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FINAL PERFORMANCE REPORT 
 
To:          technicalreports@afosr.af.mil 
Subject:   Final Performance Report to Dr. Arje Nachman 
 
Contract/Grant Title:  A new generation of models for radar targets 
Contract/Grant #: FA9550-17-1-0230 
Overall Performance Period: 01 July 2017 – 31 March 2021 (includes a CoViD-19 NCE from 01 
January 2021 through 31 March 2021) 
 
The project aims at addressing a number of important issues that arise in quantitative modeling 
of targets for synthetic aperture radars (SAR), including spaceborne radars that perform imaging 
through the Earth’s ionosphere.   
 
Conventional deterministic models for radar targets interpret the SAR observable as a variation 
of the local refractive index against constant background. To enable efficient inversion, one also 
assumes that this variation is small so that the resulting scattering is weak and can be linearized 
by applying the first Born approximation. From the standpoint of physics, this approach is defi-
cient. This is easy to see because already in the most basic case of a flat uniform target, it does 
not allow for any backscattering and always yields a specular reflection. Moreover, it is not 
compatible with the common hypothesis that the scattering occurs only at the surface of the tar-
get. The new type of models we have constructed overcome these deficiencies by keeping the 
scattering linear yet not necessarily weak. These models involve a dielectric half-space with var-
iable permittivity and interpret the SAR observable as amplitude of the resonant Bragg harmonic 
in its local Fourier spectrum. 
 
However, the deterministic models alone are not capable (yet) of adequately representing the im-
portant phenomenon of speckle, which is due to the coherent mechanism of SAR imaging. A ra-
dar image with speckle inherits some of the small-scale roughness and thus looks “bumpy” (i.e., 
shows strong and rapid variations of the amplitude and phase) while the actual parameters of in-
terest vary gradually on a longer scale and are smooth. To account for speckle, one usually em-
ploys stochastic models that are inherently phenomenological. These models take the reflectivity 
function as a random field that generates speckled images like those observed in practice. Those 
reflectivity functions, however, may not always be related to the physical properties of the target; 
they are typically chosen according to the desired/convenient statistical properties.  
 
Speckle significantly hampers our ability to resolve the small-scale or low-contrast variations of 
the average reflectivity of the radar scene. It is always present in SAR images and needs to be 
accounted for when analyzing SAR reconstruction for various types of targets.  
 
Of particular importance in practice are targets that exhibit temporal dispersion, i.e., scattering 
with time delay. The delay may be due to either the material composition of the target or its 
shape (cavities) or both. Specific characteristics of dispersion may provide useful information for 
target identification. 
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Speckle can obscure the delayed target response in SAR imaging. It further exacerbates the ad-
verse effect of the range-delay ambiguity that mixes up a delayed response from a closer target 
with an instantaneous response from a more remote target. The range-delay ambiguity is a de-
terministic phenomenon though; it can be described and analyzed by allowing both the target re-
flectivity and image to depend not only on the spatial coordinates, but also on the response delay, 
and extending the conventional SAR ambiguity theory accordingly. The analysis of speckle, on 
the other hand, requires a stochastic approach. 
 
 
Accomplishments during the first performance period (01 July 2017 – 30 June 2018): 
 
Radar targets often exhibit material anisotropy, which affects the polarization of the scattered 
signal relative to that of the impinging signal. The polarimetric SAR instruments (PolSAR) take 
images in four channels that represent the four possible combinations of two linear polarizations 
(horizontal and vertical) of the impinging and scattered waves. There are, however, other physi-
cal phenomena that may also have an effect on polarization. First and foremost, the propagation 
of the linearly polarized electromagnetic waves through the Earth's ionosphere is accompanied 
by Faraday rotation (FR), which is a slow rotation of the polarization plane of the wave that ac-
companies its propagation. The rotation angle is determined by the magnetic field of the Earth, 
total electron content, signal frequency, and propagation direction. The mechanism of Faraday 
rotation is due to double circular refraction caused by a special form of anisotropy, known as gy-
rotropy, that characterizes the magnetized ionospheric plasma. FR may lead to distortions of im-
ages taken by spaceborne polarimetric SAR. Therefore, accurate quantification of those distor-
tions and the development of means for their mitigation are very important for the subsequent 
analysis of anisotropies that characterize the SAR targets and scattering about those targets. 
 
We have shown that a key mechanism of FR-induced distortions in PolSAR images is the varia-
tion of the FR angle within the bandwidth of the interrogating radar signals (chirps). We call this 
effect the differential Faraday rotation (dFR). It has not been previously accounted for in the con-
text of SAR imaging. To compensate for dFR, we have proposed a special matched filter that we 
refer to as the polarimetric matched filter (PMF). The PMF helps correct the FR-induced distor-
tions and provides a provably superior SAR performance compared to the case of the traditional 
polarimetric SAR signal processing. 
 
The mitigation of the effect of dFR on PolSAR images involves a rotation matrix, where the ro-
tation angle is the FR angle. We have analyzed the conditions where neither the signal frequency 
nor the angle between the propagation direction and the magnetic field can be considered con-
stant. In other words, a rotation matrix based on the main look direction and central carrier fre-
quency would have a significant mismatch with the received signal in fast or slow time. We have 
obtained estimates for the resulting polarimetric distortions and their effect on applications such 
as the instrument calibration in space and the measurement of the aboveground biomass [1-3]. 
 
Another key phenomenon of interest is temporal dispersion of radar targets, i.e., their delayed 
response, which may be caused by the material composition or concave shape of the target, or 
both. The specific characteristics of dispersion may provide useful information for target identi-
fication. Yet the delayed target response in SAR is obscured by the range-delay ambiguity and 
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speckle. If the standard SAR ambiguity theory is extended by allowing both the target reflectivi-
ty and the image to depend not only on the spatial coordinates, but also on the response delay, 
then the range-delay ambiguity can be described and analyzed, but the speckle will remain unac-
counted for. Since statistical approach is usually needed to describe the speckle, we have con-
structed a model for delayed scatterers by modifying the random function that describes a homo-
geneous distributed scatterer. Our approach helps us obtain a stochastic imaging operator that 
maps the deterministic parameters of the target onto statistical moments of the SAR image.  
 
 
Accomplishments during the second performance period (01 July 2018 – 30 June 2019): 
 
We have developed a family of stochastic models for instantaneous distributed scatterers and de-
layed localized scatterers in speckle. Our models allow one to build the stochastic imaging op-
erators and obtain the required relations between the deterministic parameters of the target and 
statistical moments of the corresponding SAR image. Under the specific model assumptions, the 
expectations and correlations of the image are derived analytically. Then, the problem of recon-
struction of the coordinate-delay reflectivity function reduces to that of discrimination between 
the instantaneous and delayed scatterers. The latter can be addressed using а maximum likeli-
hood-based methodology. The performance of our target classification procedure has been 
demonstrated using Monte-Carlo simulations [5]. 
 
Yet in the presence of speckle, the weak and slow variations along the ambiguity directions in 
the SAR image can be nearly undetectable (ambiguity directions are the space-time directions 
associated with the range-delay ambiguity). This means that the discrimination between the in-
stantaneous and delayed targets may not be sufficiently robust. We have shown that increasing 
the sample size, i.e., the amount of data supplied to the discrimination functional, increases the 
robustness of target classification as either instantaneous or delayed. In addition, we have devel-
oped an approach to quantifying the reliability of target classification by means of confidence 
levels. Confidence levels have been introduced for the enhanced discriminating functional and 
the performance of the resulting discrimination procedure was demonstrated for different system 
and target parameters. Confidence levels are crucial for SAR applications because in practice, it 
is often not possible to obtain additional images of the same target under similar conditions [5-7]. 
 
 
Accomplishments during the third performance period (01 July 2019 – 30 June 2020): 
 
Temporal delay in electromagnetic scattering is a manifestation of the complex geometry and/or 
internal structure of a radar target. The coordinate-delay SAR (cdSAR) images provide a conven-
ient mathematical model for the detection and characterization of such targets. We build the 
cdSAR images by adding a delay term to the standard SAR matched filter. In order to apply this 
approach to the case of extended targets in speckle, we sample a cdSAR image at several coordi-
nate-delay "points" in the vicinity of the scatterer location. The instantaneous and delayed targets 
are subsequently discriminated from one another using the autocorrelation analysis of this sam-
ple and the notions of maxim likelihood and confidence levels [5-7].  
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Because of the statistical representation of speckle, misclassification errors are inevitable. Hence, 
prediction of the error rate as a function of system and target parameters becomes an important 
problem. The error rate can be calculated directly using the ensembles of data generated by Mon-
te-Carlo simulations. However, this approach is computationally demanding because of its slow 
convergence. To simplify the prediction of the error rate, we proposed to use the statistical di-
vergence measures, namely, the Hellinger distance and Kullback-Leibler divergence. These di-
vergence measures are obtained from the theoretical models of reflectivity of extended targets 
that we want to analyze. For a certain class of target models, we have empirically established a 
linear relation between the misclassification rate and Hellinger distance. This relation allows us 
to make predictions of the error rate without performing the Monte-Carlo simulations [8]. 
 
We have also applied a convolutional neural network (CNN) to the problem of discrimination 
between the instantaneous and delayed targets in SAR images. The misclassification rate, which 
is always nonzero due to the stochasticity of the radar data, depends on the parameters of the ra-
dar system, imaging scene, and observation settings. A trained CNN demonstrates the discrimi-
nation quality that is at least as good as the one of the previously developed classifier based on 
the principle of maximum likelihood [9]. 
 
