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Summary

This research program addresses the challenge of distributed control and optimization for next
generation autonomous swarm network systems, where the rapidly changing and super-dynamic
network states (e.g., network topologies, spectrum and channel state information, data buffer
queueing states, etc.) necessitate fast-convergence and low-delay in distributed optimization al-
gorithms. Built upon the PI’s recent research on network control and optimization that leverages
second-order information (SOI), in this research program, we propose a series of new distributed
algorithmic techniques that offer orders of magnitudes improvements in both convergence speed
and queueing delay compared to the traditional approaches, while attaining the same provable
network-utility optimality.

Specifically, our research tasks in this project are focused on the EMANE emulation implemen-
tations of momentum-based (Heavy-ball) joint congestion control and multi-path routing (partial
SOI). Our proposed research program takes an integrated and holistic approach that draws tech-
niques from areas of mathematical modeling, optimization theory, control theory, queueing theory,
and stochastic analysis. The proposed research will not only advance our knowledge in the al-
gorithmic design for next generation complex networks, but will also serve a critical need in the
general networking research community by exploring new frontiers in SOI-based network control
and optimization.

The proposed methodologies will impact a broad range of applications such as airborne net-
works and UAS imagery/video, and particularly in systems where control and optimization actions
could not afford large delay and slow convergence. Substantial collaborations with AFRL will be
pursued to foster potential transition avenues for this research effort.
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1 Introduction

Background and Motivation: With the prolif-
eration of communication networks being de-
ployed on battlefields and the large amount of
mobile data they generated, today’s wireless —iiiammcvmsauma
network technologies are being stretched to their o

limits. Not only does the explosive growth of poie 4 Mﬁ
Fighters on missiéns b m T o
Links betwgen bacKkone and groun
Ground yteways Links betwe¢n backbone and ground

tactical information call for an ever-increasing
NN

Backbone nofle I

network capacity, the complex coordinations
for large-scale wireless networks also introduce
stringent latency and convergence speed re-
quirements in real-time control and optimiza-
tion. To design highly efficient optimization
algorithms to cope with the emerging tactical
wireless networks, a key aspect is to efficiently
deal with the cross-interactions between congestion control and link scheduling, both within and
across protocol stack layers. As a result, recent years have witnessed a compelling need for low-
latency and fast-converging joint congestion control and scheduling algorithms for tactical wireless
networks. Moreover, joint congestion control and routing optimization is not only a requirement in
information network design, but also a fundamental problem that lies at the heart of many complex
network operations, such as smart grid demand response [1-3], supply chain management [4-7],
transportation network traffic control [8, 9], just to name a few.

Figure 1: UAS communication with tight la-
tency requirements under highly dynamic wire-
less networks.

A Motivating Example: To motivate the importance of fast-convergence, low-delay, and dis-
tributed design, here we use a UAS network as an example. A big challenge in controlling and
optimizing a UAS network stems from the fast-changing and highly-dynamic network states (e.g.,
network topologies, spectrum/channel states, data buffer queueing states, etc.), which makes tra-
ditional congestion control, routing, and spectrum access techniques ineffective (see Figure 1 for
an illustrative example). Such a highly dynamic nature necessitates fast-convergence of the net-
work control and optimization algorithms. Otherwise, upon the completion of a slow convergence
process, the network topology, spectrum/channel state information, and queueing states are most
likely significantly altered, rendering all computational results and control actions outdated and
useless.

Exacerbating the network control problem is the fact that the control actions correlate strongly
to times when large amounts of data need to be transferred with real-time requirements (e.g., UAS
imagery or video surveillance, etc.). Hence, when data arrivals surge, low-delay network control
algorithms are needed to avoid excessive delay and large amounts of packet dropping (due to time-
out events). Otherwise, a sudden large-scale network outage may occur, which could lead to not
only wide-spread inconvenience, but also devastating battle defeats or even loss of lives. Moreover,
the large geographical scale of airborne networks, heterogeneity of physical layer technologies
between network subsystems, and the rapid response time requirements imply that the control and
optimization algorithms can neither be centralized nor have high complexity. This requires the
development of fully distributed algorithms that circumvent single-point-of-failure problems, are
simple and easy to implement, and yet achieve provable optimality performance. 0

Approved for Public Release; Distribution Unlimited.
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Current State-of-the-Art: Due to the rapidly increasing mobile data demands, recent years
have witnessed a large body of works on resource allocation that aim to maximize the network
utility in wireless networks (see, e.g., [10-13], and [14] for a survey). This has led to an ele-
gant mathematical decomposition framework, from which “loosely-coupled” congestion control,
scheduling, and routing algorithms naturally emerge. These algorithms do not require statistical
knowledge of either the arrivals or channel states. Instead, they only rely on queue-lengths and
channel state information to make control decisions. These algorithms are also inherently con-
nected to the Lagrangian dual decomposition framework plus the subgradient method in nonlinear
optimization theory [10, 11], where (scaled) queue-lengths can be interpreted as Lagrangian dual
variables and the queue-length updates play the role of subgradient directions.

Despite the attractive features of these queue-length-based algorithms (QLA), they suffer from
several key limitations. First, in the existing QLA framework, it has been shown that a utility-
optimality gap O(1/K) can be achieved with an O(K') penalty in queueing delay, where K > 0
is a system parameter. Hence, a small utility-optimality gap necessitates a large /K and results
in large queueing delay. To address this limitation, there have been significant efforts (e.g., [13,
15-17], etc.) in recent years focusing on reducing the queueing delay of these schemes (more
in-depth discussions on related work later). Also, in the existing QLA framework, the queue-
length-based weight adjustment ignores the curvature of the objective function contour and uses
a small step-size in each iteration [10—13], which leads to unsatisfactory convergence speed. To
address this problem, some second-order congestion control and routing/scheduling algorithms
have recently been proposed to increase the convergence speed (see, e.g., [18, 19]). However,
due to their complex algorithmic structures, these second-order approaches require a much larger
information exchange overhead and do not scale well with the network size. These limitations of
the existing approaches motivate us to pursue a new heavy-ball design in this project.

More specifically, in this project, we develop a heavy-ball-based weight adjustment scheme to
dramatically reduce the queue-lengths and increase the convergence speed without impacting the
network utility performance and without adding any computational complexity. Our approach is
based on a clever idea of separating the queue-lengths from the weights, and then uses a weight
updating scheme that utilizes only one more slot of memory of the weight change in the previous
time-slot. Surprisingly, we show that this simple scheme offers two control degrees of freedom that
allow us to achieve utility-optimality, low-delay, as well as fast-convergence.

Historically, the heavy-ball method was first proposed by Polyak in the 1960s [20] for solving
unconstrained convex optimization problems, with the original goal of accelerating the conver-
gence of the gradient descent method. The basic idea of the heavy-ball method is that, rather than
using only the (sub)gradient information at the current iterate and being completely memoryless
of the trajectory of past iterates, one computes the search direction using a linear combination of
the current gradient (analogous to “potential”) and the update direction in the previous step (anal-
ogous to “momentum”). The method was motivated by and can be viewed as a discrete version
of the second-order ordinary differential equation (ODE) in physics that describes a heavy body’s
motion in a potential field, hence the name “heavy-ball.” It has been shown in [21] that, by ap-
propriately weighing the current “potential” and “momentum,” the algorithm is insensitive to the
objective contour, which leads to a much faster convergence. Indeed, the convergence acceleration
advantage is our first fundamental rationale behind adopting the heavy-ball approach in wireless
network cross-layer optimization. But surprisingly, our subsequent studies show that the benefits
of adopting the heavy-ball idea go far beyond convergence acceleration.

