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EXECUTIVE SUMMARY 
This report summarizes the results of an investigation of the convergence of average peak 

accelerations as more and more peaks are recorded during rough-water trials of small high-speed 

craft. Existing guidance from multiple sources suggest that more peaks is better, but how much 

more, and what engineering rationale should substantiate the answer? To address the question, 

simplified equations and numerous examples of peak acceleration data sets are presented.  

The approach employed in this investigation was based on disregarding how A1/M statistics have 

been or are to be applied in the future. The focus was to only consider what the average 

accelerations and ratios describe, and how the metrics vary as more and more peak accelerations 

are added to a data set.  

The results demonstrate that convergence of the average of the highest 10 percent of peaks 

(A1/10), the average of the highest 1 percent of peaks (A1/100), and the 𝐴1/100 𝐴1 10⁄⁄  ratio means 

that the shape of the cumulative distribution of the peak acceleration data set becomes more 

stable as the number of peak acceleration data points increases. A simple percent difference 

criterion is presented for quantifying the stability of the cumulative distribution shape. 

 

RECOMMENDATION 

The data sets presented in this report include various parametric options to illustrate why and 

how A1/M values vary with increasing N. The options included low, medium, and large Amax 

amplitudes, as well as the occurrence of Amax early, in the middle, or late in a run. The options 

within the seven data sets serve the purpose, but more is better. Additional data sets should be 

investigated to further demonstrate the convergence and oscillation phenomena. 

 

PUBLIC RELEASE APPROVAL 

The contents of this report were approved for Distribution Statement A: approved for public 

release; distribution is unlimited, by the Congressional and Public Affairs Branch, Naval Surface 

Warfare Center Carderock Division on 2 September 2020, Request ID #NSWCCD-002647. 
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 INTRODUCTION 

1.1 FABRICATED PEAK ACCELERATIONS 
The focus of this report is on the statistical variation of acceleration values rather than the response 

amplitudes for specific craft. The example data sets presented herein were therefore fabricated from 

original data sets so that tables and data plots do not represent the impact amplitudes of any specific 

craft, any specific craft speed, or any specific wave height environment. The peak accelerations 

extracted from the original time histories were scaled by a constant value, but the sequence in which the 

peaks occurred in time were maintained. The histograms and cumulative distributions of peak 

accelerations are, therefore, characteristic of the seaway in which the data were obtained. 

1.2 ACCELERATION DATA 
Error! Reference source not found. is a relatively short acceleration time history recorded during a 

seakeeping trial. The red curve is the unfiltered acceleration that includes rigid body and local vibration 

responses. The black curve is the 10-Hertz (Hz) low-pass filtered acceleration. Each spike, or peak, in 

the curve is caused by an individual wave impact. Low-pass filtering provides an estimate of the rigid 
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body acceleration, which is proportional to the force acting on the craft section at the gauge location 

(Riley, Coats, Murphy, 2014). The low-pass filtered peaks are proportional to the maximum wave 

impact load in units of “g”, the local acceleration of gravity. Figure 2 is a plot of all 151 rigid body peak 

accelerations derived from the record that are larger than the root-mean-square (RMS) acceleration of 

the time history. The peaks in Figure 2 and all peak acceleration amplitudes (i.e., rigid body estimates) 

presented in this report were extracted from acceleration records by StandardG software (Riley, Haupt, 

Jacobson, 2010 and Zseleczky, 2012). In Error! Reference source not found., the peaks are plotted 

largest-to-smallest from left to right. The maximum peak acceleration (Amax) is 5.31 g.  

 

 

Figure 1. Example Vertical Acceleration Data 

 

 

Figure 2. Rigid Body Peak Accelerations 

 

1.3 AVERAGE ACCELERATIONS 
In addition to the maximum peak acceleration value (Amax), many trial reports tabulate four additional 

statistics to characterize the data set, including the RMS acceleration of the entire time history record, 

the average of the highest 33 percent of peaks accelerations (A1/3), the average of the highest 10 percent 

of peaks (A1/10), and the average of the highest 1 percent of peaks (A1/100). The general form of the 

equation for computing the average accelerations is given by equation Error! Reference source not 

found.. 
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𝐴1 𝑀⁄ =
∑ 𝑎𝑖

𝑁 𝑀⁄
1

𝑁 𝑀⁄
                                                                      (1) 

 

N is the number of peak accelerations in the data set, and ai are the peak accelerations sorted largest to 

smallest , with i = 1 being the largest peak acceleration (Amax). Typically, M is 3, 10, or 100 for the three 

average values. The absolute value of the ratio N/M is applied. For example in Error! Reference source 

not found., N = 151 peak acceleration values are plotted largest-to-smallest. A1/10 is, therefore, the 

average of the 15 highest values (151/10) equal to 4.19g. A1/3 is the average of the 50 highest values 

(151/3) equal to 2.41 g. The RMS acceleration of the time history is 0.63 g.  

