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CONTROL OF MULTI-AGENT SWARMS WITH COOPERATIVE  
PARTICLE SWARM OPTIMIZATION 

 
 
 

1.  INTRODUCTION 
 
 

Multi-agent search (MAS) is a process consisting of the cooperation between multiple 
entities, known as agents, in the analysis of information from an environment to find a 
meaningful solution to a problem.  These MAS problems can arise in physical search settings 
(such as finding hidden objects) or in informational settings (such as finding a piece of 
information hidden in data).  In either application setting, the agents in an MAS system are 
performing individually to cooperatively reach the goal.  There are multiple ways to perform 
MAS, including: 

 
• Sharing found information to reduce the search space amount that each individual 

agent must cover (search area reduction), 
 

• Utilizing multiple agents to repeatedly search the space to avoid missing small 
regions due to agent error (search overlap), and 

 
• Avoiding false alarms/false positives in the search (redundant search),   
 
Search can also be static (pattern search), or developed so that each agent is used to its 

full potential (optimal search).  A popular avenue of MAS currently includes swarm techniques.  
In this context, a swarm is a group of simple agents interacting with the environment and each 
other to create complex behaviors1. 
 

Swarm techniques emulate natural processes, which leverages generations of naturally 
tested techniques.  These techniques are attractive for MAS because they have the benefit of 
being evaluated by the organisms using them in environments of interest.  Nature-inspired 
techniques also show redundancy of use (for instance, swarms of insects on land, birds in the air, 
and fish under the sea), which further illustrates their usefulness.  In addition, swarm techniques 
generally utilize aggregates of simple rules to generate emergent behavior.  This emergent 
behavior generates not-quite-optimal, but high-performance searches.  These simple rules are 
also easy to implement in software, quick to run on standard computer processors, and easy to 
modify based on specific problem requirements.  In the literature, this emulation shows up in 
many forms ranging from mimicry of animal and insect behaviors2, to human-like interactions 
and decision processes3. 
 

When looking at swarms in this context, their capabilities as an MAS for problem solving 
become apparent.  Swarm techniques focus almost entirely on distributed control, whereas other 
types of MAS either utilize a centralized controller4, 5, or very rigid formation-based distributed 
control6, 7, 8.  This focus on decentralized control grants swarms benefits that other techniques 
(such as those that rely on specific groupings, patterns, and formations of agents) do not, such as: 
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• Any agent can perform any task (redundancy),  
 

• Group formation can become irrelevant (formation independence), and 
 

• If some agents fail, the group can continue the mission (group survivability). 
 

Due to the popularity of swarm techniques, there are a large number of different 
techniques available that are geared to a large variety of problems and inspired by a myriad of 
natural processes.  Techniques such as genetic algorithms9, ant colony optimization10, simulated 
annealing11, particle swarm optimization12, artificial bee colony13, glowworm swarm 
optimization14, and gravitational search algorithm15 all utilize natural swarm and swarm-like 
processes to find solutions to various problems.  Of particular interest recently is particle swarm 
optimization (PSO).  Section 2 covers the general formulation of PSO and its use. 
 

All MAS techniques rely on information gathered about the search environment.  This 
information is graded (using an objective function) and acted upon based on the technique used.  
This grading often relies on information density (most likely location, least likely location, 
highest probability of detection/success, etc.).  But, the techniques using these functions don’t 
take into consideration how uncertain the information being sensed may be (i.e., large object 
likelihoods may be due to a static object radiating information, but changes when the object 
moves; and large detection probabilities are often due to a homogeneous static environment and 
decrease dramatically when that changes).  The previously mentioned swarm techniques are all 
successful MAS techniques; however, these techniques do not focus on this uncertainty of the 
information space being worked. 
 

In this technical report, researchers used a recently-developed algorithm derived from 
PSO called cooperative particle swarm optimization (Cooperative PSO).  This algorithm marries 
the benefits of swarm techniques (in this case, Standard PSO (SPSO)) with the robustness of 
group cooperation to explore an uncertain environment16.  Cooperative PSO is a swarm search 
algorithm that uses group and individual information to adjust each agent’s movement about the 
information space.  In this way, Cooperative PSO is similar to SPSO; however, Cooperative PSO 
differs from SPSO in how information from other agents is used and combined.  Cooperative 
PSO protects against local optima by not only finding the “best” locations in the space already 
searched, but by searching around this “best” location in order to gain more knowledge about the 
environment itself.  This focus on both exploration and exploitation is the key difference 
between Cooperative PSO and other swarm techniques. 
 

This technical report is organized as follows.  Section 2 provides an overview of SPSO in 
the way it is applied herein.  Section 3 describes the Cooperative PSO algorithm and provides a 
discussion of how it functions.  Section 4 outlines the computational experiments performed and 
the metrics used to evaluate Cooperative PSO.  Section 5 describes the numerical results seen in 
the experimentation.  The report concludes with a discussion of lessons learned and future work. 
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2.  PARTICLE SWARM OPTIMIZATION 
 
 

PSO was developed by Kennedy and Eberhart in 1995 to mimic bird flocking patterns 
when finding sources of food12.  Since then, PSO has become a popular swarm technique for a 
myriad of problems including multi-objective optimization17, 18, 19, 20, optimal design21, 22, multi-
swarm control23, 24, 25, and robot swarm control26. 
 

In the standard implementations of PSO, there are three mechanisms governing how 
swarm agents move to new search locations: (1) inertia, (2) personal history, and (3) group 
history.  The inertia mechanism is for movement based on the agent’s previous movement in the 
search space.  The personal history mechanism is for movement based on the best-known 
information that agent has observed up to present time in the search, and the group history 
mechanism is for movement based on the best-known information that the group as a whole has 
observed up to present time in the search.  These three mechanisms allow the individual agents 
within the swarm to move about the search space to find a near-optimal solution to a large 
variety of problems.  However, reference 27 relates an in-depth analysis of PSO and its various 
derivations, showing PSO limitations as well as the different methods used to supplement, 
mitigate, or eradicate these limitations.  Another of these limitations, and the focus of this work, 
is uncertainty in the search space and how it can be reduced. 
 

PSO can be applied as a multi-agent motion planning algorithm for physical search 
agents (such as a group of robots) by allowing the PSO mechanisms to provide dynamic 
adjustment of each individual agent’s velocity vector.  The adjustment of the velocity vector in 
such a physical search approach is based on an additive weighting of three contributing biases:  

 
1. The agent’s inertia tending to follow its current velocity,  

 
2. A velocity bias to move the agent in the direction of that agent’s “best” past position, 

and  
 

3. A velocity bias to move the agent in a direction given by available history of all other 
agents (group consensus).  This bias element is based on following the “best” past 
position of any of the agents, as that will draw all agents towards a common goal. 

