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Glossary: 
𝜌 mass density of the fluid (gm/cc). 

𝜐 Kinematic viscosity of the fluid (gm/(sec cm) ). 

𝐿!"! System scale length, 10 m in examples following.       

𝑅#  Length scale (cm) of the rotors in scale size bin k. 

The following variables change in time due to stiff evolution equations . . . 

𝐸#  Energy density (ergs/cc) of rotors of size Rk (k = 0, kmax). 

Nk Number density of rotors (#/cc) of scale size Rk. 

𝜖#  Energy in a single rotor of size Rk.      𝜖! = 	3𝜋𝜌𝑅!"𝑉!# =	𝐸!/𝑁! 

The following derived quantities are also used . . . 

𝑃#
$ Packing fraction for rotors of size Rk (dimensionless). 

𝑃!
$ ≡ 3𝜋𝑅!"	𝑁!.  Thus 𝐸! 	≡ 3𝜋𝜌𝑅!"𝑉!#𝑁! = 𝜌𝑃!

$𝑉!#

𝑉#  Characteristic average velocity (energy weighted) of rotors of size	𝑅!. 

𝑉! 	≡ .𝐸!/(𝜌𝑃!
$)

Sk Typical separation distance (cm) of rotors of size 𝑅!. 
%&
'
𝑆𝑘
3𝑁𝑘 = 1	 → 𝑆𝑘 ≡ 	𝑅𝑘/)𝑃𝑘

𝑓*
1/3

𝑉#
()* Rotor precession velocity, decreases with separation   𝑉!

*+, ≡	𝑉!𝑅!/𝑆!
𝜏#  Interaction time (sec) of rotors of size 𝑅! with each other.  𝜏! = 2𝜋𝑆!/𝑉!

*+,

1. Introduction
The Coherent Structure Dynamics (CSD) model is based on time-dependent nonlinear fluid-
dynamic interactions between a numerical representation of the “coherent structures” that 
actually comprise turbulence (Brown and Roshko, 1974).  The goal of CSD is to represent the 
scale-resolved non-equilibrium evolution of turbulence within a limited volume of space.  CSD is 
distinct from vortex dynamics in that velocities are not determined from integrating the Biot-
Savart law.   Rather, the coherent structures interact nonlinearly in a scale-similar fashion by local 
merging, which backscatters energy into larger scales, and local shredding, which cascades 
energy forward to smaller scales.  The CSD solutions are better than statistical in the sense that 
the time-dependence of the coherent structures, called rotors here, is predicted for a range of 
scale sizes spanning orders of magnitude below the scale of the macroscopic driving flow.  The 
CSD model was presented and the numerical representation and algorithms discussed in a 
previous paper, ‘Paper 1’ (Boris, 2018).  This model, summarized in Section 2, advances stiff 
ordinary differential equations for the turbulent kinetic energy density and the number density 
of the coherent structures (rotors) using discrete bins of rotor scale length that are spaced 
logarithmically. 

The CSD model is a new approach, based on the nonlinear interaction of the coherent, fluid-
dynamic structures that comprise turbulence.  The kinetic energy density as a function of scale 

______________
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size is resolved on a logarithmic grid to describe the entire turbulent spectrum.  In addition, and 
in distinction from shell models (Biferale, 2003), a number density of coherent structures at each 
scale is introduced to account for the fact that the relative spacing of the rotors, particularly away 
from equilibrium, is not expected to be the same at all scales.  Two cases are used to study and 
compare the small-scale mixing: 1) an equilibrium turbulence spectrum resulting from constant 
stirring at the system scale 𝐿-.- and 2) a highly-transient non-equilibrium case where the stirring 
at the system scale is the only non-zero component of the spectrum initially. The details of the 
CSD formulation and the numerical algorithms are discussed in the earlier paper.  Here a shift-
based, fully Lagrangian convection model provides independent 3D realizations of the CSD time-
dependent spectrum to provide diffusion-free surrogate flow fields that drive turbulent mixing. 

 
Figure 1.1: Illustrating detailed numerical simulations of the small-scale structure of turbulent 
flows. Left: a simulation of flow structure in a square jet using Flux-Corrected Transport (FCT) 
performed by Fernando F. Grinstein, now at LANL.  Right: A simulation of compressible 
turbulence in a periodic box using the Piecewise Parabolic Method (PPM) courtesy of Paul 
Woodard and colleagues at the University of Minnesota. 

Figure 1.1 above presents two flow visualizations from detailed Large-Eddy Simulations (LES) 
approximating high Reynolds-Number flow conditions.  The panel on the left is a rendering of the 
vorticity in a spatially evolving square jet (Grinstein, 2001) and the panel on the right is vorticity 
magnitude observed during turbulence decay in a triply periodic box (Woodward, et al., 2001).  
This latter case is the idealized system often treated in high-resolution Direct Numerical 
Simulation (DNS) (e.g. Moin and Mahesh,1998; Moser, et al., 1999; A. Kajzer, et al.,2014).  The 
resolution possible in today’s simulations, though considerably greater than the pace-setting 
computations in Fig. 1.1, is still far from adequate to treat airflow on an urban scale and yet 
resolve strong, intermittent eddies with scales of five to fifty centimeters that affect birds, 
insects, and small UAVs.  Turbulence, below the macroscopic scales, is seen to be dominated by 
filamentary vorticity structures.  Brown and Roshko (1974) observed this behavior in 
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experiments, calling the filaments “coherent structures.”  They distinguished between these 
coherent structures and the view of turbulence as a mishmash of small scale random flows as 
had previous been thought.  The new time-dependent model, being called Coherent Structure 
Dynamics (CSD) here, evolves these coherent structures throughout the inertial range and down 
into the viscous dissipation range. 

A Direct Numerical Simulation (DNS) of such mixing in a Reynolds-number 106 flow might 
require 106 x 106 x 106 computational cells if uniformly resolved.  Subgrid turbulence models for 
use with Computational Fluid Dynamics (CFD) have generally treated the inertial-range below the 
CFD-resolved scale as if obeying a renormalizable or scale-similar equilibrium described by the 
Kolmogorov spectrum with a spectral energy density that scales as k-5/3 in the inertial range.   This 
assumption is only accurate when the turbulent spectrum is in or near an equilibrium energy 
cascade.  Mixing of chemical species in CFD requires very high resolution to limit the nonphysical 
numerical diffusion of separated species into each other before true molecular mixing has a 
chance to act.  Appropriately resolved CFD, when it is possible at all to limit numerical diffusion, 
takes days or weeks on large parallel computers. 

In Fig. 1.1 the coherent structures appear as relatively isolated filaments whereas the larger 
scales do not appear to show such correspondingly coherent, or at least visible, structures.  
Vortex dynamics models, pursued for decades for vortex filament problems like this, are 
deterministic and Lagrangian in representation.  They are based on solving the motion of vortex 
filaments composed of a number of line segments or spherical vortex cores coupled by velocities 
that can be computed from the Biot-Savart law, e.g. Knio and Ghoneim (1990) or Pullin and 
Saffman (1998).  Only one realization of the complex flow field is computed at a time and the 
computational cost for this one realization becomes prohibitive when multiscale complexity in 
the flow approaching true turbulence is considered.   

CSD describes a more statistical, reduced-order treatment of the interaction and dynamics of 
these coherent structures to expose important but more general behaviors.  CSD, by itself, does 
not seek to compute any particular deterministic turbulent realization, but rather expresses the 
coupling of turbulent kinetic energy between the different spatial scales comprising the 
turbulence.  The determination of specific realizations must be determined after CSD has 
approximated the non-equilibrium, time-varying ensemble energy spectrum from which spatially 
and temporally correlated realizations can be drawn.   

2. The Coherent Structure Dynamics Model 
The Coherent Structure Dynamics (CSD) model treats the cascade of turbulent kinetic energy up 
and down the spectrum by integrating ordinary differential equations describing dynamic 
nonlinear interactions between coherent structures in adjacent scale-size bins.  Coupling of 
widely disparate scales in Navier-Stokes flow exists but is argued to be small (e.g. Brasseur and 
Corrsin, 1987; Brasseur, 1991; Brasseur and Wei, 1994) and is not treated here.  No assumption 
is made of equilibrium behavior in the spectrum.  Rather, the model aims to approximate non-
equilibrium effects caused by rapid changes in the turbulence forcing and is expected to predict 
the rate of relaxation to equilibrium under various conditions.   

