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1. Introduction 

The knowledge of accurate electrical conductivity (EC) properties in detonation 
products for condensed high explosive (HE) in a broad range of temperatures T and 
pressures P is of fundamental importance to a number of research areas relevant to 
existing and future research programs at the US Army Combat Capabilities 
Development Command Army Research Laboratory. One area of particular 
importance is to further enhance critical DEVCOM Army Research Laboratory 
multiphysics modeling tools and the requisite material models that require the 
knowledge of electronic transport in the plasmas formed by the detonation products 
of condensed HE. However, for the condensed HE of interest such as octahydro-
1,3,5,7-tetranitro-1,3,5,7-tetrazocine (HMX), the available experimental 
measurements are limited to a few thermodynamic states. In the absence of reliable 
experimental data on the EC of HE detonation plasma, theoretical techniques can 
provide crucial insight.  

A key parameter in the research of ionization in detonation products is the EC, 
which depends on the temperature, pressure, and composition of detonation 
products.1 The electrical direct-current (DC) conductivity σ  due to ionization 
occurring behind the fronts of gaseous detonation waves and shock waves in 
exothermic systems has received scant attention in comparison with the 
conductance and ionization phenomena that occur in flames. The main reason for 
the lack of accurate quantitative experimental data is attributable to the difficulties 
encountered in measuring them—owing to the extremely fast rates of reaction and 
extreme thermodynamic conditions that occur in combustion processes behind 
shock fronts.  

The noticeable EC of detonation products of condensed HE have been shown in a 
number of experimental and theoretical works.1‒9 The EC of most HE appears to 
be on the order of 0.1 S/m, with the highest value being observed for trinitrotoluene 
(TNT).1,2,4 The exact mechanism of induced EC behind shock waves formed upon 
condensed HE detonation is still debated, and several contending mechanisms put 
forward include thermal ionization10,11 (this mechanism is dominant in gaseous 
detonation waves), chemical ionization,12 contact conductivity,2,13 and dissociation 
of molecules into ions.8  

There is considerable evidence that electronic transport plays an important role in 
the EC. Particularly, it has been determined that the value of EC positively 
correlates to the extent of the reaction zone. In the nonequilibrium reaction zone, 
the ionization is typically 1 or 2 orders of magnitude in excess of the thermal 
equilibrium value observed downstream the reaction zone. This points to the 
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ionization as a dominant mechanism of the EC. For example, as for many other 
condensed HE, a typical EC σ(τ) versus the duration τ of the high conductivity zone 
for HMX7,9 has a Rayleigh distribution shape—with a maximum of about 0.7 S/m, 
achieved in the reaction zone, which then decreases to 0.2 S/m at the Chapman–
Jouguet (CJ) point. It then levels off into a long plateau-like tail at values of about 
0.05‒0.1 S/m.  

It has been also demonstrated7 that the high σ positively correlates with the 
equilibrium ionization levels that exist downstream of the reaction zone. In contrast 
to gaseous detonation, for condensed HE detonation, the temperature effects on the 
conductivity are relatively weak.8 The EC in many HE detonation waves was linked 
to the dissociation of water.14 (The water content in the detonation products of the 
CHNO explosives TNT, 1,3,5-trinitro-1,3,5-triazinane (RDX), pentaerythritol 
tetranitrate [PETN], HMX, and triaminotrinitrobenzene [TATB] is around 20%.) 
However for HMX, there is no significant correlation of water content with the 
conductivity and carbon is considered a major contributor to the EC.7 Furthermore, 
the conductivity of post-detonation products clearly correlates with the carbon 
content and can be partially explained by the contact model.2  

In Taylor,15 the computational framework to calculate the EC of low-temperature 
plasma (LTP) was implemented, which is based on ab initio electronic structure 
methods and the Green–Kubo (GK) relation. That framework has been applied to 
HMX detonation products in this report. However, the DC conductivity, which 
corresponds to zero frequency, ω = 0, cannot be directly computed using the GK 
expression and must be obtained by extrapolating the low-frequency GK values, 
σ(ω), to zero. 

