectivity without model error correction. [c]
MBAPC Zernike correction. [d] MBAPC Fourier-series correction.

_ [E[y[]
O¢ = IOSW (23)
such that we get an SNR defined in dB as follows,
E 12
SNRg4p = 10 x SNR = 10log, <[|);|]) 24)
UE

Using the n' waveform’s collection model defined in Equa-
tion 11 we define the power as

E[¥n?] = E[(AnTB(an)) " AnTB(an)]  (25)
j(an)HTHA;HAnTB(dn). 26)

Recall the CRLB derived contains a similar expression in the
denominator. Utilizing the definition for average signal power,
E[|¥n|?], we can write the CRLB in terms of SNR,

1K o?
Var[QO] 2 5 (K> B(&n)HTHAnHAnTB(@n) (27)
1 o2
At e 28
S <2K) E[7al] 29
1 _SNR,
> <2K) 10 ; (29)

where K is the number of frequency samples in the n'”

waveform’s phase history data, y,,. Taking the 10log,, of each
side results in a CRLB in dB, as follows,

10log,, <<2i{> 1OSNR> (30)

—SNRyg — 10log;,(2K) 31)

v

101log; o (varfa,))

v

6

6

Using the parameters of the Monte Carlo simulation, K =
32 frequency samples the constant offset in the CRLB is
10log(64) ~ 18.

Each SAL realization simulated N, = 32 waveforms,
with each waveform having a random Zernike coefficient
representing a spatially-variant phase error corrupting the
underlying isotropic scene reflectivity. We assume that the
scene, T = diag{X}, is known for this analysis. Each of
the independent SAL simulations contains a different random
realization of sparse scene reflectivity, producing a unique
random T for each independent realization in the Monte Carlo
simulation. For the Monte Carlo results presented herein we
fixed the probability that a unit-amplitude point target appears
in the scene to p = 0.05 and we form a randomly-distributed
scene of point targets using Matlab’s in-built function sprand
(Z ~ sprand(p)).

We plot a single realization of a randomly generated scene
and Zernike coefficient in Figure 3. Along with the random re-
alization of Zernike coefficient value we also plot the estimated
coefficient value using MBAPC algorithm and the associated
estimation error. In Figure 4 we plot the real and imaginary
parts of a random realization of the Fourier-series coefficients
used to test the MBAPC algorithm. Along with the applied
coefficients, we plot the estimated real and imaginary parts as
well as the associated estimation error. Randomly varying the
location of the point targets in the scene removes any potential
bias of the MBAPC algorithm to scene structure. The MBAPC
fits a known spatial basis set to each waveform’s phase history
data. The point target locations provide the samples of the
spatially-variant phase error that are used to fit the nonlinear
least squares.

Known Scene T,
true

Zernike Coefficient

Value

——Estimate
True
——Error

[b]
0 5 0 15 20 25 30 3
Waveform

Fig. 3. [a] Random realization of the known, sparse scene reflectivity. [b]
Random realization of Zernike coefficient (0 = 1 - Tip) an ~ N(0,02).
The coefficient variance is set to o2 = 1/8.

Real Part of Fourier-series Coefficient s Imaginary Part of Fourier-series Coefficient
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\ 1 ——Error
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——Error

i fal

) 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35

[b]

Waveform Waveform

Fig. 4. Random realization of Fourier-series coefficient ~ A/(0, o2): [a] Real
part and [b] Imaginary part. The coefficient variance is set to o2 = 1/8.
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A plot of the derived analytical expression for the CRLB
and the MSE from the Monte Carlo simulation is shown in
Figure 5. We found that the MBAPC algorithm converges to
the correct estimate of the coefficient within a few iterations.
However, we found that numerous iterations for the real
Zernike and complex Fourier-series coefficient is needed for
the algorithm to converge on the CRLB at SNRs higher than
20 dB.