The set of coupled nonlinear, stiff, ordinary differential CSD equations satisfies expected 
dimensional scaling conditions and other overall physical constraints.  These equations treat the 
turbulent kinetic energy density and the coherent structure (rotor) number density for each of a 
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discrete set of scale size bins differing by a factor of two from one to the next.  The coupling of 
energy between the adjacent wavelength scales is treated in CSD by computing energy-
conserving fluid-dynamic interactions between the filamentary coherent structures (rotors). The 
required scale-similarity in the behavior of the rotor interactions at different scales is maintained.  
The rotor number density is a new, non-dimensional variable in this representation.  It allows for 
deviations from ideal scale similarity.  In other words, the flow patterns at different scales in the 
inertial range may be distinguishable geometrically without a knowledge of length scale. 

The CSD model is designed to drive a separate CFD convection model to provide macroscale-
through-inertial scale fluid-dynamic forcing functions for the small-scale (subgrid) turbulence in 
a region of space containing a modest number of CFD cells.  The goal is to eventually provide, for 
example, realistic time-dependent realizations of the non-equilibrium turbulent flow buffeting a 
10 cm UAV generated by CFD calculations or experiments measured at the 5 or 10-meter scale.  
CSD is also designed to address one of the key questions in combustion research: how does the 
mixing and energy-releasing reactions of fuels and oxidizers drive and shape the turbulence at 
small scales that controls the energy release?  CSD also provides a framework to evaluate the 
modifications to standard approximations for heat and momentum transfer that are caused by 
high Mach-number flow. 

 
Figure 2.1: Schematic of the logarithmic k-space grid used in Coherent Structure Dynamics.  The 
wavenumber increases and the corresponding turbulence scale size decreases to the right.  The 
turbulent energy density (red) decreases from bin to bin with k, the bin index, while the rotor 
number density (brown) increases.  Rotor merging and rotor shedding are local interactions. 

The grid used to represent the rotor sizes is logarithmic in wave number, or scale space, as 
shown schematically in Figure 2.1 above.  The rotor scale lengths in the CSD model are discretized 
into bins separated by a factor of two in size.  This allows many orders of magnitude in scale to 
be represented with a few tens of bins and independent variables.  The horizontal red lines in 
each size bin below show a decreasing energy density Ek on a log-log scale and the brown lines 
show an increasing rotor number density Nk. This compact representation provides a fast 
evaluation of the evolving non-equilibrium turbulence spectrum that can be evaluated at a 
number of separate locations in space.  This speed could be used to estimate the high-resolution 
turbulence, for example, within a number of spatial cells in a region of a CFD computation.  The 
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goal is an ongoing estimation of the turbulence at spatial scales well below those that could 
possibly be resolved by a macroscopic 3D LES or DNS model.   

The turbulent flow field is treated as a superposition of rotors of many different scales and 
strengths that interact among themselves locally.  These interactions will produce the nonlinear 
turbulent behavior that is defined, overall by the Navier-Stokes equation, and thus the fluid 
dynamics that we know.  This is, I suppose, a kind of wavelet representation.  Fig. 3.1 in Paper 1 
shows a notional structure for these rotors, a simple idealization for the purpose of constructing 
a higher-level model.   Here the rotor scales are discretized logarithmically, each bin a factor of 
two in scale different from the next longest and the next shortest wavelength. 

 Rotors at a given scale can all have different strengths and orientations but it is dynamically 
interesting to treat all rotors in a local volume as having a single kinetic energy at each scale.  
There clearly has to be some consideration given for nearby rotors having different energies but, 
for now, we consider this distribution to be a delta-function at the average energy density.  The 
energy varies as kinetic energy enters and leaves a given bin due to nonlinear fluid dynamic 
interactions.  Another assumption we are making is that interactions between rotors of different 
scales occurs between adjacent bins only.  Brasseur and colleagues have shown that most of the 
energy transfer in turbulent cascade occurs locally in k space. 

 Two nonlinear rotor interactions, or processes, are considered in CSD: 

Rotor Shredding/Forward Cascade: generates new rotors of size Rk+1 from the interaction of 
rotors of the next larger size Rk. 

Rotor Merging/Inverse Cascade: generates rotors of size Rk-1 by merging two rotors of the next 
smaller size Rk.  Inverse cascade is expected to be much weaker than forward cascade in nearly 
all situations. 

The dimensionless scale factors 𝛾 and 𝛿 in Eq. 2.1 below govern the strength of forward 
cascade and inverse cascade respectively.  Their ratio could be subsumed in adjusting the time 
scale.  Written as below, 𝛾 and 𝛿 are constant across all bins as required by scale independence 
of the inviscid component of the fluid dynamics.  Being constant also ensures rigorous energy 
conservation summed over all scales.  What leaves one scale bin must enter the next smaller (or 
larger) bin, except for viscous damping and energy transfer beyond the largest and smallest rotor 
scales, which become “boundary” conditions for the model.  The factor 𝜈 is dimensional and 
governs the strength of viscous dissipation, with units of m2/sec.  The full kinetic energy density 
equations being solved are written as: 

 
!"!
!#

= 	
!"!

"#$

!#
+ 𝛾

𝑉𝑘−1
𝑅𝑘−1

[𝑃𝑘−1
𝑓 ]2/3𝐸

𝑘−1
+ 𝛿

𝑉𝑘+1
𝑅𝑘+1

[𝑃𝑘+1
𝑓 ]2/3𝐸

𝑘+1
 

         −(𝛾 + 𝛿) 𝑉𝑘𝑅𝑘
<𝑃𝑘

𝑓=
2/3
𝐸! − 𝜈

1
𝑅𝑘
2 𝐸!.   Eq. 2.1 

In Eq. 2.1 the ‘packing fraction’ of these rotors is defined as 

      𝑃)
* ≡ 3𝜋𝑅)+	𝑁)          Eq. 2.2  

and the characteristic velocity of a rotor at the edge of its core is 

     𝑉! 	≡ .𝐸!/(𝜌𝑃!
$).          Eq. 2.3 



 7 

The packing fraction is a non-dimensional number that describes how isolated the rotors at each 
scale are from each other.  A small packing fraction means that the rotors are far apart relative 
to the characteristic scale size of each bin Rk.  When the packing fraction is constant over all bins, 
scale similarity, in the sense usually meant is possible.  Equation 2.3 shows that the characteristic 
velocity of rotors of scale k becomes large when the number density is small, for a given energy 
density, i.e. when the packing fraction is small. 

Equation 2.1, including the definitions in Eq. 2.2 and 2.3, is intrinsically nonlinear.  The first 
term on the right side is an external energy “stirring” source, which will typically be applied only 
at the longest wavelengths.  The next two terms on the right side of Eq. 2.1 are production terms 
for larger rotors and smaller rotors respectively based on scale-k interactions.  These are followed 
by a combined destruction term from rotors shredded and merged at scale k.  Finally, on the 
right, is the viscous rotor dissipation term.  These production and destruction terms can be 
evaluated given the principal quantities at any time but their sum, external to the numerical 
integration, will not necessarily coincide with the effective values actually applied by the stiff 
equation integrator, CHEMEQ2, being used (Mott, 1999; Mott and Oran, 2001; Young and Boris, 
1973,1977; Young, 1981).  