Perhaps the most common stochastic model for the reflectivity of both radar targets and the sur-
rounding background (clutter) is a Gaussian delta-correlated process, or white noise. For disper-
sive targets, the reflectivity autocorrelation function also depends on the delay time. The corre-
sponding cdSAR image presents the reflectivity as a function of the coordinates and delay and is 
accompanied by speckle. Speckle hampers our ability to discriminate between different types of 
radar targets based on a single cdSAR image, even though the statistical properties of cdSAR 
images are different for delayed and instantaneous targets. When texture is introduced into the 
background by means of a non-zero correlation length (so that the stochastic process that models 
the target reflectivity is no longer delta-correlated), the resulting background inhomogeneities 
can also be misclassified as targets. We have analyzed the options to simulate and detect the de-
layed targets superimposed on a correlated, i.e., textured, background [10]. 
 
Standard SAR produces two-dimensional maps of target reflectivity. The lack of a third dimen-
sion is related to the geometry of imaging with an aperture that is a segment of a straight line. In 
this case, the actual three-dimensional reflectivity function is collapsed across the slant plane. 
Yet the resulting two-dimensional images can adequately represent the geometric features of a 
scatterer that is flat or nearly flat, such as a small patch of the Earth's surface. Interferometric 
SAR (InSAR) is a first step toward obtaining the third coordinate. For a scatterer that is two-
dimensional but not flat, InSAR can supplement regular SAR by providing the elevation map. 
This is achieved by combining the complex-valued SAR images obtained from two apertures 
that correspond to two different slant planes and analyzing the phase difference between them.  
 
Interferometric tasks require centimeter-level accuracy, which is remarkable given that for 
spaceborne radar systems, the distance between the radar and its target is many hundreds of kil-
ometers, i.e., about a hundred million times larger than the changes to be detected. The required 
sensitivity is enabled by comparing the complex phases of two images, which allows one to de-
tect the differences in signal path length as small as a fraction of the radar wavelength. However, 
the interaction of radar signals with the target, as well as the lack of precision in antenna position 
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and other disturbances, generate ambiguities of the image phase that are orders of magnitude 
larger than the effect of interest. 
 
Yet the common exposition of radar interferometry in the literature often skips the various im-
portant details related to ambiguities of interferometric measurements. This may lead to unrealis-
tic requirements for the accuracy of determining the parameters of imaging geometry, unachiev-
able precision of image co-registration, etc. To address these deficiencies, we have thoroughly 
analyzed the problem of interferometric height reconstruction and provided a careful and detailed 
account of all the assumptions and requirements to the imaging geometry and data processing 
needed for a successful extraction of height information from the radar data. In doing so, we em-
ployed two scattering models for radar targets: an isolated point scatterer and delta-correlated 
extended scatterer and highlighted the similarities and differences between them [11].  
 
The need to accommodate the essentially three-dimensional targets, such as the terrain covered 
with vegetation, prompted the development of more involved technologies. Polarimetric radar 
interferometry (PolInSAR) can extract some parameters of the three-dimensional scatterer using 
a single pair of apertures. For example, by exploiting the difference in reflectivities and correla-
tion properties between the ground and vegetation for different polarizations, PolInSAR can re-
trieve multiple geometrical parameters of the vegetation layer covering the Earth's surface, in-
cluding the vegetation height and underlying ground topography.  
 
 
Accomplishments during the fourth performance period (01 July 2021 – 31 December 2020 and 
a CoViD-19 NCE from 1 January 2021 through 31 March 2021): 
 
A key difficulty encountered with PolInSAR is that any cross-talk between the polarimetric 
channels of a radar system violates the PolInSAR assumptions and reduces the reconstruction 
accuracy. One source of such cross-talk for spaceborne SAR is the differential Faraday rotation 
that we studied in [1]. It becomes quite noticeable for the radars operating on lower frequencies 
(e.g., P-band) that offer a better ground and foliage penetrating capability. We have therefore de-
rived an accurate estimate of the effect of dFR on PolInSAR reconstruction for the case where 
the polarimetric matched filter (PMF mitigation) has not been used. We employed a well-known 
PolInSAR reflectivity model called random volume over ground (RVoG) and interpreted the dis-
tortions due to dFR as if they were caused by noise. The resulting reconstruction errors provide a 
quantitative measure of the effect of dFR on PolInSAR performance [12]. 
 
Convolutional neural networks have shown promise in distinguishing between the instantaneous 
and dispersive radar targets [9]. It is therefore of keen interest to test the discrimination capacity 
of CNNs for those imaging scenarios for which a classifier based on maximum likelihood (with 
confidence levels) may be more difficult to build. Going beyond the plain discrimination be-
tween the instantaneous and delayed targets, it would also be very useful if one can obtain reso-
lution in the delay variable.  
 
To address these goals, we have developed a capability to produce datasets of simulated 
coordinate-delay SAR images of targets with a certain class of reflectivity models that may or 
may not include the scattering delay. These images are three-dimensional, corresponding to two 
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spatial dimensions (range and cross-range, as in standard SAR) and, additionally, one delay 
variable. We can also simulate instantaneous textured background and noise with varying spatial 
characteristics and intensities. The overall objective is to locate the target on the image and 
characterize its scattering delay. 
 
The previous publication on the subject [9] presented the results on two-dimensional images (no 
cross-range coordinate) with a fixed location of the target and no texture in the background. For 
this case, a maximum likelihood classifier has been implemented and used as a benchmark for 
the deep learning-based classifier.  
 
A "You Only Look Once," or YOLO, type CNN model has been built for the analysis of 3D 
cdSAR images. It has shown the capacity to predict the coordinates and delay of a target with 
certain accuracy. However, similar predictions, although with a lesser accuracy, can be obtained 
from another YOLO model that uses zero-delay (2D) slices of 3D images. Physically, 
determining the scattering delay from the image data with no span in the delay direction should 
not be possible. The fact that this is happening points to an unintentional feature of the dataset 
that allows “leakage” of the 3D information into a 2D image.  
 
From the standpoint of achieving our immediate goals, learning from this leaked information 
may be undesirable. We are therefore considering the “unlearning” strategies in order to evaluate 
the foregoing effect and, if possible, suppress this kind of learning. One approach is to add the 
“attention mechanism” to the 2D YOLO model to identify the areas in the 2D images that carry 
the delay information. This has been done successfully: certain attention masks clearly correlate 
with the location of the target. However, we still need to see how to control the classifier by 
means of manipulating these “interpretable” masks. Another possible way to achieve the un-
learning is via using the "delay-noise" images, which are the 3D images where the delay infor-
mation has been intentionally destroyed.  
 
In a broader context, however, the capacity to recover the 3D information from 2D observations 
may obviously be beneficial. To that end, achieving the unlearning objective will hopefully help 
us understand the mechanism of leakage from 3D cdSAR images to their 2D slices so that one 
can subsequently exploit it to the advantage of the reconstruction task. It is possible that consid-
ering the fixed-delay slices instead of zero-delay slices of the 3D images may prove useful.  
 
We are contemplating several additional publications on the subject of machine learning as it ap-
plies to the analysis of coordinate-delay SAR images: 

• Extension of [9] to 3D. Main points: known location of the target and absence of texture 
allow for a straightforward construction of a maximum likelihood-based classifier. We 
need to reproduce in 3D the study of dependence of the classification quality on the 
parameters of the physical model: contrast, size of target, magnitude of delay, etc. A very 
important generalization is the capacity to quantify the delay rather than only distinguish 
between the delayed and instantaneous scattering.  

• Target detection and delay quantification with the help of the currently available YOLO 
model: performance, sensitivity to parameters, etc.  

• Treatment of 3D learning from 2D data as overfitting, with 2D unlearning playing the 
role of regularization.  
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Otherwise let us emphasize that, currently the physics-based deterministic models of radar tar-
gets that associate the scattering mechanisms of impinging signals with surface inhomogeneities 
on the short scale and phenomenological stochastic models that account for speckle in SAR im-
ages are built independently. In the long run, it would be desirable to bring these two types of 
models closer to one another. Ideally, one would like to develop a physics-based linear model of 
scattering about the surface of a target capable of representing both backscattering and speckle. 
Preferably, this model should also account for the possible scattering anisotropy, i.e., the de-
pendence of target reflectivity on the viewing direction. The latter can, perhaps, be attributed to 
physical mechanisms via the directional dependence of Bragg resonances. 
 
 
Altogether, all the research goals set forth the in the beginning of the project have been met. The 
results are summarized in the scholarly publications listed at the end of the report that include 
both journal and conference papers. Reference [12], which is still an unpublished manuscript, is 
attached with the report. In addition, the results have been presented at four AFOSR Electromag-
netics Program Review Workshops: 2018, 2019, 2020, and 2021. 
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1 Introduction

The standard synthetic aperture radar (SAR) imaging produces two-dimensional maps of
target reflectivity. The lack of a third dimension is related to the geometry of imaging
with an aperture that typically is a segment of a straight line (see, e.g., [1, 2, 3]). When the
reflectivity function of a target is three-dimensional, the standard SAR collapses this function
across the slant plane, which is a plane passing through the target and the aperture. Yet,
two-dimensional images yield a satisfactory representation of geometric features of a scatterer
that is flat or nearly flat, such as a small patch of the Earth surface.

Interferometric SAR, or InSAR, is a first step towards obtaining the third coordinate in
the radar image. For a scatterer that is two-dimensional but not flat, InSAR can supplement
SAR by providing an elevation map [1, 2]. This is achieved by combining the complex-
valued SAR images obtained from two apertures corresponding to different slant planes and
analyzing the phase difference between these images. Most often, InSAR involves apertures
that are parallel or almost parallel, yielding two slightly different incident angles. Such
technology has been used to build global digital elevation maps (DEMs) in satellite-based
radar missions such as SRTM [4] and TanDEM-X [5]. A mathematical perspective on SAR
interferometry is presented in our recent paper [6].

