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ABSTRACT

Convolutional neural networks (CNNs) can achieve remarkable accuracy on many computer-
vision and image-recognition problems, but their prediction mechanism is difficult or impossible to 
understand and normal training produces models that are highly susceptible to adversarial examples
—inputs designed by an attacker to be misclassified despite being visually indistinguishable from 
ordinary images of the correct class. These shortcomings have sparked great interest in explaining 
CNNs and in training CNNs that are resistant to adversarial inputs. Most research has 
investigated either explainability or robustness, but in this report, we show that one can 
apply robust optimization techniques to an interpretable CNN and train models that are both 
interpretable and robust.

We take a “prototype” CNN developed by Li et al. [1] that replaces the conventional classifi-
cation layer with an interpretable classification layer derived from case-based reasoning principles. 
We compare and contrast the prototype CNN with a conventional, non-intepretable CNN and show 
some visualizations of its prediction process.

Then we review some common attacks, such as the fast gradient sign method (FGSM) and pro-
jected gradient descent (PGD), which can be used to generate adversarial examples. We show that, 
like a conventional CNN, a prototype CNN trained in the normal way is susceptible to adversarial 
inputs. Hence, we confirm that intepretability alone does not provide robustness. Nevertheless, 
some example visualizations help illustrate understand why a misclassification occurred. They also 
suggest that the interpretable classification layer might allow one to detect an adversarial input.

Next, we review robust optimization methods that a defender could employ to train neural 
networks to resist attacks. We also explain that the structure of the interpretable CNN leads to 
a variety of options for both the attacker and defender. These options make robust optimization 
training of the prototype CNN more complicated than for a conventional CNN.

Finally, we train prototype CNNs for each of the options, and we obtain trained models that 
are simultaneously interpretable and robust. Example visualizations indicate that the interpretable 
classification layer is unlikely to facilitate detection of adversarial inputs, but the robustness of these 
models makes this property less important. Overall, we show that robust optimization can produce 
trained prototype CNNs that are interpretable, unlike a conventional CNN, and robust, just like a 
similarly trained conventional CNN.
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1. INTRODUCTION AND MOTIVATION

Deep neural networks offer state-of-the-art performance on many machine-learning problems. 
For computer-vision tasks like image recognition and object detection, deep convolutional neu-
ral networks (CNNs) [2] have demonstrated predictive accuracy comparable to that of human 
experts [3] [4], and in some cases, they have achieved superhuman accuracy [5]. It has also been 
reported that early CNN layers learn low-level features like edges and patches of color, middle layers 
learn mid-level concepts like eyes or ears, and later layers learn high-level concepts like faces [6] [4].

Although neural networks can provide excellent predictive accuracy, their prediction mecha-
nism is so complicated that humans, including machine-learning experts, cannot understand it. A 
neural network is often described as an opaque, impenetrable “black box” that outputs its pre-
diction without any explanation or justification.

In addition, researchers have shown that a neural network can be fooled or tricked into 
making an incorrect prediction while still reporting high confidence in the prediction. In image 
recognition, a fooling image is a nonsense image (e.g., noise or meaningless patterns) that a neural 
network nonetheless confidently predicts to belong to a particular class [7]. More concerning, one 
can take an ordinary image that is properly classified by a neural network and make imperceptible 
modifications to it to create an adversarial image that is visually identical to the original yet 
confidently and incorrectly classified by the same neural network [8, 9]. Additional research has 
shown that these modifications can be made in the physical world rather than as perturbations of 
pixel values on a computer [10, 11].

These undesirable properties—an unexplainable prediction mechanism and susceptibility to 
fooling or adversarial inputs—have made many people distrustful of neural networks and unwill-
ing to accept them for applications that can have serious consequences. However, the excellent 
predictive performance remains tantalizing, and unsurprisingly, research and interest have grown 
explosively in two different areas:

• Explanation: Understanding and explaining how a neural network reached its decision

• Robustness: Designing and training neural networks to be resistant to adversarial inputs

Although there is much work in each area treated separately, this report considers both areas 
simultaneously. We examine a CNN whose classification layer uses an interpretable model, meaning 
that it is deliberately designed to be explainable or understandable. It was developed by Li et 
al. [1], who were partially supported by this Line-supported program. We also apply techniques 
from robust optimization to train the CNN to be resistant to adversarial inputs [12]. In this way, we 
demonstrate that it is possible to develop neural networks that are both interpretable and resistant 
to adversarial inputs.

A large amount of work on explaining machine learning may be described as post hoc (Latin: 
“after the event”): one takes a trained, non-interpretable or blackbox model and tries to generate an 
approximate explanation for how it makes a prediction. One class of post hoc approaches fits a 
simpler model, which may be an interpretable model like a decision tree or linear classifier, to the
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outputs of the blackbox model and uses the simpler model for the explanation [13]. For CNNs, 
another approach is deconvolution [6], which attempts to visualize the features that stimulate parts 
of the network. A wide variety of gradient-based techniques use a neural network’s gradients and 
back propagation to generate “saliency maps” [14], which aim to identify input pixels that 
significantly affect or contribute to the network’s prediction [15] [16] [17] [18] [19]. Another group of 
gradient and back propagation methods imposes a conservation principle on each neuron’s 
contribution to the network’s output [20] [21].

Although there are times when the post hoc approach to explanation can be useful, an inherent 
drawback of post hoc explanation is that it does not truly describe how the original model makes its 
predictions. As a result, a user may form an incorrect mental model for the prediction mechanism. 
For example, if one uses a simpler model to approximate the blackbox model, then discrepancies can 
arise when the original model and the simpler model make conflicting predictions. One might also 
argue that such discrepancies are inevitable; if they did not occur, then one could just use the 
simpler model instead of the blackbox model. Adebayo et al. [22] have shown that some 
saliency and gradient techniques can be misleading. In one experiment, they randomized the 
weights of an increasing number of layers in a trained network. One would expect saliency to decline 
as more layers’ weights were randomized, but the saliency maps for some methods continued to 
highlight parts of the input image like edges and other features, even when the entire network was 
randomized. In another set of experiments, Adebayo et al. trained a network on randomized labels so 
that the trained model essentially made random guesses rather that feature-driven predictions. One 
would expect the corresponding saliency maps to be meaningless, but again the saliency maps for 
some techniques emphasized parts of the input images.

In contrast, if one adopts an interpretable model, then there is no need to come up with 
an approximate explanation for how predictions are made. We therefore advocate approaches to 
explanation that use interpretable models because they are faithful to the actual prediction process. 
Rudin presents additional arguments for using interpretable models [23]. The complexity of neural 
networks means that their feature-extraction layers might not be fully interpretable, but models 
like that of Li et al. [1] employ a classification layer that is interpretable. A related interpretable 
CNN is the “prototype-parts” CNN by Chen et al. [24]. It is a novel extension of the prototype 
CNN of Li et al. [1] that learns prototypical parts, rather than image-sized prototypes, and uses 
the detected parts to make its prediction; this network was also developed in part with support 
from this Line-supported program.

The rest of the report covers the following topics. Section 2 reviews a conventional CNN 
and the interpretable “prototype” CNN of Li et al. [1]. Section 3 presents some visualizations 
of the interpretable prediction process that can help one understand how the network makes its 
predictions. More important, in the case of a misclassification, they can help one understand why 
the mistake occurred.

Next, Section 4 introduces the concept of an attacker who wants to defeat a CNN by making 
adversarial examples that look like ordinary images but are misclassified. Section 5 examines how 
the prototype CNN performs when presented with adversarial examples. Although the network 
has not been trained to resist such inputs, we are curious whether its interpretable structure could
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help one understand why an adversarial example was misclassified or even detect that an input is 
an adversarial example.

 Section 6 presents the concept of a defender who wants to prevent misclassification of 
adversarial inputs. It discusses how robust optimization can be employed to train a CNN that is 
resistant to adversarial examples. The interpretable nature of the prototype network introduces 
some new attacker and defender considerations for robust optimization, so Section 7 describes 
a number of ways that robust optimization can be incorporated into training of the prototype 
network. Section 8 presents experimental results for prototype networks trained in these ways and 
subjected to adversarial examples. Finally, Section 9 offers a summary and conclusions.
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2. REVIEW OF CONVENTIONAL AND PROTOTYPE NETWORKS

This section reviews supervised classification, a conventional CNN, and the prototype neural
network of Li et al. [1].

2.1 SUPERVISED CLASSIFICATION

Image recognition is a special case of supervised classification: given an image x that belongs
to exactly one of K possible classes, the goal is to train and deploy a classifier that accurately
predicts the correct class y to which x belongs. Each input image x has height H, width W , and
D channels; e.g., D = 1 if the inputs are monochrome images, and D = 3 if they are RGB images.
The number of channels is sometimes referred to as depth. An input image x can be considered
either as a three-dimensional H ×W ×D tensor or as a vector of length P = H ×W ×D; x is a
member of the input space X ⊆ RP . Without loss of generality, the set of classes can be represented
as Y = {1, 2, . . . ,K}. For example, recognition of animal images could use labels like “cat”, “dog,”,
“horse,” etc., and each label can be mapped to a corresponding integer in {1, 2, . . . ,K}. Let y ∈ Y
be the correct class associated with x.

In this preliminary discussion, we denote the classifier as a function hθ : X → Y that is
parameterized by θ. Given an input image x (but not the correct class y), the classifier returns a
predicted class ŷ = hθ(x), with ŷ ∈ Y. The prediction is correct if ŷ = y; otherwise, it is incorrect.

Training employs a training set Ttrain = {(xi, yi)}Ntrain
i=1 that contains pairs (xi, yi), where xi is a

training image, and yi is the known, correct class associated with xi. Training learns the parameters
θ∗ that optimize the accuracy of the classifier’s predicted classes {ŷi = hθ∗(xi) : xi ∈ Ttrain}
by comparing the predictions against the corresponding correct classes from Ttrain. The trained
classifier is hθ∗ .

Because the correct classes are available to guide the training procedure, this approach to
classification is said to be “supervised.” A different form of classification, not covered in this report,
is “unsupervised classification,” in which information about the correct classes is not available
during training or testing.