In addition to the nonlinear energy cascade Eq. 2.1 from above, we also need an equation to 
advance the rotor number densities in each scale bin.  The current version of CSD uses 

  
!$!
!#

= !$!
"#$

!#
+	%

%

&
𝛾
'!&'
(!&'

[𝑃𝑘−1
𝑓 ]2/3𝑁𝑘−1 +

)
&
𝛿
'𝑘+1
(𝑘+1

[𝑃𝑘+1
𝑓 ]2/3𝑁𝑘+1 

       −(𝛾 + 𝛿)
𝑉𝑘
𝑅𝑘
<𝑃𝑘

𝑓=
2/3
𝑁! − 𝜈

𝐹𝑘
𝜈𝑑

𝑅𝑘
2 𝑁!.     Eq. 2.4 

The first term on the right is an external source of rotors which will be present if, for example, 
the external energy source is provided by stirring.  This equation is also in the form that can be 
integrated using CHEMEQ2 although it is explicitly not in conservation form.  The factor ½ in the 
second term on the right indicates that one rotor is formed from two during merger.  The term 
𝜂-/2 in the third term on the right indicates that two rotors shred each other to form 𝜂-	rotors 
in the next smaller-scale bin.  These 𝜂- new rotors will share the energy cascading down from the 
next larger scale with the already existing rotors at the smaller scale.  The viscous term in Eq. 2.4 
is included to allow the removal of rotors that have become dynamically insignificant in time due 
to viscous decay.  The viscous decay factor 𝐹!12  for each scale has yet to be determined.  These 
equations are discussed in greater detail in paper 1. 

Clearly a whole range of different interactions could be defined, beyond the simple 
shredding and merging interactions used here, including non-local interactions connecting 
distant bins.  However, these two coherent structure interactions suffice.  Further, for the two 
interactions identified, merging and shredding, when distributions of rotor properties in each bin 
are admitted, much more detailed dynamics and varied rotor end states could be included in the 
model.  A third process, viscous rotor decay is of paramount importance at small scales.  Rotor 
decay reduces the kinetic energy Ek of rotors of size Rk diffusively due to viscosity without 
changing the number of rotors Nk or the packing fraction Pf

k.  Thus, viscous dissipation terminates 
the Kolmogorov cascade. 
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3. Two Scenarios Considered in This Paper 
Figure 3.1 below shows a highly non-equilibrium turbulence spectrum which is used as the initial 
condition for the CSD model in Scenario 1.  The rotor distribution is resolved by 30 scale-size bins 
ranging from 10 meters down to about 10-4 centimeters but only the 10-meter scale is excited 
initially.  The y-axis in the figure is a normalized logarithmic scale with each horizontal grid line 
marking a factor of 10, as shown at the left.  All primary variables except the packing fraction are 
plotted on this scale.  The rotor number density 𝑁! in green increases with wavenumber from 
left to right whereas the other variables are all decreasing – even in this non-equilibrium 
condition.  As described in Paper 1, the model was run with a fixed timestep from the initial 
condition of Fig. 3.1 using a constant stirring velocity of 1.0 m/s in bin 1.  The characteristic time 
for the flow to cross this system, measured at the edge of the rotor cores, is 20 seconds.  In this 
time interval, the large-scale rotors shred each other and the energy in the system has more than 
doubled, driven by the continual stirring.  Appreciable excitations at the 15-cm and 20-cm scales 
have appeared, as shown in Paper 1 for a slightly faster problem with 2.0 m/s stirring speed, with 
turnover times an order of magnitude faster than the large-scale rotors.   

This initial condition evolves nonlinearly for 60 seconds in Scenario 1 (Section 5 of this paper) 
but the mixing begins slowly and is delayed until an equilibrium spectrum with energetic short 
wavelengths is approached.  Scenario 2, discussed in the next section also mixes the species 
turbulently for 60 seconds but the initial mixing is much stronger because the start of the 
simulation was delayed 300 seconds while the spectrum fully developed and equilibrated.  The 
spectral energy density 𝜀!, the rotor energy density 𝐸! = 𝑘𝜀!, and the rotor velocity 𝑉! in 
Scenario 1 have almost fully equilibrated in 20 to 30 seconds, reaching approximately the values 
shown in Fig. 3.2.  However, it takes several minutes for the packing fraction 𝑃!

$ to settle down.  
As shown in paper 1, energy in the spectrum cascades to shorter and shorter wavelength until, 5 
minutes later, the spectrum has equilibrated as shown in figure 3.2 below.  A 60-second mixing 
simulations driven by that equilibrated spectrum comprises Scenario 2 (Section 6 of this paper). 

In Figs. 3.1 and 3.2 below the light blue straight line is the rotor energy density in the ideal 
Kolmogorov spectrum 𝐸!~𝑘3#/" and the dark blue curve in Fig. 3.2, switching to black as it enters 
the viscous dissipation zone, is 𝐸!(𝑡).  The dark green lines in Fig 3.1 and 3.2 respectively are the 
rotor Number densities as initialized and computed after 300 seconds.  The light green straight 
lines up and to the right in each figure show the number density of rotors at each scale that would 
exist with a packing fraction 𝑃!

$	varying	as	𝑘34.  The packing fraction in shown in blue-green.  
The solid blue-green horizonal line in Fig. 3.1 with black squares at the bin locations is the initial 
condition with each bin having the packing fraction 0.1.   In Fig. 3.2 the packing fraction has 
relaxed to its equilibrium configuration, roughly approximated by the blue-green squares in the 
lower-left marking 𝑃!

$~𝑘35/6.  Note that 𝑃!
$ oscillates in the rotor size range 10-3 to 10-4 cm at 

the end of the dissipation range where 𝐸!, the dark blue to black curve, and 𝑉!, the purple curve, 
become vanishingly small.  The packing fraction is hard to define when the coherent structures 
are disappearing due to viscosity. 

The orange and red curves in Figs. 3.1 and 3.2 show the ideal and actual Kolmogorov spectral 
energy density as the dissipation zone is approached and entered at small scales.   
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Figure 3.1: Initial conditions for an equilibrating turbulent spectrum computed by the CSD 
model.  All the energy is initially in the rotors of 10-meter scale (bin 1).  The initial packing 
fraction is 0.9; the entire volume is essentially packed with the driven largest-scale rotors.  The 
energies and velocity are 9 orders of magnitude smaller in all bins except the first.  The constant 
stirring speed is 1.0 m/s at the 10-meter scale. 
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Figure 3.2 below shows the fully equilibrated turbulence spectrum computed using CSD with 
30 bins whose sizes range from 10 meters down to about 10-4 centimeters.   

 
Figure 3.2: An equilibrated turbulent spectrum computed by the CSD model beginning from the 
initial condition of Fig. 3.1and run for 300 seconds.  The spectral energy density 𝜺𝒌, the rotor 
energy density 𝑬𝒌 = 𝒌𝜺𝒌, and the rotor velocity 𝑽𝒌 are nearly equilibrated in 20 to 30 seconds 
but it takes several minutes for the packing fraction 𝑷𝒌

𝒇  to settled down. 
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The two vertical yellow/green lines in Fig. 3.2 mark the beginning of the viscous dissipation 
zone around 0.05 cm.  The “bottleneck,” also sometimes called the pre-dissipative bump, is 
clearly seen just to the left of the yellow/green lines.  It is most easily seen in the lavender 𝑉! 
curve, which deviates above the power-law 𝑉!~𝑘35/7 before dropping sharply in the dissipation 
zone.  This steady, fully-developed spectrum is used to define the turbulence for Scenario 2.  In 
each scenario, two fully separated species are mixed by a realization of the turbulent flow 
corresponding to the two scenarios.  Paper 1 presents accuracy studies and convergence studies 
for the CSD component of these two scenarios.   Section 4 describes the diffusion-free Surrogate 
Fluid Dynamics (SFD) model.  Section 5 and 6 consider the effect of developing non-equilibrium 
turbulence to delay the small-scale “molecular” mixing that can lead to chemical reactions. 

4. The Dissipation-Free Mixing Model 
The Coherent Structure Dynamics (CSD) model is being used here to investigate molecular mixing 
of initially separated species in the context of a high Reynold’s-number, turbulent flow.   This 
section describes the 3D axis-rectified convection model, call Surrogate Fluid Dynamics (SFD) that 
was developed to produce physically reasonable flow realizations that are driven by the time-
dependent turbulent velocities computed in each of the CSD bins. The approximate convection 
model in SFD uses axis-aligned shifts of the tracer (chemical) species densities and thus is entirely 
Lagrangian without numerical diffusion.  To cause molecular mixing at all, SFD adds a small 
amount of grid-scale diffusion every other timestep.  Section 9 returns to the subject of the added 
diffusion in Surrogate Fluid Dynamics after demonstrating convergence with timestep and with 
grid resolution in Sections 7 and 8 respectively.    