Approved for Public Release; Distribution Unlimited.
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We note, however, that due to a number of technical challenges, developing a heavy-ball-based
solution to the utility maximization problem in wireless networks is not straightforward. First,
since the heavy-ball method was originally designed for unconstrained static optimization prob-
lems, it is unclear how to modify the heavy-ball method for wireless network utility maximization,
which is a constrained stochastic optimization problem with a much more complex problem struc-
ture. Second, unlike the obvious connection between queue-length and Lagrangian dual variables
in the QLA design, the relationship between the heavy-ball method and the observable network
state information (e.g., queue-lengths, channel states, etc.) is unknown. Hence, the trade-off be-
tween delay and network utility under a heavy-ball approach remains an open problem. Third,
due to the inclusion of past iterations’ values, the algorithmic structure of a heavy-ball method
is different from that of the QLA approaches. As a result, conventional techniques used in QLA
for establishing throughput-optimality and utility-delay tradeoff are not applicable. Thus, new
analytical techniques are required in the performance analysis of the heavy-ball approach.

Technical Contributions: The main contribution of this project is that, for the first time,
we develop a heavy-ball-based wireless network utility optimization framework that overcomes
the aforementioned technical challenges. We establish a collection of new analytical results on
dramatic delay reduction and fast convergence, while retaining utility-optimality. The main results
and technical contributions of this paper are as follows:

* Motivated by the heavy-ball idea, we propose a new weight adjustment scheme for joint conges-
tion control and routing/scheduling in wireless networks. Our work not only provides a synergy
between the heavy-ball algorithm and observable network state information (queue-lengths and
channel states) to allow simple implementation in practice, it also extends and generalizes the
classical heavy-ball method from unconstrained static optimization to the constrained stochas-
tic network utility optimization paradigm, thus advancing the state-of-the-art of the heavy-ball
method in mathematical optimization theory.

» Under our heavy-ball-based joint congestion control and scheduling scheme with a S-parameterized
momentum (5 € [0, 1) is a system parameter typically chosen close to 1), we show that the delay
is (1 — B)—fraction of that of the QLA approach. More specifically, our theoretical analysis un-
veils that a utility-optimality gap O(1/K) can be achieved with an O((1—3)K)+O((1+5)VK)
cost in queueing-delay, where the parameter K is inversely proportional to the step-size in
the heavy-ball method. Further, in the asymptotic regime of K where [ is chosen as § =
1 — O(1/VK), our heavy-ball algorithm achieves an [O(1/K), O(v/K)] utility-delay trade-off,
which is significantly better than the well-known [O(1/K), O(K)] trade-off of the QLA meth-
ods.

* Given parameters K and 3, we show that the convergence time of our heavy-ball-based algorithm
scales as O[log(VK) (—log™'(1 + 8 — /B))]. Combined with the results in the previous
bullet, our proposed heavy-ball algorithm offers an important and elegant three-way trade-off
relationship governed by two control knobs in K and 3. Most notably, simultaneous utility-
optimality and low-delay is made possible by trading off convergence speed. We note that this
important three-way trade-off relationship has not been discovered so far in the literature.

* In addition to the theoretical results, a key focus of this project is to develop high-fidelity EMANE-
based simulations to test and verify our theoretical results and insights developed above. In this
project, we have successfully developed a Shim-layer-based EMANE cross-layer simulation
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platform to test our HeavyBall algorithms. Our EMANE-based simulation results show that all
theoretical predictions are observable in high-fidelity simulations. Moreover, it is worth men-
tioning that our EMANE-based cross-layer simulation platform is highly versatile and could be
of independent interests for other EMANE-based wireless network cross-layer simulations that
are important to AFRL.

Related Work: In this section, we first review the state-of-the-art of the QLA literature that
is closely related to this paper. As mentioned earlier, there have been significant efforts on re-
ducing the delay of the QLA approaches. For example, in [13], a virtual queue technique similar
to those in [22-24] was adopted, where the virtual queue-lengths evolve based on service rates
that are a fraction of the actual service rates. In [16], a virtual backlog mechanism with place-
holder bits instead of real data was proposed. It was shown that, by accepting some non-zero
packet dropping probability, this approach achieves an [O(1/K), O(log®(K))] utility-delay trade-
off. An exponential Lyapunov virtual backlog method combined with a threshold-based packeting-
dropping scheme was also proposed in [15] to achieve an O(log(K)) delay. Although having a
log-type delay scaling, a major limitation of [15, 16] is that choosing the size of place-holder bits
in [16] and the threshold value in [15] all require non-causal global arrival and channel statistics
(cf. [15, Eq. (17)], [16, Eq. (45)]), which is usually infeasible. Also, if the parameters are not set
appropriately, these schemes may result in non-negligible packet dropping probability. To address
this problem, a per-iteration learning was proposed in [17] to learn the optimal size of place-holder
bits in an online fashion. However, the per-iteration learning component significantly increases
the complexity of the algorithm. In some sense, all these delay reduction schemes can be viewed
as sacrificing some throughput-optimality (reflected in reduced service rates or packet dropping)
for delay reduction. In contrast, without sacrificing any throughput-optimality and without requir-
ing any non-causal statistical knowledge, our heavy-ball scheme achieves an [O(1/K), O(VK)]
utility-delay trade-off by setting = 1 — O(\/%) Moreover, our heavy-ball algorithm enables an
elegant three-way trade-off that cannot be offered by the existing works in [13, 15-17].

Next, we provide further background of the heavy-ball method, and then review the related
works in the heavy-ball domain. In the optimization literature, the heavy-ball method is also
referred to as the multi-step or momentum method. Since its inception [20], the heavy-ball method
has found applications in signal processing and machine learning (see, e.g., [25] and references
therein). However, the heavy-ball method remains largely unexplored in networking research so
far. To our knowledge, the only application of the heavy-ball method in networking areas can
be found in [26], where the authors developed a heavy-ball-based scheme for Internet congestion
control. We note that our work differs from [26] in the following key aspects: First, our proposed
heavy-ball algorithm is a dynamic scheme that works with stochastic wireless channels, while
the algorithm proposed in [26] solves a static congestion control rate optimization problem for
wireline networks. Second, the algorithm in [26] requires some assumptions (c.f. [26, Sec. VII-C])
to turn the problem into an unconstrained formulation, so that the classical heavy-ball method can
be applied. However, as indicated in [26], these assumptions restricted the use of the heavy-ball
method to problems only with certain routing structures. In contrast, our proposed method can
handle all network constraints and works with all utility optimization problems. Third, we derive
explicit utility-delay-convergence trade-off scaling laws in this paper, while no such results were
provided in [26].

Report Organization: Collectively, our results contribute to an exciting new design paradigm
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in cross-layer network control and optimization theory that leverages momentum/memory infor-
mation. The remainder of this report is organized as follows. Section 2 presents our proposed
heavy-ball algorithm and the performance analysis of the proposed algorithm. Section 3 presents
numerical results and Section 4 concludes this paper.

2 Methodology, Assumptions, and Procedures

In this section, we first present our network model and problem formulation in Section 2-A. Then,
we present our heavy-ball-based network utility optimization algorithm and the main theoretical
results in Section 2-B and Section 2-C, respectively.

2-A Network Model and Problem Formulation

In this section, we will consider a single-hop wireless network with N links, which can be used
to represent a cellular base station (or access point) downlink/uplink channel with N users or a
set of distributed communication pairs in an ad hoc network. We will later discuss how to extend
the results to multi-hop wireless networks. The rationale behind this presentation approach is
that the single-hop network model will allow us to present the core idea behind the heavy-ball-
based design with less notational clutter, before we integrate further system dynamics in multi-hop
wireless networks. Also, as mentioned above, since the single-hop model encompasses a large
number of networks in practice, it is important in its own right.

Notation: We use boldface to denote matrices/vectors. We let AT denote the transpose of A.
We let (A);; represent the entry in the -th row and j-th column of A and let (v),, represent the
m-th entry of v. We let Iy and Oy denote the N x N identity and all-zero matrices, respectively.
Also, we let 1 and Oy denote the /N-dimensional all-one and all-zero vectors, respectively. We
will often omit “N” for brevity if the dimension is clear from the context. We use || - || and || - ||
to denote L?- and L'-norms, respectively. We let Apin{ A} and A\, {A} denote the smallest and
largest eigenvalues of A, respectively.

