AFRL-AFOSR-VA-TR-2021-0101

Tensor-structured techniques for large-scale electronic-structure calculations

Gavini, Vikram

REGENTS OF THE UNIVERSITY OF MICHIGAN
503 THOMPSON ST

ANN ARBOR, MI, 48109

USA

08/17/2021
Final Technical Report

DISTRIBUTION A: Distribution approved for public release.

Air Force Research Laboratory
Air Force Office of Scientific Research
Arlington, Virginia 22203
Air Force Materiel Command

DISTRIBUTION A: Distribution approved for public release.



REPORT DOCUMENTATION PAGE o ApprVe

The public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions,
searching existing data sources, gathering and maintaining the data needed, and completing and reviewing the collection of information. Send comments
regarding this burden estimate or any other aspect of this collection of information, including suggestions for reducing the burden, to Department of Defense,
Washington Headquarters Services, Directorate for Information Operations and Reports (0704-0188), 1215 Jefferson Davis Highway, Suite 1204, Arlington,
VA 22202-4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to any penalty for failing to
comply with a collection of information if it does not display a currently valid OMB control number.

PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

1. REPORT DATE (DD-MM-YYYY) 2. REPORT TYPE 3. DATES COVERED (From - To)
17-08-2021 Final 01 Feb 2020 - 31 Jul 2020
4. TITLE AND SUBTITLE 5a. CONTRACT NUMBER

Tensor-structured techniques for large-scale electronic-structure calculations

5b. GRANT NUMBER
FA9550-17-1-0172

5c. PROGRAM ELEMENT NUMBER
61102F

6. AUTHOR(S) 5d. PROJECT NUMBER
Vikram Gavini

5e. TASK NUMBER

5f. WORK UNIT NUMBER

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION
REGENTS OF THE UNIVERSITY OF MICHIGAN REPORT NUMBER

503 THOMPSON ST
ANN ARBOR, MI 48109

USA

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR'S ACRONYM(S)
AF Office of Scientific Research AFRL/AFOSR RTA2

875 N. Randolph St. Room 3112

Arlington, VA 22203 11. SPONSOR/MONITOR'S REPORT

NUMBER(S)
AFRL-AFOSR-VA-TR-2021-0101

12. DISTRIBUTION/AVAILABILITY STATEMENT
A Distribution Unlimited: PB Public Release

13. SUPPLEMENTARY NOTES

14. ABSTRACT

This report summarizes the research objectives achieved in this project during the period 02-
01-2017 to 07-31-2020. Computational techniques based on low-rank tensor decomposition and
tensor representation have been developed that enable large-scale, reduced-order scaling electronic
structure calculations based on Kohn-Sham density functional theory. In particular, the various
components of the developed techniques include (i) develop an additive separable approximation

to the Kohn-Sham Hamiltonian and use this to generate a reduced-order, and yet a systematically
convergent tensor-structured basis adapted to the Kohn-Sham Hamiltonian to represent the electronic
structure; (ii) develop localization techniques to transform the basis into a localized basis

while preserving the tensor structure and accuracy of representation of the electronic structure; (iii)
develop ecient algorithms to project the Kohn-Sham problem into the localized tensor-structured
basis and solve the resulting discrete Kohn-sham eigenvalue problem;

15. SUBJECT TERMS

16. SECURITY CLASSIFICATION OF: 17. LIMITATION OF |18. NUMBER 19a. NAME OF RESPONSIBLE PERSON
ABSTRACT OF FARIBA FAHROO
a. REPORT b. ABSTRACT c. THIS PAGE
PAGES
U U U 19b. TELEPHONE NUMBER (Include area code)
uu 9 426-8429

Standard Form 298 (Rev.8/98)
Prescribed by ANSI Std. Z39.18

DISTRIBUTION A: Distribution approved for public release.