 
While there are many variants of PSO, this research uses SPSO27 as an example to 

compare with Cooperative PSO.  PSO follows a general framework for progressing the agents 
within the swarm by determining an agent’s velocity as a weighted combination of three 
components as follows: 
 

𝑣𝑣𝑖𝑖+1𝑘𝑘 = 𝑢𝑢1𝐼𝐼�𝑣𝑣𝑖𝑖𝑘𝑘� + 𝑢𝑢2𝑃𝑃�𝑥𝑥𝑖𝑖𝑘𝑘 , 𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘 � + 𝑢𝑢3𝐺𝐺 ��𝑥𝑥𝑖𝑖
𝑗𝑗�
𝑗𝑗=1

𝐾𝐾
, �𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

𝑗𝑗 �
𝑗𝑗=1

𝐾𝐾
� (1) 

 
where 𝐼𝐼(𝑣𝑣𝑖𝑖𝑘𝑘) is a term representing the agent’s inertia, 𝑃𝑃(𝑥𝑥𝑖𝑖𝑘𝑘, 𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘 ) is a bias to draw the agent  
towards its best past progress, and 𝐺𝐺(�𝑥𝑥𝑖𝑖

𝑗𝑗�
𝑗𝑗=1

𝐾𝐾
, �𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

𝑗𝑗 �
𝑗𝑗=1

𝐾𝐾
) is a bias to draw the agent towards 

some combination of the set of agents (including their current locations and/or their best 
locations).  The weightings {𝑢𝑢1,𝑢𝑢2,  𝑢𝑢3} are algorithm design parameters that provide a 
preference between these three components of motion planning.  This research notes that the 
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inertia weighting, 𝑢𝑢1 = 𝑐𝑐𝐼𝐼, is chosen as a fixed deterministic value while the other weights, 
{𝑢𝑢2,𝑢𝑢3}, are stochastic terms that vary over time steps to provide a random switching between 
biases towards individual and group performance.  This research specifically uses 𝑢𝑢2 = 𝑐𝑐𝑃𝑃 𝜉𝜉𝑃𝑃 
and 𝑢𝑢3 = 𝑐𝑐𝐺𝐺 𝜉𝜉𝐺𝐺 with constant weights {𝑐𝑐𝑃𝑃, 𝑐𝑐𝐺𝐺} and random components 𝜉𝜉𝑃𝑃  ∈  𝑈𝑈 (0, 1), 𝜉𝜉𝐺𝐺  ∈
 𝑈𝑈 (0, 1) that are uniformly random over the unit interval.  This type of stochastic switch has 
been shown to improve the search heuristic. 
 

For the SPSO version of swarm optimization, the inertia term is simply given by  
 

𝐼𝐼�𝑣𝑣𝑖𝑖𝑘𝑘� = 𝑣𝑣𝑖𝑖𝑘𝑘 (2) 
 
and allows agent 𝑘𝑘 to have a preference to continue moving at the same velocity (corresponding 
to physical inertia).  The personal bias term 𝑃𝑃(𝑥𝑥𝑖𝑖𝑘𝑘, 𝑥𝑥 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘 ) is a bias to create a “pull” of agent 𝑘𝑘 
towards whichever location created the “best” performance for the individual agent (denoted as 
𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘 ); note that this view of best is typically taken to be the location where the greatest objective 
achievement had been obtained.  In particular, for a swarm optimization objective 𝐽𝐽(𝑥𝑥) that is a 
function of individual agent position, the best performance for agent 𝑘𝑘 at time step 𝑖𝑖 is given by 
 

𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘 = arg max
�𝑥𝑥ℓ

𝑘𝑘�
𝐽𝐽�𝑥𝑥ℓ𝑘𝑘�,      ℓ = 1, . . . , 𝑖𝑖. (3) 

 
Thus, the personal best term in SPSO is written as 

 

𝑃𝑃�𝑥𝑥𝑖𝑖𝑘𝑘 , 𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘 � = 𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑘𝑘 −𝑥𝑥𝑖𝑖

𝑘𝑘

𝛿𝛿𝛿𝛿
, (4) 

 
where 𝛿𝛿𝛿𝛿 is the time step interval (step from 𝑖𝑖 to 𝑖𝑖 + 1).  The group bias term 
𝐺𝐺 ��𝑥𝑥𝑖𝑖

𝑗𝑗�
𝑗𝑗=1

𝐾𝐾
, �𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

𝑗𝑗 �
𝑗𝑗=1

𝐾𝐾
� is similar to the personal best bias in that it is chosen to provide a draw 

towards a location where the agent has had success.  However, in contrast to the personal best, 
the group best is drawn towards the best of all agents’ past performance, 𝑔𝑔𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏, given by the 
𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘  location that provided the greatest objective achievement over all 𝑘𝑘’s.  Therefore, the group 
bias term in SPSO is written as  
 

𝐺𝐺 ��𝑥𝑥𝑗𝑗𝑖𝑖�𝑗𝑗=1
𝐾𝐾

, �𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑗𝑗 �

𝑗𝑗=1

𝐾𝐾
� = 𝑔𝑔𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏−𝑥𝑥𝑖𝑖

𝑘𝑘

𝛿𝛿𝛿𝛿
, (5) 

 
where 𝑔𝑔𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 is the best location from any of the agents over all previous time steps, specifically 
given by 
 

𝐺𝐺𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = arg max
�𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

𝑗𝑗 �
�𝐽𝐽𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑗𝑗 � ,      𝑗𝑗 = 1, . . . ,𝐾𝐾. (6) 

 
Thus, for SPSO, the swarm equation of equation (1) takes on the following form: 

 

𝑣𝑣𝑖𝑖+1𝑘𝑘 = 𝑐𝑐𝐼𝐼𝑣𝑣𝑖𝑖𝑘𝑘 + �𝑐𝑐𝑃𝑃 𝜉𝜉𝑃𝑃
𝛿𝛿𝛿𝛿

� �𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘 − 𝑥𝑥𝑖𝑖𝑘𝑘� + �𝑐𝑐𝐺𝐺 𝜉𝜉𝐺𝐺
𝛿𝛿𝛿𝛿

� �𝑔𝑔𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 − 𝑥𝑥𝑖𝑖𝑘𝑘�, (7) 
 
which is the standard PSO form used in the literature. 
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3.  COOPERATIVE PARTICLE SWARM OPTIMIZATION 
 
 

Cooperative Particle Swarm Optimization (Cooperative PSO) is a swarm-based 
metaheuristic inspired by Particle Swarm Optimization (PSO)16.  It is inspired in the manner of 
using the coordination of agents (particles) as in PSO by applying biases to each agent’s current 
velocity vector that are based on information gained from both the past history of the individual 
agent as well as the available history of other agents.   
 

Cooperative PSO differs from PSO in that it focuses on the reduction of information 
uncertainty, or more specifically, to increase the overall knowledge of an area of interest (AOI).  
This cooperative reduction of information uncertainty allows Cooperative PSO to better integrate 
exploration of the environment with exploitation of the local optima, reducing premature 
convergence to a local optima.  In reference16, the concept of Cooperative PSO (then called 
CSO) is initiated through some heuristic arguments and examples are provided on guiding a 
small number of agents effectively.   
 

This technical report more thoroughly derives the Cooperative PSO algorithm and shows 
some parametric variations to assess its performance as a multi-agent motion control algorithm 
across a range of simple scenarios.  Also, this research further extends the initial Cooperative 
PSO concept by introducing some dynamic variation in previously fixed parameter values. 
 
 
3.1 UPDATING UNCERTAINTY WITH AGENT OBSERVATIONS IN  
 COOPERATIVE PSO 
 

Before describing the structure of Cooperative PSO, how it utilizes the information from 
the swarm to achieve the desired goal must be described.  To accomplish this cooperative goal, 
each agent traverses the information space by considering the agent’s current information (the 
information it can sense/record right now), the agent’s personal history (where it has been and 
the relevance of the information at that point), and the group’s information (what each group 
member sees and where they are located within the information space).  This information “pulls” 
the agent in space, and each of these driving forces are weighted differently to manipulate each 
component’s importance on the agent’s velocity. 
 