Following training, testing assesses the accuracy of the trained classifier on a separate testing
set Ttest = {(xi, yi)}Ntest

i=1 . It is assumed that the pairs (xi, yi) in Ttrain and Ttest are drawn from
the same underlying distribution. The parameters θ∗ are now held fixed, and the predicted classes
{ŷi = hθ∗(xi) : xi ∈ Ttest} are compared against the corresponding correct classes from Ttest to
measure the classifier’s accuracy on the testing set. This accuracy is typically used as the final
performance measure because it reflects the classifier’s ability to generalize to data outside the
training set.

In this work, we focus on a common benchmark image recognition dataset: the Modified
NIST Set (MNIST) dataset, which consists of grayscale images of handwritten digits 0, 1, . . . ,
9 [25, Sec. III-A]. MNIST contains 55,000 training images and 10,000 test images, each of size
28× 28 pixels. Given an image x of a handwritten digit, the goal is to predict the digit or class y
of the image accurately.

5



2.2 CONVENTIONAL CNN

Here we review a conventional CNN, depicted in Figure 1. Tutorials on CNNs can be found 
in [26], [27], [28].

2.2.1 Architecture

The network consists of a number of convolutional layers followed by a fully connected layer. 
We use a tilde (̃ ) to indicate items associated with the conventional CNN. The input image x is 
passed into the convolutional layers, which are parameterized by weights α̃ and denoted by f̃α̃ . The 
convolutional layers apply a sequence of spatially localized nonlinear transformations that produce 
z̃:

z̃ = f̃α̃(x). (1)

z̃ may be viewed as an H̃lat × W̃ 
lat × D̃lat tensor or a vector of length Q̃ = H̃lat × W̃ 

lat × D̃lat. It is 
a transformed version of x called a latent vector or feature vector. Mathematically, f̃α̃ : X → Z̃,
where Z̃ ⊆ RQ̃ 

is the network’s latent space. Appendix 1 reviews the details of the processing in 
the convolutional layers; also see [28].

The latent representation z̃ is then fed into the fully connected layer, whose parameters can be 
arranged as a K × Q̃ weight matrix W̃ . This layer applies the following operations to obtain the 
predicted class ŷ̃:

ṽ = W̃z̃, (2)

q̃ = softmax(ṽ), (3)

ˆ̃y = arg max
j

q̃[j]. (4)

Equation (2) is just a linear transformation of z̃. Each element ṽ[j] is sometimes called a logit, so
ṽ is called the logit vector or logits, and it belongs to logit space, a subset of RK .

Next, for an input vector w ∈ RK , the softmax operation in (3) is defined as

q = softmax(w), where q[j] =
exp(w[j])∑K
k=1 exp(w[k])

, j = 1, 2, . . . ,K. (5)

This operation converts w into a length-K vector q that lies in the (K − 1) probability simplex
SK−1 = {q ∈ RK : q[j] ≥ 0,∀j;

∑K
j=1 q[j] = 1}; that is, the elements of q are non-negative and sum

to unity. Thus, each element q̃[j] of q̃ represents the network’s estimate of the posterior probability
of class j given x.

Finally, from (4), the predicted class ˆ̃y is the class that corresponds to the maximum of q̃,
and the estimated posterior probability is q̃[ˆ̃y].

2.2.2 Training Objective for Conventional CNN

Because the softmax and arg-max operations have no parameters, the complete set of network
parameters that must be learned during training is θ̃ = {α̃,W̃}. Let H̃θ̃(·) denote the processing
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Figure 1. Architecture of a conventional CNN.
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from the input through to the logits; that is,

ṽ = H̃θ̃(x)
4
= W̃ × f̃α̃(x). (6)

For multi-class classification, conventional training learns parameters that minimize the em-
pirical loss on Ttrain:

min
θ̃

1

N

N∑
i=1

L
(
H̃θ̃(xi), yi

)
, (7)

where L(v, y) : RK × Y → R is the the cross-entropy loss:

L(v, y) = − log

(
exp(v[y])∑K
k=1 exp(v[k])

)
= −v[y] + log

( K∑
k=1

exp(v[k])

)
.

The cross-entropy loss equals the negative logarithm of the yth element of softmax(v) [see (5)]. By 
minimizing the cross-entropy loss, training attempts to find the parameters θ̃ that maximize the 
log-probability of the correct class over the training set. Training is accomplished using a version of 
gradient descent and the back propagation procedure of recursively computing derivatives with 
respect to the parameters in θ̃.

2.2.3 Difficulties Interpreting CNNs

Although CNNs can achieve state-of-the-art and even superhuman predictive accuracy in some 
applications, they are notoriously difficult to understand. The series of nonlinear transformations 
in the convolutional layers mean that the latent space Z̃ is difficult to visualize or understand, and 
a latent vector z̃ ∈ Z̃ does not have any meaning to humans. In addition, the lack of understanding 
of the latent space also makes it impossible to comprehend the elements of the weight matrix W̃ .

2.3 PROTOTYPE NETWORK

Here we review the interpretable prototype network of Li et al. [1]; its architecture is shown 
in Figure 2.

2.3.1 Architecture

The network uses a convolutional autoencoder (CAE) [29], followed by an interpretable clas-

sification layer that employs a novel prototype layer and a fully connected layer.

The CAE includes an auto-encoder f with weights α and a decoder g with weights β. The 
autoencoder uses convolutional layers to transform an image into a latent vector (or Hlat ×Wlat × 
Dlat tensor) z in latent space Z. These layers behave essentially the same as the convolutional layers 
f̃α̃ in the conventional CNN. However, the additional decoder contains deconvolutional layers that 
can transform a latent vector z′ ∈ Z into an image. That is, fα : X → Z ⊆ RQ, Q = Hlat × Wlat × Dlat, 
and gβ : Z → X , or:

z = fα(x), (8)

x̂′ = gβ(z′). (9)
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Figure 2. Architecture of interpretable prototype CNN.
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During training, the weights α and β are learned so that the reconstructed image x̂ = (gβ ◦ fα)(x)
is a good approximation to the original image x. One benefit of the CAE is that a latent vector z′

can be converted into a reconstructed image and visualized, which may be more meaningful than
simply a point in an abstract, high-dimensional space.

The prototype layer includes a set P = {p1,p2, . . . ,pM} of M latent vectors, which are
referred to as prototypes. The prototypes can be thought of as synthetic exemplars that are learned
during training (discussed below). Via the decoder, each reconstructed prototype p̂j = gβ(pj),
j = 1, 2, . . . , M , can be visualized as an image. For each prototype pj ∈ P, the prototype layer
computes the distance between z and pj to obtain the prototype-distance vector d:

d =


‖z− p1‖2
‖z− p2‖2

...
‖z− pM‖2

 = dP(z). (10)

(In the above equation, dP(z) corresponds to p(z) in Li et al. [1].) It can be convenient to convert
d into an equivalent similarity vector s according to

s =


(‖z− p1‖2 + ε)−1

(‖z− p2‖2 + ε)−1

...
(‖z− pM‖2 + ε)−1

 =


1/(d[1] + ε)
1/(d[2] + ε)

...
1/(d[M ] + ε)

 , (11)

for some small ε > 0. Both d and s belong to RM ; they quantify how close z is to each prototype.

The prototype-distance vector d is then passed to a fully connected layer with weight matrix 
W and processed much like in the conventional CNN:

v = Wd, (12)

q = softmax(v), (13)

ŷ = arg max
j

q[j]. (14)

The crucial difference from the conventional CNN’s fully connected layer is that the weight matrix is 
applied to the prototype-distance vector d rather than the latent vector z. This modification means 
that the prototype CNN makes its prediction based upon how closely the input x resembles each of 
the M prototypes, in latent space.

The parameters of the interpretable classification layer are the set P of prototypes and the 
weight matrix W. We denote the composition of (10) and (12) as hP,W, so the logits v are given 
by

v = hP,W(z)
4
= W × dP(z). (15)
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2.3.2 Training Objective for Prototype CNN

For the prototype network, the number of prototypes is M , the parameters are θ = {P, W,
α, β}, and the training objective includes additional terms:

min
P,W,α,β

{
1

N

N∑
i=1

L
(
(hP,W ◦ fα)(xi), yi

)
+ λAE

1

N

N∑
i=1

d
(
(gβ ◦ fα)(xi), xi

)
+ λ1

1

M

M∑
j=1

min
i∈[1,N ]

dlat

(
pj , fα(xi)

)
+ λ2

1

N

N∑
i=1

min
j∈[1,M ]

dlat

(
fα(xi),pj

)}
, (16)

2
2

2
2

Here, d(x′, x) denotes a distance measure in the input space, and dlat(z
′, z) denotes a distance 

measaure in the latent space. Typically, both use the L2 norm, so d(x′, x) = ‖x′ − x‖ and dlat(z
′, z) = 

‖z′ −z‖ , but the distances are computed in different spaces and the distance measures could be 
different.

We can also express the objective as a weighted sum of individual terms that correspond to 
different constraints:

min
P,W,α,β

{
L(P,W,α) + λAERAE(α,β) + λ1R1(P,α) + λ2R2(P,α)

}
, (17)

where

L(P,W,α) =
1

N

N∑
i=1

L
(
(hP,W ◦ fα)(xi), yi

)
cross-entropy loss (18)

RAE(α,β) =
1

N

N∑
i=1

d
(
(gβ ◦ fα)(xi), xi

)
autoencoder reconstruction error (19)

R1(P,α) =
1

M

M∑
j=1

min
i∈[1,N ]

dlat

(
pj , fα(xi)

)
prototype regularization term #1 (20)

R2(P,α) =
1

N

N∑
i=1

min
j∈[1,M ]

dlat

(
fα(xi),pj

)
prototype regularization term #2 (21)

The cross-entropy loss is the usual loss function for optimizing predictive accuracy. The
autoencoder reconstruction error is used to learn the decoder weights β so that a reconstructed
(encoded and decoded) input resemble the original input. The first prototype regularization term
encourages each prototype (pj) to be close to at least one training input (xi), and the second pro-
totype regularization term encourages each training input (xi) to be close to at least one prototype
(pj). The autoencoder reconstruction error is calculated in the ordinary input domain (e.g., pixel
space for images), and the prototype regularization terms are calculated in the latent space.