The need to extend radar remote sensing to essentially three-dimensional targets, such
as vegetation-covered terrain, has brought about more involved technologies. In some exper-
iments, more than 10 apertures are combined [7] to resolve details in the direction across the
slant plane. Such setups are rare and expensive. By contrast, polarimetric radar interfer-
ometry, or PolInSAR [8, 9, 10], can extract some parameters of three-dimensional scatterer
geometry using a single pair of apertures. For example, by exploiting the difference in
reflectivities and correlation properties between ground and vegetation at different polariza-
tions, PolInSAR can retrieve multiple geometrical parameters of vegetation layer covering
the Earth surface, including vegetation height and the underlying ground topography.

Any cross-talk between the polarimetric channels of the radar system violates the PolIn-
SAR assumptions and, as a result, deteriorates its reconstruction accuracy. The differential
Faraday rotation (dFR) in the Earth’s ionosphere, see [11, 12], has been shown to be a po-
tential source of such cross-talk for satellite-based radar systems. This effect is very small
for the previously mentioned C/X-band SRTM and TanDEM-X missions because of their
relatively high radar frequencies. However, the need for ground and foliage penetration re-
quires radar systems with much lower frequencies. For example, the central frequency of the
future BIOMASS radar [13, 14] is dozens of times lower than those used in the past global
radar DEM missions. It then makes sense to obtain quantitative estimates of this effect for
currently active and future missions.

The Faraday rotation (FR) is a rotation of the polarization plane of a linearly polarized
electromagnetic signal; this effect is well known in the community associated with satellite-
based radar imaging (see, e.g., [15, 16, 17, 18, 19, 20, 21, 22]). In fact, FR is sometimes used
as a tool for obtaining the ionospheric total electron content (TEC), which is the electron
concentration integrated along the elevation. In turn, dFR is due to the dependence of the
FR angle on frequency; hence, for a pulsed radar having a certain bandwidth, dFR will
always be present. A series of publications describing the dFR effect has recently appeared
[11, 23, 12, 24], and a mitigation method for this effect, called the polarimetric matched filter
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(PMF), has been proposed in [11]. To the best of the author’s knowledge, the effect of dFR
on PolInSAR reconstruction has not been studied before.

In this work we derive an estimate of the effect of dFR on PolInSAR reconstruction for
the case where the PMF mitigation is not used. We build a simplified PolInSAR problem
statement that uses only two polarizations but still manifests the most significant features
of a popular PolInSAR reflectivity model called random volume over ground (RVoG). For
a procedure of reconstruction of vegetation layer parameters, we consider a scenario where
the distortions due to dFR are handled as if they are caused by noise. The resulting errors
in the vegetation layer parameters are used as a measure of the dFR effect on PolInSAR
reconstruction.

Section 2: Radar imaging

Section 3: Radar interferometry  

Section 4: Polarimetric 
radar interferometry  

Section 5: Differential Faraday 
rotation and radar imaging

Section 6: Differential Faraday rotation and 
polarimetric radar interferometry 

Figure 1: Organization of Sections 2–5 that present background material for Section 6.

In Sections 2–5 we briefly review the necessary background for this study, namely,
the radar imaging (SAR), radar interferometry (InSAR), polarimetric radar interferometry
(PolInSAR), and differential Faraday rotation (dFR), respectively, see Fig. 1. Section 6.1
introduces a simplified RVoG model that is used in the subsequent imaging and parameter
reconstruction scenarios. Section 6.2 presents a scenario where dFR distorts the measure-
ments, whereas Section 6.3 discusses the the effect of noise on the measurements and its
compensation in the parameter reconstruction. Ultimately, Section 6.4 presents a combina-
tion of the two aforementioned scenarios: the distortions due to dFR are compensated as if
they originate from noise. The reconstruction errors obtained in this scenario are summa-
rized and analyzed in Section 7, while discussion in Section 8 reveals certain areas where the
approach of this article can be refined. Section 9 provides concluding remarks.

A note about the terminology is in order. The significance of synthetic aperture in SAR
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imaging is to provide the along-track resolution. At the same time, the analysis of radar
interferometry, as well as polarimetric radar interferometry, usually occurs in the cross-track
plane. In this work, we do not consider the effects due to the presence of a synthetic
aperture. For this reason, we use the term “radar interferometry” instead of more common
abbreviations InSAR and PolInSAR whenever this would not lead to misunderstanding.

2 Radar imaging, reflectivity, and imaging kernel

Following [25, Chapter 2], we specify, for definiteness, the antenna signal as a narrow-band
linear chirp (frequency modulated signal) with the carrier frequency ω0, bandwidth B, du-
ration τ , and rate α > 0 related by

2ατ = B � ω0 and Bτ � 1.

Using the notation χ
τ

for the characteristic function:

χ
τ
(t) =

{
1, t ∈ [−τ/2, τ/2],

0, otherwise,
(1)

we can write the expression for the chirp waveform as follows:

P (t) = A(t)e−iω0t, where A(t) = χ
τ
(t)e−iαt

2

. (2)

For simplicity, we analyze only the case of α > 0. One can derive the expression for the
instantaneous frequency by differentiating (2) with respect to t inside the support of A(t):

ω(t) = ω0 + 2αt = ω0 +
B

τ
t, |t| 6 τ

2
. (3)

The antenna is at location x , which may be either of the two locations, x (0) or x (1), in
Fig. 2, separated from the target area by the distance R. Propagation of a signal is described
by means of propagation attenuation and time delay, such that the incident field ui in the
target area is described by

ui(t, z ) = K(Rz )P (t−Rz/c), (4)

where c is the speed of light and
Rz = |z − x |.

We assume a point scatterer at z with the reflectivity ν0, such that the reflected field is given
by

us(t, z ) = ν0u
i(t, z ) = ν0K(Rz )P (t−Rz/c). (5)

The field received by the antenna is calculated similarly to (4):

us(t,x ) = K(Rz )us(t−Rz/c, z ) = ν0K(Rz )2P (t− 2Rz/c).

4
DISTRIBUTION A: Distribution approved for public release



This expression can be seen as a particular case of the return from a distributed scatterer
calculated in the single-scattering approximation [25, 3]:

us(t,x ) =

∫
ν(z ′)K(Rz ′)2P (t− 2Rz ′/c) dz ′, (6)

with the singular reflectivity function

ν(z ′) = ν0δ(z
′ − z ), (7)

where δ(. . .) is the Dirac delta function. While the fields vary on the scale of the wave-
length λ = 2πc/ω0, the attenuation coefficient varies on a much larger scale of R, e.g.,
K(Rz ) ∼ R−1

z . Hence, given that the size of the target is much smaller that a typical travel
distance, we can replace K(Rz ) and K(Rz ′) in (4)–(6) with a constant K(R). Furthermore,
for the sake of brevity, we will henceforth incorporate the constant K(R)2 into ν0 and/or
ν(z ).

Approximate inversion of (6) for ν(z ′) is realized by application of a matched filter to
the received signal. The matched filter Pfilt is a complex conjugate of the antenna signal (2);
it is parametrized by y , which is the spatial argument of the image:

Pfilt(t;y) = P (t− ty), where ty =
2|y − x |

c
=

2Ry

c
. (8)

Accordingly, the image (i.e., the approximation to ν(·) of (6)) is expressed as

I(y) =

∫
Pfilt(t;y)us(t,x ) dt =

∫
P
(
t− 2Ry

c

)
us(t,x ) dt. (9)

We will call Ry = |y − x | the focusing parameter of the filter.
Substituting (6) into (9), we obtain the convolution formula

I(y) =

∫
W (y , z )ν(z ) dz , (10)

where the kernel of the imaging operator (also called the point spread function, or PSF) is
given by

W (y , z ) =

∫
P
(
t− 2Ry

c

)
P
(
t− 2Rz

c

)
dt = e−2ik(Ry−Rz )V (y , z ). (11)

In (11), k = ω0/c and

V (y , z ) =

∫
A
(
t− 2Ry

c

)
A
(
t− 2Rz

c

)
dt

≈
∫ τ/2

−τ/2
e−4iα(Ry−Rz )t̃/c dt̃

= τ sinc
(B(Ry −Rz )

c

)
,

(12)
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where sinc(ξ) = sin(ξ)/ξ. Hence, for signal P (t) given by (2), the kernel depends on the
difference of the focusing parameters: W = W (Ry − Rz ), so formula (10) can be presented
as

I(y) =

∫
W (Ry −Rz )ν(z ) dz , (13)

where according to (11),(12), the PSF W (l) can be expressed as the following function:

W (l) = e−2iklV (l) = τe−2ikl sinc
(Bl
c

)
. (14)

Hence, for the point scatterer (7), the expression for the image is as follows:

I(y) = ν0 · τe−2iω0(Ry−Rz )/c sinc
(
B
Ry −Rz

c

)
. (15)

In the two-dimensional coordinate space z considered in this work, the main lobe of the
sinc function in (15) specifies a ring of average radius Ry and thickness about

∆R =
πc

B
.

Although the function |I(y)| given by (15) has a single maximum at Ry = Rz , locating it
with the accuracy much better than ∆R is considered problematic in practical situations
where contributions from other scatterers, as well as noise, are present. As the radius of
the ring is very large, in the vicinity of the target this ring can be considered as a band
with width ∼ ∆R. Obtaining resolution along this band in SAR imaging with kernel (14) is
impossible.

In this work, we will be using the term “pixel” to in the context of a pair of locations, y
and z , satisfying

B
|Ry −Rz |

c
. 1. (16)

In other words, when points y and z are in one pixel, they can be covered by a single
band described above. Similarly, points z and z ′ are in the same pixels if there is a point
y in a pixel with either of them. When condition (16) is not satisfied, we will say that y
and z belong to different pixels, etc. Note that this definition is made for convenience of
presentation and does not imply any regular or irregular tiling of the space of y (or z ).