Final Report

Tensor-Structured Techniques for Large-Scale
Electronic-Structure Calculations

Principal Investigator:
Vikram Gavini
Department of Mechanical Engineering
University of Michigan, Ann Arbor

Program Manager:
Dr. Fariba Fahroo
Computational Mathematics
Air Force Office of Scientific Research

Abstract

This report summarizes the research objectives achieved in this project during the period 02-
01-2017 to 07-31-2020. Computational techniques based on low-rank tensor decomposition and
tensor representation have been developed that enable large-scale, reduced-order scaling electronic
structure calculations based on Kohn-Sham density functional theory. In particular, the various
components of the developed techniques include (i) develop an additive separable approximation
to the Kohn-Sham Hamiltonian and use this to generate a reduced-order, and yet a systematically
convergent tensor-structured basis adapted to the Kohn-Sham Hamiltonian to represent the elec-
tronic structure; (i) develop localization techniques to transform the basis into a localized basis
while preserving the tensor structure and accuracy of representation of the electronic structure; (iii)
develop efficient algorithms to project the Kohn-Sham problem into the localized tensor-structured
basis and solve the resulting discrete Kohn-sham eigenvalue problem; (iv) develop a scalable parallel
implementation of DF'T code based on the aforementioned ideas, and developing a GPU implemen-
tation of the code. The benchmark studies suggest that the proposed approach is systematically
convergent providing exponential convergence in the ground-state energy with the rank of the
tensor-structured basis. Further, due to the slow growth of the rank with system-size, the scaling
with system size was subquadratic for both systems with and without a gap. This has enabled
systematically convergent large-scale DFT calculations that substantially outperform plane-wave
DFT codes beyond system-sizes containing 5,000 electrons. In addition, the computational frame-
work developed in his work was instrumental in tackling a long-standing numerical challenge of
accurately solving the inverse DFT problem for polyatomic systems.

Summary of Research Objectives Achieved

In this project we have conducted a program of research to develop computational techniques based
on low-rank tensor decomposition and tensor representation that have enabled systematically con-
vergent, large-scale, reduced-order scaling density functional theory calculations. In addition, parts
of the computational framework built in this work was instrumental in providing an accurate solu-
tion to the inverse DFT problem. A comprehensive summary of the important research objectives
achieved in this project is presented below, and has appeared in the following articles (Motamarri
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et al., 2016; Kanungo et al., 2019) and under review in Lin et al. (2020a). Another manuscript
reporting the GPU porting of the numerical implementation is under preparation (Lin et al., 2020b).

Tucker tensor approach to accurate, efficient and reduced-order
scaling large-scale DFT calculations

The ground state energy in Kohn-Sham DFT (spin independent formulation) of a materials system
with N, atoms and NN, electrons is computed by solving a non-interacting single-particle Schréodinger
equation in a mean field determined by the effective potential Vog(p; Ryy) (Hohenberg & Kohn,
1964; Kohn & Sham, 1965):

1
<—2V2 + Veﬁ(p; Rnu)) v, = EZ'\I/i, 1 € {1, ,N} (1)

Equation [1] represents a non-linear eigenvalue problem with H := —%VQ + Veg being the Kohn-
Sham Hamiltonian, and ¢; denoting the ith Kohn-Sham eigenvalue and ¥; denoting the correspond-
ing Kohn-Sham orbital (eigenvector) The electron density p(x) is computed in terms of the Kohn-
Sham eigenstates as p(x) = QZZ L flesp ‘\I’ !2, where f(e;; 1) denotes the orbital occupancy
factor given by the Fermi-Dirac distribution. The effective potential Vog(p; Rpy), parametrized by
the coordinates of nuclei R,,,, = {R1,Ra2,..., Ry, }, is given by

_ 6Bu  §Exc
)= 5p | op

‘/eﬁ‘(p; R,. + Vext (X; Rnu) (2)

Ey is the Hartree energy, which represents the Coulomb electrostatic interaction defined as (for a

non-periodic setting)
| 00 g L |
= _ ———dxdx’ = = % d 3
5 [ sk = 5 ) r(o)ax. 3)
6EH

where Viy(p) = = Jgs |p x) ,‘dx is the Hartree potential. Exc is the exchange-correlation en-
5Exc

ergy, with the exchange correlation potential Vxc(p) = Vext (x; Ryyy,) 1s the effective external
potential of the ions, and in the case of pseudopotentlal calculatlons accounts for the combined
effect of nuclei and the core electrons.