1.4 HOW MANY PEAKS? 
A consistent StandardG process has proven to be useful. It provides unambiguous comparisons of 

estimated rigid body accelerations over a broad range of organizations and practitioners, but it does not 

address how many peaks (N) should be recorded during a trial. The question is often expanded to 

include how many peaks are needed for the calculated results to be statistically significant, or to ensure a 

high confidence level in the processed data.  

The International Towing Tank Conference (ITTC) provides ranges of suggested N values for 

seakeeping experiments. For irregular waves, N = 50 should be taken as a lower limit, larger values are 

preferred, and N = 100 is more usual as the standard, but N = 200 or above is considered excellent 

practice (ITTC, 2011a). For experiments involving rarely occurring events these values are increased to 

N = 100, 200, and 400 (ITTC, 2011b). STANAG 4154 (2000) indicates full-scale seakeeping trials 

should have no less than 100 wave encounters for a wide variety of ship types, but primarily for 

displacement monohull and SWATH (small water-plane area twin hull) ships (STANAG 4154, 2000). 

Researchers have also combined computer simulations with scale-model data to introduce the concept of 

A1/M statistical convergence. Significantly more than 100 peaks are required for convergence (Rosen and 

Garme, 2004), (Razola, Rosen, Garme, 2014). In a later publication, the results of numerous tank runs 

and longer duration computer simulations indicated N = 500 was appropriate for A1/100 convergence 

(Rosen, Begovic, Razola, Garme, 2017).  

While consistency is limited among these references, many conclude that more is better. But how much 

more, and what engineering rationale substantiates the answer? These questions will be pursued, but first 

two approaches related to more-is-better will be discussed. 

1.5 RECORD STACKING 
Combining data from multiple runs is a widely accepted practice, when processing acceleration data 

recorded during scale-model trials (Fridsma, 1971), (Zarnick and Turner, 1981), (Rosen, Begovic, 

Razola, Garme, 2017). For similar wave spectrum conditions, the results of multiple short duration tow-

tank runs are combined (or stacked) to create a longer data record that has more peak accelerations than 

the individual short-duration runs.  

However, another form of record stacking is not recommended. When acceleration data have been 

recorded during a run, the acceleration record for the single run can be added to itself multiple times to 

provide a longer duration run, and, therefore, many more peak accelerations. For example, if a 15-

minute acceleration record were stacked onto itself to achieve a total 30-minute run time, the resulting 

stacked record will have twice the number of peak accelerations. Equation Error! Reference source 

not found., however, demonstrates that a problem exists with this approach. Let the integer S be the 

number of times a record is stacked onto itself. From equation Error! Reference source not found., 

when the integer S is substituted into equation Error! Reference source not found., it appears in the 



 

 
 

6 

numerator and denominator and cancels out, which yields a trivial result. The A1/M values for the S 

stacked records are the same as the A1/M values for the original unstacked record. 

 

𝐴1 𝑀⁄
𝑆𝑡𝑎𝑐𝑘𝑒𝑑 =

∑ 𝑎𝑖
𝑆𝑁
1

𝑆𝑁 𝑀⁄
=

𝑆

𝑆

∑ 𝑎𝑖
𝑁
1

𝑁 𝑀⁄
= 𝐴1 𝑀⁄                                             (2) 

 

Stacking a record onto itself S times to achieve an increase in the number of peaks (N) is not 

recommended. 

1.6 CUMULATIVE BINOMIAL DISTRIBUTION 
Another approach to be avoided is the use of the cumulative binomial distribution in an attempt to 

answer the how-many-peaks question in terms of statistical significance, confidence level, or data 

reliability. Error! Reference source not found. is a probability nomogram applicable to binary testing, 

which has only two possible outcomes (e.g., pass or fail) (STAT T&E COE, 2013). The axis on the 

right, with a scale from 0.001 to 0.999, should be labelled the probability (P) of c or fewer occurrences 

in N trials (e.g., c = 3 failures). The axis on the left, with a scale from 0.50 to 0.99, should be labelled the 

probability (p) of occurrence (i.e., failure) in a single trial (STAT T&E COE, 2013). In the figure, the 

axis on the right is often mislabeled confidence level, and the axis on the left is mislabeled reliability 

(STAT T&E COE, 2013). 

 

 

Figure 3. Probability Nomograph, STAT T&E COE (2013) 

 

Trials of small high-speed craft in waves, on full-scale or model-scale, are not binary trials with only 

two outcomes. Therefore, words like confidence level, reliability, or inferred statistical significance 
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should not be applied when analyzing peak accelerations. Other statistics, including A1/M values, root-

mean-square, standard deviations, confidence interval, and max/min values are appropriate. 

1.7 APPROACH 
As an important first step, the approach taken in this investigation is to disregard how the A1/M statistics 

have been or are to be used, as in (Koelbel, 2000), (Koelbel, 2001), or (ABS HSNC, 2007). The focus is 

rather on analyzing A1/M variations as more and more peak accelerations are added to data. 