3 Radar interferometry

In radar interferometry [1, 2], especially when combined with polarimetry as in Section 4,
stochastic target models are often used to represent extended scatterers. In particular, the
reflectivity function ν(z ) is considered a circular Gaussian random function [26] with certain
correlation properties. The most common example is a delta-correlated scatterer:

〈ν(z ′)ν(z )〉 = σ2(z )δ(z ′ − z ), (17)

where 〈. . .〉 denotes statistical averaging (in practical settings replaced with spatial averaging
over a patch of terrain that is assumed homogeneous). Accordingly, the scattered field (6)
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Figure 2: Main geometric parameters of radar interferometry. For definition of pixel see (16).

and radar image (9) are also considered as random functions. Note that the left hand side
of (17) is undefined for the reflectivity function of a point scatterer (7) containing the Dirac
delta function, so there is no “smooth transition” from model (7) to model (17).

Radar interferometry involves two or more antenna locations, as shown in Fig. 2. A
slanted (u, v) coordinate system is used to define the satellite and terrain coordinates, e.g.,

x (1) = (−R + x
(1)
u , x

(1)
v ). The reference satellite position (−R, 0) specifies the reference

incidence angle θ, whereas the satellites located at x (1) and x (2) correspond to slightly
different individual incidence angles θ1 and θ2, respectively, given by

θ1 ≈ θ − x
(1)
v

R
, θ2 ≈ θ − x

(2)
v

R
, ∆θ = θ1 − θ2. (18)

For a task of reconstruction of the scatterer elevation, we use a complex interferogram
defined as follows [6]. First, we introduce an extended notation for the radar image I(y)
originally defined in (9); this notation specifies the antenna position, carrier frequency, and
bandwidth:

I(y) ≡ I(y ;x , ω, B̃),

such that we can consider images built using different antenna positions, different central
frequencies, and bandwidths different from the full signal bandwidth B. In addition, we
introduce an alternative form of the image:

I(y ;x , ω, B̃) = I(y ;x , ω, B̃)e2iω|y−x |/c. (19)
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The alternative image definition (19) is needed to reduce sensitivity of the interferogram
phase to the focusing parameter y ,

Then, with the focusing locations restricted to yv = 0 [6], the two images must be co-
registered [27], and the interferogram is formed according to

Q(y) ≡ Q(y ;x (1),x (2), ω1, ω2, B̃) =
〈
I(y (1);x (1), ω1, B̃)I(y (2);x (2), ω2, B̃)

〉
. (20)

In formula (20), y (1) and y (2) are sufficiently close to y owing to the co-registration:

|y (1) − y | � ∆R, |y (2) − y | � ∆R,

and parameters ω1, ω2, and B̃ are chosen such that for the two systems, the ranges of
wavenumbers (i.e., spatial frequencies) projected on the horizontal plane coincide. For a
pair of satellites using the same waveform (2), this condition is met by extracting subbands
of the original frequency band

(
ω0− B

2
, ω0+ B

2

)
. Using the interferometric angle ∆θ = θ1−θ2,

|∆θ| � 1, see (18), the bandwidth B̃ and the central wavenumbers

k1 = ω1/c and k2 = ω2/c (21a)

are determined as follows:

k1 = k − ∆k

2
, k2 = k +

∆k

2
, B̃ = B − |∆k|c, where ∆k = k

∆θ

tan θ
. (21b)

For the frequencies ω1 and ω2 defined via (21a), formula (21b) provides the required relation
for the horizontal components of the central wavenumbers:

k1 sin θ1 ≈ k2 sin θ2. (22)

Hence, the ranges of the horizontal spatial frequencies coincide because the same bandwidth
B̃ is used for both satellites. The condition B̃ > 0 together with B � ω0 limits the maximal
interferometric angle to

|∆θ| < tan θ
B

ω0

� 1. (23)

The subband selection as in (21) is sometimes called wavenumber adjustment procedure or
range spectral filtering [6].

For the imaging kernel (11), scatterer (17), and interferometric parameters satisfying (21),
the interferogram (20) is expressed as follows [6]:

Q(y) = eiΦQ

∫
e−iκh(z )|Ṽ (y , z )|2σ2(z ) dz , (24)

where

κ = 2k
∆θ

sin θ
(25)

is called the interferometric wavenumber, h(z ) is the elevation of point z above the reference
horizontal plane h = 0 (see Fig. 2), function Ṽ (l) is a counterpart to V (l) of (12),(14):

Ṽ (l) = τ̃ sinc
(B̃l
c

)
, with τ̃ = τ

B̃

B
, B̃ given by (21b), (26)
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and ΦQ is a common interferometric phase determined by the exact location of the satellites
with respect to the reference plane:

ΦQ = 2k
(
−
(
x(2)
u − x(1)

u

)
+

(
x

(2)
v

)2 −
(
x

(1)
v

)2

2R

)
+ ∆k(2R− x(1)

u − x(2)
u ). (27)

Note that the wavenumber adjustment procedure (21),(22) has eliminated dependence of the
interferometric phase in the integrand of (24) on the horizontal coordinate, thus increasing
coherence of an interferogram in the case of extended scatterers; for more detail, see, e.g.,
[6, 28, 29].

Due to uncertainties in several parameters entering the right hand side of (27), evalu-
ating ΦQ accurate to a fraction of π from the satellite coordinates is deemed impossible.
However, retrieval of the relative scatterer elevation is still possible in the following settings.
Consider two distinct pixels, a and b, see (16) and Fig. 2, and suppose the scatterer elevation
is (nearly) constant in each of them. This means that the scatterer reflectivity σ2(z ) in these
pixels can be approximated by

σ2(z ) = σ2
aδ(h(z )− ha) and σ2(z ) = σ2

bδ(h(z )− hb), (28)

respectively. Then, from (24), we obtain

Q(yb)

Q(ya)
=
σ2
b

σ2
a

e−iκ(hb−ha),

such that the height difference between these pixels can be retrieved from the interferogram
using

hb − ha = −∠Q(yb)− ∠Q(ya)

κ
.

As the complex phase is bounded, e.g., 0 6
∣∣∠(Q(yb)/Q(ya)

)∣∣ < π, the reconstructed height
difference cannot exceed a certain threshold:

|hb − ha| < π
sin θ

2k∆θ
=
λ sin θ

4∆θ
. (29)

The value on the right hand side of (29) is half of what is called the ambiguity height (i.e.,
the change in elevation resulting the change of the interferometric phase by 2π, see, e.g.,
[30, 31]). In practice, elevations larger than the threshold (29) are reconstructed using the
technique of phase unwrapping, see, e.g., [32, 33, 34]. For brevity, we will assume below that
condition (29) and its equivalents are always met.

4 Polarimetric radar interferometry

Polarimetric radar interferometry (often abbreviated as PolInSAR) seeks to reconstruct the
behavior of σ2(z ) on the vertical coordinate h from the measurements of interferometric
coherence Q(y) of (20) at different polarizations. In particular, when

σ2(z ) ≡ σ2(h(z )) (30)
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(note the difference with (28)), it is shown (see, e.g., [2, 6]) that expression (24) can be
factored as follows:

Q = eiΦQVQ

∫
e−iκhσ2(h) dh, (31)

where

VQ =

∫
|Ṽ (s sin θ)|2 ds, (32)

and Ṽ is defined in (26). The dependence of Q on y in (31) can be restored by assuming
that the parameters defining the function σ2(h) in (30) are constant over a spatial patch
mentioned after (17) but may still vary over the horizontal coordinates on distances much
larger than the size of this patch (see, e.g., (28)). Such an assumption is meaningful because
the integrand in (32) decays quickly on scales much larger than the pixel size πc/B̃, so Q(y)
is mainly affected by the scatterers within the corresponding pixel, see Fig. 3.
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Figure 3: Parameters of ground topography and vegetation layer in RVoG model as given
by (35). Note that the real terrain slopes are usually much smaller than on this illustration,
so these parameters can be considered constant in each pixel. The purple and blue curves
illustrate F0(ξ; η) and η−1F1(ξ; η), respectively, see (64), for small η and ξ = B̃(yu − zu)/c.

Of course, function σ2(h) cannot be reconstructed from (31) with a single value of Q as
data, even more so given the unknown value of ΦQ. The PolInSAR approach is to obtain
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measurements of Q on multiple polarizations and use a parametrized form of σ2(h) with
some specific assumptions about its polarimetric behavior. A typical model will represent
the reflectivity as a sum of a few components with different localization in height and different
dependence of the reflectivity on the polarization1 (traditionally denoted by symbol w). The
most popular model of this kind, called random volume over ground (RVoG), includes two
statistically independent terms representing ground and volume (i.e., foliage):

ν(z ,w) = νGr(z ,w) + νVol(z ,w), 〈νGr(z ,w)νVol(z ,w)〉 = 0. (33)

Additionally, it is assumed that νGr and νVol in (33) separately satisfy (17) and (30):

〈νGr(z ′,w)νGr(z ,w)〉 = σ2
Gr(h,w)δ

(
h(z ′)− h(z )

)
,

〈νVol(z ′,w)νVol(z ,w)〉 = σ2
Vol(h,w)δ

(
h(z ′)− h(z )

)
,

leading to the following relation between the reflectivity intensities:

σ2(h,w) = σ2
Gr(h,w) + σ2

Vol(h,w). (34)

For σ2
Gr and σ2

Vol in (34), we will use the following parametrization of their dependence on h:

σ2
Gr(h,w) = σ2

g(w)δ(h− hg),

σ2
Vol(h,w) = σ2

v(w)
1

D
χ
D

(h− hg − hv).
(35)

In formula (35), hg describes the ground topography, hv and D denote the average elevation
and thickness of a foliage layer, see Fig. 3, and the indicator function χ is defined in (1). A
possible formulation of PolInSAR inversion is to retrieve the constants hv and D character-
izing the vegetation (e.g., the forest height will be given by hv +D/2) and hg providing the
local ground elevation.