2.3.3 Interpretability Advantages of the Prototype CNN

The prototype CNN was intentionally designed to include principles of case-based reasoning
into the prediction process [30] [31]. The CAE allows the prototype CNN to learn useful features—
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the prototypes—during training, which differentiates it from traditional case-based learning meth-
ods. Although the layers of the CAE are not completely interpretable, the classification layer has 
a number of appealing properties.

First, the decoder allows a vector z′ in latent space to be reconstructed as an image that 
humans can better understand. In particular, the prototypes can be transformed from vectors in 
latent space into images that a human can readily view to understand what the prototypes look like. 
In this way, the reconstructed prototypes are like reference cases in case-based reasoning. Second, 
the prototype-distance vector d indicates the prototypes that the network considers similar to the 
latent-vector form of the input image. Third, the weights in the weight matrix W can be directly 
related to the input’s similarity to a prototype and the classes that the prototype influences.

Overall, the prototype CNN builds interpretability into the network architecture and training 
objective, making post hoc explanation unnecessary. The prototype CNN truly makes its prediction 
based on the similarities between the transformed input image and the learned prototypes.

2.3.4 Dataset and Training Details

Like Li et al. [1], we train and test the prototype CNN on the MNIST dataset. The prototype 
network is trained with a learning rate of 0.0001 and with hyperparameters λAE, λ1, and λ2 set to 
0.05. The autoencoder and prototype network are jointly optimized. A set of elastic deformations 
are used to augment the training data and reduce overfitting. Li et al. train the model for 1500 
epochs and achieve a training accuracy of 99.53% and a test accuracy of 99.22%. We achieve 
consistent results in our replication study. Further details regarding data augmentation and training 
procedures can be found in [1].

In Section 3, we present visualizations of the trained prototype network. Section 4 discusses 
attacks and adversarial examples, and Section 5 examines the behavior of the prototype network on 
adversarial examples. Section 6 considers robust optimization methods for training classifiers to be 
resistant to adversarial examples. In Section 7, we explain ways to train and test the prototype 
network using robust optimization techniques; and in Section 8, we present results from such 
training.
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3. VISUALIZATIONS FOR THE PROTOTYPE NETWORK

This section presents some simple visualizations for the basic prototype network to demon-
strate its interpretability. We know from Li et al. [1] that the prototype network applied to the 
MNIST dataset achieves training and testing classification accuracies that are comparable with 
state-of-the-art CNNs. MNIST is indeed considered to be a “solved” dataset for which classifiers 
can often achieve 98+% accuracy, but its simplicity helps illustrate the advantages of using an 
interpretable CNN; namely, that such a network can provide a user with insight into how and why 
it made a particular prediction. This capability is useful both when the model makes a correct 
prediction and, perhaps more important, when it makes an incorrect prediction.

Because MNIST consists of a small number of very visually distinct classes, the network does 
not need to learn many prototypes to achieve high accuracy. This property allows us to visualize the 
network at each step during the inference process, from ingestion of an input image to generation 
of the final predicted probabilities for each class.

3.1 WEIGHT MATRIX

Table 1 shows the weight matrix in the classification layer of the trained prototype network. 
The 10 classes appear above the top row. The network decoder can reconstruct what each learned 
prototype looks like as an image, and the decoded, learned prototype images appear beside the 
leftmost column. The prototypes closely resemble handwritten digits, but an input’s similarity to a 
particular prototype contributes to all classes. A more negative weight indicates a stronger 
contribution toward the corresponding class.

Typically, each prototype contributes most strongly to a single class, namely the one to which 
it bears the greatest visual similarity. For example, the second and fifth prototypes both resemble 
handwritten sevens, and both make their greatest contribution to class 7.

The third prototype offers an exception, as it contributes strongly to both class 4 and class 9. 
There is no other prototype that resembles a handwritten four or seven, which is consistent with the 
fact that training specifies the number of prototypes, but does not require that there be at least one 
prototype for each class.

3.2 CORRECT PREDICTION EXAMPLE

Figure 3 illustrates the prediction process for an example input that the model classifies 
correctly. The input image belongs to class 6. First, the network computes the similarities in latent 
space between the input image and each of the 15 learned prototypes. The leftmost bar chart in the 
figure shows the input’s similarities to each of the decoded prototypes. Green highlighting shows 
that the input is most similar to three prototypes that visually resemble handwritten sixes.

Second, the network applies the learned weight matrix from Table 1 to calculate the logits

for each class. Consulting the table shows that these three prototypes’ weights (−5.15, −5.86, and
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TABLE 1

Weight Matrix for the Trained Prototype Network

14

Classes appear above the top row; decoded, learned prototype images appear next to the leftmost column. A more 
negative weight indicates a stronger contribution toward the corresponding class.



Figure 3. Example of the interpretable CNN’s prediction for a correctly classified input.

−5.57), all contribute heavily in favor of class 6. The middle bar chart in the figure shows the result-
ing logits. Green highlighting shows that class 6 has the most positive logit value.

Finally, the softmax operation normalizes the logits to obtain predicted class probabilities, 
which appear in the rightmost bar chart in the figure. Green highlighting shows that the network 
obtains an overwhelming class probability in favor of class 6, so the network confidently (and 
correctly) predicts class 6.

This simple visualization is not possible with a conventional CNN. It effectively shows what 
the interpretable network is truly doing to make its prediction. The figure communicates to a user 
that:

1. The network considers the input image to be most similar to three prototypes whose decoded
images resemble handwritten sixes.

2. After applying the weight matrix, the network finds that class 6 has the most-positive logit.

3. After softmax normalization, the network finds that class 6 is most probable, so it predicts
class 6.

Stated more succinctly: “Because the input image is similar to the three prototypes that look like
handwritten sixes, the network has decided to predict class 6.”
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Figure 4. Example of the interpretable CNN’s prediction for an incorrectly classified input.

3.3 INCORRECT PREDICTION EXAMPLE

Figure 4 shows an instance where the model makes an incorrect prediction. The example
input belongs to class 0, but the handwritten image is an open loop, and the right part of the loop
is much lower than the left part. Visually, the image looks like it could belong to either class 0 or
class 6. The interpretable structure of the prototype network allows one to understand where and
what went awry in the model’s prediction process to cause this misclassification.

The leftmost bar graph displays the input’s similarities to the prototypes. Green highlighting
shows that the model considers the input to be quite similar to prototype #12, which resembles
a handwritten zero. However, red highlighting shows that the model also considers the input
similar to the three prototypes (#1, #9, #14) that resemble handwritten sixes. The similarities to
prototypes #1 and #14 are comparable to the similarity to prototype #12, and the similarity to
prototype #9 is much greater than the similarity to prototype #12.

From Table 1, the weight for prototype #12 and class 0 is −14.11, so the similarity to
prototype #12 should produce a sizeable logit.1 The logits appear in the middle bar chart, where
green highlighting indeed shows a substantial logit value for class 0. However, red highlighting
indicates a slightly larger logit value in favor of class 6.

Finally, the right bar chart displays the result of the softmax step. Although the logits for
class 0 and class 6 are on par with one another, the softmax calculation amplifies the class with
the largest logit and attentuates the other classes. Green highlighting shows that class 0 has a

1 The weights for prototypes #1, #9, and #14 are the same as before.
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non-negligible predicted probability, and red highlighting shows that class 6 receives the lion’s share 
of the available class probability. Ultimately, the model ascribes higher confidence to the input 
belonging to class 6 than to class 0, so it (incorrectly) predicts class 6.

In this example, the model makes an incorrect prediction, but the simple visualization can 
help a user understand how and why the network made this choice.

1. The network finds that the input image is similar to prototypes that resemble either a hand-
written zero or six, so there is already some ambiguity.

2. After applying the weight matrix, the logits for classes 0 and 6 are comparable, so ambiguity
between these classes remains.

3. The softmax normalization tamps down the probability of class 0 and amplifies the probability
of class 6, leading to the prediction of class 6.

A user can see that the network did not fail egregiously. It calculated reasonable similarities 
for the prototypes that visually resemble the input image, and its calculated logits show ambiguity 
between predicting class 0 or class 6. Because the logit for class 6 is largest, the model will definitely 
predict class 6, but because of the “winner-take-all” nature of the softmax operation, the network 
(incorrectly) predicts class 6 with a large predicted class probability.

Unlike a conventional, blackbox CNN, the interpretable prototype network offers the user a 
view into how it makes predictions, which can act like a sanity check and build user trust in the 
network’s decision-making process.
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4. ATTACKS AND ADVERSARIAL EXAMPLES

This section reviews attacks that generate adversarial examples. Conceptually, one can imag-
ine that there exists an attacker, who intentionally designs inputs to a machine learning model that
fool the network or otherwise cause it to behave aberrantly [7]. Such inputs are called adversarial
examples or adversarial inputs. The usual inputs, which have not been modified or designed in this
way, are called ordinary inputs.

For an ordinary input x with correct label y, the attacker wishes to create an adversarial input
x′ that resembles x but is misclassified by the neural network. Let ∆(x) denote a neighborhood
around x such that, if δ ∈ ∆(x), then x + δ still resembles x and one would expect x + δ to belong
to class y. Typically, ∆(x) is an ε-ball under the `∞ norm in input space, which we denote by
∆ε(x). Mathematically, for an ordinary input x, the attacker wants to choose a perturbation δ to
produce an adversarial example x + δ ∈ X that maximizes the cross-entropy loss L(H̃θ̃(x + δ), y).

For an individual ordinary input x, the adversarial input x′ produced by an attack might
not be misclassified because the attack parameters might not allow sufficient perturbation of x.
The effectiveness of an attack is assessed by applying it to a set of ordinary inputs to produce a
corresponding set of adversarial inputs and examining the classifier performance on the latter set.