A powerful theoretical approach to obtain the DC conductivity σ is based on the 
Boltzmann kinetic theory of charged test particles (electron swarm) in a neutral gas 
in the presence of an electric field. In the Boltzmann kinetic theory, the electrons 
are represented by the one-electron phase space distribution function f(r, v, t), 
where r, v are electron position and velocity coordinates, and electron–atom 
interactions are treated as collisions. The two most popular approaches for 
obtaining electronic transport properties of the swarm, including σ, is through 
solving the Boltzmann kinetic equation16,17 or using the Monte Carlo (MC) 
method.18,19 In this report, we applied these methods to calculate the σ of HMX 
detonation products. 

2. Computational Methods 

We considered the plasma formed in the reaction zone to be an LTP, broadly 
defined as a plasma with electron energies of the order of the ionization potential 
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of atoms and molecules. In the LTP, the EC is due to electronic transport with a 
negligible contribution from the ionic conductivity. For HE and the conditions of 
interest, the gaseous detonation products are considered to be weakly ionized (
n N<< , where n is the number density of electrons and N is the number density of 
neutrals). The validity of this approximation is confirmed by the equation of state 
(EOS) and MC simulations, both of which are described in detail in this section. In 
a weakly ionized plasma, the collisionality of the plasma species is dominated by 
scattering from neutrals. Consequently, in the LTP at the kinetic theory level, the 
σ, which relates the ohmic electron current density J,  

 σ=J E , (1) 

to the applied electric field E = E(r, t), is determined by the distribution of free 
electrons and electron mobility µ: 

 nσ µ= .  (2) 

The mobility is related to the electron bulk drift velocity W, one of the most 
important electron swarm parameters (bulk transport coefficients and reaction 
rates),16,20 

 W
E

µ =  , (3) 

where W = W , E = E . The theoretic electron swarm parameters can be obtained 
using kinetic treatments coupled with the hydrodynamic conditions for the free 
electrons reviewed in the next sections. 

2.1 Kinetic Theory, Hydrodynamic Conditions, Cross Sections, 
and Connection to Experiment 

Under hydrodynamic conditions,16 the phase space distribution function f(r, v, t) 
may be expanded with respect to the gradients of the electron density n(r, t): 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0 (1) (2)ˆ, , , , : ,f t f n t n t f n t= − ∇ + ∇∇r v v r v r v rf .  (4) 

Similarly, the flux ( ) ( ), ,t n t=Γ r v r  and source term S (r, t) in the continuity 

equation  

 ( ) ( ) ( ), , ,n t t t S t∂ ∂ +∇ =r Γ r r   (5) 

can be expanded into density gradients (truncated at the orders k = 1 and k = 2, 
respectively) 

 ( ) ( ) ( )ˆ, , ,F Ft n t D n t= − ∇Γ r W r r ,  (6) 
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 ( ) ( ) ( ) ( )(0) (1) (2)ˆ, , , : ,S t S n t n t S n t= − ∇ + ∇∇r r r rS  , (7) 

where WF is flux velocity vector and ˆ
FD  is the diffusion tensor, which has rank 2. 

The resulting expansion of the continuity equation is the generalized diffusion 
equation 

 ( ) ( ) ( ) ( ), ˆ, : , ,a

n t
n t - D n t R n t

t
∂

∇ ∇∇ =
∂
r

W r r r+  , (8) 

where the coefficients are the bulk transport coefficients 

 ( )0   (net ionization frequency),aR S=   (9) 

 ( )1    (bulk drift velocity),F=W W + S   (10) 

 ( )2ˆˆ ˆ     (bulk diffusion  tensor)FD D S= + . (11) 

These transport coefficients are associated with the swarm’s center-of-mass (COM) 
transport.16 The explicit influence of nonconservative collisional processes on the 
swarm’s COM transport is described by the correction terms ( )1S  and ( )2Ŝ . 
Obviously, in the absence of nonconservative processes, these two sets of transport 
coefficients coincide.  

By far, the most widely used kinetic treatments are based on solving the two-
term21,22 or multi-term Boltzmann equation (MT-BE)17,23 and the MC18,19,24,25 
simulation method reviewed in the next section. Both MT-BE and MC treat 
interactions of electrons with neutrals as the collision processes described by the 
differential cross section 𝜎𝜎𝑆𝑆,𝑘𝑘(𝜀𝜀), where S denotes a type of neutral species and k 
denotes a type of collision (elastic, inelastic, and attachment). For this study, only 
isotropic scattering, when 𝜎𝜎𝑆𝑆,𝑘𝑘 become functions of electron kinetic energy ε, is 
accounted for. The elastic collisions utilize the conservative momentum transfer 
cross section 𝜎𝜎𝑆𝑆,𝑚𝑚, and similarly the inelastic collisions lead either to excitations or 
ionizations with the process cross sections given by (respectively) 𝜎𝜎𝑆𝑆,𝑒𝑒𝑒𝑒𝑒𝑒 and 
𝜎𝜎𝑆𝑆,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖. The attachment reaction is described by 𝜎𝜎𝑆𝑆,𝑎𝑎𝑎𝑎𝑎𝑎. The total number of cross 
sections 𝜎𝜎𝑆𝑆,𝑘𝑘 is denoted by Ktot. The accuracy of experimentally derived cross 
sections is subject to the accuracy of the simulation methodology in which they 
were derived.  