As mentioned following (32), the values of hg, hv, and D in (35) can be considered
constant over a patch of pixels used to calculate Q(y); the same is assumed about σ2

g(w)
and σ2

v(w) for fixed w. For this reason, we will drop the argument y whenever possible in
the remainder of this section to improve readability while keeping the dependence on w. If
we consider image components IGr(w) and IVol(w) due to individual scatterers at certain
polarizations, such that

I(w) = IGr(w) + IVol(w), (36)

then, due to (33),
Q(w) = QGr(w) +QVol(w),

where, similarly to (20),

QGr(w) =
〈
IGr(w;x (1), . . .)IGr(w;x (2), . . .)

〉
,

QVol(w) =
〈
IVol(w;x (1), . . .)IVol(w;x (2), . . .)

〉
.

1In this section, it is sufficient to treat the word “polarization” as some hidden parameter of reflectivity
and imaging. A more physics-aware treatment of polarization is given in Section 5.
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In order to calculate interferometric coherence, we define the image intensities

T (1)(w) =
〈∣∣I(w;x (1), k1, B̃)

∣∣2〉, T (2)(w) =
〈∣∣I(w;x (2), k2, B̃)

∣∣2〉, (37)

cf. (20), and assume that
T (1)(w) ≈ T (2)(w) = T (w) (38)

because the imaging conditions for the two antennas are essentially equivalent, see (23). The
total coherence and the coherences of individual image components are defines as follows:

γ(w) =
Q(w)

T (w)
, γGr(w) =

QGr(w)

TGr(w)
, γVol(w) =

QVol(w)

TVol(w)
. (39)

A derivation similar to that used for (24) and (31) leads to

T (y ,w) =

∫
|Ṽ (y , z )|2σ2(z ,w) dz = VQ

∫
σ2(h) dh, (40)

where, similarly to Q(w), we will henceforth replace T (y ,w) with T (w). Substituting the
parametrizations (35) into (31) and (40) and making a change of variables h′ = h − hg, we
can explicitly calculate the individual coherences in (39):

γGr = ei(ΦQ−κhg)γg, where γg =

∫
e−iκh

′
δ(h′) dh′ = 1;

γVol = ei(ΦQ−κhg)γv, where γv =
1

D

∫ hv+D/2

hv−D/2
e−iκh

′
dh′ = e−iκhv sinc(κD/2);

(41)

and κ = 2k∆θ/ sin θ is defined in (25). In turn, using (33)–(35), we can obtain the following
relation:

γ(w) =
σ2

g(w)

σ2
g(w) + σ2

v(w)
γGr +

σ2
v(w)

σ2
g(w) + σ2

v(w)
γVol (42)

(see, e.g., [33] and Appendix A). Using (41), we can rewrite relation (42) in the form that is
popular in PolInSAR literature [9]:

γ(w) = eiΨQ
γv +m(w)

1 +m(w)
= eiΨQ

(
γv +

m(w)

1 +m(w)
(1− γv)

)
, (43)

where

ΨQ = ΦQ − κhg, m(w) =
σ2

g(w)

σ2
v(w)

. (44)

Formula (43) can be visualized by a straight line on a complex plane, as illustrated in Fig. 4:
each point on an interval between eiΨQ and eiΨQγv corresponds to a certain value of m(w),
0 < m(w) <∞.

In PolInSAR inversion procedures, the values of eiΨQ and γv are reconstructed from the
set of relations (43) for different w, while m(w) is considered unknown. In turn, the ground
topography, up to a constant reference elevation, can be retrieved from ΨQ using (44), while
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Figure 4: Loci of polarimetric coherence γ(w) on a complex plane. The straight line passing
through eiΨQ and eiΨQγv is given by formula (43), while the interval marked “RVoG” corre-
sponds to 0 < mmin 6 m(w) <∞. The interval marked “SNR” corresponds to formula (48)
for 0 < SNRmin 6 SNR(w) <∞.

the average height and thickness of the vegetation layer can be found from ∠γv and |γv|,
respectively, see (41).

Given that the physical differences between the ground and foliage scatterers lead to
different behaviors of σ2

g and σ2
v as functions of w, it should be possible to obtain two or

more different values of m(w), see (44), resulting in two or more different values of γ(w)
via (43). Most reconstruction procedures make use of the straight line representation of (43),
see Fig. 4. Namely, a straight line fit in the complex plane is built for these values of γ(w),
and one of two intersections of this line with a unit circle |γ| = 1 is associated with eiΨQ

(this corresponds to m→∞ in (43), although there may be no w yielding this data point).
Further steps of inversion [28, 35] may assume various physical considerations about σ2

g(w)
and σ2

v(w) that are beyond the scope of this work.
The model (34)–(36) permits many extensions that make it more realistic. A very com-

mon one is to take into account the damping of the signal due to foliage; in particular, this
leads to an exponential rather than constant profile in the model for σ2

Vol in (35), see, e.g.,
[28]. We will not consider this effect here, but instead take into account noise that may come
not only from the receiver, but also from temporal decorrelation, misregistration, etc. [10]
To do so, we modify (36) as follows

I(w;x (1)) = IGr(w;x (1)) + IVol(w;x (1)) +N (1),

I(w;x (2)) = IGr(w;x (2)) + IVol(w;x (2)) +N (2),
(45)

where the noise terms N (1) and N (2) are circular Gaussian, similarly to the rest of terms
in (45), and satisfy 〈

N (1)N (2)
〉

= 0,
〈
|N (1)|2

〉
=
〈
|N (2)|2

〉
= N2,
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where N2 is noise intensity. As a result, relations (42) and (43) are modified as follows:

γ(w) =
VQ
(
σ2

g(w)γGr + σ2
v(w)γVol

)
VQ
(
σ2

g(w) + σ2
v(w)

)
+ N2

= eiΨQ
γv +m(w)

1 +m(w)
· SNR(w)

1 + SNR(w)
,

(46)

where the signal-to-noise ratio is defined by

SNR(w) =
VQ
(
σ2

g(w) + σ2
v(w)

)
N2

. (47)

Consider the case of m(w) = 0: it may represent a cross-polarized scattering channel,
either HV or VH, where the ground contribution is low (see, e.g., [36, 37, 28]). A helpful
visualization of (46) for this case,

γ(w) = eiΨQγv ·
SNR(w)

1 + SNR(w)
, (48)

can be made by observing that the fraction on the right hand side of (48) is real, hence, on
the complex plane, γ(w) lies on a segment of straight line connecting the origin with eiΨQγv,
as shown in Fig. 4.

The particular cases represented by formulae (43) and (48) will be revisited in Section 6
in the context of polarimetric interferometry in the presence of differential Faraday rotation.

5 Radar imaging in the presence of dFR

The presentation of radar imaging in Section 2 and radar interferometry in Section 3 has
been given as if the electromagnetic field were scalar. In Section 4, the concept of polariza-
tion has been represented by a variable w that has not been associated with any physical
characteristics of the field. In fact, the electromagnetic field is vector-valued, and the polar-
ization specifies the configuration of electric and magnetic field vectors at the pulse transmit
and receive events, as well as for the interaction between the field and the target. For the
context of this article, this topic is covered in detail in [11], while a broader scope can be
obtained from [38, 28, 39] or classical sources such as [40, 41, 42]. Here we provide a brief
summary of facts necessary to introduce the following topics:

• linear polarizations and scattering matrix,

• Faraday rotation (FR), and

• differential Faraday rotation (dFR) and its effect of radar imaging.

Radar imaging typically uses linear polarizations, especially in the geophysical context.
Depending on the orientation of the electric field in the incident wave, the polarization is
called either horizontal (H) or vertical (V). For any of these two polarizations, the reflected
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wave can be represented as a sum of horizontally and vertically polarized waves. This gives
rise to a 2× 2 scattering (or reflectivity) matrix S relating the incident and reflected fields:(

Es
H

Es
V

)
(t, z ) = S(z ) ·

(
Ei

H

Ei
V

)
(t, z ), where S(z ) =

(
νHH(z ) νHV(z )
νVH(z ) νVV(z )

)
. (49)

This relation is a polarimetric counterpart of the first equality in formula (5), see Section 2.

ionosphere
еmitted pulse, 
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no modulation

refracted pulse,
linear polarization

ionosphereеmitted pulse, 
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linear frequency 
modulation 

refracted pulse,
``twisted’’ polarization

a b
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Figure 5: (a) Faraday rotation for a signal without modulation. (b) Differential Faraday
rotation for a linear frequency modulated (LFM) signal. The modulation factors and rotation
angles are not to scale.

Turning now to propagation of radar pulses, we will have to extend formula (4) to account
for the Faraday rotation (FR). Faraday rotation is due to gyrotropy of the ionospheric plasma
in the magnetic field of the Earth, and its effect on a monochromatic wave with frequency ω
can be described by means of a rotation matrix, see Fig. 5a:

R(ϕF) =

(
cosϕF sinϕF

− sinϕF cosϕF

)
. (50)

The rotation angle in formula (50) is given by (see, e.g., [43, 42])

ϕF ≡ ϕF(ω) = −R
2c

ω2
peΩe cos β

ω2
, where ω2

pe =
4πNee

2

me

, Ωe = −e|H0|
mec

. (51)

In (51), ωpe and Ωe are the electron plasma frequency and gyrofrequency, respectively, me

and −e are the mass and charge of the electron, Ne denotes the electron number density
in the ionosphere, H0 is the magnetic field of the Earth, β is the angle between the wave
propagation direction and H0, and we use R instead of Rz to simplify the presentation. The
resulting propagation formula is(

Ei
H

Ei
V

)
(t, z ) = K(R)eiωRz /vphR(ϕF) ·

(
Ei

H

Ei
V

)
(t,x ),

where vph ≈ c is the phase speed of electromagnetic waves in the ionosphere.
In order to obtain a polarimetric counterpart of the scalar imaging formula (13), we will

take into account the following effects.
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1. Dispersive propagation of the radar pulse in plasma leading to the difference between
the phase and group speed and the speed of light:

vph =
√
ω2

pe + k2c2/k, vgr = kc2/
√
ω2

pe + k2c2

(note that for typical radar frequencies, ω2
pe � k2c2).