To track how each agent searches the information space, the researchers used data 
determined from the information space and based on the reports of agents that have previously 
searched the information space.  This information is referred to as the uncertainty value.  In an 
effort to represent potentially limited communications bandwidth between agents, each agent 
only sends their position (parameter data) and their uncertainty value to agents in the swarm.  
The relative importance of this information to an individual agent’s motion plan is reduced by 
the distance the sender is from the receiving agent.  In this way, Cooperative PSO can operate in 
communications-restricted environments, such as low-powered computers, in robotics with 
limited communications bandwidth, in systems with high corruption of transmitted data, etc. 
 

The procedure by which the algorithm uses agent-collected information to inform others 
is based on the notion of a reduction of uncertainty.  Let 𝜂𝜂𝑖𝑖𝑘𝑘(𝑥𝑥) be agent 𝑘𝑘’s understanding of the 
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phenomenon of concern at location 𝑥𝑥 at time step 𝑖𝑖.  Furthermore, let 𝛼𝛼𝑖𝑖𝑘𝑘(𝑥𝑥) be agent 𝑘𝑘’s 
observation/measurement of the phenomenon at location 𝑥𝑥 at time step 𝑖𝑖.  Uncertainty of 𝑥𝑥 is 
reduced when agent 𝑘𝑘 visits the area.  The rate of reduction is directly related to whether the 
agent’s prior understanding is in agreement with 𝛼𝛼𝑖𝑖𝑘𝑘(𝑥𝑥) (faster reduction), or is in conflict 
(slower reduction).  By sharing in this uncertainty measure, the Cooperative PSO algorithm 
encourages the agents to head to areas where there is more uncertainty (thus increasing the 
exploration of the space).  Furthermore, complete removal of uncertainty throughout the 
workspace will lead to finding any objects that are sought or a complete measurement of the 
phenomenon of interest, depending upon the goal of the group operation.  The shared group 
understanding of the uncertainty with which the phenomenon can be observed is 𝜆𝜆(𝑥𝑥).  Note that 
agents do not share the measurements of the region, nor the agent’s individual understanding of 
the phenomenon, only the uncertainty. 
 

The researchers next defined update rules for η and λ based on observations α.  The 
update for the expected measurement value of the individual agents is defined according to the 
following update rule: 
 

𝜂𝜂𝑖𝑖𝑘𝑘(𝑥𝑥) = 𝜆𝜆𝑖𝑖−1(𝑥𝑥) ∙ 𝛼𝛼𝑖𝑖𝑘𝑘(𝑥𝑥) + �1 − 𝜆𝜆𝑖𝑖−1(𝑥𝑥)� ∙ 𝜂𝜂𝑖𝑖−1𝑘𝑘 (𝑥𝑥) (8) 
 

This update uses the location uncertainty 𝜆𝜆𝑖𝑖−1(𝑥𝑥) as a relative weighting between the 
measurements 𝛼𝛼𝑖𝑖𝑘𝑘(𝑥𝑥) and the agent’s prior understanding 𝜂𝜂𝑖𝑖−1𝑘𝑘 (𝑥𝑥).  To initialize the system 
process, all of the values of 𝜂𝜂𝑘𝑘𝑖𝑖 (𝑥𝑥) for all of the agents are set to a known (known to all the 
agents) nominal level 𝜂𝜂0(𝑥𝑥) = 𝜂𝜂𝑖𝑖𝑘𝑘(𝑥𝑥) at 𝑖𝑖 =  0 for all 𝑘𝑘.  This is the assumed understanding of 
the phenomenon a priori.  The only requirement on the values of 𝜂𝜂0(𝑥𝑥) is that 𝜂𝜂0(𝑥𝑥) > 0. 
 

Furthermore, the location uncertainties are initialized to begin at the maximum 
uncertainty, such that 𝜆𝜆0(𝑥𝑥) = 1 for all 𝑥𝑥.  Note that this updating rule is a simple weighting of 
the measured value of the phenomenon and the agent’s understanding of the phenomenon at that 
location.  The weighting values have been chosen such that the weighting biases strongly 
towards the new measurements when there is high uncertainty (low confidence) in the prior 
understandings (as 𝜆𝜆𝑖𝑖−1(𝑥𝑥) → 1), and conversely the weighting biases strongly towards the prior 
understandings when there is low uncertainty (high confidence) in those understandings  
(as 𝜆𝜆𝑖𝑖−1(𝑥𝑥) → 0). 
 

The value of uncertainty 𝜆𝜆𝑖𝑖(𝑥𝑥) is updated according to the information collected.  To do 
this, it is necessary to first compute the observed measurement discrepancy 𝜓𝜓𝑖𝑖𝑘𝑘(𝑥𝑥), which 
measures the difference between what has been measured of the phenomenon and what the agent 
previously understood of the phenomenon.  This is given by 
 

𝜓𝜓𝑖𝑖𝑘𝑘(𝑥𝑥) = �𝛼𝛼𝑖𝑖
𝑘𝑘(𝑥𝑥)−𝜂𝜂𝑖𝑖−1

𝑘𝑘 (𝑥𝑥)
𝜂𝜂0(𝑥𝑥)

�. (9) 
 

A large value of 𝜓𝜓𝑖𝑖𝑘𝑘(𝑥𝑥) corresponds to a measurement that is vastly different than the 
prior understanding, whereas a small value corresponds to a measurement that meets the current 
understanding.  This discrepancy value is used to update 𝜆𝜆𝑖𝑖(𝑥𝑥) through the following update 
rule: 
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𝜆𝜆𝑖𝑖(𝑥𝑥) = 𝜆𝜆𝑖𝑖−1(𝑥𝑥) �1 − exp �−𝜓𝜓𝑖𝑖𝑘𝑘(𝑥𝑥)��. (10) 
 

Note that 𝜆𝜆𝑖𝑖(𝑥𝑥) is always decreasing in a static environment, as there is always benefit in 
searching an area.  The frequency of searches to a particular area will determine how rapidly 
𝜆𝜆𝑖𝑖(𝑥𝑥) decreases. 
 

If agents are deployed in an environment where it is expected that the underlying 
measurement quantities are dynamic (such as rapidly changing temperatures in an area, a moving 
object, etc.), then a simple fading memory can be applied to the shared values of 𝜆𝜆𝑖𝑖(𝑥𝑥) via 
 

𝜆𝜆𝑖𝑖(𝑥𝑥) ⟼ 𝛾𝛾 + (1 − 𝛾𝛾)𝜆𝜆𝑖𝑖(𝑥𝑥) (11) 
 
for some value of 0 ≤ 𝛾𝛾 <  1 (where 𝛾𝛾 = 0 corresponds to no fading).  The fading memory has 
the effect of increasing all of the uncertainty values in a proportional manner.  This fading 
memory can be applied intermittently or periodically as desired to account for the expected 
dynamics.  This can be achieved by setting the value of fading memory based on the dynamicity 
level of the environment. 
 
 
3.2 STRUCTURE OF THE COOPERATIVE PSO 
 
For Cooperative PSO, while the general form of swarm as shown in equation (1) is still used, the 
manner in which the group component acts on the information gathered is much different.  
Cooperative PSO uses the information content in a swarm-based algorithm that is similar in 
structure to PSO, with a main difference being in how the third bias element is calculated.  This 
third bias is based on having the agent following a weighted average of current positions of all 
other agents.  This still keeps all agents near one another, but also maintains effectiveness in 
exploration of the AOI.  Cooperative PSO still uses the same form for the inertia term as in 
equation (2).  In reference 16, the personal best bias 𝑃𝑃(𝑥𝑥𝑖𝑖𝑘𝑘, 𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘  ) that was initially developed for 
Cooperative PSO was given with a weighting of 𝑐𝑐𝑃𝑃 = 𝜆𝜆𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘 . 
 