4.1 FAST GRADIENT SIGN METHOD (FGSM)

The fast gradient sign method (FGSM) is a simple, popular attack [9]. The attacker seeks a
perturbation δ ∈ ∆ε(x) such that x′ = x + δ maximizes the loss L

(
H̃θ̃(x), y

)
. FGSM exploits the

fact that the gradient of the loss, calculated at (x, y) and with respect to the components of the
input space X , corresponds to the direction of the greatest increase in the loss. Consequently, the
optimal perturbation is δ = ε sign

[
∇XL

(
H̃θ̃(x), y

)]
, and FGSM computes the adversarial input

according to
x′FGSM = x + ε sign

[
∇XL

(
H̃θ̃(x), y

)]
. (22)

In implementation, the gradient is computed via back propagation.

4.2 PROJECTED GRADIENT DESCENT (PGD)

FGSM takes a single step of size ε from x in the direction of greatest increase in the loss 
function. However, the shape of the loss surface can change rapidly, even in a small neighborhood. 
A more effective attack can be realized if one uses α � ε and repeats FGSM several times, each time 
recalculating the gradient and projecting the result to ∆ε(x). This attack is known as projected 
gradient descent (PGD) or iterated FGSM (iFGSM) [32].

Given x and y, the attack initializes x′0 = x, and then it calculates

x′n = Π∆ε(x)

(
x′n−1 + α sign

[
∇XL

(
H̃θ̃(x′n−1), y

)])
, n = 1, 2, . . . , NPGD, (23)

where Π∆ε(x)(x
′′) is the projection operator that clips x′′ to ∆ε(x), and NPGD is the number of

steps. The resulting adversarial input is x′PGD = x′NPGD
.
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4.3 TARGETED ATTACKS

This work did not use targeted attacks, but they are worthy of mention and have been
included for completeness. The preceding attacks try to cause x to be misclassified by perturbing
x away from the correct class y. There is no control over the misclassified predicted class for x′.
The attacks can be modified to push x toward a desired target class ytgt 6= y and cause x′ to be
misclassified as ytgt [32].

In such targeted attacks, the loss is calculated for ytgt rather than y, and each perturbation
uses the negative of the gradient, which is the direction of greatest decrease in the loss for the
target class. Hence, targeted FGSM uses

x′FGSM = x− ε sign
[
∇XL

(
H̃θ̃(x), ytgt

)]
,

and targeted PGD uses

x′n = Π∆ε(x)

(
x′n−1 − α sign

[
∇XL

(
H̃θ̃(x′n−1), ytgt

)])
, n = 1, 2, . . . , NPGD.

20



TABLE 2

MNIST Test Set Accuracy of Conventional CNN and Interpretable Prototype CNN, Trained 
in the Ordinary Manner, and Tested either on Ordinary Input Images or on Adversarial Input 

Images Generated by FGSM with ε = 0.3

Input Images Type of CNN Test Set Accuracy

Ordinary Conventional 0.994

Ordinary Prototype 0.991

Adversarial Conventional 0.093

Adversarial Prototype 0.112

5. ADVERSARIAL EXAMPLES AND THE PROTOTYPE NETWORK

We do not have any expectation that the prototype network should offer any inherent robust-
ness against adversarial inputs, but we wanted to confirm this expectation. This section presents 
results when the FGSM attack of Section 4.1 is applied to a conventional CNN and the prototype 
CNN.

5.1 ACCURACY

We evaluate the performance of a standard CNN and the prototype CNN against adversarial 
images generated by the FGSM attack. We first train a standard CNN and the prototype CNN on 
ordinary (i.e., non-adversarial) images in the MNIST training set. We then use the FGSM attack 
with ε = 0.3 to perturb these same images, and evaluate both models’ performance against this 
new adversarial test set. Table 2 displays the accuracy of the standard and prototype networks 
when evaluated on a test set of ordinary and adversarial images. When classifier performance 
is evaluated on a test set of ordinary images, both models perform equally well, and achieve up 
to 99.6% accuracy. Although the adversarial images closely resemble ordinary MNIST digits, neither 
model achieves better than random accuracy (i.e., 10% given that there are 10 classes).

These results confirm that the prototype network is not automatically more robust against 
adversarial inputs than a conventional CNN. It would have been an impressive additional benefit if 
the interpretable CNN’s reliance on prototype similarities had also constrained the errors caused by 
perturbations in the decision space, but this is not so. Ultimately, this finding is not surprising given 
that the prototype network was not specifically designed or trained to be resistant to adversarial 
inputs.
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5.2 VISUALIZATION

Although the prototype network is not inherently resistant to adversarial inputs, the 
interpretable nature of this model nonetheless allows a user to see why it misclassifies an adversarial 
example, which can provides some useful insights about the nature of FGSM attacks.

Figures 5 and 6 visualize the model’s internal inference process when classifying an ordinary 
input image (“Real”) and adversarial versions of the same image (“FGSM”) generated with FGSM 
at ε = 0.1 and ε = 0.3, respectively. The three input images appear very visually similar, and even 
though the ε = 0.3 attack introduces some perceptible noise, a human user would still unmistakably 
understand them to all depict class 1.

The blue bars illustrate inference on the ordinary image, whereas the orange bars illustrate 
inference on the corresponding adversarial images. In both figures, the prototype network correctly 
classifies the ordinary image: the prototype similarity calculation indicates that the image is most 
similar to the two prototypes that resemble a handwritten one. These similarities are reflected 
downstream, as illustrated by the logits and softmax scores, which reveal the correct prediction is 
made with high confidence.

However, the figures show that the model misclassifies both adversarial images. It mistakes it 
as class 4 when ε = 0.1 and as class 8 when ε = 0.3. In latent space, where prototype distances are 
computed, the differences between ordinary and perturbed images are exploited by the attack. The 
visualizations show that the network considers the adversarial image more similar to the prototype 
that resembles a handwritten four than to those that resemble a handwritten one. The FGSM 
attack also causes the similarities to become “flattened”—smaller and spread almost uniformly 
among the prototypes. When the weight matrix is applied to the prototype similarities, the logit 
for class 4 becomes larger than the logits for the other classes, and the logit for correct class 1 
becomes negative. Finally, the network incorrectly predicts class 4.

The FGSM attack with ε = 0.3 causes similar behavior. The adversarial image is noisier than at 
ε = 0.1, but still recognizable as class 1. However, the prototype similarities are now almost 
uniformly distributed over the prototypes. The logit for correct class 1 becomes most negative, 
and the logits for classes 8 and 9 are the largest ones and comparable in magnitude. The softmax 
results show the network considers the input as belonging to class 8, with class 9 as the next possible 
candidate. The network incorrectly predicts class 8.

5.3 POTENTIAL DETECTION OF ADVERSARIAL INPUTS

While conducting this preliminary inquiry, we observed another interesting side benefit of the 
prototype network. Although the model cannot correctly classify adversarial examples, its 
autoencoder and decoder might enable their detection.

As illustrated in Figure 7, FGSM-generated adversarial inputs that are encoded and decoded 
by the network have reconstruction errors that tend to be larger than those for ordinary inputs. The 
left side of the figure shows three corresponding input images (ordinary and adversarial) in the 
“Input” row, and their reconstructed versions from the prototype network’s autoencoder and
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Figure 5. Example of the prototype network’s prediction process for an ordinary image (“Real” image and
blue bars) and an adversarial version of the same image (“FGSM” image and orange bars) produced by the
FGSM attack with ε = 0.1. The predicted class for the ordinary image appears below the “Real” image, the
correct class label is given as “Label,” and the predicted class for the adversarial image appears below the
“FGSM” image.
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Figure 6. Example of the prototype network’s prediction process for an ordinary image (“Real” image and
blue bars) and an adversarial version of the same image (“FGSM” image and orange bars) produced by the
FGSM attack with ε = 0.3. The predicted class for the ordinary image appears below the “Real” image, the
correct class label is given as “Label,” and the predicted class for the adversarial image appears below the
“FGSM” image.
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Figure 7. Decoder error for prototype network on ordinary an adversarial inputs. Left, top row: example 
input images (ordinary and for two FGSM attacks on the ordinary image). Left, bottom row: corresponding 
reconstructed images from the network’s auto-encoder and decoder. Right: histograms of reconstruction error 
for ordinary (blue) and adversarial (orange) images for the two FGSM attacks.

decoder in the “Decoded” row. The decoded ordinary image closely resembles the initial ordinary 
image, but the decoded adversarial images are noticeably distorted compared to their initial images. 
The right side of the figure shows histograms of the reconstruction errors for ordinary images 
(“Real,” blue) and adversarial images (“FGSM,” orange).

The histograms suggest that it may be possible to distinguish between an ordinary image and 
an adversarial one 95% of the time for the FGSM attack with ε = 0.1. When ε is increased to 0.3, 
then it appears possible to detect an adversarial image every time.

Although the prototype network was not designed with the purpose of enabling detection of 
adversarial inputs, this observation is an interesting finding that indicates an alternative way it could 
be used to provide some ability to detect adversarial inputs, even though it is not resistant to them. 
Also, Figures 5 and 6 indicated that the distribution of the prototype similarities tends to favor a few 
prototypes when the input is an ordinary image and becomes flatter and more uniform when the 
input is an adversarial image. This property might also be exploited to detect adversarial inputs.

However, in these experiments, the FGSM attack was not trying to deceive the decoder, only 
the classifier. If the attacker modified the FGSM objective to account for the reconstruction error as 
well as the cross-entropy loss, then these potential detection capabilities of the prototype network 
might be diminished. In subsequent sections, we investigate the effects of adding this additional 
constraint to attacks while also employing robust optimization methods during network training.
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6. ROBUST OPTIMIZATION

This section reviews neural network training that uses robust optimization to try to make the
trained network resistant to adversarial inputs. Tutorials on robust optimization of neural networks
can be found in the article by Madry et al. [12] and on the web page for the NeurIPS 2018 tutorial
on adversarial robustness by Kolter and Madry [33].

6.1 ROLES OF ATTACKER AND DEFENDER

It is natural to think of an attacker, who generates adversarial examples to confuse the neural
network, and a defender, who trains the neural network to resist the adversarial inputs.