Equation [1] represents a non-linear eigenvalue problem, as the Kohn-Sham Hamiltonian de-
pends on p, which in turn depends on the eigenstates. Thus, Equation [1] is solved self-consistently
via a self-consistent field (SCF) iteration. Upon achieving self-consistency, the ground state energy
of the materials system can be obtained as

N
Bt =2 f(ei; p)ei + Exc — / pVxc(p)dx
R3

i=1
(4)
2 = 1J>I‘ =Ry’

where Z; denotes the effective nuclear charge of the I-th nucleus.
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Construction of reduced order tensor-structured basis

For a domain €2 spanned by tensor product of 1-D domains wy—1 2 3, we seek to construct an additive
separable approximation to the Kohn-Sham Hamiltonian (Hi(xz1) + Ha(z2) + Hs(zs3) ~ H(x))
that retains some features of the Hamiltonian, and thus presents a useful operator to generate
reduced-order basis functions. The eigenfunctions of the additive separable approximation to the
Hamiltonian, which constitute a Tucker tensor basis (Kolda & Bader, 2009) formed from the 1-D
eigenfunctions of the separable parts of the Hamiltonian (Hy, k = 1,2, 3), presents a systematically
improvable and efficient reduced-order basis for solving the Kohn-Sham eigenvalue problem. To this
end, in order to construct the additive separable approximation to the Kohn-Sham Hamiltonian, we
consider the rank-1 approximation of the eigenfunction corresponding to the lowest eigenvalue as
U'(x) = 11 (21)12(x2)h3(x3). The problem of computing the smallest eigenvalue of the Kohn-Sham
Hamiltonian using the rank-1 approximation is given by the variational problem

r?pin L(V')  subject to: (¥'|¥') =1 (5)
k

with the Lagrangian

LOW) = (W] ~ L9 + Vs Ro) [9)

3 3
=/Q[22‘d¢;;é me Vo [ [vtten + [ vataovsoo [ v o] dx.
=1 =1

(=1 =

w

(6)
where V2¢ and V2 are the local and the non-local contributions to the effective potential, respec-
tively. The variations of the functional with respect to 11, Y9 and 13, provide three simultaneous
1-D eigenvalue problems

Hitoe = —(A + ag) e

1 d? . iy (7)
Hi = “2di? + 0l (ks Vi) + VRt (2 k)

where vfc"c(:ck), v,?l(xk), and aj are quantities depending on 1, 12, 13, and X is the Lagrange

multiplier corresponding to the orthonormality constraint in equation [5]. vl°¢(xx) and v (zy)
are 1-D potentials corresponding to the local and non-local contribution. These potentials are
parametrized by ¢; (I # k) in the other two dimensions. Equation [7] represents simultaneous
1-D eigenvalue problems, which are solved self-consistently. Upon achieving self-consistency, the
1-D Hamiltonians (Hy) we obtain represent the additive separable approximation of the Kohn-
Sham Hamiltonian that we seek. The eigenfunctions of this additive separable approximation
to the Hamiltonian, which can be obtained as the tensor product of the 1-D eigenfunctions of
Hi (kK = 1,2,3), constitute a complete basis, thus provides systematic convergence as will be
demonstrated.

Construction of localized Tucker tensor basis

The tensor-structured basis computed using the 1-D eigenfunctions of Hj represents an efficient
basis. However, the global nature of the basis limits the computational efficiency and scaling (with
system size) of solution to the Kohn-Sham equations. To this end, we use an L; localization
approach (Ozlins et al., 2013) to construct a spatially localized tensor-structured basis that is a
close approximation to the original tensor-structured basis. The localized basis is obtained by
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Figure 1: 1-D functions in z; direction constructed from the additive separable approximation
of the Kohn-Sham Hamiltonian for Ali47 nano-partice. Top: Lowest five eigenfunctions of H;.
Bottom: The corresponding L; localized 1-D functions.

solving the variational problem (for & = 1,2, 3)

1
min  ~ @] + Tr(0, Hy W) st @0 =1, (8)
O RNk [0

where Hy, is matrix representation of Hy, in a suitable orthogonal basis with dimension n, ¥ denotes
the representation of Ny, trial localized functions in the chosen basis, and y is a parameter controlling
the trade-off between the representability of the original eigensubspace and the locality of the 1-D
functions, with |-| denoting the L; norm of the matrix. The minimizer of this variational problem,
denoted as \Il£ , provides localized functions whose span closely approximates the eigensubspace of
the lowest Np eigenfunctions of Hy, as will be demonstrated.