The most common way to develop cross sections is via an iterative process of 
tuning cross sections to match the two-term BE model swarm parameters to 
experimental reference data. Such cross sections may feature artificial accuracy 
with a reference two-term model, while more advanced kinetic models yield less-
accurate results. Hence, the selection of cross sections for MT-BE and MC models 
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often requires additional validations.26 The major source of the cross sections is the 
LXCat database.27 LXCat is an open‐access platform for curating data needed for 
modeling the electron and ion components of LTP. The data types presently 
supported by LXCat are scattering cross sections and swarm/transport parameters, 
ion‐neutral interaction potentials, and optical oscillator strengths. Twenty‐four 
databases, contributed by different groups around the world, can be accessed on 
LXCat.  

There are three main experimental setups to determine electron swarm parameters: 
time of flight (ToF), steady-state Townsend (SST), and pulsed Townsend (PT) 
setups.16,25,28,29 The bulk transport coefficients must be independent of the 
experimental setup from which they were obtained. Furthermore, the 
hydrodynamic conditions of Eq. 4 are well satisfied in all three experimental setups. 
If the SST conditions are reached, f becomes stationary and fully separable into 
velocity and space contributions, f(r,v) = f(0) (v)n(r). The simulated setup used in 
the Boltzmann kinetic equation and MC calculations described in the next two 
sections corresponds to the ToF experiments in which the behavior of the electrons 
in an isolated electron swarm in free space with the electrodes not taken into 
consideration is studied.  

In our calculations, we used ToF configurations to model electron transport. The 
MT-BE calculations utilized the MultiBolt computer code17 and the MC 
simulations were carried out using the METHES collision code.19 These codes are 
able to calculate swarm parameters associated with the ToF configuration. The 
MultiBolt framework can additionally handle the SST configuration. 

2.2 Multi-term Boltzmann Equation 

In this subsection, the basic framework of the hydrodynamic model is reviewed. 
This model is used to calculate swarm parameters observed in ToF experiments. 
These formulations are based on the transport theory comprehensively detailed by 
Kumar et al.16 This framework is implemented in the MultiBolt code. 

In the absence of a magnetic field, the MT-BE can be written as 

 [ ]
e

f f e f C f
t m

∂ ∂ ∂
+ + = −

∂ ∂ ∂
v E

r v
   , (12) 

where e, me are charge and mass of the swarm particle (electron), which can be 
inhomogeneous and time dependent, and –C[f] denotes the linear electron-neutral 
collision integral. Substituting Eq. 4 into Eq. 12, then solving for the coefficients 
of the kth density gradient, results in a system of equations for each distribution 
tensor function 
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 ( ) ( ) ( )(0) (0) (0)    for  0E v af C f R f k ∂ − = − = v v va  , (13) 

 ( ) ( ) ( ) ( )(1) (1) (0) (1)  for  1E v aC f R  k ∂ − = − = v v v v va f f f  , (14) 

 
( ) ( )

( ) ( ) ( ) ( )

(2) (2)

(1) (2) (1) (0)

ˆ ˆ

ˆ ˆ  for  2

E v

a

f C f

R f  Df  k

 ∂ − = 

⊗ − − ⊗ − =

v v

v v v W v v

a

f f
 
,
 (15) 

where ⊗  is the outer product, E ee m= Ea , and the distribution function is 
normalized by the following, ( ) ( )0 1f d =∫ v v , ( ) ( ) ( ) ( )1 2ˆ 0d f d= =∫ ∫v v v vf . 