Turbulence continually convolutes and stretches the geometric interface that separates two 
species.  Actual molecular mixing, however, can only occur within a few mean-free-paths of this 
evolving interface.  Therefore, only a small fraction of the volume should become well mixed for 
a relatively long time – at least until the turbulent interface has moved close to most locations in 
the volume.  Unless the computational cells are smaller than the density gradients that would 
contribute most heavily to molecular mixing, resolution-based numerical errors In CFD will give 
the appearance of mixing prematurely two species that are entirely unmixed initially.  To use a 
grid-based flow algorithm in solving the continuity equations for different species requires very 
high resolution to keep the species physically separated for as long as they should be.  Interface 
tracking approaches offer little help in resolving turbulence with diffusive scales that are orders 
of magnitude smaller than the macroscopic flow scales that drive the turbulence. 

In the current Sections 4 , 5 and 6, the question treated is “how much is mixing delayed when 
the turbulence is not fully developed?”  The viscosity is given the value 0.01 cm2/second, 
approximating its value for water.  This makes the Reynold’s number nominally of order several 
millions in a 10-meter triply periodic domain.  Detailed Numerical Simulation (DNS) would not be 
possible for these cases; millions of cells would be needed in each CFD dimension.  To maintain 
the species separation for as long as possible in SFD, the purely convective aspect of the turbulent 
flow is represented by shifting the density profile a finite number of cells parallel to each of the 
coordinate axes of the grid.  This is reproducing convection in an idealized Lagrangian way 
without any numerical dissipation.   

To remove numerical diffusion entirely from SFD, motions parallel to the X, Y, and Z axes are 
only allowed to traverse an integral number of cells every timestep on the Cartesian grid.  Any 
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required fractional cell motions are not enacted but rather accumulated for use in a timestep 
when an integral shift threshold is reached. Thus interpolation back onto the grid is unnecessary. 
Thus all motions on the SFD grid use efficient shift operations that are a factor of 30 to 50 times 
faster than common 3D CFD algorithms.  These shifts are direction split and cycled through the 
three dimensions.  The length of the shift on each line is determined by the rotor velocities in 
each bin at the time the shift is made.  In 2D this was once called a “cookie-cutter model.”  In 3D 
the relative, shearing shifts between adjacent lines generate density gradients.  The term “fine-
graining” is some-times used to characterize how a density can become highly variegated by the 
continuing action of longer wavelength flow components.  

In SFD’s simplest form, a single species tracer density is defined on a regular, triply periodic 
grid.  Four grids are used to study resolution, 1283, 2563, 5123 and 10243.  The SFD tracer density 
values can be convected over 10 systems lengths on the 10243 grid in an hour or so on a single 
MacBook Pro.   Even at the highest resolution, however, this density field represents only the 
longest wavelengths of the 25-30 factor-of-two CSD bins used to represent the turbulence 
evolution.   The highest-resolution 10243 grid does not actually penetrate the viscous-dissipation 
range of the driving flow for Reynold’s numbers greater than 5 or 10 thousand.  Nevertheless, 
this resolution covers a wide enough portion of the inertial range below the CFD grid scale to 
study the mixing in both equilibrium and non-equilibrium turbulence, as will be shown in the 
following sections.  Since the convective shifts can be performed at many different scales down 
to the cell size simultaneously, orders of magnitude in convective scales are being represented 
without numerical diffusion - albeit relatively crudely.  Mixing is forced to occur only at the grid 
scale by an explicit diffusion operation added at the grid spacing.  Only this diffusion mixes the 
tracer density values representing chemical species.   

A two-species mixing problem can be represented by a single real array, defined as either 
1.0 or 0.0 initially in the large-scale checkerboard pattern shown in the upper left of Figs. 4.1 and 
4.2.  In these two figures, the first 5.0 seconds, shown in the top six panels, are computed using 
1/16th second timesteps with the added grid scale diffusion turned off to better illustrate the 
composite effect of cyclic-shift convection at all resolved scales.  For the remaining 6 panels out 
to 10 seconds, 160 timesteps on the 10243 grid and 80 timesteps of 1/8th second on the 5123 grid, 
the added diffusion is turned on and “molecular” mixing begins.   

Figure 4.1 below shows the tracer density at one specific layer of the tracer density, Z layer 
24.  The quantity plotted in Fig. 4.2 is the average of all density values in each X-Y column along 
Z perpendicular to the figure.  Black indicates density values between 0.0 and 0.0001.  Magenta 
indicates values between 0.9999 and 1.0 in subsequent panels of these visual snapshots of the 
solution.  Once the layer value or average value being plotted moves away from these limits later 
in time, the plot uses a continuous color scale from blue near zero to red near one.  Grey dithering 
is applied in a thin range around 0.5 to show where the fluid has become essentially fully mixed. 

Layer 24, and most of the other layers, show unmixed tracer densities (magenta and black) 
in some regions for as long as 15 or 20 seconds after mixing begins.  The vertically-averaged 
density in Fig. 4.2, however, is less than 1.0 and greater than 0.0 in the entire plotted cube 
average after 10 seconds, as shown by the absence of magenta or black in Figs. 4.2 and 4.3.  
Shearing flows in the X- and Y-directions have moved up to half the system length in each 
direction so the vertical averages include at least a few cells of different densities.  Also note that 
the averaged tracer density is smoother than the layer density as expected.   
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Figure 4.1: Passive tracer density on Z plane 24 with initial values 1.0 (magenta) and 0.0 (black).  The times 
of each snapshot are shown in the upper left.  When grid-scale diffusive mixing sets in after 5 seconds, 
the images show the maximum density (< 1.0) on this single plane as red and the minimum (> 0.0) as dark 
blue.  The top three rows were computed with a 10243 grid.  The bottom row, for comparison with the 
images on the row directly above, used Z plane 12 on a 5123 grid. 
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The detailed solution of 3D continuity equations for this problem is possible in principle using 
Direct Numerical Simulation (DNS) but at prohibitively high resolution.  This simple SFD mixing 
model is more computable and has much in common with turbulent convective mixing.  Movies 
of the evolution shown in Fig. 4.1 appear realistic despite the inaccuracies of using system-wide 
cyclic shifts to represent convection.  Different realizations of the small scales in turbulent flows 
cause otherwise identical initial conditions to begin to deviate after one or two large-eddy 
turnover times.  The phasing of even large-scale fluctuations can deviate quickly by 100% 
although macroscopic averages will generally track each other for longer times, even at different 
spatial resolutions.   

The panels of Fig. 4.1 suggest that mixing does not begin until the turbulence small scales 
have become populated.  The diffusion, applied here after 5 seconds, is coupled to the smallest 
grid scale on the assumption that smaller scales down to the physical diffusive-mixing scale will 
become populated as soon as the smallest grid-resolved scales have become energized.   Because 
the eddy turnover time for unresolved scales (Oran and Boris, 1993) is much faster than for the 
smallest resolved scales in the inertial range, we are safe in assuming that actual mixing has 
occurred.  The top two rows in Fig. 4.1 show the plane 24 density at t = 0 through 5 seconds after 
the run begins.  The CSD spectrum for this case was initialized with zero velocity in all but the 
largest scale, which is then stirred continually with an average rotor velocity of 1 meter/sec.  After 
5 seconds, the velocity at the resolved scale, bin 10 on this 10243 grid, is moving the fluid far 
enough for diffusion to begin taking place so the added diffusion is turned on.   

The panels at 1 through 5 seconds in Fig 4.2 below seem to indicate some immediate mixing.  
What is actually being shown is the vertical averaging of different grid cells with 1.0 and 0.0 
density along each vertical line through the grid perpendicular to the image.  The bottom two 
rows of Fig. 4.1 at 6, 8, and 10 seconds show portions of layer k = 24, or layer 12 on the 5123 grid, 
that still have the values of 1.0 and 0.0 with no evidence of local mixing.  The interfaces where 
mixing is occurring in Fig. 4.1 are clearly seen and are only a couple of grid cells thick.  Only very 
small areas of the images at 6, 8 and 10 seconds in Fig. 4.2 show the value 1.0 (magenta) and 0.0 
(black) extending all the way through the cube. 