In order to demonstrate the locality and the approximation properties of the localized Tucker
tensor basis constructed from the 1-D localized functions obtained by solving the variational prob-
lem in equation (8), we consider the benchmark problem involving an Aluminum nanoparticle,
Al147. We compute the additive separable approximation of the Kohn-Sham Hamiltonian for this
nano-particle, and, using this, compute the lowest 70 eigenstates of Hi. We subsequently use the
L1 localization approach to compute the localized functions that are a close approximation to the
eigensubspace. Figure 1 shows the lowest 5 eigenfunctions of H; (one of the 1-D separable Hamilto-
nian) (top) and the corresponding 1-D localized functions (bottom). As is evident the localization
approach provides the desired locality in the 1-D functions. In order to assess the eigensubspace
representability of the resulting localized 1-D functions, we consider the first 70 eigenstates of 4

and the eigenvalues of the matrix K;; = <¢1LZ‘ Hi ‘wfj>, 1 <14,5,< 70. Figure 2 shows the eigen-

values of H; and the eigenvalues of Kj;;. As is evident, the localized Tucker tensor basis presents a
close approximation of the eigensubspace of the additive separable decomposition of the Kohn-Sham
Hamiltonian.

Solution of the discrete Kohn-Sham problem in the localized Tucker tensor basis

The 1-D localized functions whose span is a close approximation to the subspace spanned by the
1-D eigenfunctions of Hy, are subsequently used to construct the 3-D Tucker tensor basis. Denoting

4
DISTRIBUTION A: Distribution approved for public release.



10

O original dgi
+ SOC &
8r o
&£
)
6 - -
7]
(]
=
g
c4 1
(]
D2
L

N

0 10 20 30 40 50 60 70
n-th eigenstate

Figure 2: Comparison of the eigenvalues of the 1-D separable Hamiltonian in z; direction of Aljy7

nano-particle (marked with blue circle) with the eigenvalues of K;; = <¢fz Hy, ‘1/){4 j> (marked with

red cross).

the 1-D localized functions as @bfil(azl), wQLJ-Q (z2), 1#3%13 (x3), the 3-D localized tensor-structured
basis functions TIL are given by

TF = ¥, (1)g, (w205, (x3), (9)

where 1 < ig < Ry and [ is the composite index I = (i1,12,3)1<i,<r,- LThe rank of the Tucker
tensor basis is given by (R, Ra, R3) which denotes the number of localized 1-D functions in each
direction. The Kohn-Sham Hamiltonian projected onto the subspace spanned by the 3-D tensor-
structured localized basis functions, is given by

ity = (T~ SV 4 V(i R) [T} ) (10)

We employ a low-rank Tucker approximation (Kolda & Bader, 2009) of the effective potential Vg
to efficiently evaluate the Hamiltonian matrix elements. We also introduce a truncation tolerance
below which the hamiltonian elements are set to zero to obtain a sparse matrix. The truncation
tolerance is chosen such that the error is significantly lower than the desired chemical accuracy.
The discrete Kohn-Sham eigenvalue problem in the localized Tucker tensor basis is given by

H!W, =W, ic{l,...,N} (11)

where H” denotes the truncated sparse Kohn-Sham Hamiltonian matrix.

We use the Chebyshev filtering based subspace iteration (ChFSI) to efficiently solve the Kohn-
Sham equations. We refer to Motamarri et al. (2013); Motamarri & Gavini (2014) for the specific
details of our implementation. In brief, the ChFSI technique represents a modified power iteration
in every SCF iteration that exploits the rapid growth of Chebyshev polynomials in (—oo,—1) to
magnify the relevant eigenspectrum (Zhou et al., 2006), thus providing a good subspace for the
solution of the Kohn-Sham eigenvalue problem. Upon computing the Chebyshev filtered subspace,
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Figure 3: Convergence with respect to the Tucker rank for tris (bipyridine) ruthenium. The electron
density isocontours are provided in the inset.

we orthogonalize the Chebyshev filtered vectors and project the discrete Hamiltonian onto the
subspace and compute the eigenvalue and eigenvectors of the subspace projected Hamiltonian. The
ChFSI method has been demonstrated to be efficient with good parallel scalability for real-space
implementations of DFT (Motamarri et al., 2020; Das et al., 2019).