2. Two-way propagation of the electromagnetic pulses, with the accumulation of the ro-
tation angle.

3. Dependence of ϕF in (50) upon the instantaneous frequency (3) via (51); for a linear
frequency modulated signal (2), a linearly polarized emitted signal becomes “twisted”
after passing through a dispersive medium, see [11] and Fig. 5b.

The polarimetric image channels are formed by processing the received signal using the
matched filter P ′filt(t,y), which is obtained by modifying the standard filter Pfilt of (8) ac-
cording to items 1 and 2 above. As shown in [44, 11], this includes modification of the chirp
rate and duration:

α′ = α + δα, τ ′ = τ − δτ, where δτ =
B

ω0

Rz

c

ω2
pe

ω2
0

, δα = α
δτ

τ
, (52)

as well as the retarded times, such that

P ′filt(t,y) = A′(t,y)e−iω0(t−2Ry/vph),

where
A′(t,y) = χ

′
τ−2δτ

(t− 2Ry/vgr)e
−i(α+2δα)(t−2Ry/vgr)2 . (53)

The resulting image channels are considered as entries of a 2×2 matrix Y organized similarly
to (49):

Ymn(y) =

∫
eiω0(t−2Ry/vph)A′(t,y)us

mn(t) dt, m, n ∈ {H,V}, (54)

where us
mn(t) = Es

m(t,x ) given the polarization of the emitted field is n. We call matrix Y
an intermediate image.

At the next stage, the average rotation angle is defined as

ϕ∗F = ϕF(ω0), (55)

see (51), and rotation matrices R(−ϕ∗F) are applied to the intermediate image yielding four
entries of a similarly organized 2× 2 polarimetric image matrix I:

I(y) = R(−ϕ∗F) ·Y(y) ·R(−ϕ∗F). (56)

Usage of an average rotation angle in (54),(56) creates a mismatch between the actual rota-
tion angle and ϕ∗F:

∆ϕF ≡ ∆ϕF(t, z ) = ϕF

(
ω(t− 2Rz/c)

)
− ϕ∗F, (57)
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see item 3 on page 16. Note that in [11], we put forward and analyze the polarimetric matched
filter (PMF) that compensates the dependence of the Faraday rotation on instantaneous
frequency. Unlike (54), this approach requires matrix-based operations on the received signal
channels us

mn(t), with the matrix also depending on time. To save space, the interferometry
that uses PMF-based signal processing is not considered here.

To describe the polarimetric imaging operator, we flatten the reflectivity and image
matrices:

I = (IHH, IHV, IVH, IVV)T, ννν = (νHH, νHV, νVH, νVV)T,

and present the relation between them as follows:

I (y) =

∫
W(y , z ) · ννν(z ) dz , (58)

where a 4× 4 matrix W can be approximated using another 4× 4 matrix V:

W(y , z ) = e−2ik(Ry−Rz )

∫
A
(
t− 2Ry

c

)
A
(
t− 2Rz

c

)
V(∆ϕF) dt, (59)

with ∆ϕF(t, z ) given by (57) and

V(φ) =


cos2 φ − cosφ sinφ cosφ sinφ − sin2 φ

cosφ sinφ cos2 φ sin2 φ cosφ sinφ
− cosφ sinφ sin2 φ cos2 φ − cosφ sinφ
− sin2 φ − cosφ sinφ cosφ sinφ cos2 φ

 . (60)

Note that it is possible to express the entire dFR effect via the matrix V in (59); in partic-
ular, instead of A′(. . .) defined in (52)–(53), equation (59) makes use of the original pulse
envelope A(t) given by (2) [11].

Linearization of ϕF(ω) about ω0 in (57) yields

∆ϕF ≈ η
1

τ

(
t− 2Rz

c

)
, where η = −ϕF(ω0)

2B

ω0

. (61)

Substituting (61) into the integrand of (59), we obtain the following structure of the resulting
imaging kernel matrix:

W = e−2ik(Ry−Rz )


V0 −V1 V1 −V2

V1 V0 V2 V1

−V1 V2 V0 −V1

−V2 −V1 V1 V0

 . (62)

The matrix entries are functions of two variables: ξ = B(Ry −Rz )/c, cf. (12), and η defined
in (61):

V0 ≡ V0(ξ; η) =

∫ τ/2

−τ/2
e−2iξt̃/τ cos2(∆ϕF)dt̃ =

τ

2

(
sinc ξ + F0(ξ; η)

)
,

V1 ≡ V1(ξ; η) =

∫ τ/2

−τ/2
e−2iξt̃/τ cos(∆ϕF) sin(∆ϕF)dt̃ =

τ

2i
F1(ξ; η),

V2 ≡ V2(ξ; η) =

∫ τ/2

−τ/2
e−2iξt̃/τ sin2(∆ϕF)dt̃ =

τ

2

(
sinc ξ − F0(ξ; η)

)
,

(63)
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where we have additionally introduced the notations:

F0(ξ; η) =
1

τ

∫ τ/2

−τ/2
e−2iξt̃/τ cos(2ηt̃/τ) dt̃ =

1

2

(
sinc(ξ − η) + sinc(ξ + η)

)
,

F1(ξ; η) =
i

τ

∫ τ/2

−τ/2
e−2iξt̃/τ sin(2ηt̃/τ) dt̃ =

1

2

(
sinc(ξ − η)− sinc(ξ + η)

)
.

(64)

It can be seen that as η → 0 (or as ϕF → 0, see (61)), the matrices in (60) and (62)
become diagonal, and the matrix imaging operator in (58) turns into a set of scalar imaging
operators acting on individual reflectivity channels, see (13). The analytic expressions for
L2-norms of the matrix entries in (62) are given in [11]; for small η, they yield

‖V1‖2
2(η)

‖V0‖2
2(η)

≈ η2

12
,
‖V2‖2

2(η)

‖V0‖2
2(η)

≈ η4

80
, (65)

where for a function f(ξ; η), the norm is defined as

‖f‖2
2(η) =

∫ ∞
−∞
|f(ξ; η)|2 dξ.

The asymptotic expressions (65) work well up to |η| . 1. We see that for this range of η,
the leading off-diagonal terms are due to V1. For |η| � 1,

F0(ξ; η) ≈ 1

τ
V0(ξ; η) ≈ sinc ξ, F1(ξ; η) =

2i

τ
V1(ξ; τ) ≈ −η sinc′ ξ, (66)

see Fig. 3.

6 Polarimetric radar interferometry in the presence

of dFR

6.1 Simplified polarimetric model for reconstruction of the pa-
rameters of vegetaton layer

In order to understand the mechanics of the effect of differential Faraday rotation (dFR) on
the polarimetric radar interferometry (PolInSAR), we first build a simplified polarimetric
model that still supports the major properties of polarimetric geophysical observations. Our
analysis will focus on one of the most popular PolInSAR tasks, namely, reconstruction of
parameters of the aboveground vegetation layer.

In the “random volume over ground” (RVoG) paradigm, see (33)–(35), we specify reflec-
tivities of the two components of the model, namely, σ2

g(w) (ground) and σ2
v(w) (volume),

for at least two polarizations (i.e., two different values of w). From the asymptotic models
of ground scattering supported by observations, we know that the ground contribution into
the cross-polarized scattering is very small [36, 37, 28]. At the same time, ground reflectiv-
ity may dominate the radar return on HH-polarization; this is sometimes explained by the
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Figure 6: Coherence loci on a complex plane for the case A = 0. (a) Blue markers:
Scenario A (Section 6.2), red markers: Scenario B (Section 6.3). (b) Blue markers: same as
in (a), purple markers: Scenario AB (Section 6.4).

ground-trunk double-bounce mechanism [7, 45]. For the foliage, the microscopic reflectivity
models [28] yield comparable values for the co-polarized and cross-polarized channels; in our
model, we will use a constant A & 1 to describe this ratio. Additionally, we assume that
the reflectivities in different polarization channels don’t correlate; although this assumption
contradicts the observations showing high correlation between the co-polarized channels in
the reflection from the ground (see, e.g., [26, 37]), we can still use it as long as we con-
sider only one co-polarized channel. Accordingly, using the subscripts P and X for the co-
and cross-polarized channels of our simplified polarimetric setup, respectively, we express
reflectivity of the scatterer as follows:

σ2
P(h) = σ2

gδ(h− hg) +Aσ2
v

1

D
χ
D

(h− hg − hv),

σ2
X(h) = σ2

v

1

D
χ
D

(h− hg − hv).
(67)

It can be seen that (67) is a further simplification of model (34),(35); in particular, we assume
that the coefficient A is known.