Note again that the bottom row in these two figures, computed on the 5123 grid rather than 
the 10243 grid, are essentially identical to the images at higher resolution shown immediately 
above.  The large-scale flow at these two resolutions are identical except for the smallest resolved 
scale because the fluid dynamics of the SFD realization do not modify the turbulence.  These 
interactions are computed in the stiff CSD integrations providing the time-dependent spectrum.  
This is a convenient feature of the CSD-SFD combination when looking for convergence in mixing 
computations because the detailed species densities do not affect the applied turbulent 
spectrum.  In a CFD simulation the inclusion of smaller scales rather quickly changes the larger 
scale components of the flow, with or without chemical energy release, which makes the 
comparison of different-resolution computations devilishly difficult. 

Rotor shredding populates the successively smaller bins at the rate specified by the CSD 
model equations.  Therefore the rate of mixing is nearly zero early on when the interface area 
between the tracer density 1.0 and 0.0 is minimal.  The interface area changes rapidly once the 
smaller scales of the spectrum are active because the curvature of the interfaces grows quickly 
and thus the small scales can cause an ever faster interface area increase and correspondingly 
faster mixing than the large scales.  
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Figure 4.2: Vertically averaged passive tracer density.  Initial values are 1.0 (magenta) and 0.0 (black).  
Snapshot times are shown in the upper left.  Grid-scale diffusive sets in around 5 seconds.  The images 
then show the maximum density (< 1.0) on the cube as red and the minimum density (> 0.0) as dark blue.  
The top three rows used a 10243 grid and the bottom row used a 5123 grid. 

Figure 4.3 below extends the simulation in Fig. 4.1 out to 60 seconds of run time.  The lavender 
curve superimposed on each panel starting at the upper left of Fig. 4.3 is the Mixed Volume Index, 
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MVI(t), plotted as a function of time from 0.0 seconds on the left to 60 seconds on the right.  With 
a single tracer, as used in Sections 4 through 6, MVI(t) measures the decreasing unmixed fraction 
of the inter-penetrating species, a quantity discussed further in the next section.  Each horizontal 
grey fiducial line marks a square root of 10 (~3.16) reduction in this index.  

 
Figure 4.3: Mixing tracer density on a Z plane 24 with initial values 1.0 (magenta) and 0.0 (black).  The 
snapshot times are shown in the upper left.  The resolution is 10243.  With grid-scale diffusive mixing, the 
images show the maximum density (< 1.0) on this plane as red and the minimum (> 0.0) as dark blue.  
Each horizontal grey line marks 1/8th of the Nxyz = 1024 cells and also indicates a square-root of 10 
reduction in the lavender Mixed Volume Index curve entering from the upper left. 

Because the turbulence spectrum is non-equilibrium, with a 1.0 m/s rotor speed in bin 1 at t = 0 
seconds, the slope of MVI(t) at t = 0 is nearly zero.  Essentially no mixing is taking place because 
only the longest wavelength has energy and the interface has its smallest area.  Nonlinear 
cascade due to rotor shredding progressively energizes the smaller and smaller scales until an 
steady Kolmogorov cascade equilibrates.  This equilibrium spectrum becomes the driving term 
for SFD in Section 6. 
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5. The First Scenario: Mixing Begins Slowly as the Turbulence Evolves 
In this section the turbulent spectrum evolves from zero during the SFD mixing.  Only the largest 
scale has energy at t = 0 before the spectrum fills in.   The species 𝑀𝑉𝐼(𝑡) is defined here as 

𝑀𝑉𝐼(𝑡) ≡ 	∑|𝜌(𝑥, 𝑦, 𝑧, 𝑡) − 0.5| |𝜌(𝑥, 𝑦, 𝑧, 0) − 0.5|W                           Eq. 5.1 

where 0.5 is the final fully mixed tracer density and the sums are taken over all 𝑁8.9"  cells in the 
cube. The absolute values appear in Eq. 5.1 so the deviations of the tracer density, both above 
and below the domain average value, are being summed.  

 
Figure 5.1: Tracer density on Z plane 24 in evolving non-equilibrium turbulence from 15 sec to 
60 sec.    Each panel plots the maximum density at that time as red (< 1.0) and the minimum as 
dark blue (> 0.0).  The lavender curve from the upper left on each panel is the Mixed Volume 
Index, MVI(t).  Each horizontal greyline marks a square root of 10 (3.162...) reduction in MVI.  
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Figure 5.1 above has been computed using the 10243 grid and a timestep of 1/16th second. 
Thus runs to 60 seconds require 960 timesteps.  The timescale for the MVI(t) curve is shown from 
0 to 60 seconds across the lower third of the figure and the scale for the monotonically decreasing 
MVI values is shown on the right edge of the plots, indicating the lines where MVI(t) has dropped 
from 1.0 to 0.1 and later to 0.01.  The MVI curve seems to be approaching a straight line on this 
plot, indicating an exponential decrease of MVI toward zero.  Since the spectrum has equilibrated 
half way through the run, the mixing which continues has a structure that does not change and 
continues to reapportion the residual density variations to smaller and smaller levels.  The 
process can be expected to be mixed by the turbulence in the same manner from second to 
second without any change in the general structure of the residual unmixed component, just an 
exponential decrease in amplitude. 

Near t = 0 in the upper left, MVI(t) is almost flat which shows that mixing of the tracer with 
the background value zero, in the black regions, is initially very slow.  As the interface area 
between the high density and low density regions increases due to the growing turbulence and 
continued distortion of the evolving interface,, the mixing rate and thus the slope of MVI 
increases.   At 15 seconds in the upper left panel, there are still noticeable regions of tracer 
density 1.0 (magenta) and 0.0 (black).  By 20 seconds these regions, at least in plane 24 as shown, 
have vanished.  By this time, as well, the exponential decay of MVI is well established and changes 
very little if at all from 15 to 60 seconds.  

6. The Second Scenario: Mixing Is Faster with Fully Equilibrated Turbulence 
The second scenario, presented in this section, begins with an initial tracer checkerboard 
identical to the first scenario presented in Section 5.  However, the run begins after the spectrum 
of turbulence has fully evolved to the equilibrium condition shown in Fig. 3.2.  For the 60 seconds 
(960 timesteps) of the run shown in the 9 panels of Fig. 6.1, the spectrum of turbulent speeds 
and the rotor number density in each scale-size bin is held fixed but the direction and spatial 
disposition of these speeds varies continuously in time throughout the cubical domain.  The 
difference of the mixing, captured in the MVI(t) curves in the two runs, arises because the mixing 
is slower initially in Scenario 1 as the turbulence builds up.  

 The times of the nine snapshots in Fig. 6.1 are the same as those in Fig. 5.1 but the tracer 
density plots are noticeably similar only at 15 seconds in the upper left of each figure.  Once 20 
to 25 seconds have elapsed, shown in the upper center and upper right panels, the disposition of 
the tracer density on Z plane 24 in the two panels is quite different.  In this second scenario the 
MVI(t) slope is significant near t = 0 and increases up to about 30 seconds elapsed time.  Thus 
mixing proceeds more slowly in Fig. 5.1 than in Fig. 6.1.  This visible delay occurs because the 
turbulent small scales are churning from the beginning of the Scenario 2 run but the interfaces 
are initially flat so it takes a while for the small scales to have their maximum mixing effect since 
they are not yet causing actual mixing throughout the volume, only near the evolving interface. 

 Both Figs. 5.1 and 6.1 are tracer densities on a single X-Y plane at constant Z chosen to be at 
integral levels in all four resolutions.  The panels in neither figure are particularly smooth as a 
result of being a single plane.  This is most clearly shown by the grey markings in the middle of 
the green shading where the cell tracer density lies within 1% of the average value between the 
maximum and the minimum density on the entire Z plane with k = 24.  The bottom row of panels 
in each figure show that this most fully mixed region is irregular and splotchy in many areas. 
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Figure 6.1: Tracer density on a single Z plane (k = 24) in fully equilibrated turbulence as a 
function of time.  Initial values (upper left) 1.0 (magenta) and 0.0 (black).  Each panel plots the 
maximum density at that time as red (< 1.0) and the minimum as dark blue (> 0.0).  The lavender 
curve from the upper left on each panel is the Mixed Volume Index, MVI(t).  Each horizontal 
grey fiducial line marks a square root of 10 (3.162...) reduction in MVI.  