MSE vs SNR
10
—e—Fourier-series: var|[d]

5 Zernike (Tip): var[&]
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©
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Fig. 5. MSE between true and estimated coefficient averaged over numerous
independent realizations of random coefficients across multiple SNR levels.
K = 32 and 10 log,((64) ~ 18. The coefficient variance is set to 02 = 1/8.

Computing the MSE is straight-forward for the real-valued
Zernike coefficients. However, for the complex-valued Fourier-
series coefficients we compute the MSE using both real
and imaginary parts stacked into a single array. Using this
concatenated array of estimates and true values we compute
the MSE. Both real and complex MSE show good agreement
with the analytically derived CRLB expression. The MBAPC
MSE attains the CRLB for the Zernike coefficients considered
in this Monte Carlo. However, we note that there is an offset of
nominally 10log;,(7) ~ 5 dB in the complex Fourier-series
Monte Carlo results. The overall trend of the MSE follows
that of the derived CRLB across all considered SNRs.

Further analyzing MBAPC algorithm we slightly tweak
the aforementioned Monte Carlo simulation to produce
NpNyeqr = 32 x50 = 1,600 ¢.7.d. realizations of the CWGN
corrupted phase history data using a single perturbing Zernike
coefficient. The value for the unknown coefficient parameter
was selected randomly at the beginning of the simulation and
held constant over all random realizations. Using this Monte
Carlo simulation we investigate the bias associated with the
MBAPC algorithm. In Figure 5, we demonstrated that the
MBAPC algorithm asymptotically attains the CRLB, offering
the best estimation accuracy attainable under the assumption of
additive CWGN. In Figure 6, we plot the true parameter used
at each SNR level and the associated distribution of estimates
produced by the MBAPC algorithm at each respective SNR
value. We arrive at the conclusion that MBAPC is unbiased
by the fact that ensemble average of the numerous MBAPC
estimates is the true parameter value. These results suggest that

7

the MBAPC algorithm is the maximum-likelihood estimator
of the unknown coefficient parameter, in that, MBAPC is
asymptotically unbiased and attains the CRLB.
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Fig. 6. Plot of the distribution of the MBAPC algorithm’s estimates from
the Monte Carlo simulation data with K 32 frequency samples and
NpNyeqi = 32 x 50 = 1600 7.i.d. realizations of additive CWGN. The
estimates correspond to the linear Zernike mode, Tip (o = 1).

The final Monte Carlo simulation we run in this section
tests the MBAPC algorithm’s ability to efficiently estimate
multiple coefficient parameters. To do this we modify the
Monte Carlo simulation to perturb phase history data with
N, = 2 Zernike modes. We utilize first two non-constant
Zernike modes, commonly referred to as Tip and Tilt [6], [7],
[38], corresponding to the orthogonal linear terms in u,,, and
vy, dimensions of the ground plane, respectively. In the Monte
Carlo simulation the Zernike coefficients are ¢.i.d. random
variables, distributed according to ~ A'(0, ¢21). Similar to the
previous Monte Carlo we generate N, Ny.¢q; = 32 x50 = 1600
i.1.d. realizations of phase history data corrupted by additive
CWGN. Using the MBAPC algorithm we simultaneously esti-
mate both unknown coefficient parameters from phase history
data corrupted by additive CWGN. The estimated coefficient
vector, Gy, is then compared with the applied coefficient
vector, &v,, to obtain the respective covariance matrix. In
Figure 7 we plot the diagonal entries in the covariance matrix
and compare the result to the derived analytical CRLB.