 ACCELERATION STATISTICS 

2.1 NOMOGRAPH BEGINNINGS 
Error! Reference source not found. is the nomogram published by Fridsma in his seminal report that 

introduced the concept of applying probability distributions to peak acceleration responses for small 

craft in irregular waves (Fridsma, 1971). The axis on the right is the percentage of acceleration values 

that are less than or equal to a peak value. The outer most axis on the left is the percentage of 

acceleration values that are greater than a peak value. The inboard axis on the left is the number (N) of 

peak accelerations. At the time before the wide spread use of computers, the nomograph format 

provided a very convenient tool for plotting parametric variations for a given mathematical relationship. 

But, even more convenient is the equation shown in Error! Reference source not found. and repeated 

here in ratio format as equation Error! Reference source not found. (i.e., with revised notation 

compatible throughout this report). 

 

𝐴1/𝑀/𝐴𝑎𝑣𝑒𝑟𝑎𝑔𝑒 = (1 + 𝑙𝑛𝑀)                                                     (3) 
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Figure 4. Distribution by Fridsma (1971) 

The term Aaverage in equation (3) is the average of all peak accelerations. This equation was applicable 

because the cumulative distribution curve for the data was reported to exhibit the shape that one would 

expect from an exponentially distributed population. For the exponential distribution, the ratio of A1/10 to 

Aaverage is 3.30. Likewise, the ratio of A1/100 to Aaverage is 5.60, and the ratio of A1/100 to A1/10 is 1.69. 

These ratios and equation (3) uniquely characterize the shape of the exponential distribution curve.  

Error! Reference source not found. is an example cumulative distribution curve for N = 1768 peak 

acceleration values recorded during a full-scale rough-water trial. The red bars illustrate the range of 

peak acceleration values for calculation of the A1/100, A1/10, A1/3, and Aavg values. The ratio of any of the 

A1/M averages is very convenient measure because it uniquely identifies the shape of the cumulative 

distribution curve. For example, the A1/100 to A1/10 ratio is 1.31 for a Raleigh cumulative distribution. For 

a log-normal cumulative distribution it is 1.77. Therefore, in the simplest terms, the A1/100/A1/10 ratio and 

the A1/M values for a set of N peak accelerations are convenient statistics that characterize the shape of 

the population’s cumulative distribution curve. 
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Figure 5. Example Cumulative Distribution Curve 

 

2.2 ANALYSIS PROCESS 
The following example illustrates the process to investigate how A1/M values vary as more and more 

peak accelerations are recorded. The process was applied to recorded full-scale data as well as simplified 

equations to better understand the parameters that affect A1/M variation with increasing N. 

Figure 6 shows the population of peak vertical accelerations for the cumulative distribution curve in 

Error! Reference source not found.. The acceleration time history was processed by the StandardG 

algorithm (with 20 Hz low-pass Kaiser filter) to estimate the peak rigid body accelerations caused by 

individual wave impacts. The abscissa is the peak number, N, and the ordinate is peak acceleration in 

units of g. One-thousand-seven-hundred sixty-eight peak accelerations with amplitudes greater than the 

root-mean-square (RMS) of the time history were recorded during the 30-minute run. 

The red arrows in Error! Reference source not found. illustrate the sequential process applied during 

the investigation. The top arrow indicates A1/M statistics were computed with the first N = 100 peak 

accelerations. The next lower arrow indicates A1/M statistics were computed with the first N = 200 peaks, 

then the first N = 300 peaks, and until calculations were made for N = 1768. Each set of data for N = 

100, 200, 300, 400, 500, etc., is referred to herein as a data subset. The maximum peak acceleration is 

4.0 g. Its location in the data set is at N = 38 (i.e., early in the record among the first 100 peaks). The 

notation for all examples in the report will follow this format: Amax = 4.0 g at N = 38/1768 (i.e., 38th peak 

of 1768 peaks). 
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Figure 6. Example Peak Acceleration Data Set 

 

2.3 EXAMPLE 1: AMAX = 4 G AT N = 38/1768 
The calculated A1/M values are listed in Error! Reference source not found. for the data set in Error! 

Reference source not found., as well as the A1/100/A1/10 ratios. The histograms of data subsets are in 

Error! Reference source not found.. The abscissa is the number of peak accelerations, and the ordinate 

is peak acceleration in 0.1-g bins. The plot shows that the shape of the curves increase to the right, as 

more and more groups of 100 peaks are added to the subsets, with eighty percent of the peak amplitudes 

in the 0.5 g to 2.0 g range. 

The tail distribution (i.e., the percentage of values greater than or equal to) for the data subsets is in 

Error! Reference source not found.. This is a useful format because it shows all the data points for 

computation of A1/100 to the left of 0.1 %. Likewise, peaks for computation of A1/10 are to the left of 1 %, 

and peaks for A1/3 are to the left of 33.3 % (Riley, Haupt, Ganey, 2015). The abscissa is the logarithm of 

the percentage of peaks that are greater than or equal to a peak value, and the ordinate is peak 

acceleration. The plots show that as N increases the curves shift to the left with no increase in peak 

amplitude because Amax occurred early in the record. The cumulative distribution curve for all N = 1768 

peaks is shown in Error! Reference source not found.. 
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Table 1. A1/M Values Amax = 4 g at N = 38/1768 

 

 

 

Figure 7. Histogram for Amax = 4 g at N = 38/1768 

 

 

Figure 8. Example Tail Distribution  
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The cumulative distribution curves are illustrated in Error! Reference source not found. above the 90-

percent level for the histograms shown in Error! Reference source not found.. The peak acceleration 

variation is on the order of 0.1 g to 0.4 g for percentiles above 90 percent. 