Network model: In the single-hop case, we will base our discussions on the cellular downlink
system, as shown in Fig. 2. We assume that time is slotted and indexed by ¢ € {0,1,2,...}. The
channel between the base station and the receivers can be characterized by a total of M states
and denoted by a matrix IT = [my,...,wy] € RY*M where each column vector m,, € RY
corresponds to the N links’ channel qualities under state m. For each m,,, we let C,, denote the
achievable rate region, which is defined as the convex hull of the feasible scheduling rate vectors,
ie,Cp, = Com;{xgm), ce xx,n)} where C'onv{-} represents the convex hull operation and 2
denotes a feasible rate of link n that can be scheduled under channel state m. We assume that, for
each link n and channel state m, the feasible rates satisfy a;gm) < g™ < oo, We use a vector
xm = [2{™ . 2T € RY to denote the feasible rates under channel state m.

We assume that the channel state process is independent and identically distributed in each

time slot'. We let 7r[t] denote the channel state vector in time-slot ¢ and let p,, = Pr{x[t] = 7,,}

'Following the same arguments such as those in [16,27], our results can be readily generalized to Markov channel
state processes.
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Figure 2: An illustration of the single-hop cellular downlink.

be the stationary distribution of the channel state process being in state m. We let C represent the
mean achievable rate region, which can be computed as:

M
= {X X = mex(m), vx(m e Cm} )
m=1

Note that, in this project, neither the channel state statistics nor C is assumed to be known at the
base station.

Queue-stability: In each time-slot ¢, the controller observes the current channel state 7 [t] € I1
and then chooses a service rate vector s[t] £ [s1[t], ..., sn[t]]" € Cx[y and a congestion controlled
rate vector aft] = [a1[t], ..., an[t]]" € RY. We assume that each link n is associated with a queue,
whose queue-length in time-slot ¢ is denoted as ¢, [t]. Then, the queue-lengths evolve as:

Gult + 1] = (gult] — snlt] + anlt])™,  Vn, (1)

where (-)* £ max{0,-}. Let q[t] = [@:[t],...,qn][t]" be the queue-length vector in time-slot t.
In this project, we adopt the following notion of queue-stability (same as in [11, 12]): a network is
said to be stable if the steady-state total queue-length is finite, i.e.,

lim sup B {{[qt]]],} < oo. 2)

Problem formulation: Let @, = lims_ % ZtT;Ol a,[t] denote the long-term average con-

trolled arrival rate of link n. Each link n is associated with a utility function U,,(a,,), which rep-
resents the utility gained by link n when data is injected at rate a,,. We assume that U,,(+), Vn, is
concave, monotonically increasing, and twice continuously differentiable. We further assume that
U, (-) satisfies the following strong concavity condition: there exist constants 0 < ¢ < & < oo
such that

o< -Ul(a,) <®, Va,e€][0,a™], 3)

where a™** is the maximum arrival rates for burst control. For example, the function log(e + a,,)

with some constant ¢ > 0 satisfies (3). In this project, our goal is to maximize Zivzl Un(ay),
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subject to achievable rate region Cr[,) in each time-slot and the queue-stability constraint. Putting
together the models presented above yields the following joint congestion control and scheduling
(JCCS) optimization problem:

JCCS:
N
Maximize Z Uy (an)
n=1
subject to Queue-length stability constraint in (2) ,

Splt] € Crpygs anlt] € [0,a™™] Vn, t.

2-B The Algorithm

Our proposed heavy-ball-based network utility optimization algorithm is described in Algorithm 1:

Algorithm 1: The Heavy-Ball-Based Wireless Network Utility Optimization Algorithm.

Initialization:
1. Choose parameters KX > 0 and 5 € [0,1). Sett = 0.
2. Let all queues be empty at the initial state: ¢,[0] = 0, Vn.

3. Under a given K, associate each link n with a non-negative weight w(g) , and set w KM[O] =
w(K),n[—l] = 0, Vn.

Main Loop:
4. MaxWeight Scheduler: In time-slot ¢ > 0, given the current weight vector value w)[t] =
[wiryalt], - - wi)n(t]]T and the current channel state 7r[t], the scheduler chooses a service

rate vector s[t] as follows (breaking ties arbitrarily):

s[t] = arg max (wr)[t]) "x. 4)

XEC,‘.[t]

5. Congestion Controller: For each link n, given its current weight w,,[t], the data injection rate
a,[t] is an integer-valued random variable that satisfies:

B ) =min (222, ®
E{al[t]|wiynlt]} < A< oo, Vwalt], (6)

where U, ~'(-) represents the inverse function of the first-order derivative of U,(-). In (5) and
(6), a™** and A are some predefined positive constants.

6. Queue-Length and Heavy-Ball Weight Updates: Update the queue-lengths following (1). Let
Agn[t] £ qu[t + 1] — g, [t] be the resultant queue-length change, Vn. Next, update the weights
in the following (projected) heavy-ball fashion:

Wiyt +1] = [w(K)m[t} + Agn[t] + B(wir)nlt] — wioynlt — 1])}Jr , Vn. @)

Lett =t + 1. Go to Step 4 and repeat the scheduling and congestion control processes.
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In Algorithm 1, we can see that the congestion control and scheduling components are similar
to those in the QLA schemes (see, e.g., [11,12,27]), but with the following key differences: First,
in both components, the weights in (4) and (5) are not directly using current queue-lengths (or
some direct functions of current queue-lengths). It is this separation of weights and queue-lengths
that leads to significant delay reductions. Also, we note that the weight update in (7) is motivated
by the heavy-ball idea: It includes a [-parameterized additional first-order memory (or called
“momentum”) of the weight change in the previous time-slot. In contrast, the weight updates in
traditional QLA algorithms are of zero-order memory in the sense that queue-lengths only inherit
the absolute weight values in the previous time-slot. As will be seen shortly, this algorithmic
structural difference necessitates new proof techniques in establishing the theoretical results.

2-C Main Theoretical Results of the Algorithm and Further Insights

The first key result in this project is on the delay reduction performance of our proposed heavy-ball
algorithm:

Theorem 1 (Delay reduction and queue-stability). Under the [3-parameterized heavy-ball algo-
rithm, the scaling of the steady-state total queue-length with respect to K satisfies:

limsup E{lalf]ll:} = O((1 = $)K) + O((1 + B)VK). )

Further, if 5 approaches 1 in such a way that = 1 — O(\/L?), then Eq. (8) implies the following
result: limsup,_, .. E{||q[t]|l:} = O(VK).

Three remarks on Theorem 1 are in order: i) If [ is fixed and K — oo, the first term on
the right-hand-side of (8) dominates the second term and thus lim sup,_, .. E{||q[t]|[:} ~ O((1 —
B)K ) This means that a S-parameterized heavy-ball scheme leads to a delay that is approximately
(1 — B)—fraction of that of the traditional QLA methods; ii) If S is varying in relation to K, then
Theorem 1 states that if 5711 fast enough as K— oo, the total queue-length scales as O(v/K ), which
significantly outperforms the O () delay of the QLA algorithms. We note that this O(v/K ) delay
is achieved without sacrificing any throughput and without requiring non-causal global statistics
as in [15, 16]; iii) In some sense, including the weight changes in (7) can be viewed as a simple
way of “learning” how the queues had evolved in history. Interestingly, Theorem 1 shows that even
simply paying attention to “yesterday’s memory” makes a big difference in delay performance.