Similar to the previous Monte Carlo simulation results
the computed MSE attains the derived CRLB for SNR >
-5 dB. In this region of reasonably high SNR (SNR > -
5 dB) we consistently find that the MBAPC algorithm is
an efficient estimator of the unknown coefficient parameters.
In regions where the measured signal is significantly buried
in the additive CWGN, we note a significant deviation in
the estimation accuracy of the MBAPC algorithm. For a
nonlinear estimator this low SNR region is commonly referred
to as the Threshold region [36]. As described in [36], the
Threshold region results from having a likelihood function
with side-lobes that are larger than the main-lobe centered
about the true parameter value. In this region the MLE will
consistently select the maximum value corresponding the the

DISTRIBUTION STATEMENT A. Approved for public release; distribution is unlimited.



side-lobe, which corresponds to a larger estimation error.
Furthermore, as the number of independent realizations is
increased the higher probability of larger estimation error will
correspondingly increase the estimators variance, creating a
larger divergence between derived CRLB and MLE variance.
We classify the Threshold region operating condition for the
MBAPC algorithm as any SNR < -5 dB.

MSE vs SNR
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Fig. 7. MSE between true and estimated coefficients (N, = 2) averaged
over numerous independent realizations of random coefficients across multiple
SNR levels. K = 32 and 10log;4(64) ~ 18.

B. Computational Complexity

The computational complexity of computing the cost func-
tion in Equation 12 is O(K (M + 1) + N,M). Similarly, the
computational cost of computing the analytical gradient in
Equation 14 is O((K +N,) M+ K N,(M?+1)). Each iteration
of the Conjugate Gradient algorithm utilizes the analytical
gradient to arrive at the optimal value for the nonlinear least
squares cost function. We arrive at these numbers assuming
non-optimized matrix multiply complexity; where a P x @
matrix G multiplied by @ x R matrix H results in a O(PQR)
computational complexity. A plot of the average computational
time as a function of K and M for a fixed model order
N, is shown in Figure 8. Based on the plots, we conclude
that the computational complexity of the cost function and
gradient is linear with respect to number of frequencies,
K, and quadratic with respect to number of points in the
reconstruction grid, M. Furthermore, the gradient computation
is the most computationally expensive aspect of the MBAPC
algorithm. We tested the algorithm on an HP laptop with
Intel(R) Core(TM) i5-6300U CPU at 2.40 GHz with 16 GB
of RAM using 64 bit Windows 10 and MATLAB R2018b.

VII. CONCLUSION

In this paper we introduced an atmospheric SAL collection
model used as the basis for the model-based atmospheric
phase correction (MBAPC) algorithm. We summarized the
MBAPC algorithm and derived the analytical gradient used
to guide the algorithm to optimal estimate of the unknown

8
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model error. The MBAPC algorithm enables mitigation of
atmospheric phase errors that would otherwise perturb the
measured phase history data and corrupt reconstructed SAL
imagery. MBAPC utilizes well-established spatial basis sets
to model the atmospheric phase errors corrupting the under-
lying isotropic scene reflectivity. The algorithm introduces a
nonlinear least squares estimation problem, that fits the spatial
basis sets to the measured phase history data corrupted by
the presence of additive CWGN. Under this assumption, the
MBAPC algorithm produces the maximum-likelihood estimate
of the spatial basis set coefficients. Utilizing the maximum-
likelihood estimate for the coefficients, the collection matrix is
updated enabling reconstruction of well-focused SAL imagery,
effectively mitigating the detrimental effects of the spatially-
variant atmospheric phase error as demonstrated in [23], [24]
and throughout this paper.