A plot of A1/100, A1/10, A1/3 and the A1/100 to A1/10 ratio for the different data subsets is in Error! 

Reference source not found.. The solid red circle is the location of Amax = 4.0 g. The curves appear to 

converge to a relatively constant value as N increases. A1/3 appears to converge first at about N = 200, 

followed by A1/10 at N = 400 and A1/100 at N = 1200. The A1/100 to A1/10 ratio varies from 1.28 to 1.37, 

indicating the cumulative distribution shape varies roughly ±4.5 % from the shape of a Raleigh 

distribution (A1/100/A1/10 = 1.31). 

The different histograms and distributions in Figures 7, 8, and 9 demonstrate that each data subset has a 

unique histogram and a unique distribution shape. Therefore, the A1/M values and the A1/100 to A1/10 ratios 

listed in Error! Reference source not found. are unique values for each data subset. With each 

successive addition of 100 peak accelerations, the sample changes to a new unique subset. But what 

about the change in the values and the appearance of convergence over time? To address this question, 

the next section introduces two simple parameters. 

 

 

Figure 9. Cumulative Distributions for Amax = 4 g  

 

 

Figure 10. Variation of Statistics with Increasing N 
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 THE SUMMATION EQUATION 
 

Equation Error! Reference source not found. for M = 100 can be rewritten in a different format to 

show the relationship between computed A1/100 values for successive subsets of N = 100 additional 

peaks.  

Let 𝑋 = |𝑁 100⁄ | for X > 1 (e.g., [X, N] = [5, 500]), and define ai as the ith peak acceleration in the list 

of peaks (sorted largest to smallest). The notation ai represents the subset of peak accelerations sorted 

largest to smallest for i = 1 to X. 

 

𝐴1 100⁄
𝑋 =

𝑋−1

𝑋
(𝐴1 100⁄

𝑋−1 ) +
𝑎𝑋

𝑋
                                                       (4) 

 

The notation AX
1/100 is introduced to indicate the number of peaks for computation of the A1/100 value. 

For example for X = 5 (for N = 500), the highest 5 peaks in the subset are a1 through a5. Substitution into 

equation Error! Reference source not found. yields: 

 

𝐴1 100 ⁄
5 =

4

5
(𝐴1 100⁄

4 ) +
𝑎5

5
                                                           (5) 

 

A5
1/100 indicates the A1/100 value is computed with N = 500 peaks (X = 5), and A4

1/100 denotes the A1/100 

value is computed from N = 400 (X = 4). When X = 1 (i.e., N=100), A1
1/100 = a1. 

Table 2 lists the sorted peaks from N = 100 to N = 900 for the peak accelerations shown in Figure 6. The 

A1/100 values from Error! Reference source not found. are listed at the bottom of each column. 

 

Table 2. Highest Sorted Peak Accelerations 

 

Equation Error! Reference source not found. will now be rewritten in a format that has two new 

variables related to the differences between peaks and A1/100 values. The purpose of the variables is to 

gain insight into the nature of the variation of A1/M values as more and more peak accelerations (i.e., sets 

of 100 peaks) are added to the population. The two simple parameters are the population density ratio 

(ρ) and the difference function delta (δ). 

3.1 PEAK ACCELERATION DENSITY RATIO 
The peak acceleration density ratio (𝜌) is given by equation Error! Reference source not found..  
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𝜌 =
𝑎𝑋+1

𝑎𝑋
                                                                  (6)  

It is a measure of how close the peak accelerations are spaced in the list of sorted peaks. As an example, 

Error! Reference source not found. lists the sorted peak accelerations from Error! Reference source 

not found.. The computed values of ρ are tabulated in the last column. The values from 0.9424 to 

0.9993 indicate closely spaced values.  

 

Table 3. Sorted Peaks and Density Ratios 

 

 

3.2 A1/100 DIFFERENCE FUNCTION 
The difference function (𝛿) is given by: 

 

𝛿 = 𝐴1 100⁄
𝑋+1 − 𝐴1 100⁄

𝑋                                                    (7) 

 

Error! Reference source not found. lists the A1/100 values from Error! Reference source not found., 

and the difference between successive values of A1/100 as N increases from N = 100 to N = 900. The 

subscript 1/100 has been omitted for each letter “A” in the column labelled “Equation”. 

Table 4. Example Values of Delta 
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3.3 SIMPLIFYING ASSUMPTIONS 
Two simplifying assumptions will now be pursued to better understand how population density affects 

calculated AX
1/100 values and δ values as N increases. First, the maximum peak acceleration (Amax) in a 

recorded acceleration time history occurs within the first 100 peak accelerations (i.e., early in time). The 

second assumption is that the density function (𝜌) in a hypothetical list of sorted peak accelerations is 

constant. In other words: 

𝑎2 = 𝜌𝑎1 = 𝜌𝐴max 

𝑎3 = 𝜌𝑎2 = 𝜌2𝐴max 

𝑎4 = 𝜌3𝐴max, and so on. 