Recall from Section 4 that the attacker wishes to produce adversarial inputs, slightly per-
turbed versions of ordinary inputs that the network misclassifies. For an ordinary input x, the
attacker constrains the adversarial input x′ = x + δ to lie in ∆ε(x) so that it still resembles x.
Traditional, “undefended” training of a conventional CNN (see Section 2.2.2), attempts to minimize
the empirical cross-entropy loss on Ttrain [see (7)]:

min
θ̃

1

N

N∑
i=1

L
(
H̃θ̃(xi), yi

)
.

Therefore, the attacker tries to maximize the loss function for x; that is, the attacker seeks:

max
δ∈∆ε(x)

L(H̃θ̃(x + δ), y). (24)

FGSM and PGD in Section 4 are attacks that compute solutions—adversarial inputs x′ = x+δ—to
this equation.

Robust optimization introduces a defender, who wants the network to correctly classify not
only ordinary inputs but also perturbed, adversarial versions of them. Doing so results in a different
training objective. The defender should choose the network parameters θ̃ to minimize the result
of (24) rather than the usual “undefended” loss L(H̃θ̃(w), y). Mathematically, robust optimization
aims to solve a saddle-point problem [12]:

min
θ̃

1

N

N∑
i=1

max
δ∈∆ε(xi)

L(H̃θ̃(xi + δ), yi). (25)

If the defender succeeds, then the attacker must perturb an ordinary input x by such a large amount
(i.e., δ 6∈ ∆ε(x)) that the adversarial input x + δ no longer resembles the class y associated with x,
and it will not be surprising or unsettling if the network predicts that x + δ belongs to some class
other than y. In this way, the network might become resistant to adversarial perturbations inside
∆ε(x).
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6.2 GAME-THEORETIC PERSPECTIVE

The situation can be viewed from the perspective of game theory [34]. The attacker and
defender are players competing in a game, where each player wishes to optimize its respective
utility or penalty function, and each player does so by selecting the parameters under its control.

Let Ja denote the attacker’s utility function. The attacker wants to maximize Ja by perturbing
ordinary inputs subject to a constraint on the allowable perturbations. Let the set of perturbations
over Ttrain be ∆ = {δi}Ni=1. In this context, Ja(θ̃,∆) is the cross-entropy loss:

Ja(θ̃,∆) =
1

N

N∑
i=1

L(H̃θ̃(xi + δi), yi), (26)

and the attacker seeks

max
∆:{δi∈∆ε(xi)}Ni=1

Ja(θ̃,∆) = max
∆:{δi∈∆ε(xi)}Ni=1

1

N

N∑
i=1

L(H̃θ̃(xi + δi), yi)

=
1

N

N∑
i=1

max
δ∈∆ε(xi)

L(H̃θ̃(xi + δ), yi),

which corresponds to the averaged inner maximization in (25). The attacker cannot change the
network parameters θ̃, but they appear in the utility function because the defender will optimize
them.

Let Jd be the defender’s penalty function. The defender wants to minimize Jd by choosing
the network parameters θ̃. The penalty is equal to the maximum of the attacker’s utility function,
so

Jd(θ̃) = max
∆:{δi∈∆ε(xi)}Ni=1

Ja(θ̃,∆). (27)

The penalty function does not depend on ∆ because the perturbations are marginalized out by the
maximization operation. The defender seeks

min
θ̃
Jd(θ̃) = min

θ̃
max

∆:{δi∈∆ε(xi)}Ni=1

Ja(θ̃,∆)

= min
θ̃

1

N

N∑
i=1

max
δ∈∆ε(xi)

L(H̃θ̃(xi + δ), yi),

which corresponds to (25).

For this situation, we could have simplified the game-theoretic perspective and declared a
zero-sum game with a single value function J(θ̃,∆) equal to the cross-entropy loss: J(θ̃,∆) =
1
N

∑N
i=1 L(H̃θ̃(xi + δ), yi). The defender would minimize the value while the attacker would max-

imize it, which would give minθ̃ max∆:{δi∈∆ε(xi)}Ni=1
J(θ̃,∆) and lead to (25). The utility and

penalty functions become more useful when we robustly optimize the prototype network against
adversarial inputs.
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θ̃

6.3 OPTIMIZATION APPROACHES

Kolter and Madry [33, Chapter 3 – Adversarial examples, solving the inner maximization; 
Strategies for the inner maximization] explain that there are three approaches for solving the inner 
maximization in (25); that is, solving (24).

The first approach is to find a lower bound for (24). If one empirically computes an adversarial 
example x + δ for x, then calculating L(H̃ (x + δ), y) immediately provides a lower bound for the 
maximization. Of course, if the adversarial example is chosen poorly, then the bound might be 
loose and not very effective for robust optimization, so one should try to find a strong adversarial 
example. This rationale motivates the FGSM and PGD attacks, which each find the best lower 
bound within a class of adversarial examples. The empirical approach is the most common one in 
the literature and the one adopted in this work.

A second approach is to solve (24) exactly. For small networks with certain activation func-
tions, like the rectified linear unit (ReLU), one can express the maximization as a mixed integer 
programming problem that can be solved exactly. This approach is important because it shows that, 
in some cases, an exact solution is possible, but these techniques do not scale for large networks.

The third approach is to find an upper bound for (24). Typically, one does not find an actual 
adversarial example, but applies techniques like convex relaxation to establish a guarantee that the 
solution to (24) does not exceed the calculated upper bound. The guarantee enables one to prove 
that a network is robust against attacks. This approach represents the state-of-the-art for robust 
optimization, but is much more complicated than the other approaches.

Finally, Madry et al. [12] and Schmidt et al. [35] recommend that a robust network be more 
expressive than an ordinary, non-robust one. For a conventional CNN, this requirement means that 
the network should have a larger number of parameters, such as more layers or a greater depth at 
each layer.
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7. ROBUST OPTIMIZATION OF THE PROTOTYPE NETWORK

The training objective for the prototype network includes additional terms besides the loss, so 
an immediate question is: How should one perform robust optimization of the prototype network?
That is, how should one convert (16) or (17) into the form of (25)?

We consider both the attacker’s and the defender’s perspective to arrive at a number of 
possible forms.

7.1 ATTACKER’S PERSPECTIVE

The attacker wishes to cause misclassification, so the attacker should continue to increase 
the cross-entropy loss. However, if the attacker only maximizes the cross-entropy loss, then the 
reconstruction error might become large for adversarial examples while remaining small for non-
adversarial ones. This property could enable the defender to detect whether an input is adversarial 
or not. Consequently, the attacker might also want to keep the reconstruction error small for 
adversarial inputs to reduce the effectiveness of such detection.

Regarding the prototype regularization terms, it is unclear whether an attacker would want 
to interfere with the prototypes because the attacker’s main goal is to cause misclassification and 
perhaps evade detection rather than to make the prototypes similar to or dissimilar from adversarial 
inputs.

Consequently, there are two different forms for the inner maximization: [A1] one involving 
only the cross-entropy loss, and [A2] one involving a combination of the cross-entropy loss and the 
autoencoder reconstruction error. In the game-theoretic perspective of Section 6.2, the attacker 
has two possible utility functions. The first one is (26), the cross-entropy loss:

Ja(P,W,α,∆) =
1

N

N∑
i=1

L
(
(hP,W ◦ fα)(xi + δi), yi

)
. (28)

The second one reflects the attacker’s desire to cause misclassification and keep the reconstruction
error of adversarial inputs small; for some λ′AE > 0, it is given by

Ja(P,W,α,β,∆) =
1

N

N∑
i=1

[
L
(
(hP,W ◦ fα)(xi + δi), yi

)
−λ′AEd

(
(gβ ◦ fα)(xi + δi),xi + δi

)]
. (29)

7.2 DEFENDER’S PERSPECTIVE

For the defender, we present two different design approaches. We also point out that, for
each ordinary training sample xi, the training procedure will generate a corresponding adversarial
example, which we denote as x′i. Also, let X′ = {x′i}Ni=1 be the set of adversarial training examples.
Consequently, the training procedure knows whether an input is ordinary or adversarial, although
the neural network does not.
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In the first approach, the network employs one set of prototypes. The set might be larger than 
in the non-adversarial case, but one set of prototypes must handle both ordinary and adversarial 
inputs.

In the second approach, the defender introduces an additional set of adversarial prototypes 
specifically for addressing adversarial examples. They could help the network learn—and help a 
user understand—the decision boundaries between ordinary and adversarial inputs. Hence, the 
network has two sets of prototypes. The first set contains ordinary prototypes that are learned 
from ordinary inputs as usual, and the second set contains adversarial prototypes that are learned 
from the adversarial inputs in X′.

For either approach, the defender continues to want to be robust to adversarial examples, 
so the defender continues to minimize the attacker’s objective function. We discuss the other 
optimization terms for the two approaches next.

7.2.1 One Set of Prototypes

For a network with one set of prototypes, the defender has a few options regarding the au-
toencoder reconstruction error. First, the defender could minimize the autoencoder reconstruction 
error only for ordinary inputs, which might allow detection of adversarial inputs by examination of 
the reconstruction error. Second, the defender could extend the autoencoder reconstruction error 
term to include the adversarial inputs, which would put an additional burden on the autoencoder. 
However, this objective could make it more difficult to distinguish between ordinary and adversar-
ial inputs, so we do not consider it. Third, the defender could attempt to make the autoencoder 
reconstruction error small for ordinary inputs, but large for adversarial inputs. Doing so 
would improve the ability to detect adversarial inputs, but it runs contrary to the purpose and 
intent of the autoencoder—particularly for adversarial inputs that closely resemble ordinary 
inputs—so we do not pursue it further.

Consequently, although we have described three possible options for the autoencoder recon-
struction error, we only use the first option in the rest of this report.

For the two prototype regularization terms, there are two possibilities. One, indicated as [D1], 
is to apply the terms only to ordinary inputs so that the learned prototypes remain visually recog-
nizable. In the game-theoretic perspective, this corresponds to the penalty function

Jd(P,W,α,β) = max
∆:{δi∈∆ε(xi)}Ni=1

[
Ja(P,W,α,β,∆)

]
+ λAE

1

N

N∑
i=1

d
(
(gβ ◦ fα)(xi),xi

)
+ λ1

1

M

M∑
j=1

min
i∈[1,N ]

dlat

(
pj , fα(xi)

)
+ λ2

1

N

N∑
i=1

min
j∈[1,M ]

dlat

(
fα(xi),pj

)
. (30)

The maximization applies only to the attacker’s utility function Ja(P,W,α,β,∆).