Now, let U(a)=>_"_ U, (a,) be the total utility function of Problem JCCS and let a* be the
optimal solution. Also, let a@?{)’né E{min{U (Wikyn/K), @™} }, Vn, be the mean steady-state
congestion control rates offered by our heavy-ball algorlthm (the existence of steady-state will be
proved in the appendices). Further, we let afy) = 2 [a% gy A, ~] . The next result states that
our proposed heavy-ball algorithm is utility-optimal and the optimality is independent of /3:

Theorem 2 (Utility-optimality). Under Algorithm I and for some given K, the mean of the sta-
tionary rate vector aly satisfies ||afj,) —a*|| = O(1/VK). Also, the optimal utility objective value
can be bounded as U (a( ) ) >U(a ) O(1/K). Hence, alj;, converges to a* asymptotically as
K increases.
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Our third result is on the convergence speed performance. In this project, the notion of con-
vergence speed is defined in terms of the fewest number of time-slots that the sequence {w g [t]}
takes so that the resultant sequence {E{ax[t]|wx)[t]} } reaches the O(#)-neighborhood of a*
stated in Theorem 2.

Theorem 3 (Linear convergence rate). Let K and [3 be chosen as K € (%, ool and f € [max {0, %—

1},1). Then, {E{ag)[t]|w)[t]}} converges linearly* with a factor Rk g < max{y/B, |1+
B—o¢/K|—+/B,|1+8—®/K|—+/B}. Moreover, minimizing the upper-bound of Rk g) yields:
R = (V@ — &)/ (VO + /), which is obtained by K* = (V& + \/$)?/4 and f* = (V& —
V) (Ve + V)™

Theorem 3 says that we can optimize K and 3 to achieve R* = (\/k — 1)/(y/k + 1), where
Kk = ®/¢ is the condition number [21]. The optimized R* is always smaller compared to that
of the QLA approaches, where Rqra = (k — 1)/(k + 1) (cf. e.g., [11]), thus implying a faster
convergence. Moreover, this convergence speedup phenomenon is even more pronounced when x
is large (i.e., the problem is ill-conditioned).

Finally, combining the results in Theorems 1-3, we obtain the following three-way trade-off
between utility, delay, and convergence speed under the proposed heavy-ball algorithm:

Theorem 4 (Three-way performance trade-off). Given control parameters K & (%, oo] and €
[maX {O, % -1 }, 1), the proposed heavy-ball algorithm achieves an O(1/K) in utility-optimality

gap, O((1 = B)K) + O((1 + B)VK) in delay, and Ollog(VK)(—log (1 + 3 — /B))] in con-

vergence time.

The proofs of Theorems 14 will be provided in the appendices. In what follows, we will
further discuss the key insights of the theoretical results in Theorems 1-4. There several key
insights implied by the aforementioned theoretical results.

1) Thee-way performance trade-off relationship: Collectively, Theorems 1-4 suggest a new
three-way trade-off relationship where, by appropriately selecting K and (3, one can simultaneously
improve two out of the three performance metrics by trading-off the third. To facilitate better
understanding, we illustrate this three-way trade-off relationship in Fig. 3. In Fig. 3, the arrow of
each axis is pointing toward worse performance in utility, delay, and convergence, respectively.
The regions I, 11, and III represent three types of trade-off relationships achieved under our heavy-
ball algorithm, and the table in Fig. 3 illustrates how each region corresponds to the settings of the
two control knobs K and [5.

First, Region I in Fig. 3 represents “achieving both utility-optimality and low-delay by setting
a large K and choosing (3 close to 1, at the cost of slower convergence.” To see this, we first note
from Theorem 2 that a large K implies small utility-optimality gap O(1/K). Also, by choosing
3 close to 1, Theorem 1 implies that the (1 — )—fraction delay reduction is significant. However,
when K — oo and # — 1, it is not difficult to verify from Theorem 3 that:

lim Rk g < ém {max{\/g,]1+5—l/K|—\/B,

B—1 —1

2We say that a sequence {z}}?°, converges linearly to z* if there exists a factor R € (0, 1) such that ||z41 —
z*| < R||zy — x*|| for all &.
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Figure 3: An illustration of the three-way trade-off relationship.

That is, as K — oo and 8 — 1, the worst case convergence rate factor Ik g) asymptotically
approaches 1, which implies an increasingly slower convergence speed.

Second, Region II represents “achieving utility-optimality and fast-convergence by setting a
large K and optimizing 3, at the cost of less delay performance gain.” To see this, we again note
from Theorem 2 that a large K implies small utility-optimality gap O(1/K). Also, by Theorem 3,
we can optimize 3 under a given K to minimize the convergence factor Rk g) to increase the
convergence speed. However, the obtained [ is not necessarily close to 1 and thus the delay
performance gain may not be dramatic. We note that, in Region II, even though the optimized
£ may not entail dramatic delay reduction, one still enjoys the benefit of (1 — )—fraction delay
compared to the QLA approaches, according to Theorem 1.

Lastly, Region III represents “achieving low-delay and fast convergence by setting 3 close to 1
and optimizing K, at the cost of larger utility-optimality gap.” To see this, we note from Theorem 1
that we can first push 3 close to 1 to achieve low delay. With the given 3, by Theorem 3, we
can optimize K to minimize the convergence factor Rk g) to increase the convergence speed.
However, the obtained K is not necessarily large and thus the utility-optimality gap may not be
small.

2) Intuition behind large delay reduction: Before rigorously proving the (1 — 3)—fraction
delay reduction result, we first give some high-level intuitions to shed light on why the proposed
heavy-ball method enjoys a large delay reduction over the back-pressure-based algorithms. To
this end, we take a closer look at the back-pressure-based algoritihms. From the fundamental
connection between the back-pressure-based algorithms and the Lagrangian dual decomposition
framework (see, e.g., [11-13,28]), one can see that the back-pressure-based algorithms can be in-
terpreted as using queue-lengths as the Lagrangian dual variables to solve the deterministic Prob-
lem D-JSSC. A disadvantage of such an approach is that a large amount of packets are kept in the
queues only for the purpose of maintaining the “right pressure” at the level of w’("K). It is important
to recognize that this “queue-lengths as dual” approach is not necessary since the optimal dual
solution WiK) is merely a mathematical construct and needs not be tied with any physical quantity,
such as queue-lengths. In theory, one has the freedom to use any quantity to represent the dual
variables w.

Indeed, several delay reduction methods based on the above observation have been proposed
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in the literature to reduce queueing backlogs. The idea that is in closest spirit to our heavy-ball
approach can be found [16], where the authors proposed to place W,, € [0, wz}()’n) “place-holder
bits” in each queueing buffer n and use the weight w,[t] ~ ¢,[t] + W, to conduct scheduling.?
However, it turns out that finding an appropriate value for each W, is a tricky task since doing so
requires the knowledge of WK which is usually unavailable at the initial state of the algorithm.
The solve this problem, a per-iteration learning step was proposed in [17] to learn WE‘K) in an online
fashion. However, adding a learning component in each iteration significantly increases the overall
complexity of the algorithm. What is worse is that these “place-holder-bits” approaches in [16,17]
result in non-zero packet dropping probability, which could be highly undesirable in practice.

Now, consider the heavy-ball weight update step in (7), which is re-stated as follows (omitting
the index “(K)” for brevity):

Wyt + 1] = [wa[t] + Aqu[t] + B(w,[t] —w,[t — 1)),  ¥n.

It can be seen that the momentum term [3(w,[t] — w,[t — 1]) plays a similar role as the place-
holder bits in the sense that §(w,,[t] — w,[t — 1]) effectively reduces the size of required Ag,[t] to
maintain the right level of w,,[t]. However, the use of momentum term has the following advan-
tages over the place-holder bits: i) Unlike the artificial notion of place-holder bits that is difficult
to set appropriately, the momentum term corresponds to two time-slots of weight memory, which
not only possesses a nice physical meaning but also lends itself to simple implementation; ii)
The [-parameterized momentum term can also be viewed as a simple exponential moving aver-
age scheme to implicitly learn and adapt to the unknown WE‘K), thus eliminating the need for an
explicit per-iteration learning step as in [17]; and (iii) Rather than having the queues head-start
at an overly aggressive W, -value and resulting in packet dropping, the heavy-ball weight update
scheme evolves gracefully and does not incur any packet dropping thanks to the implicit adaptive
learning, and thus retaining full throughput-optimality.