For constant ρ when  𝑎1 = 𝐴𝑚𝑎𝑥, and X > 1, equation Error! Reference source not found. can be 

rewritten as: 

 

𝐴1 100⁄
𝑋 =

𝐴𝑚𝑎𝑥

𝑋
(1 + 𝜌 + ⋯ 𝜌𝑋−1)                                                    (8) 

 

Substitution of equation Error! Reference source not found. into equation Error! Reference source 

not found. yields the non-dimensional difference equation as a function of ρ. 

𝛿𝑋

𝐴𝑚𝑎𝑥
=

1

𝑋
{1 + ∑ 𝜌𝑖𝑋−1

1 } −
1

𝑋−1
{1 + ∑ 𝜌𝑖𝑋−2

1 }                                    (9) 

 

When X = 2, the last summation on the right is zero. 

A plot of equation Error! Reference source not found. is shown in Error! Reference source not 

found.. The abscissa is X (i.e., N/100) and the ordinate is the non-dimensional δ. The different curves 

are for values of constant ρ that vary from 0.7 to 0.995. The curves show that for lower density ratios 

(e.g., ρ = 0.7) the non-dimensional form of delta (𝛿 𝐴max⁄  ) is larger than for population densities with 
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larger values of ρ. When 𝜌 > 0.97, the curves are essentially flat with increasing X because the 

mathematical differences from equation Error! Reference source not found. are in the 3rd decimal 

place. Equation Error! Reference source not found. is useful because it helps understand AX
1/100 

variation as X increases (for the assumed conditions). This is illustrated further in Error! Reference 

source not found. where the A1/100 values from Error! Reference source not found. are compared with 

the hypothetical constant ρ curves from Error! Reference source not found.. 

The black curve with open circles in Error! Reference source not found. shows how computed A1/100 

varies as more data is added to the population over time. The maximum peak acceleration is 4.0 g 

occurring at N = 37 of 1768 peaks. The straight line curves were computed with equation Error! 

Reference source not found. assuming constant ρ values of 0.97, 0.98, and 0.99. The curves show that 

the recorded data (black curve) follows the constant ρ = 0.97 curve for roughly the first 500 peaks, then 

it tends to follow the slope of the ρ = 0.99 curve until roughly N = 1200. Beyond N = 1200, it exhibits 

small oscillations on the order of 0.03 g. 

 

 

Figure 11. Non-dimensional Difference Equation 
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Figure 12. Variation with Increasing Population Density 

 

The small oscillation in Error! Reference source not found. after N = 1200 is caused by the occurrence 

of two roughly 3.75 g peak accelerations. The peaks are observed in Error! Reference source not 

found. between N = 1200 and N = 1400. In equation Error! Reference source not found. format, the 

13th and 14th values of A1/100 (i.e., N = 1300 and N = 1400) in equation Error! Reference source not 

found. are larger than the 12th value of A1/100 because a13 and a14 are larger than the previous a4 to a12 

values: 

 

𝐴1/100
14 =

13

14
(𝐴1/100

13 ) +
𝑎14

14
                                                (10) 

 

3.4 CONVERGENCE AND OSCILLATION 
Figures 10 and 12 clearly show the appearance of converging A1/M curves with later oscillations that are 

explained with the help of Error! Reference source not found. and equation Error! Reference source 

not found.. Lower population densities (e.g., 0.7) result in larger δ values relative to Amax. Larger 

densities (e.g., 0.95) caused by increasing N result in smaller δ values. In addition, the amplitude of δ is 

directly proportional to Amax. The oscillations in the curves as N increases are caused by ± values of δ 

introduced by higher and lower peak accelerations encountered in the acceleration time history. The 

oscillation amplitudes decrease over time due to the increasing density ratio. 

Given that A1/100, A1/10, and 𝐴1/100 𝐴1 10⁄⁄  are metrics that characterize the cumulative distribution shape, 

the appearance of convergence implies that the shape of the cumulative distribution is approaching a 

more stable shape over time. In other words, as more and more peak accelerations are added to the 

population, the shape of the distribution undergoes smaller and smaller changes due to the 

preponderance of data already in the population. Each data subset is unique. As more data is added, less 

difference occurs in distribution shape from the shape of the previous subset distribution.  

A useful term for comparing data subsets is the percent difference between each subset value of A1/100 

and the last calculated value in the data set. 
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𝐴1 100⁄
𝑋  𝑝𝑒𝑟𝑐𝑒𝑛𝑡 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 =  (100)

𝐴1 100⁄
𝑋 −𝐴1 100⁄

𝐿𝑎𝑠𝑡  

𝐴1 100⁄
𝐿𝑎𝑠𝑡                                  (11) 

 

The superscript Last indicates the last value of A1/100 in the data set. Error! Reference source not 

found. lists calculated percent difference values for the A1/100 values plotted in Error! Reference source 

not found.. The Last value in the table for N = 1768 is 3.574. Thus, the percent difference between N = 

100 and N = 1768 is 11.9 %, and so on. Percent difference values for the A1/100 to A1/10 ratio are also 

tabulated. The table shows that the percent difference of each value relative to the last value decreases 

rapidly as N increases.  