In previous publications [23], [24], we derived the MBAPC
algorithm and demonstrated its reconstruction efficacy over a
wide-range of atmospheric turbulence strengths. It was shown
that the MBAPC offered the best reconstruction performance
in terms of image quality metrics when compared to other
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candidate algorithms [25]-[27] across all considered turbu-
lence strengths. The analysis presented in this paper expands
upon previous research by formalizing the statistical efficacy
of MBAPC algorithm as a function of SNR. In this paper,
we conduct a statistical performance analysis and validate the
results using a Monte Carlo simulation. Specifically, we derive
an analytical expression for the Cramer-Rao Lower Bound
(CRLB) for the estimate of the unknown vector parameters.
Based on the orthogonality property of the spatial basis sets
implemented in MBAPC, we derived a general expression for
the Fisher information matrix. For the case of orthogonal basis
sets, we demonstrated that the Fisher information matrix is
a diagonal matrix composed of each coefficient’s respective
Fisher information. We derived the closed-form expression
of the CRLB for the unknown vector parameter by inverting
the Fisher information matrix. We illustrated that statistical
performance of the MBAPC algorithm depends primarily on
the SNR and the number of measured frequency samples, K.
Utilizing the Monte Carlo simulation consisting of nu-
merous independent realizations we show that the MBAPC
algorithm estimates are unbiased and asymptotically attain the
CRLB. We demonstrated good agreement between computed
mean-squared error (MSE) and derived CRLB expression
across a wide-range of signal-to-noise ratios for both Zernike
and Fourier-series basis sets.Considering the first two Zernike
polynomials in the multi-parameter case (IN, = 2), we demon-
strated that MBAPC can simultaneously produce unbiased
estimates of the unknown coefficients corresponding to mul-
tiple spatial modes. Furthermore, the variance of the multiple
estimates asymptotically obtains the CRLB as number of 7.i.d.
realizations grows. Therefore, we conclude by stating that the
MBAPC algorithm is the maximum likelihood estimator for
the unknown vector coefficients and is asymptotically efficient.
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APPENDIX I: FIRST PARTIAL DERIVATIVE

Letting ¥, € CX*! be the measured phase history for
the n** waveform, A, € CK*M be the expected model
matrix, and T € CM*M represent a diagonal matrix of scene
reflectivities, the estimate of the phase history for the n'” pulse
is defined as [24],

$n = AnTB(@n). (32)
Expanding the quadratic equation,
4 ¥n — 2Re{F1 ¥n} + I4 In. (33)

The first term in this expanded quadratic does not depend
on the coefficient vector, therefore results in the zero vector.
Letting f(an) € CM*', Z ¢ RMxNo a, € RN-x1,
A(ayn) = diag{B(an)} € CM*M and £7 = §HA,T ¢
C1*M e find the second term’s gradient as follows [24],

9

i_HB(o‘zn) = EHgﬁ(an)

0din 0din (34
= 1A (an)Z). (35)
Using the chain rule of differentiation we show that
0 - 0 - 0
7= B(0n) = 7= B(Pn) 5z—JZ0n
5 P(6n) = 5o B(Pn) g2 (36)
= jA(0n)Z; (37

which yields a diagonal matrix for the exponential which
encapsulates element-wise multiplication with the chain rule,
j7Z. The derivative of the argument of the exponential is simply
the spatial basis set used in the MBAPC algorithm, shown as
follows [24],
o .. _ )
—jZan = jZ. (38)
Odin
The last term in Equation 33 is a quadratic function of the
unknown coefficient vector. We find it convenient to group
matrices that are not functions of the unknown coefficient
vector. Letting @, = THA, A T € CM*M  we can write
the gradient as follows [24],

0
0ain

where

B(8n) QB (an) = 2B(an)Hﬂna%B(an>; (39)

n

2B(an) (40)

is the gradient of the quadratic matrix equation. The second
term results from the chain rule, which we know from the
Equation 37. Substituting this result in Equation 39 we arrive
at the following expression for the gradient of the quadratic
term,

S B(n) " (@) = 25(an) " ul(jA@)Z) A1)

Bringing the constants out front and pulling the common
matrix out to the right, we can simplify the combined result
for the gradient as follows [24],

0(an)

0dn

~2Re{j(€" — B(@n)" ) (A(@n)2)}.