Assuming that the electrical field E is uniform and z-directed, the bulk drift velocity 
W has only one component, Wz, in the z-direction, and the diffusion tensor D̂  is 
taken to be symmetric with a transverse component, DT, and longitudinal 
component DL, with respect to the z-direction. Eqs. 13, 14, and 15 lead to the 
following expressions for transport coefficients:  

 ( ) ( )0
aR C f d =  ∫ v v  , (16) 

 ( ) ( ) ( ) ( )0 1
z z zW v f d C f d =  ∫ ∫v v v v+  , (17) 

 ( ) ( ) ( ) ( )1 2   T x x xND v f d C f d =  ∫ ∫v v v v + ,  (18) 

 ( ) ( ) ( ) ( )1 2   L z z zND v f d C f d =  ∫ ∫v v v v +  , (19) 

where v = v , ( ), ,x y zv v v=v . The terms containing the collision operator [ ]C ⋅  

describe the source/sink contribution to the bulk transport. The flux contributions 
to the drift velocity and diffusion coefficients are then 

 ( ) ( )0
,F z zW v f d= ∫ v v  , (20) 

 ( ) ( )1
,T F x xND v f d= ∫ v v  , (21) 

 ( ) ( )1
,L F z zND v f d= ∫ v v  . (22) 

A common strategy for solving the MT-BE is to expand the ( )f v  into a truncated 

series of orthogonal functional bases (e.g., spherical harmonics, Legendre 
polynomials, and so on). The common choice are Legendre polynomials, 

( ){ } 1

0
cos lN

l l
P ϑ

−

=
, where the cos zv vϑ = . Expanding these functions in terms of 

Legendre polynomials results in a comparatively simple system of equations to be 
solved. For example, we have  
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 ( ) ( ) ( ) ( )
1

0 (0)

0
cos

lN

l l
l

f f v P θ
−

=

= ∑v  . (23) 

Similar expansions can be written for ( ) ( )1 vf  and ( ) ( )2f̂ v . By substituting these 
expansions into Eqs. 13, 14, and 15, a set of lN  coupled differential equations can 

be derived17,20 for ( ) ( )0
lf v , ( ) ( )1

l vf , and ( ) ( )2
l̂f v . In most cases, a relatively small 

number of Legendre polynomials ( 4 10lN = − ) is needed to achieve satisfactory 

convergence of the solution ( )f v .  

It is convenient to write down the equations for ( ) ( )0
lf ε , ( ) ( )1

l εf , and ( ) ( )2
l̂f ε  

using the electron energy 2 2mvε =  as an independent variable instead of v .17 The 
( ) ( )0

0f ε  is the electron energy distribution function (EEDF), which is normalized 

as ( ) ( )01 2
0 1f dε ε ε =∫ . The mean electron energy is then  

 ( ) ( )03 2
0f dε ε ε ε= ∫ .  (24) 

The collision integral [ ]C f  is the sum of terms describing collisions of different 

kinds. Derivations of each of the collision terms are described in detail in Loureiro 
and Amorim.20 To solve the differential equations for ( ) ( )0

lf ε , ( ) ( )1
l εf , and 

( ) ( )2
l̂f ε , a finite-differential scheme is employed.  

2.3 Monte Carlo Method 

In the MC simulation, the swarm is represented by the set of eN  electrons (typically 

eN  is in the range 5 61 10 1 10× − × ), which undergo collisions with background-
neutral particles. The bulk transport coefficients (Eqs. 10 and 11) are determined 
by time-averaging the trajectories { } 1

( ) eN
i i

t
=

r  of the individual electrons in the swarm. 

The bulk drift velocity W and diffusion tensor D̂  (the diagonal element aaD  is the 
diffusion in the direction a )  

 d
dt

W r=  , (25) 

 1ˆ
2

dD
dt

∆ ⊗∆r r=   (26) 

are obtained as the coefficients for a linear regression of the swarm’s COM, 

 ( )
0

1 1 t

i
ie

t dt
t N

′ ′= ∑∫r r , (27) 
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and swarm’s squared width, ∆ ⊗∆r r , ∆ −r r r= , versus simulated time t . The 
reaction rates are defined by 

 lna e
dR N
dt

α= − =  . (28) 

The flux contributions to the bulk drift velocity W  and the bulk diffusion D̂  are 

 F
d
dt

=
rW v=  , (29) 

 ˆ
FD ⋅ − ⋅r v r v=  . (30) 

In the MC method the electron-neutral collisions are simulated explicitly for 
individual electrons and the trajectories of the electron ensemble are generated. The 
electronic ensemble trajectories are used to calculated the ensemble averages of 
interest, including r , ∆ ⊗∆r r , which are used to obtain the transport 

coefficients (Eqs. 25, 26, 29, and 30).  