The other possibility, indicated as [D2], is to apply the prototype regularization terms to both
ordinary and adversarial inputs, which could diminish how recognizable the learned prototypes are.
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This corresponds to the penalty function

Jd(P,W,α,β) = max
∆:{δi∈∆ε(xi)}Ni=1

[
Ja(P,W,α,β,∆)

]
+ λAE

1

N

N∑
i=1

d
(
(gβ ◦ fα)(xi),xi

)
+ λ1

1

M

M∑
j=1

min
i∈[1,N ]

min
xi,x′i

[
dlat

(
pj , fα(xi)

)
, dlat

(
pj , fα(x′i)

)]

+
1

2
λ2

[
1

N

N∑
i=1

min
j∈[1,M ]

dlat

(
fα(xi),pj

)
+

1

N

N∑
i=1

min
j∈[1,M ]

dlat

(
fα(x′i),pj

)]
. (31)

7.2.2 Two Sets of Prototypes: Ordinary and Adversarial

A network with M ordinary prototypes and M ′ adversarial prototypes is indicated as [D3].

For this option, let P be the set of ordinary prototypes as usual and P′ = {p′1, . . . , p′M ′ } be the set 
of adversarial prototypes. The classification layer h includes P′ as well as P and W, where W is 
enlarged to include weights for the adversarial prototypes. The adversarial examples in X′ can be 
used to learn the adversarial prototypes.

For the autoencoder reconstruction term, the options are identical to those for the network 
with one set of prototypes. Based on the same reasoning given above, we only consider the autoen-
coder reconstruction error for ordinary inputs.

With two sets of prototypes, it is natural to expand the prototype regularization terms so 
that each one contains separate terms for both ordinary and adversarial prototypes. As a result, the 
ordinary prototypes should remain visually recognizable, whereas the adversarial prototypes likely 
will not. This property could improve classification performance because the adversarial prototypes 
might help the network learn the decision boundaries between ordinary and adversarial inputs. It 
could also improve interpretability in two ways. First, because the adversarial prototypes are known 
to represent adversarial inputs instead of ordinary ones, a user could be comfortable with their lack of 
resemblance to recognizable inputs. Second, if the input is similar to adversarial prototypes and the 
network makes a mistake, a user might be more tolerant of such an error because it is evident that 
the input lies near the ordinary-versus-adversarial decision boundary.

This approach has the following penalty function:

Jd(P,P′,W,α,β) = max
∆:{δi∈∆ε(xi)}Ni=1

[
Ja(P,P′,W,α,β,∆)

]
+ λAE

1

N

N∑
i=1

d
(
(gβ ◦ fα)(xi),xi

)
+ λ1

[
1

M

M∑
j=1

min
i∈[1,N ]

dlat

(
pj , fα(xi)

)
+

1

M ′

M ′∑
j=1

min
i∈[1,N ]

dlat

(
p′j , fα(x′i)

)]

+
1

2
λ2

[
1

N

N∑
i=1

min
j∈[1,M ]

dlat

(
fα(xi),pj

)
+

1

N

N∑
i=1

min
j∈[1,M ′]

dlat

(
fα(x′i),p

′
j

)]
. (32)
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TABLE 3

Different Robust-Optimization Combinations for the Prototype Network

Attacker Defender
Case &

EquationOpt. Objective Opt.
Prototype Prototype

Set(s) Regularization

A1 Cross-entropy loss

D1 Ordinary 1 (B.33)

D2
One Ordinary and

2 (B.34)
adversarial

D3
Two: ordinary Separate ordinary

3 (B.35)
and adversarial and adversarial

A2
Cross-entropy loss
and autoencoder

reconstruction error

D1 Ordinary 4 (B.36)

D2
One Ordinary and

5 (B.37)
adversarial

D3
Two: ordinary Separate ordinary

6 (B.38)
and adversarial and adversarial

7.3 COMBINATIONS OF OPTIONS

The above discussion leads to two different attacker options: [A1] maximize the cross-entropy
loss, or [A2] optimize a combination of the cross-entropy loss and autoencoder reconstruction error.
It also produces three different defender options: [D1] use one set of prototypes and conduct
prototype regularization for ordinary inputs; [D2] use one set of prototypes and conduct prototype
regularization for ordinary and adversarial inputs; or [D3] use ordinary and adversarial prototypes
and perform prototype regularization with separate terms for ordinary and adversarial inputs. In
all cases, the defender calculates the autoencoder reconstruction error only over ordinary inputs.

The six different combinations of these options appear in Table 3, which includes references
to the robust-optimization expressions that are given in Appendix 2.
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8. RESULTS AND VISUALIZATIONS FOR THE ROBUSTLY OPTIMIZED
PROTOTYPE NETWORK

We train and evaluate interpretable models using each of the six proposed combinations of at-
tacker and defender strategies for robust optimization. We expect all of the models to provide some 
degree of robustness toward novel adversarial inputs given that they are exposed to these exemplars 
during the training process. We seek to understand if and why certain optimization strategies yield 
greater robustness than others, and to what extent model interpretability is preserved.

8.1 TRAINING DETAILS

We use the MNIST dataset again for model training and evaluation in the robust optimization 
setting. We train six separate prototype networks, one for each of the combined attacker and 
defender optimization strategies described in Table 3. During training, we employ the PGD attack 
with a design perturbation parameter εd = 0.3, step size α = 0.001, and NPGD = 40 iterations. 
Each batch of training images consists of an ordinary MNIST image xi as well as its adversarial 
counterpart x′i. Both sets of images are used to learn the optimal prototypes and autoencoder, 
given the particular conditions of the objective function used.

8.2 ACCURACY RESULTS

Accuracy results for the six robustly optimized prototype networks appear in Figure 8. The 
networks are evaluated on a test set of adversarial inputs generated via PGD with increasing levels 
of perturbation, from ε = 0.1 to 0.9 At ε = 0, the model operates only on unperturbed, ordinary 
images. All models demonstrate excellent accuracy on ordinary images. We expect this outcome 
given that all optimization strategies include the usual cross-entropy loss on ordinary images in 
their objective functions. More interestingly, all six strategies appear to produce models that are 
resilient against adversarial examples, up to the design εd = 0.3, and even beyond, in most cases.

To compare our results with those of a conventional CNN, we refer to results by Madry 
et al. [12, Table 1, Method: PGD, Source: A], who trained conventional CNNs on MNIST using 
robust optimization with PGD with εd = 0.3 and a variety of other settings. The robustly trained, 
conventional CNNs achieved accuracies between 89.3% and 93.2%. The value of 93.2% from [12, 
Table 1, Method: PGD, Steps: 40, Restarts: 1, Source: A] corresponds most closely with the attack 
we used for robust-optimization training of the prototype CNN. This operating point appears as a 
filled circle in Figure 8b. Our first conclusion is that it is indeed possible to train the interpretable 
prototype network to resist adversarial inputs.

8.3 PROSPECT OF DETECTING ADVERSARIAL INPUTS

In Section 5.3 and Figure 7, we discussed the possibility of using the decoder reconstruction 
error to detect an adversarial input. The initial results in that section were based on a model 
trained without robust optimization, with the FGSM attack used to form adversarial images.
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(a) Broad view (b) Detailed view

Figure 8. Accuracy of robustly optimized networks when classifying adversarial images generated by FGSM
attacks with increasing values of ε. The case numbers in the legend correspond to the cases in Table 3. Each
network was robustly trained using adversarial examples generated by PGD with εd = 0.3.

In this section, training used robust optimization, and adversarial images were generated by
the more powerful PGD attack. Figure 9 shows histograms of the reconstruction errors for ordinary
and adversarial images for Case 1. The histograms are virtually identical, and we observed the same
behavior for the other cases.

With the more powerful PGD attack, it is highly unlikely that a defender could use the
reconstruction error to detect adversarial inputs, which obviates the initial findings from Section 5.3.
An attacker using PGD does not need to worry about this avenue of detection, which reduces the
motivation for Cases 4–6.

8.4 PROTOTYPE VISUALIZATIONS

Visualizing the decoded prototypes and corresponding weight matrices can provide insight
into how the interpretable model learns from adversarial imagery. Figure 10 shows the decoded
prototypes for Cases 1–3. The decoder did not converge in Cases 4–6, so the decoded prototypes
appeared as black squares that were not meaningful. For Cases 4–6, the accuracy results show that
the latent representations of the prototypes still allow each network to make accurate predictions,
even though each decoder failed to converge. The structure of the prototype network means that
only the latent form of a prototype affects prediction; the decoded prototypes serve as interpretable
visualizations, but they are only useful when the decoder converges.

We speculate that this failure to converge can be attributed to the competing nature of
the attacker’s and defender’s autoencoder regularization terms in these cases, and the increased
complexity of the required optimization.2 As explained in the previous section, the more powerful
PGD attack makes it very unlikely that the reconstruction error can be used to detect an adversarial

2 For example, one can compare (B.33) for Case 1 with (B.36) for Case 4.
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Figure 9. Histograms of reconstruction errors for decoded ordinary (e.g., “real data”) and adversarial images
(Case 1).

(a) Case 1: One set of prototypes (ordinary)

(b) Case 2: One set of prototypes (ordinary and adversarial)

(c) Case 3: Two sets of prototypes (separate ordinary [left] and adversarial [right])

Figure 10. Decoded prototypes for robust optimization Cases 1–3. Prototypes are not shown for Cases 4–6
because the autoencoder did not converge for these cases.
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input, which eliminates the original reason for including the attacker’s autoencoder constraint in 
Cases 4–6. Including the attacker’s autoencoder constraint also weakens the attack with regard 
to causing misclassification, so we conclude that the attacker’s autoencoder constraint is not in 
the attacker’s best interest. Moreover, from the defender’s point of view, being trained on weaker 
attacks when the autoencoder constraint is used can make the resulting model less robust. Indeed, 
we observe in Figure 8 that each model trained for Case 1, 2, or 3 performs comparably to or 
better than its counterpart trained for Case 4, 5, or 6. That is, Case 1 yielded a model that 
performed similarly to the model for Case 4, Case 2 yielded a model that was slightly more 
robust than the model for Case 5, and Case 3 yielded a model that was more robust than 
the model for Case 6. We therefore do not discuss Cases 4–6 further and instead focus on Cases 
1–3.