3) Why do we need both K and the j-parameterized momentum? Given the above in-
terpretation that the S-parameterized momentum term [3(w,[t] — w,[t — 1]) effectively reduces
the queue-sizes to (1 — 3)—fraction, one may be tempted to ask the following legitimate question:
Could we directly use ﬁq[ﬂ as weights in back-pressure to perform max-weight scheduling in (4)
in order to achieve the same |O(1/K),O((1 — B)K)] utility-delay trade-off? Unfortunately, the
answer to this question is “No.” If one uses ﬁq[t] to perform scheduling, the delay does reduce
to O((1 — ) K). However, in this case, the congestion control decision in (5) effectively becomes
min {U,’L_l ( (1‘1:%] K) , amaX) } which is equivalent to reducing K to (1 — ) K in congestion control.
Hence, according to Theorem 2, the utility-optimality gap would grow to O(W) The analysis
above reveals the key benefit and fundamental difference of using the 5-parametrized momentum:
Without using the momentum term, it is not possible to separate the coupling between scheduling
and congestion control. In contrast, the use of the momentum term provides one more degree of
freedom in separating the controls between utility-optimality and delay, thus breaking the gridlock
between utility-optimality and delay.

3We use “~” here because, in [16], some additional projections are needed for to maintain non-negativity of g, [t]
and W[y [t].
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2-D EMANE Simulations

Based on the key theoretical results discussed in previous sections, a key focus of this project is to
test and verify these theoretical results on the so-called EMANE simulation platform.

1) The EMANE Simulator: The Extendable Mobile Ad-hoc Network Emulator (EMANE) is
an advanced framework for real-time modeling of mobile network systems. The EMANE compo-
nents focus on real-time modeling of link and physical layer connectivity so that network protocol
and application software can be experimentally subjected to the same conditions that are expected
to occur in real-world mobile, wireless network systems. EMANE architecture provides for Net-
work Emulation Modules (NEMs) that can be associated with computer system (real or virtualized)
network stacks as interfaces. The EMANE framework further provides an event-driven control bus
and logging facilities.

EMANE is also a modular framework and multiple, different NEMs can be developed, instan-
tiated, and associated with emulated mobile network nodes. Additionally, many other components
of EMANE are “pluggable.” For example, the interface mechanism between NEMs and emulated
system network stacks is also a component that can be refactored and replaced (on a per-NEM
basis) via run-time configuration. Similarly, other aspects of EMANE, such as the control bus
(default is IP multicast over a LAN (e.g. Gbps Ethernet), logging services, etc., are distinct com-
ponents that can be extended or replaced. And while Internet Protocol (IP) is directly supported
by EMANE, it is also possible to use the EMANE framework and its NEMs with custom, non-IP
protocol stacks. Due to the above salient features of EMANE, we adopt EMANE as our primary
simulation platform to test and verify our proposed algorithms.

2) Challenges of EMANE Simulations: Although the EMANE simulation software is a pow-
erful wireless network simulation platform, there remain several major technical challenges to
implement, test, and verify the performance of our proposed HeavyBall algorithm on EMANE:

* Our HeavyBall algorithm needs a series of cross-layer functionalities, which are not in read-
ily available in EMANE. Specifically, we need i) SNR information from the PHY layer in
the MAC layer scheduling design; ii) queue-length information in the congestion control at
the transport layer from the MAC layer.

* We need specialized transport layer to generate packets in a dynamic fashion in the con-
gestion controller component of our HeavyBall algorithm. For example, we can use the
the MGEN traffic generator. However, it is difficult to integrate MGEN with EMANE and
generate packets with a dynamically adjustable source injection rate.

3) Our Solutions: To address the above challenges in EMANE simulation implementation,
our first approach is to develop three components in EMANE: i) Pathloss Holder; ii) Scheduler
Module; and ii1) Dynamic MGEN (Congestion Control). The overall architecture of our developed
components is shown in Fig. 4. Since we modified the internal components in EMANE, we call
this approach the “Customized Approach.”

3-1) The “Customized” Approach: Specifically, in Fig. 4, the purpose of the pathloss holder
is to obtain the SNR of each node based on the pathloss information in the physical layer. In the
scheduler module, based on the extracted SNR from the physical layer, we can emulate channel
state changes, including bandwidth and fading. Then, based on SNR and queueing information, we
are able to implement our MaxWeight-type scheduling algorithm. The dynamic MGEN component
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is at the top of Fig. 4. In what follows, we describe the challenges in developing each component
in greater detail and how we addressed these challenges:

1) Pathloss Holder: The main difficulty in implementing the
pathloss holder component is that, in EMANE, the MAC and PHY

layers are decoupled: only up/down stream data packets can be ex- Dynamic MGEN
changed in the original EMANE. To solve this problem, we created

the Pathloss Holder component for the MAC layer to get access to
SNR information when the PHY layer updates the channel state
information (CSI).

2) Scheduler Module: To implement the MaxWeight-type
scheduler, we modified the TDMA scheduler in EMANE so that
scheduling algorithms (not limited to our HeavyBall) that need
queue-length, CSI, and other information can be implemented.

agn] eyeq

Transport
Transp. Interface

4

Japjoy ssojyied

|

[
3) Dynamic MGEN: The main challenge in implementing dy-

namic congestion lies in how to implement the dynamic congestion
control that can react to queue-lengths and changing bandwidths.
In our software development, we have attempted three different
approaches. The first two failed, and the third succeeded. Our Fjgyre 4: System architec-
first approach uses multi-thread programming in EMANE to im-  tyre of our “customized” ap-
plement our congestion control function. However, due to the com-  proach in EMANE to imple-
plex multi-thread mechanism in EMANE, this approach resulted in - ent HeavyBall.

many OS crashes that we did not know how to fix. In our second

approach, we tried to CORE firewall (CORE is another GUI tool that works with EMANE) to
adjust the congestion control rate. However, what we found is that CORE firewall cannot achieve
source rate control that is accurate enough to meet our purposes. Lastly, we decided to create
a wrapper on top of the MGEN component to achieve an accurate and dynamically adjustable
source injection rate. We called our congestion control component Dynamic MGEN. This compo-
nent contains a “data tube” (socket) to receive (virtual) queue-lengths/weights in each time-slot. In
Section 3, we will show some experimental results to show that this “customized” approach works
very well and indeed verifies all our theoretical predictions for the HeavyBall algorithm.

[

3-2) The Shim Layer Approach: Although the “customized” approach works well in prac-
tice, upon communicating with AFRL, we learned this is not a preferred way to implement our
EMANE simulations. Specifically, the first problem with the “customized” approach is that there
are significant modifications at the MAC layer, which include modifications to the MAC layer base
model and modifications to the queue manager in EMANE. These could lead to potential compat-
ibility risks with other PHY layer implementation in EMANE. The second problem with the “cus-
tomized” approach is that there are modifications to the PHY layer to handle the new output (e.g.,
CSI). This could lead to potential compatibility risks with future MAC layer implementations in
EMANE. To address this problem, we proposed to re-implement our scheduling component using
the so-called “shim layer” approach in EMANE.

Simply speaking, in EMANE, a shim layer is a special library that can transparently intercepts
API calls, changes the arguments passed, and/or handles operations themselves or redirects those
operations elsewhere. Applications of a shim layer include to support new API in old environment
or to support old API in new environments. The reason we choose the shim layer approach in
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EMANE implementation is that we will no longer need to touch EMANE’s MAC and PHY lay-
ers. As shown in Fig. 5, the location of our developed shim layer in the overall architecture is
sitting between the MAC and the transport layers. The functionalities of the scheduling shim layer

component is shown in Fig. 6. Our shim layer module contains the following functionalities:
Dynamic MGEN

1) Initialization: This function ini-
tializes the HeavyBall shim layer.