 Figure 6.2 below shows nine plots in which the tracer density has been averaged in the Z 
direction, normal to the plane of the figure, over the entire periodic cube.   The MVI(t) curves in 
Figs. 6.2 are from the same Scenario 2 data as in Fig. 6.1.  The color contours are smoother than 
in Figs. 5.1 and 6.1, however, due to the average in each X-Y cell over all 1024 of the constant Z 
planes.  What stands out in Fig. 6.2 are the well-defined contours, highlighted by the grey x marks 
in each panel that identify the 𝜌:;(𝑡) = 0.5 level indicating that the tracer is fully mixed. 
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Figure 6.2:  Vertically averaged passive tracer density with initial densities 1.0 (magenta) and 
0.0 (black), as shown in the upper left panel.  Each subsequent panel is normalized using the 
maximum average density (red) and the minimum average density (dark blue).  The lavender 
curve from the upper left on each panel is the Mixed Volume Index, MVI(t).  Each horizontal 
grey fiducial line marks a square root of 10 (3.162...) reduction in MVI.  

Figure 6.2 was computed using a tracer density represented as a single array of 4-byte 
floating point reals.  At the end of the run the fractional non-conservation was 1.4x10-6.  
The round-off non-conservation affects the estimated cancellation due to mixing.  If the 
average density varies from 0.5 due to non-conservation, mixing would not be able to 
cancel the two (effective) species out completely.  The value of MVI(t) would go to a finite 
value based on the amount of non-conservation.  In Section 7, 8, and 9 to follow, two 
separate species, a fuel and oxidizer, are treated to allow a surrogate chemical reaction 
as well as turbulent and ‘molecular’ mixing.  In those sections the species are represented 
as 16 bit integers.  The truncation error is larger but conservation is exact so there is no 
accumulating round-off to pollute the convection and added diffusion algorithms. 
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Figure 6.3:  Mixing delay caused by population of small turbulence space scales.  The lavender 
MVI curve is from the non-equilibrium evolution of the turbulent spectrum.   The white MVI 
curve began with fully equilibrated turbulence at t = 0.   

Figure 6.3 above overlays and compares the MVI(t) curves for the two simulated scenarios of 
Section 5 and Section 6 from t = 0 to  60 seconds.  The horizontal distance between these curves 
gives the delay time in seconds for a given level of mixing to have occurred, because the spin up 
of the non-equilibrium turbulence (lavender curve - Scenario 2) mixes more slowly than when 
fully equilibrated turbulence acts from the start (white curve - Scenario 1).   Again, the lavender 
curve begins in the upper left with near zero slope because the ‘molecular’ mixing from the added 
diffusion is restricted to flat interfaces with minimal area and the turbulent spectrum only has 
energy in the longest wavelengths so the interface area is not increasing quickly.  It takes 8 to 10 
seconds for the small scale motions to approach equilibrium (lavender curve), at which point the 
interface begins stretching rapidly.   

The white curve, where the simulation begins only after the turbulent spectrum is in 
equilibrium, has a substantial slope in the upper left of Fig. 6.3 at t = 0.  Mixing is faster.  The 
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horizontal red-line segments and corresponding labels measure the time delay in reaching 
different levels of mixing at different elapsed times in the two scenario runs.  This difference is 
recorded in Table 6.1.  The elapsed time is the time at the center of each red line segment in Fig. 
6.3.  This is average between the elapsed times at which the equilibrated turbulence scenario 
and the non-equilibrium turbulence scenario both reach the indicated level of mixing.   

In this pair of runs, the largest mixing delay occurs at about 8.7 seconds when tracer mixing 
has occurred in only 25% of the volume.  The peak velocity in the flow is something over one 
meter per second, the large-scale stirring velocity, in the equilibrated turbulence.  Thus the flow 
can cross more than half of the system size during this delay and only about 25% of any chemical 
energy could have been released during this time.  Such estimates are only crude approximations.  
If the energy release were strong, the flow would be changed and mixing would be accelerated. 

Table 6.1.  Mixing Delay from Turbulence Cascade to Equilibrium 

Elapsed Time 8.7 s 13.8 s 23.9 s 32.1 s 41.7 s 50.9 s 59.2 s 

Mixing Delay  3.6 s 2.5 s 1.7 s 1.6 s 1.6 s 1.2 s 1.9 s 

Tracer % Mixed 25 % 44 % 68 % 78 % 90 % 94% 97 % 

The Table 6.1 shows that 90% of the mixing will have occurred after 41.7 seconds (column 6 
of the table).  Travelling at 1 m/s, the tracer could cross the system up to four times before small 
scale mixing will have allowed most of the energy to be released.  The table also shows that the 
mixing delay decreases, at least in this case, after the first few seconds.  Because the two 
scenarios have different flow fields after t = 0 seconds, there is no reason to expect that the 
mixing delay will approach a constant value or even increase or decrease monotonically.    

More complete treatment of mixing that leads to chemical reactions requires more than one 
specie with, treatment of reaction products and consideration of finite-rate reactions.  In the next 
three sections other features of the SFD model for turbulent mixing are demonstrated including 
convergence with timestep, convergence with grid resolution, and the nature of added numerical 
diffusion, as a surrogate for unresolved turbulent mixing, acting on the grid-resolved mixing. 

7. Convergence of the Mixed Volume Index with Timestep 
Sections 7, 8 and 9 consider convergence of Surrogate Fluid Dynamics (SFD) solutions with 
timestep, with grid resolution, and with the strength of the diffusion that must be added to 
enable microscale mixing.  The underlying scenario is now changed to a two-species, high-speed 
flow with separate fuel and oxidizer.  These species are initially separated into two flat layers 
rather than the checkerboard layout used in Sections 4, 5 and 6.   A reaction algorithm is added 
so the fuel and oxidizer are forced to react as soon as they occupy the same grid cell.  This is a 
simple approximation to instantaneous reaction.  The product does not need to be solved 
separately because the flow is incompressible.  The product mass density is the difference 
between the initial total density and the sum of the current fuel plus oxidizer densities.    The 
system length 𝐿-.- is also reduced to 30 cm from the 10 m used in previous sections and the 
large-scale stirring velocity is 5x104 cm/sec rather than 100 cm/sec used previously.  This flow is 
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still subsonic if the gas is hot enough and the turbulent velocities at smaller scale than the stirring 
velocity are substantially subsonic.  Time scales are now in milliseconds (ms) rather than seconds 
as previously.  All of the following simulations were run to 10.0 ms total elapsed time.   

In this expanded problem definition, the species densities are now defined as 2-byte scaled 
integers rather than the single 4-byte floats used for the tracer density in Sections 4 through 6 
above.  Convection by cyclic shifts can be performed for both species in the same time and 
computer memory by treating the two two-byte integers as a single word.   In Sections 7 through 
9 the added diffusion and chemical reaction, which consumes the fuel and oxidizer in equal 
proportions, is calculated every other timestep to reduce both the residual diffusion and the 
running time by about 40%.  The reaction rate, not varied in this paper, is considered in the next 
paper in this series.  That paper also considers further the effects of the added diffusion strength 
on convergence in mixing-reaction problems and discusses the issue of measuring the roles of 
physical/numerical diffusion in turbulent flows characterized by an ensemble of quite different 
possible solutions which make convergence hard to even define. 

All solutions in Sections 7 through 9 use a definition of the Mixed Volume Index to account 
for separate species, modified from that used earlier (Eq. 5.1).   𝑀𝑉𝐼(𝑡) is defined to be 

𝑀𝑉𝐼(𝑡) ≡ 	
∑ 𝜌(𝑡)$<,=

∑𝜌(0)$<,=
W                                        Eq. (7.1) 

where the sums are taken over all 𝑁8.9"  cells in the cube.  A separate MVI could be defined for 
the oxidizer as well but the fuel MVI is used here because a 1% excess of fuel was initialized in 
this problem to prevent the fuel MVI(t) from going to −∞ on a logarithmic scale.  As in the 
previous sections, the left and/or right edges of the plots are marked with the MVI(t) values 0.1 
and 0.01 indicating 90% mixing and 99% mixing respectively. 