Here, we describe the MC method as implemented in the METHES computer 
program19 used in the present work. The electron trajectories { } 1

( ) eN
i i

t
=

r  are sampled 

in accordance with  

 
( ) ( ) ( )

( ) ( )

2  ,
2

 ,  1,

i c i i c c
e

i c i c e
e

et t t t t t
m

et t t t i N
m

+ ∆ = + ∆ − ∆

+ ∆ = − ∆ =

r r v E

v v E
 
,
 (31) 

where ct∆  is the time until the next collision of the electron with the neutral. The 

ct∆  is calculated using the null-collision technique. In this technique, the trial 
collision frequency ( ), ,max ( )MC t i tot i tν ν>  (where ( ) ( ),tot i tot it N v tν σ=  is the total 

collision frequency, ( ) ( ),,tot S S kS k
fσ ε σ ε=∑  is the total cross section, S Sf N N=  

is the partial fraction of Sth species) is first selected and remains unchanged over 
the simulation. Then, the current free-flight time is calculated as 1 lnc MC ct pν −∆ = − , 
where pc is a random variable uniformly distributed in [0,1].  

After a period ct∆  of free motion, the decision has to be made which electron 
undergoes which type of collision. The decision is made by first constructing the 

e totN K×  matrix that contains the collision frequencies of all possible processes 
column-wise. Subsequently, the matrix is normalized with the collision frequency 

MCν , and the rows are summed up cumulatively to obtain the (column-wise) 
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monotonically increasing collision matrix Ĉ  with the elements of the form 
( ) ( , )1

,1 1
ˆ S m k S m

im i MC S S kS k
C Nv fν σ−

= =
= ∑ ∑ , where ( )S m , ( , )k S m  are known integer 

functions. More detail is provided by Rabie and Franck.19  

Next, the vector { }, 1

eN
c i i

p
=  of random numbers uniformly distributed in [0,1] is 

generated. For the ith electron, the mth collision process, which is described by the 
mth cross section in the set { },S kσ , is accepted as follows: if , 1

ˆ
c i ip C<  (i.e., pc,i is 

the smaller of every number in the mth line of Ĉ ), then the first (m = 1) collision 

process is accepted, and if 1 ,
ˆ ˆ

im c i imC p C− ≤ <  where m > 1, then the mth collision 
process is accepted. In the METHES code, the ionization and attachment are 
considered as only nonconservative collisions that may change the Ne.  

Two types of MC simulations are implemented in the METHES code: 
nonconserving and conserving. In the nonconserving MC simulations, Ne is allowed 
to change, Ne(t), due to the ionization and attachment processes. In contrast, the 
conserving MC simulations, Ne is kept constant through the simulation by random 
removal/addition of the electrons to compensate creation/loss of electrons in 
nonconservative scatterings. Determination of the reaction rates in Eq. 28 requires 
nonconserving MC simulations. The EEDF ( ) ( )0

0f ε , mean energy ε , transport 
coefficients Eqs. 25 and 26, and reaction rates Eq. 28 are determined from the 
positions r, velocities v, and the numbers of reaction events, after the electrons 
reach the steady state. Additional details on the implementation of conservative and 
nonconservative collisions and on the data sampling used to calculate averages are 
given in Rabie and Franck.19 

2.4 Plasma Composition and Electron Density 

Application of the MT-BE and MC methods to HE detonation products requires 
knowledge of initial partial fractions of neutrals { }Sf  at the thermodynamic 

conditions of interest. These data can be obtained either from theoretical (e.g., ab 
initio or thermochemical EOS calculations) or experiment. The EC of plasma 
formed due to ionization of the neutrals is determined by the electron equilibrium 
density distribution ( )n r  and the transport coefficients. In the hydrodynamic 

model, the solutions of MT-BE, ( ) ( )0
lf ε , ( ) ( )1

l εf , and ( ) ( )2
l̂f ε , are used to obtain 

only transport coefficients and finding n  requires integrating the continuity 
equation Eq. 5 independently. In the nonconserving MC, ( ),n tr  is mapped out 

from the electron trajectories { } 1
( ) eN

i i
t

=
r  as it converges to the equilibrium 

distribution n  in the steady state. In general, the uniform equilibrium n  can be 
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obtained independently, using free-energy calculations with the available plasma 
generalized chemical models (GCMs).30 In the GCM treatments, the model free 
energy of the plasma is minimized with respect to the concentrations of the ions, 
neutrals, and n . The GCM n  can be then used with MT-BE or MC electron swarm 
parameters to calculate σ. This approach is beneficial since n  is obtained 
consistently with chemical composition of the plasma.  