2) Queue Manager: This func- o Transport Isnr:tiﬁlg;rg
tion 1) generates/maintains queues; ii) §
exchanges queue-length information § Queue manager
with the scheduler; and iii) exchanges _ e
queue-length information with the con- g algorithm
gestion controller. - TEI

3) HeavyBall (Momentum) Weight [ maCmpl | 2 SoERlE]

Configuration

Updating: This function is responsible -

for all HeavyBall weight updates in the

scheduling module.
4) MaxWeight Scheduler: This | |

function performs the MaxWeight schedul-

ing in the shim layer. Note that, un- Figure 5: System architecture Figure 6: The zoom-

der single-hop networks with only one of our “shim layer” approach in view of our proposed

link being activated in each time-slot, in EMANE. shim layer architecture.

the MaxWeight scheduler is simplified

to a greedy algorithm that always selects the link that has the largest queueing backlogs.

Pathloss holder

5) CSI Collection: This function collects all CSI from the PHY layer, i.e., playing the same
role as the pathloss holder in the “customized” approach.

6) Time-Slotted Radio Module Detection: This function will detect the underlying radio module
in use. It accepts time-slotted radio modules (e.g., TDMA, Link 16) in EMANE. It will reject other
non-time-slotted radio modules (e.g., CSMA). As a result, our shim layer module is robust in terms
of radio module compatibility.

3-3 Integration with CORE: To fully integrate with the EMANE/CORE ecosystem for wire-
less network simulations, in this project, we will integrate the control/configuration interface of
our develop HeavyBall shim layer module in the CORE software package. CORE (Common Open
Research Emulator) is a tool for building virtual networks. As an emulator, CORE builds a rep-
resentation of a real computer network that runs in real time, as opposed to simulation, where
abstract models are used. The live-running emulation can be connected to physical networks and
routers. It provides an environment for running real applications and protocols, taking advantage
of tools provided by the Linux operating system. CORE is typically used for network and pro-
tocol research, demonstrations, application and platform testing, evaluating networking scenarios,
security studies, and increasing the size of physical test networks. The CORE source consists of
several different programming languages for historical reasons. Current development focuses on
the Python modules and daemon.

During the development of our “customized” approach, we developed a simple Python-based
graphical user interface (GUI) for demonstrating our HeavyBall algorithm. In the final stage of
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this project, we will integrate the shim layer into CORE so that the shim layer can be controlled
and configured more easily. This integration also directly contributes to the development of the
EMANE/CORE ecosystem for cross-layer wireless network control and optimization.

3 Results and Discussions

In this section, we conduct simulation numerical studies to verify the theoretical results presented
in Section 2. Although our focus in this project is to develop an EMANE-based simulation plat-
form to test and verify our HeavyBall algorithm, it is insightful to present simple MATLAB-based
simulations as a comparison benchmark. Thus, we will illustrate our MATLAB-based simulation
results in Section 3-A. Then, we will illustrate and discuss our EMANE-based simulation results
in Section 3-B.

3-A MATLAB-Based Simulations

To clearly visualize the key insights of our theoretical results and not being blurred by random
noises, we first use a three-link non-fading cellular network as an example. In this network, we
assume that each link has unit capacity. Due to interference, only one link can be activated in each
time-slot. In this example, we use log(0.001 + a) as the utility function for each link, i.e., the
well-known proportional fairness metric [14]. Due to the symmetry of the network structure, it is
easy to see that the optimal congestion control rates are a] = a; = a3 = %

To see the impact of S on delay and convergence speed, we fix K = 25 and increase 5 from 0 to
0.99 (note that 3 = 0 corresponds to the QLA approach). Because of the symmetry of the setting,
we only plot the results of link 1. As shown in Fig. 7, as [ increases, the average queue-lengths
are 74.6, 37.4, 14.8, and 1.1, respectively, which corroborates the (1 — §)—fraction reduction result
in Theorem 1. We can see from Fig. 8 that, for all choices of /3, the congestion control rates all
converge to the optimal solution, confirming Theorem 2 that utility-optimality is independent of /3.
However, changing S has a significant impact on the convergence speed. In Fig. 8, as [ increases
from 0 to 0.99, the convergence speed initially increases, peaks at 5 = 0.8, and then decreases.
Interestingly, we note from Fig. 7 and Fig. 8 that, by setting 5 = 0.99, both utility-optimality and
low-delay can be achieved at the cost of slower convergence speed, hence confirming Theorem 4.

Next, we increase K from 25 to 100 and conduct another set of experiments on the same
network. The results are shown in Fig. 9 and Fig. 10, respectively. With a larger /K, the congestion
control rates again converge to the same optimal solution with a smaller variance, but at the cost
of larger delay and slower convergence. This again confirms the results in Theorems 1-4.

Now, we study the convergence of the congestion control rates and steady-state queue-lengths
in a larger 15-user cellular downlink system with fading environments. Again, we assume that
only one user can be activated in each time-slot. In each time-slot, the supportable rate of each
user under fading is a Gaussian random variable with mean 5 and standard deviation 3. First,
we fix K = 100 and set beta from 0 (i.e., back-pressure), 0.35, 0.65, 0.95, respectively. Due to
the symmetry of the system, we only plot the congestion control rate and queue-length of user 1
in Fig. 11 and Fig. 12, respectively. We can see from Fig. 11, as [ increases, the queue-length
also monotonically decreases and the queue-length reduction again follows the (1 — ()-fraction
reduction law stated in Theorem 1. Meanwhile, from Fig. 12, we can see that the congestion
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control rates under different S all converge to the same optimal solution, which approximately %
Also, the convergence time initially shortens as (3 increases. However, when [ is large (5 = 0.95),
the convergence becomes slower and exhibits larger variance. This shows that the same three-way
trade-off effect continues to hold in this larger system with fading, i.e., we can achieve utility-
optimality and low-delay by choosing a large 3, but at the cost of slower convergence.

Next, we increases K from 100 to 300 and conduct another set of experiments to observe its
effect. The results are illustrated in Fig. 13 and Fig. 14, respectively. We can see that, with a
larger K, the congestion control rates again converge to the same optimal solution with a smaller
variance, but at the cost of larger delay and longer convergence time. This again confirms our
theoretical result in Theorems 1 and 2, and 4.

Lastly, we compare the delay scaling with respect to i under QLA and our heavy-ball algo-
rithm, respectively. Here, as K increases, welet 5T las f =1— \/LF As expected, in Fig. 15, the

total queue-length of QLA exhibits the well-known O(K) linear scaling law and is significantly
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larger than that of our heavy-ball algorithm. Further, in the zoom-in view of the heavy-ball results
in Fig. 16, we can see that the total queue-length increases as 4.5v/K, which perfectly matches the

O(V/K) theoretical result in Theorem 1.

3-B  EMANE-Based Simulations

As discussed in Section 2-D, a key focus on this project is to implement our HeavyBall algorithm
in the EMANE/CORE simulation platform. Here, we tested HeavyBall in a three-node wireless
network with momentum coefficient 5 € {0.3,0.6,0.9}. The simulation outcome of EMANE is
shown in Fig. 17. We can see that the EMANE simulation results follow exactly the same trends as
in our theoretical simulations in MATLAB. That is, the congestion control rates all converge to the
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K under the back-pressure algorithm. heavy-ball algorithm with /3 approaches 1 at rate
1-8= O(T%).

same optimal solution regardless of the choices of the S-value. Meanwhile, as (3 approaches 1, we
achieve lower and lower delay (reflected in the total queue-lengths). However, this performance
gain in delay is achieved at the expense of slower convergence performance (tend to be unstable as
[ becomes very close to 1).