Figure 7.1 below displays four solutions run to 10 ms using four different timesteps.  In each 
panel the background color contour plot is the Z plane 16 fuel density on the 5123 grid for the 
different timestep solutions.  These colored snapshots differ only because of the timestep.  Panel 
(a) in Fig. 7.1 was run for 100 timesteps with a step size of 0.1 ms.  This is five times longer than 
the timestep 0.02 ms found to give the fastest fully converged result in panel (c).  Since diffusion 
and reaction are implemented every other timestep in all four runs, panel (a) sports an 
unacceptable 50-step staircase.  The colored cross-section of plane 16 in panel (a) is also very 
granular and shows relatively little large-scale structure relative to the shorter-timestep runs.  
The MVI(t) curve also approaches the fully reacted state, characterized by a horizontal line at 
MVI(t) = 0.01, sooner than in panels (b) through (d).  This suggests that mixing progresses faster 
with larger timesteps, even with a fixed spatial resolution.  

Panel (b) used dt = 0.05 ms, requiring 200 steps to reach 10.0 ms.  The staircase is far less 
noticeable but the solution still deviates noticeably from the shape of MVI(t) in the other panels.  
The solution with dt = 0.05 ms is still not close enough to panels (c) and (d) to be considered 
converged.  The solutions shown in panels (c) and (d), with timesteps of 0.02 ms and 0.01 ms 
respectively, are close enough to each other to be considered converged.  Both the color 
snapshots of the layer fuel density cross-sections and the shape and location of the MVI(t) curves 
are essentially the same.  The locations of red maxima and blue minima in the low level, residual 
fuel densities at 10.0 ms are also close.  The distribution of the small grey x marks in panel (d) are 
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more evenly distributed than in panel (c).  For the following convergence studies with grid 
resolution and added diffusion strength, the timestep 0.02 ms is selected to shorten the runs. 

 
Figure 7.1:  Fuel density on layer 16 of a 5123 grid after 10 ms elapsed time.   These panels show 
simulations with four different timesteps.  The maximum value is red and the minimum is blue 
in each panel.  The curve on each panel is the logarithm of the mixed volume index (MVI) as a 
function of time.  Four of the horizontal grey lines span a factor of 100 reduction in fuel density. 

In figure 7.2 below, the panel (d) from Fig. 7.1 is used as a basis for overlaying the MVI(t) curves 
from panels (a), (b), and (c) to compare convergence.  Each curve is shown in a different shade 
of blue and the corresponding timesteps are indicated on the figure.  The two longer timestep 
solutions not only display staircasing from the decision to apply diffusion and reaction every 
other timestep, they are significantly displaced from the shorter timestep solutions. 

In CFD of turbulent flows, and for that matter experiments, the common lore is to use global 
measures, for example lift and drag on a body in motion, to gauge convergence because global 
measures are less susceptible to the aleotoric fluctuations that affect local metrics when an 
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ensemble of different realizations characterize the results.  There is no converged solution 
because the flows are intrinsically unsteady.   The Mixed Volume Index is such a global measure. 

 
Figure 7.2:  Convergence of the Mixed Volume Indices MVI(t) for the fuel density on Z plane 16 
from 0.0 ms to 10.0 ms as a function of timestep.  Each 5123 panel is normalized by the 
maximum plane density (red) and the minimum plane density (blue).  The MVI begins at the 
upper left of each panel and ends at 10.0 ms at the middle right.  Four of the horizontal grey 
fiducial lines span a factor of 100 reduction of the MVI(t) as the oxidizer is fully consumed. 

The result of this convergence study is the decision to use dt = 0.02 ms as the preferred 
timestep for this problem.  Figure 7.2 shows that the system-averaged metric MVI(t) with a 
shorter timestep, dt = 0.01 ms, is virtually indistinguishable but the calculations take twice as 
long.  The next section considers convergence with grid resolution.  This test is made possible 
in SFD because the time-dependent flow field produced by CSD for SFD is defined for a range 
of scales several orders of magnitude more resolved than any grid we can afford to use and   
independent of the actual resolution used.  This flow field does not change for the larger 
scales when additional small scales of the turbulence are being resolved.  
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8. Convergence of the Mixed Volume Index with Grid Resolution 
In the previous section, the four simulations showing timestep convergence were performed 
using the high-speed flow case and the 5123 resolution grid.   Here the grid resolution is varied 
from 1283 up to 10243 in powers of 2 using the single timestep 0.02 ms.  These four MVI(t) 
curves are superimposed on the Z-plane 16 fuel density plot for the 5123 grid.   The small grey 
x marks are placed on the average fuel density contour, which changes in time. 

 
Figure 8.1: Fuel density on Z-layer 16 of the reacting 5123 fuel-oxidizer simulation at 10 ms 
elapsed time. This density is color normalized with the maximum layer 16 density as red and 
the minimum average density as dark blue.  The Mixed Volume Index as a function of time 
MVI(t), for four different grid resolutions, is overlaid starting in the upper left.  Four of the 
horizontal grey fiducial lines span a factor of 100 reduction in MVI(t). 

The MVI(t) curves for the 5123 grid (blue) and the 10243 grid (lavender) are basically 
indistinguishable.  The 2563 result in green is also quite close, suggesting that this smaller grid 
may be adequate for initial scoping studies.  Only the 1283 MVI metric in yellow deviates 
appreciably from the two highest resolution results in the figure above.    
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9. Diffusion in Surrogate Fluid Dynamic Convection 
The convection components of SFD have no numerical diffusion – by design.  The cyclic-shift 
operations that implement convection on the triply period cube are fully Lagrangian and fully 
conservative – also by design.  For decades the interaction between real “molecular” diffusion, 
real turbulent “diffusion” and unavoidable “numerical” diffusion has been confusing and 
confused.  In SFD the only microscale “molecular” mixing that can occur must be added to each 
species, separate from and independent of the convection.  The SFD model implements a small 
“added” diffusion as a controllable surrogate for molecular diffusion to bring fuel and oxidizer 
into direct contact.  To reduce run times and the accumulated effect of diffusion in SFD, this small 
added diffusion is imposed on the convected species every other timestep.   Since the finest grids 
we can afford are still too coarse to resolve the scale at which molecular diffusion actually takes 
place in high Reynold’s number flows, this added diffusion is numerical in origin but necessary to 
the problems we are interest in.  This section shows that the macroscopic mixing-reaction results 
are insensitive to the amount of added diffusion as long as it is small enough. 

The formula used to diffusively spread each species density 𝜌:>(𝑥, 𝑦, 𝑧, 𝑡)	on the grid scale is  

𝜌:>(𝑥, 𝑦, 𝑧, 𝑡) = 	𝜌:?(𝑡) +
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where 𝑁G is an integer between 2 and ∞ and superscripts n and o indicate ‘new’ and ‘old’ values 
of the density respectively.  When implemented with an integer representation of the density, 
the telescoping sum on the right ensures conservation to full round-off accuracy.  The operational 
issue is to ensure that the value chosen for 𝑁G does not cause macroscopic solutions on the 
resolved grid to depend significantly on the grid resolution due to numerical error.   Studying  
these errors is important and can be done within SFD because the numerical diffusion associated 
with conventional CFD is absent from the SFD model.  Added diffusion can be turned on and off. 

Figure 9.1 below shows plots of the fuel density on Z layer 32 of the 10243 grid for several 
runs varying the amount of added diffusion.  MVI(t) is also shown, averaged throughout the cube, 
from runs to 10 ms in which the added diffusion is only turned on at the 250th timestep.  The 
simulations performed in this section use the standard high-speed scenario introduced in 
Sections 7 and 8 run with 𝑁G = 5 and dt = 0.02 ms.  Panel (a) shows the fuel density in this 32nd 
layer at 4.96 ms (step 248) just before the added diffusion is turned on. The image shows an 
apparently random distribution of magenta pixels, each indicating a density of 2.0, on a light blue 
background, where each pixel indicates 0.0 fuel density.  Using black rather than blue to indicate 
zero density in this case would obscure the magenta pixels, which account for about 25% of the 
image in this problem.  Panels (b), (c), and (d) are all plotted at 10 ms after the added diffusion 
has thoroughly mixed the two species and the fast reaction algorithm has consumed all of the 
oxidizer.   