This type of dynamic weighting contrasts with the static weighting used in SPSO, as it 
decreases the relative importance of the individual bias the more uncertainty is reduced.  This 
dynamic weighting has an effect of causing the swarm to become driven more by group biases as 
the operation progresses and uncertainty is reduced.  Also, it can pull the swarm back towards 
more individual biases if an event occurs to increase uncertainty (or the group’s uncertainty 
reduces faster than the individual agent’s uncertainty), thus providing a robustness to changes in 
the environment.  This research examines the implications of this dynamic weighting as part of 
these simulation experiments.  As shown in section 4, to create as close a comparison as possible 
( for part of the experimentation), the Cooperative PSO’s personal component was set to be 
identical to SPSO’s.  The Cooperative PSO and SPSO was set to use the traditional form of 
Cooperative PSO’s personal component as shown in equation (4).  In this way, it can be 
determined how the individual changes from Cooperative PSO to SPSO affect the results. 
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The group bias term in Cooperative PSO is also weighted by the uncertainty reduction 
that has been seen.  However, rather than utilizing the group best 𝑔𝑔𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 as in SPSO, the 
Cooperative PSO approach uses a weighted distance between the given agent and each of the 
other agents.  In particular, it weights these distances by using the individual agent’s current 
uncertainty reduction as the weight.  In this way, agents that experience higher uncertainty will 
tend to draw the swarm of other agents toward them, and additionally the group effect of a 
cluster of many agents with limited uncertainty reduction will be reduced.  The specific form for 
the group bias that is used by Cooperative PSO is thus given by 
 

𝐺𝐺 ��𝑥𝑥𝑖𝑖
𝑗𝑗�
𝑗𝑗=1

𝐾𝐾
, �𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

𝑗𝑗 �
𝑗𝑗=1

𝐾𝐾
� = 1

𝐾𝐾
∑ 𝜆𝜆�𝑥𝑥𝑖𝑖

𝑗𝑗�𝐾𝐾
𝑗𝑗=1 �𝑥𝑥𝑖𝑖

𝑗𝑗−𝑥𝑥𝑖𝑖
𝑘𝑘

𝛿𝛿𝛿𝛿
�, (12) 

 
such that the swarm equation of equation (1) takes on the following form: 
 

𝑣𝑣𝑖𝑖+1𝑘𝑘 = 𝑐𝑐𝐼𝐼𝑣𝑣𝑖𝑖𝑘𝑘 + �𝑐𝑐𝑃𝑃𝜉𝜉𝑃𝑃
𝛿𝛿𝛿𝛿
� �𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘 − 𝑥𝑥𝑖𝑖𝑘𝑘� + �𝑐𝑐𝐺𝐺𝜉𝜉𝐺𝐺

𝐾𝐾𝐾𝐾𝐾𝐾
�∑ 𝜆𝜆�𝑥𝑥𝑖𝑖

𝑗𝑗��𝑥𝑥𝑖𝑖
𝑗𝑗 − 𝑥𝑥𝑖𝑖𝑘𝑘�𝐾𝐾

𝑗𝑗−1 . (13) 
 

Each agent must keep track of the most relevant information seen by the agent so far.  
This is their 𝜆𝜆𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘  and 𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘 .  These are determined based on the largest discrepancies seen by an 
agent between 𝛼𝛼 𝑖𝑖𝑘𝑘(𝑥𝑥) and 𝜂𝜂 𝑖𝑖−1𝑘𝑘 (𝑥𝑥) (i.e. a large value of 𝜓𝜓 𝑖𝑖𝑘𝑘(𝑥𝑥)).  These are given by 
 

𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘 = �𝑥𝑥𝑖𝑖∗
𝑘𝑘 ∶  𝑖𝑖∗ = 𝑎𝑎𝑎𝑎 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑖𝑖 �𝜓𝜓𝑖𝑖𝑘𝑘(𝑥𝑥)�� (14) 

 
and 
 

𝜆𝜆𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘 = 𝜆𝜆𝑖𝑖∗�𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘 �. (15) 
 

Thus, 𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘   is the location of 𝜆𝜆𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘  and 𝜆𝜆𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘  is the area of highest uncertainty seen by 
agent k thus far.  Using the updated values of 𝜆𝜆𝑖𝑖(𝑥𝑥), 𝜆𝜆𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘 , and 𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘 , the Cooperative PSO 
algorithm provides motion plans for each agent in the group. 
 
 
3.3 ALGORITHM DESCRIPTION 
 

The individual agent velocity update equation as given in equation (13) is the main 
component of the Cooperative PSO algorithm.  This algorithm comprises each agent’s 
distributed motion planning controller and is the driving force for the agents moving throughout 
the group.  The specific details of the Cooperative PSO algorithm implemented for each agent is 
given in Algorithm 1. 
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Algorithm 1 Cooperative PSO Algorithm  
 

Read in a new value of 𝛼𝛼 𝑖𝑖𝑘𝑘(𝑥𝑥); 
Compute 𝜓𝜓 𝑖𝑖𝑘𝑘(𝑥𝑥) from 𝛼𝛼 𝑖𝑖𝑘𝑘(𝑥𝑥) and 𝜂𝜂𝑖𝑖−1𝑘𝑘 (𝑥𝑥) using eq. (9); 
Compute 𝜂𝜂 𝑖𝑖𝑘𝑘(𝑥𝑥) from 𝛼𝛼 𝑖𝑖𝑘𝑘(𝑥𝑥), 𝜂𝜂𝑖𝑖−1𝑘𝑘 (𝑥𝑥), and 𝜆𝜆𝑖𝑖−1(𝑥𝑥) using eq. (8); 
Compute 𝜆𝜆𝑖𝑖(𝑥𝑥) from 𝜆𝜆𝑖𝑖−1(𝑥𝑥) and 𝜓𝜓 𝑖𝑖𝑘𝑘(𝑥𝑥) using eq. (10); 
for 𝑘𝑘 = 1 to 𝐾𝐾 do 

if 𝜓𝜓𝑖𝑖�𝑥𝑥𝑖𝑖−1𝑘𝑘 � ≥ 𝜓𝜓𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘  then 
𝑥𝑥𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘 = 𝑥𝑥𝑖𝑖−1𝑘𝑘  
𝜆𝜆𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑘𝑘 = 𝜆𝜆𝑖𝑖(𝑥𝑥𝑥𝑥) 

end if 
end for 
for 𝑝𝑝 = 1 to 𝑃𝑃 do 

if 𝑥𝑥𝑝𝑝 ≠ 𝑥𝑥𝑖𝑖−1 then 
update 𝜆𝜆𝑝𝑝 via 𝛾𝛾 using equation (11) 

end if 
end for 
Update 𝜆𝜆 map and share 𝜆𝜆𝑖𝑖(𝑥𝑥) with other agents; 
Compute 𝑣𝑣𝑖𝑖𝑘𝑘 using equation (13); 
if 𝑣𝑣𝑖𝑖𝑘𝑘 > 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 then 
𝑣𝑣𝑖𝑖𝑘𝑘 > 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚; {for restricting agent speed} 

end if  
Set 𝑥𝑥𝑖𝑖𝑘𝑘 = 𝑥𝑥𝑖𝑖−1𝑘𝑘 + 𝑣𝑣𝑖𝑖𝑘𝑘𝛿𝛿𝛿𝛿 
 

Figure 1 illustrates the schematically the difference between the Cooperative PSO and 
SPSO algorithms.  In each algorithm, there is an inertial component (represented by the black 
line), a personal component (represented by the green line), and a group component (represented 
by the orange line).  In both cases, the personal component is driven by the agent’s personal best 
(represented in figure 1 by the green dot).  In SPSO, this group component is driven by the group 
best (represented in figure 1a by the orange dot).  In Cooperative PSO, this group component is a 
weighted sum of the group’s current locations, and is not reliant on a “group best.”  
 