From Figure 10, we draw a few distinctions in the prototypes learned for Cases 1–3. Cases 1 and 
2 both learn only one set of prototypes: Case 1 considers only ordinary images while learning 
prototypes, whereas Case 2 learns from both ordinary and adversarial inputs. Unsurprisingly, Case 1 
appears to yield somewhat cleaner-looking prototypes than Case 2. Its weight matrix, shown in 
Figure 11a, is similarly more straightforward to interpret than the one for Case 2, shown in Figure 
11b. Every prototype for Case 1 contributes most strongly (larger negative value) to the class it 
visually resembles. In Case 2, prototypes that are visually cleaner have weights that are strongly tied 
to the classes one would expect; for example, prototypes #0 and #1 respectively resemble a 
handwritten seven and five, and they contribute most strongly to those two classes respectively. 
However, other prototypes are less distinct and have more confusing weight contributions. For 
example, prototype #13 (second-to-last column in Figure 11b) is difficult to interpret, and its 
weights are spread over classes 6, 0, 2, and 8.

In Figure 11c, the prototypes for Case 3 appear clearer than those for Case 2 and have a weight 
matrix that is also fairly interpretable, at least for the ordinary images. This difference between 
Cases 2 and 3 might be because the latter learns twice as many prototypes, each trained separately 
on ordinary and adversarial images. Hence, each individual prototype does not have to try to 
represent both ordinary and adversarial images. In Case 3, most of the prototypes are visually clear 
and seem to behave much like ordinary prototypes. This might be attributed to the projection step 
that clips perturbations in iFGSM, which limits the extent to which adversarial examples can be 
perturbed. Upon examining the prototypes and corresponding weight matrices for Cases 1–3, we 
conclude that, since all three models achieve similar levels of adversarial robustness, Cases 1 and 3 
are preferable because they are more interpretable than Case 2.

8.5 PREDICTION EXAMPLES

Figures 12 and 13 present examples of the prediction process of the robustly trained prototype 
networks for Cases 1 and 4, respectively. In both of these cases, the prototypes are learned from 
ordinary images only. The decoded prototypes appear on the left side of the similarity bar graphs in 
the figures; Figure 13 shows the meaningless decoded prototype images for Case 4.

The correct class is class 7, and the adversarial image was produced by FGSM with ε = 0.3. 
Both networks are resistant to their adversarial image, as their similarity bar graphs are almost the 
same for the original image and its adversarial counterpart. Consequently, the logits and softmax
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(a) Case 1: Weight matrix between learned prototypes
(one set, ordinary) and softmax layer in interpretable
network.

(b) Case 2: Weight matrix between learned prototypes
(one set, ordinary and adversarial) and softmax layer
in interpretable network.

(c) Case 3: Weight matrix between learned prototypes
(two sets, ordinary [top] and adversarial [bottom]) and
softmax layer in interpretable network.

Figure 11. Weight matrices for learned prototypes for robust optimization Cases 1–3. Prototypes are not
shown for Cases 4–6 because the autoencoder did not converge for these cases.
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Figure 12. Example of the prediction process for robust optimization Case 1. Top left: the original, ordinary
image; top right: its adversarial version from FGSM with ε = 0.3. Blue bars show values for the ordinary
image; orange bars show values for the adversarial image. The correct label is class 7, which the robustly
optimized prototype network predicts for both the ordinary and adversarial images.

outputs are also almost the same, and the networks correctly predict the class of the ordinary image
and the adversarial image.

In both figures, the prototype similarities are almost the same for both the ordinary (blue
bars) adversarial (orange bars) images. These results also indicate that it is unlikely that the
similarities can be used to detect an adversarial input.
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Figure 13. Example of the prediction process for robust optimization Case 4. Top left: the original, ordinary
image; top right: its adversarial version from FGSM with ε = 0.3. Blue bars show values for the ordinary
image; orange bars show values for the adversarial image. The correct label is class 7, which the robustly
optimized prototype network predicts for both the ordinary and adversarial images.
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9. SUMMARY AND CONCLUSIONS

There is enormous interest both in explaining neural networks and in making them resistant
to adversarial inputs. Most current research investigates either just the former topic or just the
latter one, but in this work, we considered both matters simultaneously. We took an interpretable
“prototype” CNN [1], which is intentionally designed to use an interpretable classification process;
we applied robust-optimization training methods [12] [33], which attempt to train the network to be
immune to adversarial inputs; and we successfully produced trained CNNs that are both interpretable
and robust. This result demonstrates that it is possible to achieve interpretability and robustness
at the same time.

Usually, the prototype network is not trained using robust optimization, so we did not expect
it to have any resistance to adversarial examples. In Section 5, some early experiments using FGSM
to generate adversarial inputs confirmed this expectation. Just like a conventional CNN trained
in the usual way, the prototype CNN was highly susceptible to misclassification when presented
with an adversarial example. Nonetheless, the interpretable nature of the prototype CNN and
visualizations of its prediction process made it easier to see why a misclassification occurred. On
ordinary images, the prototypes’ similarities typically emphasized a few prototypes, but against
an adversarial input generated with FGSM, the similarities became roughly equally distributed
over the prototypes. Also, reconstructed ordinary inputs were visually recognizable as handwritten
digits, but reconstructed adversarial inputs were nonsensical. These latter observations suggested
that the similarity distribution or reconstruction error might enable a defender to detect adversarial
inputs.

Section 7 showed that the interpretable nature of the prototype network introduces some
unique robust-optimization training considerations; they go beyond robust optimization of a con-
ventional CNN, which only involves the cross-entropy loss. An attacker might include a constraint
on the reconstruction error of the adversarial inputs so that a defender could not use it to detect ad-
versarial inputs. A defender might consider different sets of prototypes for dealing with adversarial
inputs.

In Section 8, we applied a variety of robust-optimization training configurations for the pro-
totype CNN. During robust optimization, we employed PGD, which is a more sophisticated attack
than FGSM. As mentioned at the beginning of this section, several of the configurations yielded
trained models that were both interpretable and robust.

We discovered that the similarity distributions or reconstruction errors were comparable for
ordinary or adversarial inputs. These results contradicted the prospect, mentioned in Section 5, of
using the similarity distribution or reconstruction error to detect adversarial inputs. Nonetheless,
the trained prototype network was highly resistant to adversarial inputs, so detecting them might
no longer be necessary.

We also found that there was no benefit to constraining the reconstruction error of the ad-
versarial inputs (option [A2] in Section 7). Including the constraint prevented the autoencoder’s
decoder from converging, and it had negligible effects on accuracy. With robust optimization, the
prototypes’ similarity distribution did not appear useful for detecting adversarial input, whether or
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not this constraint was included. Hence, this constraint only complicated training with no apparent
benefit, so using only cross-entropy loss as the attacker utility function (option [A1]) appears to be
sufficient.

Overall, we have shown that one needs to consider additional aspects when using robust opti-
mization to train an interpretable CNN. More important, we have shown that robust optimization
of an interpretable neural network is indeed possible, meaning that interpretability and robustness
are not exclusive properties.
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A. CONVOLUTIONAL LAYER PROCESSING

This appendix reviews the processing performed by the convolutional layers of a CNN. 
Fig-ure A.14 shows a block diagram of the processing steps.

The convolutional layers form a feedforward cascade in which the output from one layer serves
as the input to the next layer. Let L be the number of layers. First, x is input to the first layer,

which has parameters α̃1, is denoted by f̃1
α̃1 , and produces the output z̃1 = f̃1

α̃1(x). Second, z̃1

is input to the second layer, which has parameters α̃2, is denoted by f̃2
α̃2 , and yields the output

z̃2 = f̃2
α̃2

(
z̃1
)
. Continuing in this way gives

z̃` = f̃ `
α̃`

(
z̃`−1

)
, ` = 1, 2, . . . , L.

For each index ` ∈ {0, 1, . . . , L}, z̃` is a H̃` × W̃ ` × D̃` tensor. For convenience, the “latent”
representation for ` = 0 corresponds to the input image: z̃0 ≡ x, H̃0 ≡ H, W̃ 0 ≡ W , D̃0 ≡ D.
Likewise, the output of the final convolutional layer is z̃ ≡ z̃L, with H̃lat ≡ H̃L, W̃lat ≡ W̃L,
D̃lat ≡ D̃L.

Each convolutional layer processes its input using convolution, followed by a pointwise non-
linearity, and optionally followed by pooling.

A.1 CONVOLUTION

Consider the `th layer with output depth D̃`. The layer contains D̃` different convolution
kernels, denoted by α̃`

1, . . . , α̃`
D̃` . Each kernel contains the weights of a finite impulse response

filter [36]. All of the kernels together comprise the layer’s parameters α̃` =
{
α̃`

i

}D̃`

i=1
. The use of

multiple kernels allows the layer to learn a variety of representations from the same input.

For each output channel, the layer performs spatial convolution on the input z̃`−1 to produce
a three-dimensional tensor ṽ` with D̃` channels. The (scalar) element ṽ`[x, y, c] at spatial index
[x, y] and channel index c is calculated according to

ṽ`[x, y, c] =
∑
x′

∑
y′

D̃`−1∑
c′=1

α̃`
c[x
′, y′, c′] z̃`−1[x− x′, y − y′, c′], c = 1, 2, . . . , D̃`,

=
∑
x′

∑
y′

α̃`
c[x
′, y′] · z̃`−1[x− x′, y − y′], c = 1, 2, . . . , D̃`.

In the first equation, the summations over x′ and y′ correspond to spatial convolution [36,37],
the innermost summation over c′ occurs over the input channels, and α̃`

c[x
′, y′, c′] and z̃`−1[x−x′, y−

y′, c′] are both scalars. The innermost summation is just the dot product over the input-channel
dimension.