For weakly ionized plasma, the degree of ionization can be also calculated using 
the Saha equation.31 We determined the composition of the HMX detonation 
products at a given thermodynamic state point using the Cheetah 9.0 EOS 
methodology. The available methodology permits the calculation of the degree of 
ionization and hence evaluation of the homogenous concentration of free electrons 
n . We used n  from the Cheetah 9.0 EOS to calculate EC using the transport 
coefficients determined from MT-BE calculations. The EC was then calculated 
using nonconservative MC simulations independently ( n  can be used as an initial 
concentration in the MC calculations, but it is not necessary) and the results were 
similar.  

2.5 Calculation Setup 

We used two simulation approaches, which correspond to the ToF experimental 
setup. In the first approach, the species composition { }Sf  of the detonation 
products was obtained from Manaa et al.32 ( 3500T =  K, 1900 ρ = kg/m3, 
conditions roughly similar to the CJ detonation state) and the ideal gas EOS was 
used to relate N  to pressure P  and temperature T . In this setup, the composition 
{ }Sf  was kept fixed across the studied thermodynamic states ( P ,T ). In the second 

set of simulations, we used the thermochemical code Cheetah 9.0 EOS 
methodology33 to calculate the composition { }Sf  and equilibrium concentration of 

free electrons n  as functions of P, T. In these calculations, the composition { }Sf  

was a function of ( P ,T ). The advantage of the latter approach is the availability of 
n , necessary to calculate the conductivity using the electron swarm properties. 

The cross sections for specific species in the HMX detonation plasma were 
obtained from the LXCat database.27 The data sets are detailed in Table 1. In spite 
of some significant differences in the details of the individual cross sections, most 
of these data sets yield the swarm parameters in good agreement with the 
experiments.26 Several cross sections are plotted in Fig. 1.   
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Table 1 Chemical composition of HMX detonation products at T = 2500 K, P = 9 GPa 
using the Cheetah 9.0 EOS methodology. The footnote next to species name references the 
LXCat cross section database.27 The rest of the species (mole fraction of 0.0536) were 
modeled using only elastic cross sections of N2. 

Species N2a H2Ob CO2c COb CH4d NH3c H2a 
Mole fraction 0.3416 0.2647 0.1705 0.09814 0.01752 0.02558 5.230×10-3 

aBiagi-v8.97 database34 
bItikawa database35, 36 
cHayashi database37 
dIST-Lisbon database38 

 

 

 

Fig. 1 a) Elastic-momentum transfer cross sections. b) Ionization cross sections. 
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2.6 LTP Transport Properties Using the MT-BE Hydrodynamic 
Model  

The MT-BE model simulations model are based on the framework of the MultiBolt 
code.17 In the MT-BE calculations, the size of the Legendre basis was chosen  
𝑁𝑁𝑙𝑙 = 4. The larger lN  does not lead to meaningful changes in the simulated plasma 
transport properties. The MT-BE EEDFs are displayed in Fig. 2. The EEDF is in 
good agreement with the EEDFs calculated using the MC METHES framework.19 
The distinct advantage of the MT-BE calculations is an absence of numerical noise 
clearly observed in the MC solution. The mean electron energy ε  (Eq. 24) from 

the MT-BE model is shown in Fig. 3. The neutral density normalized first 
Townsend coefficient Nα  is given in Fig. 4.  