As mentioned in Section 2-D, upon successfully implementing the HeavyBall shim layer mod-
ule, we will integrate the shim layer with the CORE software package to provide a better user
interface. Due to the insufficient amount of time at the end of this project, this integration was not
fully completed yet. However, we are still continuing this effort despite the project had ended in
January 2021. The latest progress of this integration is shown in Figs. 18 and 19

We can see from Fig. 18 that the HeavyBall menu option has been added to the WLAN com-
ponent in CORE and can be enabled to configure the options of the HeavyBall shim layer module.
By selecting the “heavyball” radio button and clicking the “heavyball options” button, we jump to
the pop-up window as shown in Fig. 19. In Fig. 19, we can see that in addition to all the parameter
settings that are inherited from the original TDMA module, we have added two additional input
entries. The “HeavyBall Beta value should be between 0 and 1” field allows you to enter a value
for the momentum coefficient [ (the second option from the bottom of the window). Moreover, we
also added another option that will turn on the live graph plotting for HeavyBall as demonstrated
as shown in Fig. 17.
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HeavyBall MAC Parameters | Universal PHY Parameters

enable promiscuous mode False —
enable traffic flow control Off —

number of flow control tokens 10

rate in seconds for check if fragment reassembly efforts should be abandoned 2
threshold in seconds to wait for another packet fragment for reassembly 5
neighbor RF reception timeout for removal from neighbor table (sec) 60.0

neighbor table update interval (sec) 1.0

SINR/PCR curve file /usr/sharefemane/xi

enable transmit packet aggregation On —

percentage of a slot that must be filled in order to conclude aggregation 90.0

size of the per service class downstream packet queues (packets) 256
enable packet fragmentation (over multiple slots) On —
enable strict dequeueing to specified queues only Off —

HeavyBall Beta value should be betweem 0 and 1 0

tumn on live graph for heavyball Off —

Apply | Cancel |

Figure 19: A screenshot showing the integration of our HeavyBall shim layer component in the
CORE software package.

4 Conclusions

In this paper, we have developed a new heavy-ball algorithmic framework for network utility op-
timization in wireless networks. Compared to the traditional queue-length-based algorithms, our
proposed heavy-ball algorithmic framework offers not only utility-optimality and queue-stability,
but also fast-convergence and low-delay. Our main contributions in this paper are three-fold: 1)
We have proposed a heavy-ball joint congestion control and scheduling/routing framework that is
well-suited for implementation in practice; ii) we have rigorously shown the utility-optimality of
the proposed heavy-ball algorithmic framework and characterized the delay reduction and conver-
gence speed performances; and iii) we offered design rules for optimal selection of systems param-
eters, as well as insights on an elegant three-way trade-off between utility, delay, and convergence
speed. Collectively, these results serve as an exciting first step toward a cross-layer network con-
trol and optimization theory that leverages “momentum/memory” information. Heavy-ball-based
cross-layer network optimization is an important and yet under-explored area. Future research
topics may include, e.g., heavy-traffic delay performance analysis for heavy-ball-based scheduling
algorithms, time-varying adaptive memory weight adjustments, and investigating the impact of
higher order memory on network utility, delay, and convergence performances.
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A Proofs of the Main Theorems

In this subsection, we provide (sketched) proofs for the theorems in Section 2-C. We relegate
some detailed proof derivations to appendices for better readability. We begin by defining a special

block-structured matrix T' € RZV*2N a5 follows:
a | I+8)In —Bly

where 5 € [0, 1) is the same momentum parameter used in our heavy-ball algorithm. Next, we
prove a key lemma about the eigenvalues of I' that will be useful in establishing Theorem 1.

Lemma 1 (Eigen-spectrum of I'). T" only has two distinct eigenvalues: 5 and 1, and both eigen-
values are of algebraic multiplicity N. Hence, T is a non-expansive linear transformation in R?".

Proof. Let A denote an eigenvalue of I" and consider the characteristic equation det(I'— Ay ) = 0,
which can be written in block-wise fashion as:

(1+8-My —8Iy]
det [ I e } =0. (10)

Now, we claim that A # 1 + (3 and thus the block (1 + 8 — A\)Iy in (10) is invertible. To see this,
suppose on the contrary that A = 1 4+ § and (10) holds. In this case, we have:

On —BIn

det [ Iy —(1+08)y

} = det(BIy) = —BY #0,

contradicting to the assumption that (10) holds. Now, since the block (1 + 5 — \)Iy is invertible,
it follows from the Schur complements determinantal formulae [29] that

(10) =det [(1 + 8 — M)Iy] det [(=ALy) — In((1 4+ 8 — A\)Ix) ' (—BLy)]
—(1+ 8 — N det [(—A 4P )IN]

1+8—-A
=N =1 +A+ AT = (A=) A =BV =0. (11)
Hence, the result stated in the lemma follows and this completes the proof. [

It is worth pointing out that the use of the matrix I' in subsequent analysis and its eigen-
spectrum property in Lemma 1 are new and has not appeared in the heavy-ball literature.

Our next key step toward proving Theorem 1 is to establish the following mean weight devia-
tion bound:

Theorem S5 (Mean weight deviation bound). Under Algorithm 1 and a given K, there exists a
constant C' that depends on L, s™, and o™, such that E{||W{j) — W{[[} < CV'K, where

W‘E}’() denotes the weights w i [t| under parameter K in steady-state.
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Proof. We start by rewriting the heavy-ball weight update equation in (7) in the following equiva-
lent vector form:

Wi [t + 1] = Wi [t] + (aft] — s[t] + uV[t]) + B(weo [t] = wao t — 1) +u®t],  (12)

where uV[t] and u(? [t] are both projection terms that are defined as follows:

Noting that u™[¢], u[t] > 0, we can define uft] = uV[t] + u®[t] > 0 and further rewrite (12)
as:

W[t + 1] = Wiy = W [t] = Wik + (alt] = s[t] +ult]) + B(wuolt] = waolt —1]). (13)

Note that since the momentum term in (13) depends on two consecutive time-slots of memory
W (k)[t] and W[t — 1], traditional techniques used in establishing similar mean distance bounds
(see, e.g., [13, 16]) cannot be directly applied. To overcome this challenge, we define a 2/N-
dimensional vector z[t] as follows:

a W) [t] — Wik
= { Wit = 1] = VIV(E‘K) } (9

Then, it can be readily verified that (13) can be rewritten in terms of z[t] as follows:

(15)

2t + 1] = Talt] + { alf] = slt] + ult] }

On

Consider the following quadratic Lyapunov function: V/(z[t]) £ 1||z[t]||% which can be inter-
preted as a measure of the combine distance of w|t] and wt — 1] deviating from w{;;,. Then, the

]
-1
conditional expectation of the one-slot Lyapunov drift of V' (z[¢]) can be written as:

E{AV(l)|al]} £ SE{ sl + 117 ~ 2P |21} (16)

Let 1 4(x) be the indicator function that takes value 1 if x € A and O otherwise. After some
algebraic derivations and upper-bounding (see [30, Appendix A] for proof details), we arrive at the
following result:

Proposition 1. Let w be the first N entries in z[t] = z. Let B £ S [A + (s™)?]. There exist
constants 0,1 > 0 such that

)
E(AV (aft) |2l = 2} <~ [w = wiso [ () + ns(w),

where B £ {w : ||w — W) | < VB®K}, and B¢ denotes the complement of B.
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Now, we consider the 7T-step conditional mean Lyapunov drift. For notational simplicity, we
define a set Q = {z € R?N : ||(z),.n|| € B}, where (z).y denotes the first IV entries in z and B is
as defined in Proposition 1. By telescoping (16) from ¢ = 0 to 7', we have that

E{V (2[T))[20)} ~ V(2 ZE{V 4+ 1)) - V(2] 2[0]}

: / Patato) @ELV (2t + 11) — V(a[f)|alr] = 2}dz

:z | pagen @BV (alt + 1) =V (altDlalt] = 2}

/ Pattiio) @E{V (alt + 1)) - V(zlt)|alt] = 2}dz. (17

where (a) follows from the fact that z[¢] is a continuous state Markov chain in R?¥ . It then follows
from Proposition 1 that (17) can be upper-bounded as:

S M G R Wy EEy N O W I

(18)
Note that for any z € R*, limy_,o % ZtT:_Ol Paptjlaio) = py° for all z[0], where pJ® denotes the

stationary distribution of the continuous state Markov chain z[t]. Moving V' (z[0]) to the right hand
side (RHS) of (18), dividing both sides of (18) by 7', and letting 7" — oo yields:

o<~ [y~ wi i+ [ pivda (19)