The off-diagonal entries of the imaging kernel (62) in the presence of dFR result in cross-
talk between the polarimetric channels. This effect is controlled by the value of parameter
η = −ϕF(ω0) · 2B/ω0, see (61). In the interferometric settings, due to the subband selection
as in (21), we introduce

η̃ = η · B̃
B
. (68)

Another effect of the subband selection is the shift of the central frequencies of the frequency
bands for the respective images. In order to avoid additional distortions, we choose

ϕ
∗(1)
F = ϕF(ω1), ϕ

∗(2)
F = ϕF(ω2),

where ω1 and ω2 are defined via (21a), and use the resulting mean rotation angles for the
corresponding intermediary images in (56) instead of ϕ∗F, see (55).
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Expressions for the interferometric coherences in the case of cross-talk due to the dFR
can be obtained similarly to (41). We will expect |η| < 1 (thus, |η̃| < 1), see [11], and
according to estimate (65), drop the terms due V2 from the imaging kernel (62). Using
the reflectivity model (67), imaging model (58) with noise contributions as in (45), defini-
tions (20) and (37), and the aforementioned assumption about the absence of cross-channel
correlation in the target reflectivity, we arrive at the following expressions for the complex
interferograms QP, QX and intensities TP, TX:

QP = eiΨQ
(
VQ0(σ2

g +Aσ2
vγv) + 2VQ1σ

2
vγv

)
,

QX = eiΨQ
(
VQ0σ

2
vγv + VQ1(σ2

g +Aσ2
vγv)

)
,

TP = VQ0(σ2
g +Aσ2

v) + 2VQ1σ
2
v + N2,

TX = VQ0σ
2
v + VQ1(σ2

g +Aσ2
v) + N2,

(69)

where (cf. (32))

VQ0 ≡ VQ0(η) =

∫
|V0(B̃s sin θ/c; η̃)|2 ds,

VQ1 ≡ VQ1(η) =

∫
|V1(B̃s sin θ/c; η̃)|2 ds,

(70)

expressions for V0(ξ; η) and V1(ξ; η) are given in (63)–(66), and ΨQ is defined in (44). Note
that similarly to (38), we assume in (69) that the intensities at the two antennas are the same

and use TP and TX instead of

√
T

(1)
P T

(2)
P and

√
T

(1)
X T

(2)
X , respectively. The coefficient 2 in

the expressions for QP and TP reflects the fact that the channel X is affected by a cross-talk
from two cross-polarized channels, HV and VH, whereas the effect of the weaker co-polarized
channel, i.e., VV, is ignored.

From (69), we can obtain expressions for interferometric coherences in the specified chan-
nels similarly to (39), and, additionally, the cross-channel intensity ratio:

γP =
QP

TP

, γX =
QX

TX

, M =
TP

TX

. (71)

In (69), we consider eiΨQ unknown, as discussed following (27); hence, determination of eiΨQ

is equivalent to the reconstruction of the local elevation. Other parameters to be recon-
structed are the mean elevation hv and thickness D of the vegetation layer. We will consider
the left hand sides in (71) as the data for this inversion. Note that σ2

g, σ2
v, and N2 are also

considered unknown, so there is generally not enough equations to perform the inversion.
A simple example of PolInSAR reconstruction can be obtained from a bare-bone model

defined by
VQ1 = 0, N2 = 0, and A = 0. (72)

These assumptions make the polarimetric channels decoupled and affected only by one com-
ponent of the scatterer, namely, ground and foliage affect P- and X-channels, respectively.
As a result, the first two expressions in (71) produce

γP = eiΨQ , γX = eiΨQγv. (73)
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Relations (73) can be considered as the extreme cases of (43) for m(w) =∞ and m(w) = 0,
respectively. The reconstruction of the vegetation layer parameters from the data γP and γX

in this case can be performed easily with the help of (41):

ΨQ = ∠γP, (74a)

hv = − 1

κ
∠γv = −1

κ
(∠γX − ∠γP), (74b)

D =
2

κ
sinc−1 |γv| =

2

κ
sinc−1

∣∣∣γX

γP

∣∣∣, (74c)

where sinc−1(ζ) is an inverse function to sinc ξ = sin(ξ)/ξ for 0 6 ζ 6 1. Note that although
the function sinc−1(ζ) can technically be defined on a wider interval, e.g., ζ0 6 ζ 6 1,
where ζ0 = minξ sinc(ξ) ≈ −0.2, doing so for (74) creates ambiguity for reconstruction of hv

and D from complex-valued γv. We also see that hv should not exceed the height ambiguity
threshold specified in (29), and D 6 hv/2 by design, see Fig. 3.

Of course, reconstruction (74) cannot reveal any effect due to dFR because the latter
requires a nonzero value of the parameter VQ1 entering (69). We will still try to avoid lifting
all three assumptions in (72) simultaneously because this would make the setup too com-
plicated for analytical treatment. Instead, we consider three scenarios that would simplify
system (69) in different ways. The first scenario (see Section 6.2) permits dFR but not
noise. The second scenario (see Section 6.3) permits noise but not dFR; this scenario also
includes reconstruction of the parameters of vegetation layer. Finally, the third scenario (see
Section 6.4) applies the first two in sequence; this way, it achieves the goal of this work by
demonstrating the effect of dFR on PolInSAR reconstruction.

6.2 Scenario A: polarimetric interferometry with dFR and no
noise: data only

Introduction of the parameter A in (67) allows us to redefine the ground-to-volume ratio m
as a constant independent of polarization:

m =
σ2

g

σ2
v

= const,

cf. (44). In addition, we introduce parameter q to characterize the magnitude of the dFR
effect:

q =
VQ1

VQ0

≈ 1

12
η̃2, (75)

see (65), (68), and (70). Eventually, we remove the noise term by setting N2 = 0. Expressions
in (71) take the following form:

γP = eiΨQ

(
1 +

A+ 2q

m+A+ 2q
(γv − 1)

)
,

γX = eiΨQ

(
γv +

qm

1 + q(m+A)
(1− γv)

)
,

M =
m+A+ 2q

1 + q(m+A)
.

(76)
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One can notice that the first two expressions in (76) resemble (43), i.e., they result in
a complex value on a segment of straight line between eiΨQ and eiΨQγv, see Figs. 4, 6a and
formula (84). As compared to the primitive case of (73), the points γP and γX shift towards
each other starting from points eiΦQ and eiΦQγv, respectively. As a result, if we ignore the fact
that |γP| < 1 and apply the reconstruction formulae (74a) and (74b) to the case illustrated
in Fig. 6a, i.e., 0 < ∠γv < π, we will obtain the ground elevation higher than actual and the
value of hv smaller than actual, see Fig. 6b. In the case of −π < ∠γv < 0, the reconstructed
ground elevation becomes lower than actual, and hv higher than actual.

6.3 Scenario B: polarimetric interferometry with noise and no
dFR: data and inversion

Unlike in Section 6.2, we take q = 0 but N2 > 0. Instead of using a polarization-dependent
SNR as in (47), we will parametrize the noise term in (69) using

ng =
N2

VQ0σ2
g

= const. (77)

In this case, expressions in (71) lead to the following system:

γP = eiΨQ
m+ γvA

m+A+ ngm
,

γX = eiΨQ
γv

1 + ngm
,

M =
m+A+ ngm

1 + ngm
.

(78)

We can observe that the second equation in (78) is equivalent to (48), which is not sur-
prising because in the absence of dFR, the X-channel is due entirely to the volume scatterer,
see (67). So, the same useful visualization support works for this equation, namely, that on
the complex plane, γX is located on a segment of straight line between the origin and eiΨQγv,
see Fig. 4. By representing the first equation in (78) as

γP = eiΨQrγrn, where rγ =
(

1 +
A

m+A(γv − 1)
)
, rn =

m+A
m+A+ ngm

,

we see that it combines the behaviors of the type (43) and (48): the complex point eiΨQ

is shifted towards eiΨQγv due to the complex-valued factor rγ, similarly to Scenario A, and
then towards the origin due to the real-valued factor rn. In a hypothetical case of A = 0 that
yields rγ = 1, the first two equations in (78) are similar (note that γg = 1, see (41)), so the
effect of noise can be described as a shift of points γP and γX from their “original” positions
eiΨQ and eiΨQγv, respectively, towards the origin, see Figs. 4 and 6a. Hence, for A = 0,
the first two expressions in the primitive inversion procedure (74) remain valid even though
N2 6= 0. Note that this behavior is not equivalent to the model of [46] where the noise
was attributed to the temporal decorrelation and hence assigned to the response from the
vegetation layer but not from the ground.
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The inversion in this scenario is realized as follows. With the left hand side of (78)
considered as data, we solve this system for the unknown γv, ΨQ, m, and ng. As γv, γP,
and γX are complex, the number of equations is equal to the number of unknowns. The
key step in finding an analytic solution is eliminating γv from the first two equations and
extracting eiΨQ :

eiΨQ =
(

1 +
A
m

+ ng

)(
γP − γX

A
M

)
. (79)

This leads to

1 +
A
m

+ ng = |Γ|−1, where Γ = γP − γX
A
M
.

The latter equation, together with the equation for M in (78), are solved for m and ng.
Finally, from the equation for γX in (78) we obtain

γv = γX
|Γ|
Γ

1−A
M |Γ|+ 1−M . (80)

Formulae (79) and (80), via (44) and

hv = −1

κ
∠γv, D =

2

κ
sinc−1 |γv|, (81)

cf. (74b) and (74c), provide inversion of the PolInSAR observables for the geophysical pa-
rameters of the vegetation-covered terrain in the absence of dFR. We should emphasize that
this reconstruction is exact as long as the observables obey (78).

6.4 Scenario AB: effect of dFR on PolInSAR inversion

The key step of this entire work is to combine Scenarios A and B from Sections 6.2 and 6.3,
respectively, in the following fashion. First, we assume certain values of q, γv, ΨQ, and m,
and generate the data according to Scenario A (see (76)) that has dFR but no noise. Note
that we don’t have to specify the value of ng of (77) for Scenario A. As in Section 6.2,
we obtain |γP| < 1. In the absence of information about dFR, this decorrelation may be
attributed to noise. Accordingly, we apply the inversion to the above data as in Scenario B
(see (79)–(81)) that assumes noise but no dFR. The outputs of this procedure will be called
Ψ′Q and γ′v. In doing so, we may expect some errors: Ψ′Q 6= ΨQ and/or γ′v 6= γv, because the
exact reconstruction in Scenario B assumes q = 0. We will associate the effect of dFR on
PolInSAR reconstruction with these errors and will use the magnitudes of these errors as a
measure of the said effect.