 

Table 5. Percent Difference Values 

 

 

 AMAX LOCATION, AMPLITUDE, AND DENSITY 
Six additional data sets and percent difference plots are presented in the following paragraphs. The data 

sets were selected to demonstrate the effects of Amax location in time (early, middle, and late in the 

record), Amax amplitude, and population density (ρ). 

4.1 EXAMPLE 2: 4 G AT N = 1209/1768 
Error! Reference source not found. shows an example data set, where the maximum peak acceleration 

is 4 g occurring relatively late in time at N = 1209 of 1768. Amax and two other large peak accelerations 

occur before N = 1400. Error! Reference source not found. shows how the calculated A1/M changes 

with increasing N. A1/100 values initially increase, then level-off and decrease again until Amax is 

encountered.  
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Figure 13. Amax = 4 g Later at N = 1209/1768 

 

 

Figure 14. Variation of Statistics for Amax = 4 g N = 1209 

 

4.2 EXAMPLE 3 & 4: 10 G AT N = 89/535 AND 324/533 
Error! Reference source not found. shows a different peak acceleration data set where Amax is 10 g at 

N = 89 of 535 peaks (i.e., occurring early in time). Figure 16 shows how the variation of A1/M would 

have been different if Amax had occurred later at N = 324 of 535 peaks. For these calculations the first 

300 peaks where arbitrarily shifted manually to the end of the original record. The curves show that 

when Amax is early the A1/100 values decrease with increasing N. When Amax occurs later in time, the A1/100 

values increase with increasing N until Amax is encountered. The tabulated A1/M values and percent 

differences are provided in APPENDIX A. The convergence of A1/100/A1/10 to 1.93 is a higher ratio than a 

log-normal distribution (ratio = 1.77). In Figure 16, the apparent convergence yields an A1/100 value 17.5 

% less the Amax value.  
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Figure 15. Amax = 10 g Early N < 100 

 
 

 

Figure 16. Variation of Statistics for Amax = 10 g 

 

4.3 EXAMPLE 5: 15.0 G AT N = 601/1106 
Error! Reference source not found. shows an example of acceleration peaks with a larger Amax = 15.0 

g occurring near the middle of a record at N = 601/1106. Error! Reference source not found. shows 

the corresponding variation of A1/M values. All of the A1/100 values are 21 % to 33 % less than the Amax 

value. The tabulated A1/M values and percent differences are provided in APPENDIX A. The 

convergence of A1/100/A1/10 to 1.47 is a ratio between a Raleigh distribution (1.31) and an exponential 

distribution (1.69). 
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Figure 17. Amax = 15 g at N = 601/1106 

 

 

Figure 18. Variation of Statistics for Amax = 15 g 

 

4.4 EXAMPLE 6: 12 G AT N = 583/1064 
Error! Reference source not found. shows an example of acceleration peaks with Amax = 12 g 

occurring near the middle of a record at N = 583/1064. Error! Reference source not found. shows the 

corresponding variation of A1/M values with increasing N. The A1/100 values are 23 % to 36 % less than 

the Amax value. The tabulated A1/M values and percent differences are provided in APPENDIX A. 
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Figure 19. Amax = 12 g at N = 583/1064 

 

In Figure 20 the convergence of A1/100/A1/10 to 1.44 is a ratio between a Raleigh distribution (1.31) and 

an exponential distribution (1.69).  

 

 

Figure 20. Variation of Statistics for Amax = 12 g 

 

4.4 EXAMPLE 7: 7 G AT N = 525/947 
Error! Reference source not found. shows an example of acceleration peaks with Amax = 7 g occurring 

near the middle of a record at N = 525/947. The corresponding variation of A1/M values with increasing N 

is in Error! Reference source not found.. All of the A1/100 values are 20 % to 30 % less than the Amax 

value. The tabulated A1/M values and percent differences are provided in APPENDIX A. The 

convergence of A1/100/A1/10 to roughly 1.64 is a ratio close to an exponential distribution (1.69). 
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Figure 21. Amax = 7 g at N = 525/947 

 

 

Figure 22. Variation of Statistics for Amax = 7 g 

 

 PERCENT DIFFERENCE PLOTS 

5.1 A1/100/A1/10 VARIATIONS 
The A1/100/A1/10 ratio percent difference plots are created in Error! Reference source not found. for the 

seven data sets from equation Error! Reference source not found.. The curves clearly show the 

apparent convergence for different population properties, including large, medium, and small values of 

Amax, and for Amax occurring early, middle, or late in time.  
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Figure 23. Percent Difference Plots for A1/100/A1/10  

 

5.2 A1/100 VARIATIONS 
The percent difference plots for A1/100 values are shown in Error! Reference source not found.. The 

same general trends are observed with increasing N. The values vary within ±20 % for 0 < N < 300, ±10 

% for N > 400, ±5 % for N > 500, and ±2.5 % for N > 800.  