Panel (b) below was plotted from the layer 32 fuel density with an added diffusion 1.67 
stronger than standard, that is 𝑁G = 3 rather than 𝑁G = 5.  This results in the leftmost dark blue 
MVI(t) curve.  The background image in panel (b) shows the distribution of the 1% residual fuel, 
which is almost uniformly distributed in the cube once mixing and reaction consumes all the 
oxidizer.  Just to the right of the blue curve is the lavender MVI(t) curve for the standard case 
with 𝑁G = 5.  The curve is labelled diffusion = 1.0.  The white MVI curve on panels (b), (c) and (d)  
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Figure 9.1: Fuel density on Z layer 32 of the 10243 grid using dt = 0.02 ms.  “Added” diffusion is turned 
on at step 250, halfway through these reacting fuel-oxidizer simulations.  (a) No mixing whatsoever, 
D = 0 at step 248.  (b) Added diffusion D = 1.67, was turned on at step 250 (5.0 ms) and compares 
with MVI(t) for D = 1, D = 5/12, and D = 1/5.  (c) Reduced diffusion: D = 5/12 standard.  (d) D reduced 
further: D = 1/5th standard case.  Panels (c) and (d) have their full MVI(t) curves overlaid for 
comparison on panel (b).  Four horizontal grey fiducial lines define a factor of 100 reduction in MVI. 

is from standard scenario on the 10243 grid in which the added diffusion is active throughout the 
run so reaction begins immediately. 

This added diffusion is small in the sense that it does not actually transport the species more 
than a cell or two before the fast reaction converts the interpenetrated fuel and oxidizer to 
product.  The difference between the two left most MVI(t) curves, 𝑁G = 3 and 𝑁G = 5, is almost 
invisible because the added diffusion is strong enough that the transition from the unmixed but 
coarse-grained interpenetration in (a) to the “molecularly” mixed and reacted state occurs in a 
few steps.  The diffusion is also small enough that the grid-resolved solution is not changed. 
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Panel (c) shows a case where the added diffusion is reduced to 5/12 the standard case, i.e. 
𝑁G = 12.  The MVI(t) curve is superimposed on panel (b) as the lighter lavender curve second 
from the right.  The main effect of the reduced diffusion is to delay the transition from the 
unmixed state before step 250 to the mixed reacted state that would have prevailed if the added 
diffusion were turned on throughout the run.  Although the rate of approach to the standard 
curve is slowed somewhat in panel (c), the end result is the same.  The amount of diffusion has 
no great effect on the completion of the reaction or the end state because the diffusion really 
does not move the fuel or oxidizer more than a few cells over the course of the run.  

Panel (d) reduces the added diffusion by a factor of five smaller than the standard case, i.e. 
𝑁G = 25. MVI(t) from panel (d) is the rightmost red curve in panel (b).  The transition to the 
mixed fully reacted state is now much slower.  At the end of the run, the density plot in panel (c) 
is much grainier than the one in panel (b) and the panel (d) snapshot is still grainier than (c).  As 
the diffusion coefficient approaches zero, the complete separation of fuel and oxidizer shown in 
panel (a) can leave its mark in the density fields because adjacent cells can still have quite 
different values.  The same behavior would appear in a Lagrangian CFD model as long as the grid 
did not have to be restructured.  During restructuring for truncation accuracy, there would be 
unavoidable numerical diffusion from interpolation to a more regular grid.   

10. Conclusion and Discussion 
A Surrogate Fluid Dynamics (SFD) model was introduced to provide 3D realizations of idealized 
flow fields consistent with any given, possibly time-dependent, turbulence spectrum.  In this 
paper the Coherent Structure Dynamics (CSD) model was used to simulate the evolution a non-
equilibrium, high Reynolds-number turbulent spectrum, energized or “stirred” at the system 
scale, as it equilibrates to a Kolmogorov spectrum covering 7 or 8 orders-of-magnitude in scale 
lengths.  The grids that SFD can afford, up to 10243 running on a laptop, reach well into the inertial 
range of the spectrum but still nowhere near the dissipation scale.  Although a reduced order 
model, CSD replicates the “bottleneck”, or “pre-dissipation bump” observed in turbulence quite 
well (Boris, 2018) while reflecting the main conservation and fluid-dynamic scaling properties 
usually associated with turbulence. 

 SFD’s design removes numerical diffusion from the convection algorithm.  A series of 
integral-cell, Lagrangian shifts of the density array along the coordinate axes approximates the 
3D flow field without any interpolation leading to diffusion of density values.  This approach has 
the added benefit that additional small-scale motions, if the resolution is increased, do not 
change the resolved-scale solution for a realization.  The underlying flow is derived entirely from 
a higher-resolution spectrum provided by CSD, regardless of the grid resolution.  Several 
convergence studies were conducted here to illustrate these properties of this SFD model.   

SFD is fundamentally Lagrangian.  Lagrangian models have been applied to complex flows 
for both compressible and incompressible Computational Fluid Dynamics.  As long as the grid 
motions are entirely Lagrangian and the grid does not need to be restructured to alleviate excess 
distortion, the convection can be diffusion free.  However, numerical diffusion is not absent from 
practical Lagrangian methods in multidimensions because realistic flows with vortices distort 
Lagrangian grids so much than remapping onto a more regular grid must be done many times in 
a run.  Interpolating the physical properties attached to each Lagrangian node onto a remapped 
grid introduces diffusion.  Further, even when the mass and species densities are completely 
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Lagrangian, the energy density in a compressible flow on the same grid cannot be Lagrangian.  
Energy density is convected at a different velocity from the mass and species densities and thus 
will have numerical diffusion. 

Lagrangian fluid dynamics methods are discussed in Chapter 9 of “Numerical Simulation of 
Reactive Flow” (Oran and Boris, 2001).  Lagrangian methods may use a grid that moves and 
deforms with the flow or they may be a based on grid-free representations where the fluid 
dynamic variables are assigned to nodes that move independently in the flow.  More recent 
reviews by Premože, et al. (2003), Zhang and Chen (2007) and Lind, et al. (2020) broaden the 
discussion of Lagrangian numerical methods and provide a number of additional references.  The 
grid-free methods, sometimes called free Lagrange methods or particle methods, would seem to 
offer the possibility of removing the numerical diffusion from regridding.   Smoothed Particle 
Hydrodynamics is a well-developed approach for compressible flows (Lucy, 1977; Monaghan, 
1992 & 1994).  Another grid free particle method called the Moving-Particle Semi-Implicit (MPS) 
method was developed for incompressible fluids (Koshizuka, et al., 1996).   

Despite the potential benefits of the Lagrangian representation, the real-world applications 
have generally been disappointing for turbulent flow simulations which must treat a number of 
eddy turn-over times on many overlapping spatial scales.  Evaluating local values of species 
densities and other fluid variables to compute derivatives usually requires interpolation which 
introduces numerical diffusion in addition to truncation errors.  Further, tracking the nearest 
neighbors of Lagrangian cells or nodes to evaluate derivatives is an ‘N2 problem’ that presents 
additional computational costs.  Further, the non-uniformity of the neighborhoods degrades 
accuracy relative to structured or even uniform grids.  SFD, however, limited in its fidelity to the 
Navier-Stokes equations, nevertheless allows study of important aspects of turbulent mixing in 
numerical computations including convergence and the interplay of diffusion, mixing, and 
chemical reaction. 

Surrogate Fluid Dynamics affords the opportunity to study both an ensemble of distinct 3D 
flow realizations, all satisfying exactly the same turbulence spectrum time history, and the 
convergence of flow metrics for such an ensemble.  This convergence study, however, is left to 
another paper. 
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