= (42)
We substitute in the original definitions for £ and £2,, then take
the transpose of the result in Equation 42 to arrive at the final
expression for the gradient used in the MBAPC algorithm, as
follows,

o . = _
Van, = EHYH — AnTB(am)|[3 (43)
_ zlm{ﬁf (yn - AnTB(@n)) } (44)
= _]Bg (S’n - AnTB(an)>; (45)
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where By, = A TA(an)Z € CX*No [24]. For a real coef-
ficient vector (Zernike) we take the real part of the complex
gradient, which reduces to the imaginary part as follows,

RC{j(CR +jC[)} = RC{jCR — C[} = —Im{cR +jC[}. (46)

APPENDIX II: SECOND PARTIAL DERIVATIVE

To arrive at an analytical expression for the CRLB, we
need to solve for the partial derivative of the gradient with
respect to the unknown parameter @, € R™°*!. We approach
this derivation by first assuming, without loss of generality,
that the first partial derivative is taken with respect to the o
coefficient. The second partial derivative is then computed with
respect to the o't coefficient, as follows,

0? 1 0
1 ~n; On)| = —— Oln o 47
Targ ary (BIPIni Gn)] = =25 5 = [Vl (47)
We write the second partial derivative as follows,
2 .0 (.y N o
—Reqj Yn AT - B(O‘n) Qn A(an)zo (48)
Jg 80101

where Z, € RM*! is the spatial basis set corresponding to
the coefficient in the first partial derivative, «.

The gradient of the first term with respect to the second
coefficient, «, is shown below,

0

8@0/

FHALTA(Gn)Z0 = T AT —A(Gn)Zo  (49)

0
60[(,/
Given that only A(@y,) is a function of the unknown parameter
«,, we compute the gradient as follows,

0 0 s
aao/A(ozn) = Jay diag{SB(an)} (50)
= diag{jA(an)Zo' }; (51)

which utilizes the previous result in Equation 37 and the fact
that the partial derivative operates on each element of the
matrix.

The gradient of the second term derived using the product
rule of differentiation,

0 = _ g . 0 5 _ g5 o
Walﬂ(an) QnA(Gn)Zo 78040/ B(an)" QnA(Gn)Zo . ..
() =T M@)o (52)

Oty

Utilizing the previous result in Equation 37 and Equation 51
we can simply substitute them into Equation 52 and simplify,

— 3§75 A(an) T QuA(Gn)Zo + . . .

3B(an) (diag{A(o‘zn)Zoz}) Zo- (53)

Substitution of the two parts back into Equation 48 we arrive
at the final equation for the second partial derivative,

10

2 . i . o
Y (—jyfAanlag{A(an)zo/}zo .
£

— 285 A(n) ! A (On)Zo - -
+jB(an) " Ondiag{ A(Gn)Zor }zo> . (54

We bring the complex number j = y/—1 out of the paren-
thesis, as it is common to all the terms, which changes
the sign out front of the expression. The expectation of
the second partial with respect to the posterior distribution,
Vn ~ CN(ALTB(an),021), yields the Fisher information,
F, ,. This result reduces to the following expression,

2

-= (—z@A(an)HQnA(an)zo .
O-E
+B(an) T Qpdiag{ A(an)Zo }Zo - - -

—B(an) " Qpdiag{ A (an)Zo }zo> : (55)
where the two like terms cancel to produce the entry into the
Fisher information matrix,

_T/A _n HQnA _n _0
[F}o,o/ :2z0 (Oé ) (OL )Z .

2
g

(56)

This expression is an orthonormal basis set weighted version
of the signal power, that is nonzero only when o = o’. Hence
all off-diagonal entries in the Fisher information matrix are
zero, resulting in the following compact expression for the
Fisher information matrix,

ZT A(@n) T QA (an)
Z3 A(an) T QuA(ay)

1
2

NI NI

(57)
zgoA(dn)thA(an)zN

Voe[l,...,N,] where &, € RNox1.