 

Fig. 2 EEDF ( )(0)
0f ε  for different values of reduced electric field E/N from the MT-BE 

model (chemical composition is in Table 1) 

 

Fig. 3 Mean electron energy < 𝜺𝜺 > vs. reduced electric field E/N from the MT-BE model 



 

13 

 
Fig. 4 Neutral density reduced first Townsend coefficient α/N vs. reduced electric field E/N 
from the MT-BE model 

It is known that  for argon (Ar) using the cross section set of Biagi (in the 
present work, we used the Biagi cross section set for N2, which is a dominant 
product) leads to very accurate data, agreeing with both the experimental data and 
the results using first principle B-spline R-matrix (BSR) cross sections,17 with an 
error in  below a few percent. For Ar, the cross section set of Hayashi results 
in a less accurate , yet still within only a few percent in  (In our 
calculations, we used the Hayashi cross section set for CO2, another important 
species in the HMX detonation product plasma as shown in Table 1.) The bulk drift 
velocity , which has only one component  in the z-direction (Eq. 17), and its 
flux contribution  (Eqs. 10 and 20) are displayed in Fig. 5. For Ar, the Biagi 
cross section set notably outperforms the Hayashi and BSR sets at strong 𝐸𝐸/𝑁𝑁 
fields (above 100 Td), generally yielding results within 10% of the available 
experimental data. The bulk longitudinal diffusion coefficient, neutral density 
product versus 𝐸𝐸/𝑁𝑁 is given in Fig 6. 

Nα

E N
Nα E N

W zW

FW

LD N
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Fig. 5 Bulk drift velocity W and its flux contribution WF vs. reduced electric field E/N 
from the MT-BE model 

 

Fig. 6 Bulk longitudinal diffusion coefficient DLN vs. reduced electric field E/N from the 
MT-BE model 

It is known that for Ar17 up to 50 Td, the BSR and Biagi results are in excellent 
agreement with each other and experimental data. In this range, the Hayashi data 
deviates slightly from the BSR, Biagi, and experimental data with a difference of 
roughly 5%. The Biagi and Hayashi data better reproduce the experimental data at 
higher , with an error not exceeding a factor of two between the calculated 
and measured data. We might expect a similar performance for systems studied 
here. 

2.7 Electron Swarm Parameters Using the Monte Carlo Method 

The electron transport coefficients were calculated using the MC simulations  
(Figs. 7 and 8). The calculations were carried out for the same two setups used in 

E N
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the MT-BE calculations: the fixed composition { }Sf  with the ideal gas EOS and 

the composition { }Sf  using Cheetah 9.0 EOS method. We carried out two types of 

MC simulations: nonconserving, in which the total number electrons was allowed 
to change, ( )eN t , and conserving, in which the eN  was kept fixed at the initial 

value.  

The nonconserving and conserving calculations produced identical swarm 
properties and EEDFs. The nonconserving MC simulations can be used to directly 
compute the EC if n  is not available. In such direct calculations, n  can be 
calculated as ( ),lim /et

n N t Vσ σ→∞
= , where Vσ  is a volume occupied by a sphere of 

radius  equal to the current swarm width (Fig. 8a,b). ToF (or hydrodynamic) 

equilibrium is said to be reached when the W , D̂  (Eqs. 25 and 26) have become 
time independent; according to Kumar,16 all the ToF transport coefficients relax to 
equilibrium on the same timescale SSTT  and the swarm is considered in a steady 

state.39 The ( ),( ) /en t N t Vσ σ=  typically converges at around SSTt T> . The ( )n t  
converges faster if the initial distribution ( ,0)n r  of the eN  electrons is Gaussian, 
similar to ToF experiments,28 and with the half-width set to be equal to the Rσ  that 
results in the  from the Cheetah 9.0 EOS.  

The output from the nonconservative MC simulations for a composition shown in 
Table 1 and at two values of electric field strength, , 50 Td, is displayed 
in Figs. 7 and 8. Plots on the left are for  Td and the plots on the right are 

 Td. Shown are snapshot of electron swarm in space (Fig. 7a,b),  is 
mean energy as a function of time  (  is the starting time the swarm is 
considered to be in steady state and the swarm data is being collected) (Fig. 7c,d); 
and swarm width  in x-, y- and z-directions as functions of time (slopes 

of these curves are, respectively, , , , where , Eq. 26)  

(Fig. 8a,b); , which is a location of swarm COM (slopes of 

these curves are, respectively, , Eq. 25) (Fig. 8c,d). The initial 

number of electrons has been set to . The energy and position of the 

initial electrons have been set to zero. The steady state is achieved within  
 TSST = 0.5-1 ps of the simulation as labeled in Figs. 7 and 8. The transport properties 
from ME-BE and MC simulations were close; however, the MC simulations are 
computationally much more demanding to achieve a comparable convergence of 
the transport properties of the electron swarm.  