 

 
(a) Standard PSO 

 
(b) Cooperative PSO 

 
Figure 1.  Standard PSO and Cooperative PSO Graphical Representation 



 

10 

After the calculation is complete, there is a resultant velocity (represented in figure 1 by 
the blue line).  The main difference between SPSO and Cooperative PSO is this group 
component.  SPSO’s group best is an historical value that has a specified weight associated with 
it (this research used a static weight of 𝑐𝑐𝐺𝐺 = 1.5).  With Cooperative PSO, each component in 
the group (i.e. each agent in the swarm) has its contribution to the group further weighted by the 
agent’s current 𝜆𝜆 value.  The 𝜆𝜆 values can range from 0 ≤ 𝜆𝜆 ≤ 1 and decrease over time as 
agents re-examine previously explored areas.  This allows agents with newer information (higher 
𝜆𝜆 values) to have more pulling power than agents with older information.  In addition, since 
Cooperative PSO uses the current 𝜆𝜆 and position values of each agent, the group bias does not 
rely on a historical value, but a more dynamic one.  Furthermore, since the 𝜆𝜆 values decrease 
with time, agents will have more tendency to be drawn to newer areas, rather than areas already 
searched. 
 

The 𝜆𝜆 update procedure allows agents within the group to update spaces searched by 
other agents.  This update causes other agents’ personal bests to be worth less than they were 
originally as a result of the group re-searching areas already searched.  This acts to “reset” an 
agent’s best values to newer areas being searched.  This update still protects against agents 
choosing an area of low 𝜆𝜆 as a new personal best and has the added effect of allowing an agent to 
choose new personal bests close to areas of high interest (due to areas of high interest requiring 
more search passes to lower their 𝜆𝜆 values).  For both SPSO and Cooperative PSO, this acts like 
an anchor when the entire group is not finding any new information, allowing the group as a 
whole to converge closer to areas of higher interest.  For SPSO, this also modifies the group best 
location and can act to dramatically pull agents toward areas of high interest (since both the 
agents’ personal bests and the group best could be in the same area).  This is beneficial for 
exploitation, but can hurt exploration.  For Cooperative PSO, since there is not a group best, the 
agents are more likely to move slower to the areas of higher interest, allowing for more 
exploration (but requiring more time to exploit the AOI).  The result is a much more balanced 
reliance on both the personal history and group components for the Cooperative PSO equation, 
creating an orbit-like movement of the agents and increasing exploration with little to no 
detrimental effect on exploitation. 
 

Both the SPSO and Cooperative PSO algorithms perform planning by computing a 
potential change to agent velocity.  It is noted that this change in velocity does not need to be 
computed on a regular scale.  In particular, when communications issues prohibit transfer of 
information between agents, any agent will keep moving with its velocity as previously 
computed.  When information required to update the velocity can be computed, the new velocity 
is determined from the appropriate swarm algorithm as any changes to velocity can be 
implemented on the vehicle.  This allowance for intermittent communications makes these 
swarming algorithms very practical in many applications with unreliable communications links 
between the agents. 
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3.4 ALGORITHM CONSIDERATIONS 
 

An in-depth review of PSO and many of its recent derivations (including what is referred 
to as SPSO) was performed in the research documented in reference 27.  The information 
considered in that review is used to discuss Cooperative PSO in the context of other similar 
swarm-based metaheuristics.  In particular, reference 27 contains multiple areas of interest used 
to categorize PSO and to evaluate the effectiveness of its iterations.  Of these areas, five are 
relevant to Cooperative PSO: (1) network topology, (2) convergence to a point, (3) convergence 
to local optimum, (4) parameter setting, and (5) modification of the velocity update rules. 
 

The network topology refers to the graphical interconnection between each agent in the 
swarm.  By defining a topology for a given swarm algorithm, one can see how the connections 
between agents can affect the system’s explorative and exploitative behavior (specifically by 
imposing different speed and propagation of information between agents)27.  SPSO utilizes a 
global-best topology, whereas in Cooperative PSO, the concept of a global best is not used.   
 

Instead, there is a reliance on the aggregate information seen by each agent at a particular 
time step 𝑖𝑖.  The aggregate of this data pulls the group toward the inside of the group’s perimeter.  
In this way, Cooperative PSO mitigates the potential of swarm optimization algorithms similar to 
it to fall into local optima (when the agents of a swarm converge to a point that is not a true 
optimal or near-true optimal). 
 

Convergence to a point is a desired property of many swarm algorithms as it reduces the 
chance of swarm explosion.  Swarm explosion is the increase of acceleration and inertial 
coefficients causing the velocity vectors of the particles to move toward infinity27.  The earliest 
ways of combating this is by either (or both) restricting agent velocity to a bound, and restricting 
the agent position to a bound.  The former does not stop swarm explosion, it only slows it.  The 
latter will stop it, but at the expense of prematurely forcing convergence to a point of the 
algorithm (and potentially hindering the effectiveness of the algorithm).  In this work, both 
Cooperative PSO and SPSO are restricted this way.  Since both algorithms are restricted the 
same way, it is believed that the negative effect on the algorithm performance is irrelevant, since 
Cooperative PSO is compared to SPSO under the same conditions.  In-depth analysis of how to 
bound the agents to their space was out of the scope of this work. 
 

With respect to convergence to a point, the goal of Cooperative PSO is to increase 
exploration while still enabling exploitation of the system.  As a result, Cooperative PSO protects 
against premature convergence to a point by implementing a biased weight of all agent locations.  
Since this bias is based on relative locations of agents, the bias is different for each agent and 
thus tends to avoid agents clumping together.  This topology allows the agents more dynamic 
movement due to more dramatic changes in group bias as opposed to that found with SPSO’s 
global best.  This dynamic movement also increases exploration as the agents tend to “orbit” the 
group center since the group bias moves as each agent moves. 
 

Cooperative PSO also seeks to avoid convergence to a local optimum by increasing 
exploration via reduction of uncertainty.  The benefit is that Cooperative PSO can always be 
modified to reference a particular local optimum if no other better optimum was found.  Keep in 
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mind that another goal of Cooperative PSO is to increase exploration while exploiting the space 
as well.  To do this, the 𝜆𝜆 calculations were made and used as replacements for the acceleration 
coefficients, and the group best was removed in favor of a weighted bias approach.  Cooperative 
PSO also focuses on uncertainty.  This means that once a space was checked, whether that space 
was optimal or not, searches still occur around that location to ensure it is indeed the optimal or 
near-optimal point.  This means that subsequent visits to that “optimal” point will actually cause 
the 𝜆𝜆 values for that point to be reduced, effectively “releasing the anchor” to it.  In situations 
where Cooperative PSO needs to maintain areas of interest, it can be modified to always be 
interested in particular areas.  This, however, was out of the scope of this current work.  During 
experimentation, the way λ is calculated effectively allows Cooperative PSO to reach the 
optimum or near-optimum point, rather than search about and away from it.  Since 𝜆𝜆 is 
calculated using information from the environment, it can always record the points of interest for 
the user when the goal is detection of areas of interest rather than exploring those areas. 
 