We now present benchmark studies to demonstrate the systematic convergence and accuracy
afforded by the proposed tensor-structured approach for solving the Kohn-Sham equations. In order
to demonstrate the accuracy and systematic convergence, we consider tris (bipyridine) ruthenium, a
transition metal complex, which has no tensor structure symmetry and presents itself as a stringent
test of the proposed approach. The ground-state energy for these molecules is computed for various
Tucker tensor ranks R (R; = Ry = R3 = R), and the error is measured with respect to a well-
converged Quantum Espresso result. The converged Quantum Espresso ground-state energies for
tris (bipyridine) ruthenium is taken to be -118.2128 eV /atom (E.,: = 65 Ha). Figure 3 shows the
relative error in the ground-state energy for the various ranks of the Tucker tensor basis. It is
evident from these results that the Tucker tensor basis constructed using our approach provides
an exponential convergence in the ground-state energy with increasing Tucker rank. Further, the
proposed tensor-structured approach provides systematic convergence with high accuracy and is
capable of handling generic materials systems, including those involving transition metals.

In order to assess the computational efficiency and scaling with system size afforded by the
proposed approach, we considered two classes of benchmark systems: (i) Aluminum nano-particles
of various sizes ranging from 13 atoms to 6,525 atoms; (ii) Silicon quantum dots with system sizes
ranging from 26 atoms to 7,355 atoms. These benchmark systems constitute materials systems
with and without a gap, thus allowing us to assess the system-size scaling for both classes of ma-
terials. We also compared the computational efficiency of the proposed approach with widely used
plane-wave DFT calculations (Quantum Espresso code). For the sake of estimating the computa-
tional efficiency, the energy cutoff for Quantum Espresso and the Tucker rank is chosen such that
the ground-state energy is converged to within 10 meV /atom measured with respect to a highly
converged reference calculations.
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| Nano-particle | Rank | Tucker (node-hrs) | QE (node-hrs) |

Alys 40 0.00067 0.00022
Alyyr 70 0.069 0.028
Alse1 85 0.69 1.24
Algosr 120 7.96 66.68
Algsas 150 95.08 -

Table 1: Computational time (in node-hrs) per SCF iteration for various system sizes of aluminum
nano-particles using the proposed tensor-structured approach (Tucker) and Quantum Espresso

(QE).

| Si quantum dot | Rank | Tucker (node-hrs) | QE (node-hrs) |

SijoHqg 40 0.0065 0.00014
SigooH144 80 0.094 0.096
SizesHa7e 90 0.96 1.12
811214H504 100 3.85 20.01

Sigoa7H1308 140 67.49 _

Table 2: Computational time (in node-hrs) per SCF iteration for various system sizes of silicon
quantum dots using the proposed tensor-structured approach (Tucker) and Quantum Espresso

(QE).

The computational times per SCF iteration in node-hrs using the proposed tensor-structured
approach and Quantum Espresso are provided in Table 1 for the various aluminum nano-particles
with icosahedral symmetry considered in this work. As is evident, the proposed approach starts to
substantially outperform for larger system sizes, with the tensor-structured approach being 8-fold
more efficient for Alygs7. From these computational times, we determine the scaling with system
size to be O(N}®). Tt is notable that we obtain subquadratic scaling with system size for metallic
systems involving many thousands of atoms. Table 2 compares the computational performance
of the proposed tensor-structured approach with Quantum Espresso for a wide range of silicon
quantum dots passivated with hydrogen. As in the case of aluminum nano-particles, the proposed
approach starts competing with Quantum Espresso beyond a few hundred atoms, and substantially
outperforms for larger systems. The scaling with system size for the tensor-structured algorithm,
for a range of system-sizes with the largest containing 7,355 atoms, is estimated to be O(N!®).

Parallel scaling and GPU porting

The proposed algorithms have been implemented in parallel and the scaling has been demonstrated
on up to 1000 MPI tasks. The proposed tensor-structured approach is amenable to GPU accel-
eration and we are currently pursuing the GPU porting of this code, which is almost complete.
Preliminary studies suggest a ~ 5x speed-up compared to CPUs from a node-hrs perspective. A
manuscript is currently under preparation, which reports the performance of the proposed algorithm
on GPUs.
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