  

Rσ

n

5E N =
5E N =

50E N = ε
t 0SSTT t=

2 2σ ≡ ∆r t

2 xxD 2 yyD 2 zzD L zzD D=

( ), ,x y z=r

( ), ,x y zW W W = W

( ) 50 10eN =
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 (a) (b) 

   
 (c) (d) 

Fig. 7 The MC simulation (METHES code) showing selected electron swarm properties of 
HMX detonation products (T = 2500 K, P = 9 GPa) (part 1) 
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 (a) (b) 

   
 (c) (d) 

Fig. 8 The MC simulation (METHES code) showing selected electron swarm properties of 
HMX detonation products (T = 2500 K, P = 9 GPa) (part 2) 

2.8 Electron Conductivity 

We now connect the aforementioned calculations to determine the EC of HE as a 
function of pressure and temperature. Recall that the EC was determined from  
Eq. 2. The required electron mobility µ  was calculated from Eq. 3 using the bulk 
drift velocity W , the transport coefficient produced by the MT-BE (Eq. 17) and the 
MC (Eq. 25) simulations. The W  versus E  from the ME-BE calculations is shown 
in Fig. 5. The EC was calculated using the swarm transport properties at 5E N =  
Td at which W  versus E N =  is linear. The EC from ideal and Cheetah 9.0 EOS 
calculations differ significantly (up to factor of 6.0) due to the difference in the 
composition { }Sf  (which was fixed in the ideal EOS calculations) and different N

along the P T−  curves. However, the EC from both calculations behaved similarly 
with the change in the thermodynamic state ( ),P T .  
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Conductivity from the Cheetah 9.0 EOS and n , computed using MC simulations, 
is shown in Fig. 9. For all pressures evaluated, we see a decrease in EC with 
temperature up to 10,000 K. At 10 GPa, the change is much less pronounced. These 
profiles are combined to present an EC surface in Fig. 10. Figure 10 (left) plots 

10ln σ  so that details for the full range of pressures is visible. These low EC details 
are lost in Fig. 10 (right), where the EC is plotted on a linear scale. The plots 
illustrate a general trend of increased EC for lower temperatures and higher 
pressure. The values of concentration of free electrons, n , from the Cheetah 9.0 
EOS calculations were larger than the MC values by a factor of up to 2‒3 (the EC 
was larger proportionally). This highlights uncertainties with determining the EC 
using MT-BE or MC calculations.  

 

Fig. 9 The EC using Cheetah 9.0 EOS 
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Fig. 10 Surfaces of EC σ : (left) 10log σ  and (right) σ  

3. Conclusion 

We studied the electron transport properties of a LTP formed from HMX detonation 
products over a wide range of pressures and temperatures. The electronic transport 
properties were simulated in the frameworks of the MT-BE and MC methods. The 
MT-BE calculations employed the MultiBolt computer code program and the MC 
simulations were carried out using the METHES program. We considered the HMX 
detonation product EOS from the ideal gas assumption and Cheetah 9.0 
thermochemical code calculations. Cheetah 9.0 was also used to evaluate the 
equilibrium concentration of free electrons. The MT-BE and MC simulations used 
the cross section sets available from the open-source LXCat database. 

These results can be used to develop a functional form of ( )  ,T Pσ σ= , which can 

then be utilized by other modeling codes. 
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List of Symbols, Abbreviations, and Acronyms 

Ar argon 

ARL Army Research Laboratory 

BE Boltzmann equation 

CH4 methane 

CJ Chapman–Jouguet  

CO carbon monoxide 

CO2 carbon dioxide 

COM center-of-mass 

DC direct-current 

EC electronic conductivity 

EEDF electron energy distribution function 

EOS equation of state 

GCM generalized chemical model 

GK Green–Kubo 

H hydrogen 

H2O water 

HE high explosive 

HMX octahydro-1,3,5,7-tetranitro-1,3,5,7-tetrazocine  

LTP low-temperature plasma 

MC Monte Carlo 

METHES  MC collision code  

MT-BE multi-term Boltzmann equation 

MultiBolt MT-BE code 

N nitrogen 

NH3 ammonia 

PETN pentaerythritol tetranitrate 

PT pulsed Townsend  

RDX 1,3,5-trinitro-1,3,5-triazinane 

SST steady-state Townsend  

TATB triaminotrinitrobenzene 
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TNT trinitrotoluene  

ToF time of flight  
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