A final categorization for assessing the performance differences in variants of PSO is to 
examine how they modify the velocity and/or position update rules that govern the movement of 
agents within the system.  Cooperative PSO would be a modification of the velocity rule within 
traditional PSO implementations (i.e., SPSO).  This is accomplished by utilizing the 𝜆𝜆 values to 
replace the group best with the weighted sum from the agents in the swarm.  The 𝜆𝜆 values are 
measurements of the system’s entropy in that the 𝜆𝜆 values are the calculated results of previous 
information from the agent, information from the group, and information from the environment.  
The calculated value is then used as a weight to determine the direction the agent should move; 
as opposed to SPSO that uses static weights that are empirically determined, then evaluates the 
positions of the agents to determine the group bias for the update. 
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4.  SIMULATION EXPERIMENTS 
 
 

To illustrate the effectiveness of Cooperative PSO in group motion planning, the research 
simulates a group of distributed agents performing a two-dimensional search application.  The 
agent motion is confined to a fixed area of interest (AOI) 𝒲𝒲 ∈  ℝ2 and the agents all share an 
initial prior expectation of the object location, with that expectation represented as 𝛼𝛼(𝑥𝑥) ∶ ℝ2 →
[0, 1] whose value corresponds to the prior likelihood that the object of search is at position 𝑥𝑥.  
The specific functional form of this prior 𝛼𝛼(𝑥𝑥) is referred to as the “environment” of each 
simulation run.  The weight of the inertial, personal, and group components of Cooperative PSO 
and SPSO (labeled 𝑐𝑐𝐼𝐼, 𝑐𝑐𝑃𝑃, and 𝑐𝑐𝐺𝐺, respectively) are adjusted to determine the relative 
performance of Cooperative PSO and SPSO in multi-agent search applications. 
 

Four different instantiations of 𝛼𝛼(𝑥𝑥) are considered to test performance on problems of 
varying complexity for the search.  The first three environments consist of a simple Gaussian 
hump to represent a prior expectation of a likely location of the object of search.  These cases 
vary in the specific location of the center of the hump as well as standard deviation of the 
Gaussian (varying as 𝜎𝜎 = 𝐿𝐿/5,𝜎𝜎 = 𝐿𝐿/2 and 𝜎𝜎 = 𝐿𝐿 for the three cases, respectively, where L is 
the length of the AOI 𝒲𝒲, which is assumed to be square in these examples).  The fourth 
environment is similar to the previous three environments (with a small standard deviation on a 
Gaussian hump) but also includes multiple smaller amplitude humps to represent alternative 
likely object locations.  In all cases, the object’s “true” location is positioned near the center of 
the Gaussian hump. 
 

In reference 27, a specific range is shown for the inertial coefficient and the acceleration 
coefficients that are seen as valid for most tests.  The weighting for SPSO is as follows:  0.4 ≤
𝑐𝑐𝐼𝐼 ≤ 1.1, 1.5 ≤ 𝑐𝑐𝑃𝑃 ≤ 3, and 1.5 ≤ 𝑐𝑐𝐺𝐺 ≤ 3.  For this work, SPSO was set as 𝑐𝑐𝐼𝐼 = 1 and 𝑐𝑐𝐺𝐺 = 1.5. 
Cooperative PSO was also set as 𝑐𝑐𝐼𝐼 = 1 and 𝑐𝑐𝐺𝐺 = 1.5 for the group weights.  Initial empirical 
testing found that these values worked well for this testing.  And, since they fall within the 
expected ranges according to reference 27, it is believed that they are valid for these 
experiments.   𝑐𝑐𝑃𝑃  is varied to explore the effect of personal history component on both SPSO 
and Cooperative PSO.  Each of these experiments was run with 2000 time iterations and 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡 =
1500 Monte Carlo iterations, with each Monte Carlo iteration varying both the center of the 
environmental variation (the Gaussian hump) and the initial agent locations. 
 

The goal of the search operation is to search as much of the space as possible while 
focusing on finding objects of interest.  This can be seen as effectively searching as much of the 
region as possible for an object while limiting premature convergence.  Thus, the following three 
metrics are considered to assess the performance of Cooperative PSO relative to SPSO: (1) 
success rate, (2) distance to the search object, and (3) amount of the AOI covered in search. 
 

The success rate, 𝑅𝑅(𝑖𝑖), is given as the fraction of simulation runs for a given scenario that 
have achieved search success in a given number of iterations.  In this context, the search success 
is the event in which any one of the agents comes within a prescribed detection range 𝑟𝑟𝑑𝑑 of the 
hidden object.  The success rate is averaged over multiple simulation runs as per equation (16).  
Let 𝑛𝑛𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓(𝑖𝑖) be the number of the 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡 Monte Carlo iterations for which the search was 
successful at or before time step 𝑖𝑖.  Then 
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𝑅𝑅(𝑖𝑖) = 𝑛𝑛𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓(𝑖𝑖)

𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡
  (16) 

 
is the success rate for a given set of simulation runs.  The success rate 𝑅𝑅(𝑖𝑖) demonstrates how 
well the swarm performs at searching the information space to find the object of interest and is 
thus primarily a metric for exploitation. 
 

The distance to the search object, 𝐽𝐽𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑖𝑖), is a non-dimensional measure of how close the 
agents got to the hidden object.  It is a strictly decreasing measure, in that even if the agents 
move farther away from the object, the measure is still based on the closest that any agent got to 
it up to time step 𝑖𝑖.  Let 𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚(𝑖𝑖) be the minimal distance to the object over the set of all agents 
up to time step 𝑖𝑖.  Then the distance measure is given by 
 

𝐽𝐽𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑖𝑖) = 𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚(𝑖𝑖)
𝑑𝑑0

, (17) 
 
where 𝑑𝑑0 is a reference distance for non-dimensionalization (in the examples herein, with a 
square 𝐴𝐴𝐴𝐴𝐴𝐴 𝒲𝒲 with sides 𝐿𝐿,  𝑑𝑑0 = √2𝐿𝐿 is used as that is the longest distance possible).  Note 
that a value of 𝐽𝐽𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑖𝑖) = 0 implies that an agent has run into/over the object of interest and 
𝐽𝐽𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑖𝑖) = 1 implies all agents are as far as possible from the object of interest.  Also note that 
𝐽𝐽𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑖𝑖) ≤  𝑟𝑟𝑑𝑑 𝑑𝑑0⁄  for a successful search to occur, as per the definition of success used for 𝑅𝑅(𝑖𝑖) 
in equation (16). 
 