Rearranging terms and adding 2 i Jo e Wik — Wil yields:

T [ TR g

5 )
< | \n+ =Wk — Wikl |p7 dz
[ (=i = i

(a)

< (7]+5VB(I>)/p§°dz
Q

<n+0vVB2, (20)
where (a) follows from the definitions of 2 and B. Note that the left- hand side (LHS) of (20) is
exactly \/LFIE{ Wik — H} Finally, multiplying both sides of (20) by K yields:

E{ w5y — Wi ll} < (g+\/Bq>>\/?: O(WK), Q1)
i.e., the result stated in Theorem 5. This completes the proof. 0
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Proof of Theorem 1. Consider the heavy-ball update, which can be written in the following form:
Wi [t + 1] = Wi [t] + Adq[t] + 8w [t] — Wi [t — 1)) + u®ft].
Rearranging terms and noting that u®[t] > 0, we have
Aqft] < (wiglt + 1] — wan [t]) — B(wa [t] — wo [t — 1]). (22)

Telescoping the inequality in (22) from ¢ = 0 to 7" — 1 yields:

T-1
> Aqt] < (W [T] = W) [0]) = 8w [T = 1] = Wy [-1])
t=0
=w)[T] = fw) [T — 1], (23)
where the last equality holds because, by assumption, w(x)[0] = w)[—1] = 0. Also, since
q[0] = 0, we have
T—1
(Tl = llalo] + > Aqft)lr < lw[T) = Bwe) [T — 1|1
=0

Taking expectation on both sides, letting 7" — oo, and taking limits yields:

lirTnjup E{Hq[T]Hl} < E{W(()?() — BWE)?{)}

(gw;;() +O(VEK) = B(wix) — O(VK))

=(1 = B)wix, + (1 + B)O(VE), (24)

where (a) follows from Theorem 5 and || - ||; < v/N|| - ||. Moreover, in the asymptotic regime
where [ approaches 1 at a rate equal or faster than 1 — 5 = O(\/%) it follows from (24) that

lijrpsup]E{Hq[t]Hl} ~ O(VK). (25)

That is, the delay growth at O(+/K). This completes the proof. O

Proof of Theorem 2. We first prove the optimality gap result for the mean of the stationary rates

a%icrn = B min{ U (“522), 4™}, Note that E{a, [t]|wi [t]} = min{U, (222210) qrexy
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/ wr
and a}, = U, (-52"), Vn. Thus, we have

N
Ha‘(’}}) —ar|” :Z [E {min {U,’L_1

n=1

)y
(a) N - W™ w* 2
E : /-1 (K)n M\ — -1 (K)m
< Z { _mln {Un ( ) U, %
b w )

n=1

——=E{Iwik) — winl*}, (26)

where (a) follows from the convexity of quadratic function and Jensen’s inequality; (b) follows
from the non-expansion property of the min{-} function; (c) follows by using mean value theorem
for some Wk ,, € [min{wf}’()’n, Wy, b max{wiy, . wE‘K)m}} ; (d) follows from inverse function
lemma; (e) follows from the strong convexity assumption in (3); and ( f) follows from exchanging
the order or summation and expectation.

Now, consider the term E {||Wf;’() — W) ||2} in (26). From the proof of Proposition 1, we

have (cf. [30, Appendix A, Eq. (51)]), we have the following one-slot mean Lyapunov drift bound:

E{AV (z[t)[2[1]} < ——

a7 IWuoltl = win ||+ B. 27)

Following the same argument in the proof of Theorem 5, we telescope the inequality in (27) from
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t=0toT — 1 to obtain:

E{V (2[T1)|2[0]} — V(2 ZE{V [t + 1)) = V(=[t])]=[0]}

T

E{V (2]t +1]) = V(z[t])|2[t] = z}dz

Dzlt]|z[0]\Z

~

S
— O

[ bt
/RQ Paf)jzi0)(2) E{ AV (zt])|z[t] } dz

t

1 T—-1 )
__K;/RQNPZMZ[O](Z) ||W_W(K)H2dz+TB. (28)

Dividing both sides of (28) by %, rearranging terms, and letting 7" — oo, we have

lim sup — Z/ Daft]|z[0] (Z HW W H dz < B®K. 29)

T—oo

Note that the LHS of (29) is precisely E { Wk — Wik 2 } Hence, it follows that

Iy — a1 € e (T — Wi ) < ' a0
Taking square root on both sides of (30) yields:
~ VvVB® 1 1
Ha(K) —a’| < ¢ \/— O(ﬁ),

i.e., the proof of the first half of Theorem 2 is complete.

Next, we proof the optimality gap result for the objective value, i.e., U (af}’()) > U(a*) —
O(1/K). To this end, similar to the proof of Theorem 5, we define an augmented vector and its
quadratic Lyapunov function as follows:

t] 1 2
ga| vl and L(yl[t]) = = |ly[t]|>.
s e | el (vl = 3 Iyl
Following the same steps in the proof of Theorem 5, one can verify that

t|—s|t t
ylt+ 1] = Ty[t] + { alf Sg““” ,
where I' is the same as defined in (9). Then, following the same steps as in the proof of Proposi-
tion 1, we can show that the conditional expectation of the one-slot Lyapunov drift can be bounded

as follows:
E{AL(yI)|yl} <E{Sllall — sl + uld|? + {alf] - s{f] + uld], vl |y ]}

< — (wuot]) "Efalt] — sty [t} + B. 31

Note that (31) is in the same form as in [12, Eq. (24)]. Then, following the same arguments in [12],
we have that U (a(y,) > U(a*) — O(1/K). This completes the proof. O
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Proof of Theorem 3. We first show the ranges of K and [ that suffice for convergence. Due to the
one-to-one mapping between E{al[t]|wx[t]} and wf [t], the convergence of E{a[t]|wk)[t|} can
be equivalently done by examining the convergence fo w ) [t]. Note that (7) can be written as:

W[t 4+ 1] < Wi [t] + (alt] — s[t]) + B(wao [t] — Wi [t — 1))
Dividing both sides by K (scaling does not affect the convergence), we have:

1
wlt +1] < woylt] + 2= (alt] = sft]) + B(w[t] = welt = 1]).
Note that the right-hand-side is in the same form as in the classical unconstrained heavy-ball

method (cf. [21,26]) with step-size being % Hence, following [21, Chap. 3.2, Theorem 1], we

have the sufficient condition for convergence as follows: + € (0, (1;5 )], and 8 € [0,1). After

some manipulations and noting that 8 > 0, we arrive at K € (%, oc] and 8 € [max{0, 5= — 1}, 1),
i.e., the result stated in Theorem 3. Also, the convergence factor upper-bound in Theorem 3 fol-
lows directly from [26, Theorem 1]. The minimum upper-bound R* and the minimizers K* and

p* follow from [21, Chap. 3.2, Theorem 1]. This completes the proof. 0

Proof of Theorem 4. The results of utility and delay scalings simply follow from Theorems 2 and
1, respectively. The convergence time scaling result follows from plugging in the convergence
factor upper-bound from Theorem 3 into the convergence time definition in [30, Eq. (13)], inverting
the convergence rate expression, and noting from ||ws)[t] — W || = O(1/ VK). This completes
the proof. [
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List of Symbols, Abbreviations, and Acronyms

AFRL Air Force Research Laboratory

API Application Programming Interface

C4ISR Command, Control, Communications, Computers, Intelligence,
Surveillance and Reconnaissance

CORE Common Open Research Emulator

Csl Channel State Information

CSMA Carrier-Sense Multiple Access

EMANE Extendable Mobile Ad-hoc Network Emulator

GIG Global Information Grid

GUI Graphical User Interface

IP Internet Protocol

LAN Local Area Network

MAC Medium Access Control

MGEN Multi-Generator

oS Operating System

PHY Physical

Pl Principal Investigator

SNR Signal to Noise Ratio

TDMA Time Division Multiple Access

UAS Unmanned Aerial System
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