 

 

Figure 24. Percent Difference Plots for A1/100 

 

 OBSERVATIONS 

6.1  DISTRIBUTION SHAPE CONVERGENCE 
The A1/100/A1/10 ratios in Error! Reference source not found., which are a measure of the shape of the 

cumulative distribution plots, vary within ±10 % for N < 400, ±5 % for N < 700, ±2 % for N > 800, ±1 

% for N > 1200, and ±0.5 % for N > 1600. As N increases, the population density increases, which leads 

to smaller δ values. The distribution shape changes less as N increases. In other words, the distribution 

shape becomes more stable with increasing N. 
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The convergence of A1/100 values in Error! Reference source not found. has the same implications. As 

N increases, the population density (ρ) increases, which causes smaller and smaller values of δ, which 

results in smaller and smaller ± changes in A1/100. The A1/100 values vary within ±20 % for N < 300, ±15 

% for N < 400, ±5 % for N > 500, ±2 % for N > 800, ±1 % for N > 1300, and ±0.5 % for N > 1600. 

The relative stability of the cumulative distribution shape improves as the percent difference decreases 

from ±10 %, to ±5 %, to ±2 %, to ±1 %, to ±0.5 %, etc. The percent difference parameter (from the end), 

therefore, provides a useful criterion for assessing the degree of relative stability in the distribution 

shape. 

6.2 AMAX LOCATION 
In Error! Reference source not found., the two red curves for Amax early in time show that the A1/100 

values decrease with increasing N until small oscillations occur as predicted by equation Error! 

Reference source not found.. The curves for Amax late in the record (blue) and at the middle of the 

record (green) tend to increase with increasing N before converging. 

6.3 VARIATIONS WITH AMAX AMPLITUDE 
Equation Error! Reference source not found. for constant ρ shows that the value of δ increases for 

increasing values of Amax if Amax occurs when N < 100. Error! Reference source not found. illustrates 

the same general trend by comparing the A1/100 value at the end of each run with the run Amax value. The 

blue dotted line has a slope of 1.0. From the plot, converged A1/100 values are less than Amax values (i.e., 

below the dotted line) by amounts that tend to increase in amplitude with increasing Amax. The red dotted 

line (a least squares fit through the red data points) indicates A1/100 values trend an average 23.7 % less 

than the Amax values.  

 

 

Figure 25. Converged A1/100 Values Less Than Amax 

 

6.4 A1/10 CONVERGENCE 
All the data plots for the first seven examples presented herein show that A1/10 values converge sooner 

than the A1/100 values. For each set of N peak accelerations, 10 times more peaks are applied in the A1/10 

calculation than in the A1/100 calculation.  
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6.5 UNCERTAINTY 
An unpublished investigation of available acceleration data indicates the uncertainty in estimating rigid 

body peak accelerations is less than ± 0.10 percent if: (1) the data processing protocol uses the same type 

of low-pass filter, the same filter software, and the same cut-off frequency, (2) a minimum 16-bit 

analogue to digital converter is used, and (3) 25 g piezo-resistive accelerometers are employed.  

6.6 THE BENEFIT OF LARGE N 
Equations Error! Reference source not found. through Error! Reference source not found. provide 

insights into why a large population size (N) is better than a smaller population size (i.e., more is better). 

As N increases, population density (ρ) increases, the difference between successive A1/100 values (δ) 

decreases, and the A1/100 values tend to converge with eventual small oscillations. The shape of the 

cumulative distribution curve is becoming more and more stable, with smaller and smaller changes in 

shape as more peaks are added to the population. This leads to a new question. When are smaller and 

smaller changes in the cumulative distribution shape desirable? 

A plausible answer is related to test data comparisons with computer simulations. Time history 

comparisons of recorded acceleration data with computer simulation results are not feasible because of 

the wave spectra implementation to characterize the simulation’s wave environment. The only viable 

comparison approach is to compare statistical characteristics of inputs and responses for the recorded 

data and the simulation (Rosen, Begovic, Razola, Garme, 2017). For example, comparisons of the 

cumulative distributions of peak accelerations for the recorded data and the simulations could be 

compared. Similar distribution shapes and amplitudes would be an indication of good correlation. In this 

approach, to demonstrate that the cumulative distributions had reached a relatively stable shape before 

attempting the correlation is more important. 

6.7 RUN TIME 
The concept of a relatively stable distribution shape is observed in the percent difference plots in Error! 

Reference source not found. and Error! Reference source not found.. For example, a relatively stable 

𝐴1/100 𝐴1 10⁄⁄  ratio or A1/100 value is indicated by the oscillation in the results that are within ±5 %, ±2 

%, or ±1 %. The percent difference value can be included with the significant wave height and planned 

average speed of the craft to estimate the run time duration required to achieve a number N of peak 

accelerations. This is especially important for test planners who must balance numerous competing 

factors that determine the run time for scale-model tests as well as full-scale at-sea trials. The relative 

stability goal related to the percent difference oscillation should be established based on the trial 

objectives. 