Further simplification of the Fisher information can be inter-
preted by considering how an orthonormal basis set modifies
the ¢9-norm of the vector [39], [40],

o

|AnTA(Gn)70l[3 < [|AnTA(@n) Bl[7]2.  (59)

Substituting in the definition of €2, the final result for the
Fisher information is

=

where I € RYo*No is an N, x N, identity matrix.
Assuming equality in Equation 58 we obtain a Fisher
information similar to that derived in [36] for the unknown
phase of a complex sinusoid. In this case, we show that
the diagonal elements correspond to the signal-to-noise ratio,
which is also the case for estimating unknown phase of a
complex sinusoid when the frequency is known [36], [37].

B(an)TTH AL AT H(an)

2
O¢

)I e RNoxNe: (59)
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For the case where equality does not hold, Equation 59 will
only approximate the Fisher information and result in a looser
bound on the variance of the MBAPC estimate.

APPENDIX III: SPATIAL BASIS SETS

A. Zernike Polynomials

Decomposing the n'" pulse’s atmospheric phase perturba-
tion onto Zernike polynomials is done using Equation 10. Let
Oy, represent the lower order and Oy represent the upper order
such that the total model order is N, = Oy — Op,. Zernike
polynomials are defined as follows when p # 0 [38],

P

%o even (,—;9) = Vo +10} (Z)x/icos(lﬁ) (60)
%o 0dd (1/;79) =Vu+ 19} (Z)\/isin(/w) (61)

and when p =0

zo(p,e) = Vo 19} ('0); (62)
L L

where p is the radial distance, L = Dgpq is the radius of the
circle, v is the radial-order for the Zernike polynomial, p is the
azimuthal-order for the Zernike Polynomial, and o = f(u,v)
as defined by Noll in [38]. The radial polynomial is based on
the well-known Jacobi polynomials,

(z)- <”§/2 P T (2)

We vectorize the Zernike polynomials spatially and stack it
into a basis set matrix, as follows,

Z = [ZOL,...,ZOU]. (63)

A list of Zernike orders and how they relate to the azimuthal
and radial orders is provided in Table II. The Piston mode
(common spatial phase error) is not used in this analysis as
all of the atmospheric perturbations vary spatially. The Zernike
polynomial MATLAB code used to plot the Zernike modes and
implement the basis sets in the MBAPC algorithm is available
online through MATLAB Central File Exchange [41].

olv ]| p | || Classical Name ||

0101|0 Piston

111 1 | even Tip

211 |-1] odd Tilt

31210 Defocus
TABLE I

FIRST FOUR ZERNIKE POLYNOMIALS Zo [7], [38].

1"

B. Fourier-series

Similar to Zernike polynomials, Fourier-series basis set
is well-established in the atmospheric optics community as
a high-fidelity phase screen modeling basis set [7], [33].
We adopt the definition of Fourier series used to simulate
atmospheric phase screens in [33], which is repeated for the
convenience of the reader as follows,

>:|7 (64)

where @1 € RM>1 and v € RM*! are vectorized mesh-grids
corresponding to the SAL image plane of diameter L. We
arrive at a complex basis matrix by stacking Fourier series
modes into a matrix,

q'[¥lm

.
L

Zo o], = 9
[Zq,q] exp {] 7r< 7

Z= |:z—(Nc—1),—(Nc—1)> . ~,ZN01,NC1} (65)

Using this complex basis set we estimate a complex coefficient
using the MBAPC algorithm with the complex gradient in
Equation 45. Recall that the model error correction assumes
that the isotropic reflectivity is perturbed by a structured
atmospheric phase error during the n*" waveform as follows

%n = TH(an).

Unlike the aforementioned Zernike basis set, Z €
and @, € CNe*! are both complex valued. The number of
Fourier series modes is defined as N, = (2N, — 1) — 1,
ignoring the constant term that corresponds to a spatially-
invariant phase error. The real part of the Fourier-series is kept
as the atmospheric phase perturbation for the n!” waveform,
@n = Re{Zay, }; such that

(66)

CMXNO

[5(@n)lm

for all the M points considered in the reconstruction grid.

= exp(j[Pnlm) = exp(j[Re{Zan }|m), (67)
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