For the case ofA = 0, this combined scenario can be conveniently illustrated on a complex
plane as in Fig. 6b. For this case, it is easy to see that the errors in ΨQ and hv will have the
same signs as described in Section 6.2.

As formulations for the case A > 0 are complicated for analytic treatment, we obtain
quantitative characteristics of the reconstruction errors numerically. Fig. 7a illustrates the
resulting errors of reconstruction of ΨQ; this characterizes the effect on the derived ground
topography. Fig. 7b presents the reconstruction error for the complex coherence of the volume
scatterer, while the effect on the elevation and thickness of the foliage layer is illustrated by
Figs. 7c and 7d, respectively.

A more detailed analysis of these simulations is given in Section 7.
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Figure 7: Reconstruction errors for Scenario AB, Section 6.4, as functions of (Re γv, Im γv).
The true value of eiΨQ is shown by a black dot. (a) Ψ′Q −ΨQ; (b) |γ′v − γv|; (c) ∠γ′v − ∠γv;
(d) |γ′v/γv| − 1. The dashed circle corresponds to the threshold value ζ in (82).

7 Results

The scenario presented in Section 6.4 allows us to evaluate the effect of differential Faraday
rotation (dFR) on the reconstruction of the foliage layer parameters in polarimetric radar
interferometry. The manifestation of dFR can be observed in the systematic reconstruction
errors of the ground topography and vegetation layer parameters, i.e., average layer eleva-
tion and thickness. The magnitude of the effect depends on several groups of parameters.
One group includes the system parameters, such as carrier frequency and bandwidth, see
(51),(61). Another group consists of the parameters of the ionosphere defining the Faraday
rotation, such as the local magnetic field and electron concentration, see (51). Yet the third
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group of parameters are related to the PolInSAR procedure; this group includes the polari-
metric wavenumber κ (which, in turn, is defined by the interferometric angle ∆θ, see (25))
and parameters of the scatterer: ΨQ, γv, m, A, etc., see Sections 4 and 6.1. Eventually,
these parameters are combined into the coefficients and variables of systems (76) and (78).

In particular, we take the ionospheric and imaging parameters as in [11], namely, the total
electron content of 50TECU, |H (0)| = 0.5Gs, and parallel propagation. For interferometry,
we set B̃/B = 0.85; substituting this into (21b) and (29), we obtain ∆θ ≈ 0.007rad and
ambiguity height about 60m, respectively. In the plots that follow, we let one or more
scatterer parameters vary.

Fig. 7 plots reconstruction errors for Scenario AB, Section 6.4, as functions of γv. The
error metrics plotted in panels a, c, and d are chosen to correspond to the geometric char-
acteristics of the scatterer, see Section 6.4. However, the last two of these metrics have
anomalies in the vicinity of the origin, whereas the underlying error in the complex coher-
ence (panel b) has no such irregularities. From the inversion formulae (81) (see also Fig. 6b),
we determine that the errors can be especially high when the value of |γX| resulting from (76)
is small. We exclude this anomalous behavior by setting a threshold ζ = 0.5 on the value
of |γv| when calculating an error metric; note that this is also helpful in view of possible
ambiguity of inversion of the function sinc(ξ), see the note following (74). In particular,
if f(α, γv) is any of the error metrics shown in Fig. 7 and α denotes any parameter other
than γv, then we use the threshold in the following definition of the error function fα:

fα(α; ζ) = max
ζ6|γv|61

|f(α, γv)|. (82)

The value of ζ corresponds to the radius of the dashed circles in Fig. 7.
In Fig. 8, we present the dependence of reconstruction errors on parameter q of (75) that

defines the magnitude of the dFR effect, for two different values of parameter A. These
errors are defined according to (82) and characterize reconstruction of parameters ΨQ, hv,
and D in Scenario AB. Additionally, we indicate the values of q for three satellite-based
radar systems considered in the literature [11, 13, 47], with the ionospheric parameters as in
[11]. An arbitrarily chosen error threshold of 0.3 (or 30%) is also shown on the plots; errors
above this level can be considered as significant for most applications. Additional error plots
for the values of q corresponding to the BIOMASS satellite are given in Fig. 9. We see that
in most cases, the error level is below the chosen threshold.

8 Discussion

The goal of this article is to introduce the differential Faraday rotation into the context of
polarimetric radar interferometry. The reflectivity and data collection models presented by
equations (67) and (69), respectively, are specifically designed for this purpose. Although
they exhibit many features of the standard RVoG model [28] that is used to reconstruct prop-
erties of vegetation layer from PolInSAR observations, they also have incorporated multiple
simplifications that may compromise inversion if applied to real data. As an example, we can
consider a case where the dependence of foliage reflectivity on polarization, characterized by
the value of parameter A in (67), is known with some error. The effect of this ambiguity
may be explored in the following scenario.
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Figure 8: Reconstruction errors in Scenario AB vs. the level of dFR effect defined in (75)
for two different values of parameter A, see (67). In each plot, three colored curves are
built according to (82) for the error metrics displayed in panels a, c, and d of Fig. 7 and
representing reconstruction of parameters ΨQ, hv, and D, respectively. The dashed vertical
line called “Hi-res P-band” corresponds to the system described in [11]; for parameters of
the BIOMASS and ALOS-2 systems see [13] and [47], respectively.

Figure 9: Dependence of reconstruction errors in Scenario AB defined similarly to Fig. 8
on m (left panel) and A (right panel). The value of q corresponds to the BIOMASS system
in Fig. 8.

Scenario C: Step 1: Data is generated as in Scenario B,
see (78), with A = Ain.

Step 2: Inversion is performed as in Sce-
nario B, see (79),(80), but with A = Aout 6=
Ain.

(83)
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We define reconstruction errors due to Scenario C in a way similar to Scenario AB,
see Sections 6.4 and 7. Fig. 10 illustrates these errors for the case where the values of Ain

and Aout differ by about 8%. We see that the level of errors in this case is comparable to that
presented in Fig. 7. Note that the actual reflectivity measurements from SAR are subject to
speckle [26], and the foliage level is itself highly irregular, so even if separate measurements
of A were available, achieving the accuracy of 10% or better cannot be guaranteed. A more
realistic option is to consider the value of A unknown and increase the amount of data by
including data from additional polarizations; however, this would make the analysis of the
inversion less transparent.

Other possible flaws of the model may include the following.

• Throwing away one of the two co-polarized channels, namely, VV, in (69).

• Additive noise terms in model (69). In real settings, at least for the case where the two
images are acquired at different times, we should expect much bigger decorrelation of
the foliage scatterer because it can change its shape due to a change of local weather.
A more appropriate model describing this effect can be found in [46].

• The reconstructed value of γv vanishes as A → 1, see (80). While the case of γv = 0 is
quite legitimate in the adopted model, see (41), it results in large errors in the complex
argument of γv and, eventually, in hv via (81).

Despite these deficiencies, we still consider model (69) acceptable for the parameters used
to create Figs. 7–9, and the obtained results reliable up to the order of magnitude.

9 Conclusion

For satellite-based Earth-observing radars, differential Faraday rotation explained in Sec-
tion 5 introduces systematic errors into the parameters of the vegetation layer reconstructed
using the polarimetric radar interferometry (PolInSAR) approach. The magnitude of errors
depends on the parameters of the radar system and the state of ionosphere. Using a simpli-
fied polarimetric scatterer and imaging model, we have shown that for the existing X-, C-,
and L-band space-based systems, as well as for the planned P-band BIOMASS system, these
errors can be ignored, as demonstrated by Figs. 8 and 9. However, for future systems that
may combine even lower frequencies with high bandwidth, this result has to be re-evaluated
using a more representative model, and approaches to mitigation of these errors should be
analyzed.

A Coherence on a complex plane

Consider a pair of random complex variables, a1 and a2, with 〈|a1|2〉 = 〈|a2|2〉 = a2, where a
is real. Take another such pair, b1 and b2, with 〈|b1|2〉 = 〈|b2|2〉 = b2. The coherence within
the pairs is defined by

γa =
〈a1a2〉(

〈|a1|2〉〈|a2|2〉
)1/2

=
〈a1a2〉
a2

, γb =
〈b1b2〉(

〈|b1|2〉〈|b2|2〉
)1/2

=
〈b1b2〉
b2

.
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Figure 10: Same as in Fig. 7, but for Scenario C, see (83).

Suppose that there is no correlation between the pairs:

〈a1b1〉 = 〈a1b2〉 = 〈a2b1〉 = 〈a2b2〉 = 0,

and consider the sums c1 = a1 + b1 and c2 = a2 + b2. The coherence between c1 and c2 will
be given by

γc =

〈
(a1 + b1)(a2 + b2)

〉(〈
|a1 + b1|2

〉〈
|a2 + b2|2

〉)1/2
=
〈a1a2〉+ 〈b1b2〉

a2 + b2
= γa

a2

a2 + b2
+ γb

b2

a2 + b2
. (84)

Relation (84) shows that on a complex plane, γc is located on a segment of a straight line
connecting points γa and γb.

28
DISTRIBUTION A: Distribution approved for public release



In the context of Section 4, we can associate c1 and c2 with I(y ;x (1), . . .) and I(y ;x (2), . . .),
respectively, see (20) and (36), a1 and a2 with the contributions to these images due to the
ground, i.e., IGr, and b1 and b2 with the contributions due to the volume IVol. Accordingly,
equation (84) corresponds to (42).
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