6.8 APPROPRIATE QUESTIONS 
The previous discussion on the benefits of large N and distribution shape stability suggests that the 

question, “How many peaks are required for A1/M calculations?” by itself is too vague to lead to a 

rationale answer. The question lacks specificity. Given that A1/100 and the 𝐴1/100 𝐴1 10⁄⁄  ratio are metrics 

that characterize the shape of the population’s cumulative distribution curve, other more appropriate 

questions should be considered. 

1. How many peak accelerations are needed to achieve a relatively stable cumulative distribution 

shape?  

2. What is the characteristic shape (e.g., exponential, Raleigh, etc.) of the cumulative distribution 

curve for a given population of peak accelerations?  
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3. What run time is required to obtain a sufficient population of peak accelerations to achieve 

relative stability (e.g., ±1 %, ±2 %, ±5 % parameter change) in the cumulative distribution shape 

parameter?  

6.9 RECOMMENDATION 
The data sets presented in this report include various parametric options to illustrate why and how A1/M 

values vary with increasing N. The options included low, medium, and large Amax amplitudes, as well as 

the occurrence of Amax early, in the middle, or late in a run. The options within the seven data sets 

presented herein serve the purpose, but more is better. Additional data sets should be investigated to 

further demonstrate the convergence and oscillation phenomena. 

 SUMMARY AND CONCLUSIONS 
The approach employed in this investigation was based on disregarding how A1/M statistics have been or 

are to be applied in the future. The focus was to only consider what the average accelerations and ratios 

describe, and how the metrics vary as more and more peak accelerations are added to a data set.  

In simple statistical terms the results indicate that the 𝐴1/100 𝐴1 10⁄⁄  ratio and the A1/M values are 

convenient metrics that uniquely characterize the shape of a population’s cumulative distribution curve. 

Successive subsets of peak acceleration data with increasing population size (N) are all unique, with 

unique A1/M statistics for each subset. Adding additional peak accelerations to a subset results in a new 

unique data subset with unique statistics. As N increases, the population density (ρ) increases. The 

increasing density causes the differences (δ) between successive values of A1/M to decrease. The 

decreasing δ values manifests itself as convergence in the A1/M versus N curve. Successive additions of 

larger and smaller peak accelerations in late time is observed as smaller and smaller oscillations in the 

A1/M versus N curve. 

Convergence means the shape of the cumulative distribution of data subsets is changing less and less as 

N increases. In other words, the population distribution is becoming more stable with increasing N. 

Where a stable distribution is desirable, one application is comparing statistical distributions between 

recorded data and computer simulations (Rosen et al., 2017). 

When combined with other population statistics, the A1/M values characterize the variation of wave 

impact amplitudes recorded over time. The values capture how ride severity varied during a run from the 

most severe wave impact load (Amax) to the preponderance of lower amplitude values. What remains 

now is the application of cogent rationale for applying the A1/M values to practical engineering 

applications (Riley, Coats, 2012). Caution is advised, however, to avoid the use of binomial theory terms 

when characterizing a set of peak accelerations (e.g., statistical significance, reliability, or confidence 

level). Additional data sets should be investigated to further demonstrate the convergence and oscillation 

phenomena. 
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 APPENDIX A 
Table A1 lists values of A1/M and the A1/100 to A1/10 ratio for AMAX = 4 g occurring relatively late 

in time at N = 1209 of 1768. Table A2 lists the percent difference values. 

 

Table A1. Statistics for AMAX = 4 g at N = 1209/1768 

 

 

Table A2. Percent Differences for AMAX = 4 g at N = 1209 

 

 

Table A3 lists values of A1/M and the A1/100 to A1/10 ratio for AMAX = 10 g occurring early in time 

at N = 89 of 535. Table A4 lists values of A1/M and the A1/100 to A1/10 ratio for AMAX = 10 g 

occurring later in time at N = 324 of 535. Table A5 lists the percent difference values for earlier 

and later times for AMAX = 10 g. 
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Table A 3. Statistics for AMAX = 10 g at N = 89/535 

 

 

Table A4. Statistics for AMAX = 10 g at N = 324/535 

 

 

Table A5. Percent Difference for AMAX = 10 g 

 

 

Table A6 lists values of A1/M and the A1/100 to A1/10 ratio for AMAX = 15 g at N = 601/1106. Table 

A7 lists the percent difference values. 
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Table A6. Statistics for AMAX = 15 g 

 

 

Table A7. Percent Differences for AMAX = 15 g 

 

 

Table A8 lists values of A1/M and the A1/100 to A1/10 ratio for AMAX = 12 g at N = 583/1064. Table 

A9 lists the percent difference values. 

 

Table A8. Statistics for AMAX = 12 g 
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Table A9. Percent Differences for AMAX = 12 g 

 

 

Table A10 lists values of A1/M and the A1/100 to A1/10 ratio for AMAX = 7 g at N = 525/947. Table 

A11 lists the percent difference values. 

 

Table A10. Statistics for AMAX = 7 g 

 

 

Table A11. Percent Differences for AMAX = 7 g 

 

 

 