The second equation shows this dot product explicitly: α̃`c[x′, y′] is a weight vector, and
z̃`−1[x − x′, y − y′] is the vector of input values at spatial index [x − x′, y − y′] across all input

45



Figure A.14. Detail of convolutional layers.

46



channels; both vectors have length D̃`−1. Hence, the tensor ṽ` is the result of a spatial convolution
with a dot product over the input channels.

Some implementations include an additional scalar bias term α̃`
c,0, which gives

ṽ`[x, y, c] =
∑
x′

∑
y′

(
α̃`

c[x
′, y′] · z̃`−1[x− x′, y − y′]

)
+ α̃`

c,0, c = 1, 2, . . . , D̃`.

In addition, some implementations employ “strided” convolution, which shifts the kernel by more
than one pixel at a time and reduces the size of ṽ`: for a integer S > 1,

ṽ`[x, y, c] =
∑
x′

∑
y′

(
α̃`

c[x
′, y′] · z̃`−1[Sx− x′, Sy − y′]

)
+ α̃`

c,0, c = 1, 2, . . . , D̃`.

Convolution is a linear, shift-invariant operation, which is useful for computer-vision applica-
tions because an image feature might appear anywhere within an image, so sliding the same kernel 
over the entire image allows the layer to look for the feature everywhere. In addition, since the 
same kernel weights are applied at all spatial locations, the number of parameters is dramatically 
smaller than the number that would be required for a fully connected layer.

A.2 POINTWISE NONLINEARITY

Next, the layer applies a pointwise nonlinearity σ(·) to each element of ṽ` to produce w̃`:

w̃`[x, y, c] = σ
(
ṽ`[x, y, c]

)
.

Commonly used nonlinearities include the logistic function [σ(u) = 1/(1+e−u)], hyperbolic tangent 
[σ(u) = (eu − e−u)/(eu + e−u)], and rectified linear unit (ReLU) [σ(u) = max{0, u}]. The function 
σ(·) is sometimes called an “activation function.” Likewise, the individual elements of w̃ ̀  are 
called “activations,” and the image formed by the activations for a single channel of w̃ ̀  is called 
an “activation map.”

A.3 POOLING

Optionally, a layer might include a final spatial pooling operation. Spatial pooling can be 
applied to each activation map to produce a spatially smaller set of activation maps as the layer’s 
output z̃`. Pooling partitions each activation map in w̃ ̀  into equal-sized blocks and computes a 
pooled value from the activations within a block. Common pooling operations are max-pooling 
and average-pooling. For example, 2 × 2 max-pooling gives

z̃`[x, y, c] = arg max
x′∈{0,1}
y′∈{0,1}

w̃`[2x+ x′, 2y + y′, c], c = 1, 2, . . . , D̃`.

If pooling is omitted, then the layer’s output is just z̃` = w̃`.
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B. OBJECTIVE FUNCTIONS FOR ROBUST OPTIMIZATION OF THE
PROTOTYPE NETWORK

This appendix gives the detailed objective functions for training the prototype network using
robust optimization methods; see Table 3 and Section 7.3.

1. Attacker: cross-entropy loss; Defender: one set of prototypes; prototype regularization for
ordinary inputs:

min
P,W,α,β

{
1

N

N∑
i=1

max
δ∈∆ε(xi)

[
L
(
(hP,W ◦ fα)(xi + δ), yi

)]
+ λAE

1

N

N∑
i=1

d
(
(gβ ◦ fα)(xi),xi

)
+ λ1

1

M

M∑
j=1

min
i∈[1,N ]

dlat

(
pj , fα(xi)

)
+ λ2

1

N

N∑
i=1

min
j∈[1,M ]

dlat

(
fα(xi),pj

)}
. (B.33)

This combination is a direct application of (25). The network’s predictions become robust
against adversarial inputs, but the autoencoder and prototypes are only optimized with re-
spect to ordinary training samples.

2. Attacker: cross-entropy loss; Defender: one set of prototypes; prototype regularization for
ordinary and adversarial inputs:

min
P,W,α,β

{
1

N

N∑
i=1

max
δ∈∆ε(xi)

[
L
(
(hP,W ◦ fα)(xi + δ), yi

)]
+ λAE

1

N

N∑
i=1

d
(
(gβ ◦ fα)(xi),xi

)
+ λ1

1

M

M∑
j=1

min
i∈[1,N ]

min
xi,x′i

[
dlat

(
pj , fα(xi)

)
, dlat

(
pj , fα(x′i)

)]

+
1

2
λ2

[
1

N

N∑
i=1

min
j∈[1,M ]

dlat

(
fα(xi),pj

)
+

1

N

N∑
i=1

min
j∈[1,M ]

dlat

(
fα(x′i),pj

)]}
. (B.34)

In practice, the adversarial example x′i will be generated during computation of the inner
maximization; that is,

x′i = max
δ∈∆ε(xi)

L
(
(hP,W ◦ fα)(xi + δ), yi

)
, i ∈ [1, N ].

The double minimization in the first prototype regularization term (i.e., the term multiplied
by λ1) encourages each prototype to be close to either an ordinary training input or its
adversarial counterpart. In practice, a single minimization over the union of X and X′ can
be performed.
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3. Attacker: cross-entropy loss; Defender: two sets of prototypes (ordinary and adversarial);
prototype regularization with separate terms for ordinary and adversarial inputs:

min
P,P′,W,α,β

{
1

N

N∑
i=1

max
δ∈∆ε(xi)

[
L
(
(hP,P′,W ◦ fα)(xi + δ), yi

)]
+ λAE

1

N

N∑
i=1

d
(
(gβ ◦ fα)(xi),xi

)
+ λ1

[
1

M

M∑
j=1

min
i∈[1,N ]

dlat

(
pj , fα(xi)

)
+

1

M ′

M ′∑
j=1

min
i∈[1,N ]

dlat

(
p′j , fα(x′i)

)]

+
1

2
λ2

[
1

N

N∑
i=1

min
j∈[1,M ]

dlat

(
fα(xi),pj

)
+

1

N

N∑
i=1

min
j∈[1,M ′]

dlat

(
fα(x′i),p

′
j

)]}
. (B.35)

For this optimization, the adversarial example x′i will be generated during the inner maxi-
mization and corresponds to

x′i = max
δ∈∆ε(xi)

L
(
(hP,P′,W ◦ fα)(xi + δ), yi

)
, i ∈ [1, N ].

For the remaining combinations, the attacker wants to cause misclassification and keep the
reconstruction error of adversarial inputs small. From (29), for an ordinary input x with label y,
the attacker now wishes to maximize

L
(
(h ◦ fα)(x + δ), y

)
− λ′AEd

(
(gβ ◦ fα)(x + δ),x + δ

)
, λ′AE > 0.

The FGSM or PGD attack can be applied to this quantity instead of the cross-entropy loss. The
defender attempts to minimize this term rather than the cross-entropy loss, but otherwise the
remaining combinations are the same as the three previous ones.

4. Attacker: cross-entropy loss and autoencoder reconstruction error; Defender: one set of
prototypes; prototype regularization for ordinary inputs:

min
P,W,α,β

{
1

N

N∑
i=1

max
δ∈∆ε(xi)

[
L
(
(hP,W ◦ fα)(xi + δ), yi

)
− λ′AEd

(
(gβ ◦ fα)(xi + δ),xi + δ

)]
+ λAE

1

N

N∑
i=1

d
(
(gβ ◦ fα)(xi),xi

)
+ λ1

1

M

M∑
j=1

min
i∈[1,N ]

dlat

(
pj , fα(xi)

)
+ λ2

1

N

N∑
i=1

min
j∈[1,M ]

dlat

(
fα(xi),pj

)}
. (B.36)
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5. Attacker: cross-entropy loss and autoencoder reconstruction error; Defender: one set of
prototypes; prototype regularization for ordinary and adversarial inputs:

min
P,W,α,β

{
1

N

N∑
i=1

max
δ∈∆ε(xi)

[
L
(
(hP,W ◦ fα)(xi + δ), yi

)
− λ′AEd

(
(gβ ◦ fα)(xi + δ),xi + δ

)]
+ λAE

1

N

N∑
i=1

d
(
(gβ ◦ fα)(xi),xi

)
+ λ1

1

M

M∑
j=1

min
i∈[1,N ]

min
xi,x′i

[
dlat

(
pj , fα(xi)

)
, dlat

(
pj , fα(x′i)

)]

+
1

2
λ2

[
1

N

N∑
i=1

min
j∈[1,M ]

dlat

(
fα(xi),pj

)
+

1

N

N∑
i=1

min
j∈[1,M ]

dlat

(
fα(x′i),pj

)]}
, (B.37)

where

x′i = max
δ∈∆ε(xi)

L
(
(hP,W ◦ fα)(xi + δ), yi

)
− λ′AEd

(
(gβ ◦ fα)(xi + δ),xi + δ

)
, i ∈ [1, N ].

6. Attacker: cross-entropy loss and autoencoder reconstruction error; Defender: two sets
of prototypes (ordinary and adversarial); prototype regularization with separate terms for
ordinary and adversarial inputs:

min
P,P′,W,α,β

{
1

N

N∑
i=1

max
δ∈∆ε(xi)

[
L
(
(hP,P′,W ◦fα)(xi +δ), yi

)
−λ′AEd

(
(gβ ◦fα)(xi +δ),xi +δ

)]
+ λAE

1

N

N∑
i=1

d
(
(gβ ◦ fα)(xi),xi

)
+ λ1

[
1

M

M∑
j=1

min
i∈[1,N ]

dlat

(
pj , fα(xi)

)
+

1

M ′

M ′∑
j=1

min
i∈[1,N ]

dlat

(
p′j , fα(x′i)

)]

+
1

2
λ2

[
1

N

N∑
i=1

min
j∈[1,M ]

dlat

(
fα(xi),pj

)
+

1

N

N∑
i=1

min
j∈[1,M ′]

dlat

(
fα(x′i),p

′
j

)]}
, (B.38)

where

x′i = max
δ∈∆ε(xi)

L
(
(hP,P′,W ◦ fα)(xi + δ), yi

)
− λ′AEd

(
(gβ ◦ fα)(xi + δ),xi + δ

)
, i ∈ [1, N ].
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