The amount of the AOI covered, 𝐽𝐽𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖), is a non-dimensional measure of the fraction of 
the AOI that has been properly covered by the agents.  Since there is already a measure of 𝜆𝜆𝑖𝑖(𝑥𝑥) 
as the certainty at which location 𝑥𝑥 has been covered by agents, this research utilizes that term to 
form the coverage metric.  Specifically, the coverage 𝐽𝐽𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖) is given by 
 

𝐽𝐽𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖) = ∫𝒲𝒲 �1−𝜆𝜆𝑖𝑖(𝑥𝑥)
𝐴𝐴𝒲𝒲

� 𝑑𝑑𝑑𝑑,  (18) 
 
where 𝐴𝐴𝒲𝒲 is the area of the AOI (given by 𝐴𝐴𝒲𝒲 =  ∫𝒲𝒲 1 𝑑𝑑𝑑𝑑).  As a practical matter, the AOI is 
typically represented by a tiling of cells 𝑥𝑥𝑗𝑗 such that 𝜆𝜆𝑖𝑖,𝑗𝑗 is the certainty as to the coverage of cell 
𝑥𝑥𝑗𝑗 by the agents by time step 𝑖𝑖.  In this case, the coverage metric has the more readily 
computable form 
 

𝐽𝐽𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖) = 1 − 1
𝑁𝑁
∑ 𝜆𝜆𝑖𝑖,𝑗𝑗𝑁𝑁
𝑗𝑗=1 , (19) 

 
which is used for the computations in the sequel.  It is noted that a coverage of 𝐽𝐽𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖) = 1 
corresponds to complete coverage of the AOI, which is also saying that all cells in the region 
have been covered to certainty.  Similarly, a coverage of 𝐽𝐽𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖) = 0 implies a completely 
entropic state where there is no certainty in the coverage.   
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5.  NUMERICAL RESULTS 
 
 

Each scenario that was examined consisted of a group of eight agents traversing a square 
AOI of size 𝐿𝐿 × 𝐿𝐿 looking for an uncertain item.  Both Cooperative PSO and SPSO ran with 
similar settings and the results compared.  Cooperative PSO was designed to take the benefits of 
swarm dynamics and metaheuristic optimization and focus it on autonomous control of a small 
set of agents.  As such, the research limited the number of agents to eight.  The simulation was 
run over 2000 iterations (time steps) and repeated for 1500 Monte Carlo iterations for each 
scenario. 
 

Four environmental scenarios are considered as described in section 4 with the 
environmental descriptions given by the prior location expectation 𝛼𝛼(𝑥𝑥) as follows: 
 
Environment 1: 𝛼𝛼(𝑥𝑥) contains a single Gaussian with 𝜎𝜎 = 𝐿𝐿 5⁄  
Environment 2: 𝛼𝛼(𝑥𝑥) contains a single Gaussian with 𝜎𝜎 = 𝐿𝐿 2⁄  
Environment 3: 𝛼𝛼(𝑥𝑥) contains a single Gaussian with 𝜎𝜎 = 𝐿𝐿 
Environment 4: 𝛼𝛼(𝑥𝑥) contains multiple Gaussians of varying sizes 
 

For each scenario, both the SPSO and Cooperative PSO algorithms initially ran with the 
following two sets of parameters: (𝑐𝑐𝐼𝐼, 𝑐𝑐𝑃𝑃 , 𝑐𝑐𝐺𝐺) = (1.0, 1.0, 1.5) and (𝑐𝑐𝐼𝐼, 𝑐𝑐𝑃𝑃 , 𝑐𝑐𝐺𝐺) = (1.0, 0.5, 1.5). 
 

In terms of the success rate 𝑅𝑅(𝑖𝑖), the goal is to approach 𝑅𝑅 → 1 as quickly as possible 
(with smallest 𝑖𝑖).  The achieved success has been plotted at five time iterations 𝑖𝑖 =
{100, 200, 500, 1000, 2000} for each set of parameters.  The average is taken as in equation (16) 
over 1500 Monte Carlo iterations, and evaluated at each of the selected time iterations.  Figure 2 
shows the performance of the success rate as a comparison between Cooperative PSO and SPSO 
for environment 1.  The two curves for each algorithm correspond to the two choices of 
parameter values as given previously.  Note that SPSO converges much better than Cooperative 
PSO for this simple situation (a strong peak in the expected uncertainty of the hidden location).  
Also note that the achieved success rate has a very weak dependence on the specific parameters 
used in the algorithm. 
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Figure 2.  Success Rate R as a Function of Simulation Iterations (Time) for Environment 1 
 

Note:  In figure 2, blue curves marked with x’s are for SPSO 
runs, while red curves marked with o’s are for Cooperative PSO 
runs. 

 
 

Figures 3 and 4 show the success rate performance for environments 2 and 3, 
respectively.  In these plots, it is clear that Cooperative PSO has an improvement over SPSO 
with regard to success rate as the environment becomes more murky.  That is, as the Gaussian 
hump becomes more diffuse (larger 𝜎𝜎) so there is a less-precise environmental measure of where 
the hidden object is likely to exists.  Thus, the exploration bias of Cooperative PSO allows it to 
achieve success at finding the object in these more-diffuse environments better than that of 
SPSO.  Figure 5 shows the performance of the success rate for the more complex environment 
(environment 4).   
 

From this plot it is seen that Cooperative PSO has a slower start than SPSO (less likely to 
find success early) but then performs better than SPSO as time increases.  This is expected, since 
the SPSO behavior is to have every agent focus in towards the most likely location immediately 
while Cooperative PSO initially will be exploring the domain to reduce uncertainty across the 
space, and only then focus on heading toward the object of search. 
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Figure 3.  Success Rate R as a Function of Simulation Iterations (Time) for Environment 2 
 

Note:  In figure 3, blue curves marked with x’s are for SPSO runs 
while red curves marked with o’s are for Cooperative PSO runs. 

 
 

 
 

Figure 4.  Success Rate R as a Function of Simulation Iterations (Time) for Environment 3 
 

Note:  In figure 4, blue curves marked with x’s are for SPSO runs 
while red curves marked with o’s are for Cooperative PSO runs. 
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Figure 5.  Success Rate R as a Function of Simulation Iterations (Time) for Environment 4 
 

Note:  In figure 5, blue curves marked with x’s are for SPSO runs 
while red curves marked with o’s are for Cooperative PSO runs. 

 
 

The results for the success rate 𝑅𝑅(𝑖𝑖) show that the Cooperative PSO algorithm does a 
better job of initially exploring an uncertain search domain and then can exploit to find the object 
as well as PSO, if given enough iterations (time).  Two additional objectives in a tradeoff plot are 
examined to confirm this expectation of a benefit in the seemingly conflicting performance 
measures of exploration versus exploitation.  In particular, the amount of the AOI covered 
(𝐽𝐽𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖) from equation (19) is a measure of exploration, as it shows how well the group of agents 
have reduced uncertainty throughout the AOI.  In contrast, the distance to the search object 
(𝐽𝐽𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑖𝑖) from equation (17) is a measure of exploitation, as it shows how well the group of 
agents can get close to the hidden object of interest.  Clearly, one would expect that exploitation 
comes at the expense of exploration and vice-versa, so these metrics should be in conflict. 
 

Figure 6 shows the results of the averaged performance (averaged over the 1500 Monte 
Carlo iterations) of the distance metric 𝐽𝐽𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑖𝑖) versus the coverage metric 𝐽𝐽𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖) for 
environment 1.  The points on the plots are for iterations of 𝑖𝑖 = {100, 200, 500, 1000, 2000} 
with the trend moving from upper-left to lower-right as the number of iterations increases.  For 
such a tradeoff, the most desirable location is the bottom-right corner (where the distance 
approaches 𝐽𝐽𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑖𝑖) → 0 and the coverage approaches 𝐽𝐽𝑐𝑐𝑐𝑐𝑐𝑐(𝑖𝑖) → 1).  Clearly, both algorithms 
lead in this direction at similar rates, although SPSO gets closer to the goal than Cooperative 
PSO.  As the environment gets more difficult and uncertain (as shown in environments 2 and 3 in 
figures 7 and 8, respectively) the tradeoff begins to favor the Cooperative PSO algorithm, this 
being similar to what was seen in the success rate metric.  Finally, as the environment becomes 
more complex, figure 9 (for environment 4) shows that the two algorithms lead to very similar 
tradeoffs as the iterations increase. 
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Figure 6.  Tradeoff of Distance Metric Jdist versus Coverage Metric Jcov for Environment 1 

 
Note:  In figure 6, blue curves marked with x’s are for SPSO runs 
while red curves marked with o’s are for Cooperative PSO runs. 

 
 

 
 
Figure 7.  Tradeoff of Distance Metric Jdist versus Coverage Metric Jcov for Environment 2 

 
Note: In figure 7, blue curves marked with x’s are for SPSO runs 
while red curves marked with o’s are for Cooperative PSO runs. 
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Figure 8.  Tradeoff of Distance Metric Jdist versus Coverage Metric Jcov for Environment 3 

 
Note:  In figure 8, blue curves marked with x’s are for SPSO runs 
while red curves marked with o’s are for Cooperative PSO runs. 

 
 

 
 
Figure 9.  Tradeoff of Distance Metric Jdist versus Coverage Metric Jcov for Environment 4 

 
Note:  In figure 9, blue curves marked with x’s are for SPSO runs 
while red curves marked with o’s are for Cooperative PSO runs. 

 
 

To understand the point made by these algorithms, table 1 shows the tabulated end time 
results (for 𝑖𝑖 = 2000 iterations) for each case.  Table 1 further shows that the parameter choice 
of 𝑐𝑐𝑃𝑃 = 0.5 is preferable to 𝑐𝑐𝑃𝑃 = 1.0 for the Cooperative PSO algorithm for all scenarios 
(preferable since it leads to higher 𝐽𝐽𝑐𝑐𝑐𝑐𝑐𝑐 and lower 𝐽𝐽𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑).  However, for the SPSO algorithm the 
parameter choice of 𝑐𝑐𝑃𝑃 = 1.0 is preferable to 𝑐𝑐𝑃𝑃 = 0.5 for all scenarios.  Thus, it is concluded 
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that the Cooperative PSO algorithm has a larger dependence on the group bias effect (relative to 
the personal bias effect) when compared to the SPSO algorithm.  This bias towards the group 
allows Cooperative PSO to do a better job of exploration (i.e., coverage) without foregoing much 
performance in exploitation (i.e. distance).  This is a clear advantage of the Cooperative PSO 
algorithm. 
 

Since the Cooperative PSO algorithm benefits from the group advantage, and the 
group advantage is more pronounced when there is low uncertainty in the region 
(corresponding to low 𝜆𝜆), this research seeks to exaggerate that effect by dynamically 
weighting the personal bias term.  In particular, when there is large uncertainty in the region 
(corresponding to high 𝜆𝜆), it is not expected that the algorithm benefit from the group 
components, and thus it is desirable to bias more towards the individual.  Similarly, when 
there is low uncertainty in the region, it is desirable to bias more towards the group.  To 
accomplish that, this research proposes a modification to Cooperative PSO that uses the local 
value of 𝜆𝜆(𝑥𝑥) (in particular, using the 𝜆𝜆(𝑥𝑥) that corresponds to the agent’s current 𝑥𝑥-location) 
as a dynamic weighting cP for the personal bias term.  To fairly compare the benefit of this 
dynamic value of 𝑐𝑐𝑃𝑃 = 𝜆𝜆, the same dynamic parameter is applied to both the Cooperative 
PSO and SPSO, and a new set of simulations is run in each of the four environments.  The 
resulting tradeoff curves of 𝐽𝐽𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  versus 𝐽𝐽𝑐𝑐𝑐𝑐𝑐𝑐  for each of the environments are shown in figures 
10 through 13.  From these tradeoff curves, it is clear that Cooperative PSO can take 
advantage of this dynamic weighting parameter and achieve a better tradeoff than SPSO in all 
four environment scenarios.  To specifically show the benefit over the static weights, the final 
(iteration 𝑖𝑖 = 2000) values are included for both metrics in each environment in table 2. 
 

This dynamic weighting replacing the static weighting of Cooperative PSO’s 
personal history component makes for a swarm algorithm of the same structure as PSO 
with a much better multi-agent search performance in both the exploration and exploitation 
metrics. 

 
 

Table 1.  Comparison of Performance of SPSO and Cooperative PSO on Example 
Problems with Constant Values of cP 

 
 Jdist Jcov 

SPSO Cooperative PSO SPSO Cooperative PSO 

𝑐𝑐𝑃𝑃 = 1.0 Environment 1 0.040 0.070 0.90 0.78 
Environment 2 0.025 0.030 0.94 0.95 
Environment 3 0.023 0.023 0.92 0.96 
Environment 4 0.013 0.018 0.96 0.96 

𝑐𝑐𝑃𝑃 = 0.5 Environment 1 0.043 0.057 0.87 0.83 
Environment 2 0.030 0.023 0.90 0.97 
Environment 3 0.030 0.019 0.87 0.97 
Environment 4 0.018 0.016 0.91 0.97 
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Figure 10.  Tradeoff of Distance Metric Jdist versus Coverage Metric Jcov for Environment 1 
with a Dynamic cP 

 
Note:  In figure 10, blue curves marked with x’s are for SPSO runs 
while red curves marked with o’s are for Cooperative PSO runs. 

 
 

Table 2.  Comparison of Performance of SPSO and Cooperative PSO on Example 
Problems with a Dynamic Value of cP 

 
 Jdist Jcov 

SPSO Cooperative PSO SPSO Cooperative PSO 

𝑐𝑐𝑃𝑃 = 𝜆𝜆 Environment 1 0.036 0.025 0.89 0.94 
Environment 2 0.032 0.017 0.88 0.98 
Environment 3 0.033 0.018 0.85 0.98 
Environment 4 0.019 0.015 0.89 0.99 
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Figure 11.  Tradeoff of Distance Metric Jdist versus Coverage Metric Jcov for Environment 2 
with a Dynamic cP 

 
Note:  In figure 11, blue curves marked with x’s are for SPSO runs 
while red curves marked with o’s are for Cooperative PSO runs. 

 
 

 
 
Figure 12.  Tradeoff of Distance Metric Jdist versus Coverage Metric Jcov for Environment 3 

with a Dynamic cP 
 

Note:  In figure 12, blue curves marked with x’s are for SPSO runs 
while red curves marked with o’s are for Cooperative PSO runs. 
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Figure 13.  Tradeoff of Distance Metric Jdist versus Coverage Metric Jcov for Environment 4 

with a Dynamic cP 
 

Note:  In figure 13, blue curves marked with x’s are for SPSO runs 
while red curves marked with o’s are for Cooperative PSO runs. 

 



 

25 (26 blank) 

6.  CONCLUSION 
 
 

This report describes the development of a new autonomous swarm control algorithm, 
called Cooperative Particle Swarm Optimization (Cooperative PSO) that is inspired by a well-
known swarm optimization technique, PSO.  The use of a dynamic measure of uncertainty in the 
environment’s information space has been developed as a fundamental mechanism in the 
Cooperative PSO algorithm.  This report also provides the results of a set of simulation 
experiments that demonstrate the effectiveness of Cooperative PSO compared to a standard PSO 
(SPSO) implementation when using a small number of agents to perform a cooperative search.  
This distributed multi-agent control procedure performs better than the PSO-based approach 
when measured in both an exploration and exploitation metric, and is especially beneficial in 
managing the tradeoff between these performance goals.  Future research into this approach 
involves the test and evaluation of Cooperative PSO on real-world robotics systems. 
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