Equichordal tight fusion frames and biangular
orthopartitionable tight frames

DISSERTATION

Benjamin R. Mayo, Maj, USAF
AFIT-ENC-DS-21-S-001

DEPARTMENT OF THE AIR FORCE
AIR UNIVERSITY

AIR FORCE INSTITUTE OF TECHNOLOGY

Wright-Patterson Air Force Base, Ohio

DISTRIBUTION STATEMENT A
APPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED.



The views expressed in this document are those of the author and do not reflect the
official policy or position of the United States Air Force, the United States Department
of Defense or the United States Government. This material is declared a work of the
U.S. Government and is not subject to copyright protection in the United States.



AFIT-ENC-DS-21-S-001

EQUICHORDAL TIGHT FUSION FRAMES AND
BIANGULAR ORTHOPARTITIONABLE TIGHT FRAMES

DISSERTATION

Presented to the Faculty
Graduate School of Engineering and Management
Air Force Institute of Technology
Air University
Air Education and Training Command
in Partial Fulfillment of the Requirements for the

Degree of Doctorate in Applied Mathematics

Benjamin R. Mayo, B.S., M.S.
Maj, USAF

10 August 2021

DISTRIBUTION STATEMENT A
APPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED.



AFIT-ENC-DS-21-S-001

EQUICHORDAL TIGHT FUSION FRAMES AND
BIANGULAR ORTHOPARTITIONABLE TIGHT FRAMES

DISSERTATION

Benjamin R. Mayo, B.S.; M.S.
Maj, USAF

Committee Membership:

Matthew Fickus, Ph.D.
Chairman

Dursun A. Bulutoglu, Ph.D.
Member

Raymond R. Hill, Ph.D.
Member

ADEDEJI B. BADIRU, Ph.D.

Dean, Graduate School of Engineering and Management



AFIT-ENC-DS-21-S-001

Dedicated to my mother, who fostered a love of math throughout my life, my father,
who encouraged a dedication to service and hard work, and my wife and daughter,
who put up with the many hours of math and hard work, as well as the sacrifices

they made while supporting me in this endeavor. You have made this all possible.

v



Acknowledgements

“The basic process involved is one of learning through failures.”
-J.T. Duane

I would like to sincerely thank my advisor, Dr. Matthew Fickus, for his consid-
erable guidance, and patient but persistent correction; Lt Col Andrew Geyer for his
insights into my career and work-life balance, as well as the many hours spent lis-
tening to his stories; Dr. Alan Lair for his instruction and for his willingness to take
far too much time to read through and correct some of my earliest assignments and
proofs. Without you gentlemen, these pages would be empty. I would also like to
thank my wife and daughter for giving me the best reasons to leave the office even
when my work was unfinished; it turns out you can think about a lot of math when
you're pushing a swing at the park. Without you two, none of the effort that went

into these pages would be worth it.

Benjamin R. Mayo



Table of Contents

Page

Acknowledgements ... ... v
ADStract . ..o viii
L. Introduction . . ... 1
1.1 Literature TeVIeW . ... ..ot 3

1.2 Novel contributions and dissertation outline......................... )

II.  Preliminaries ... ... .. ... ... e 8
2.1 Frame theory .. ... ... . 8

2.2 Fusion frames: a projection-based perspective ...................... 10

2.3 Fusion frames: a basis-based perspective.......... ... ... ... ..., 14

2.4 Naimark and spatial complements ........ ... ... ... ... ... ... ... 17

2.5 Compressed SENSING . . .. .ottt 19

2.6 Harmonic analysis .. .. ... ... 21

2.7 Difference sets ... ... 25

2.8 Group divisible designs. . ... ... 31

2.9 Mutually Unbiased Bases .. ........ ... i 33

ITI. Naimark-spatial orbits and categorization............... ... ... .. ..... 38
3.1 Naimark-spatial orbits ...... ... .. ... . 38

3.2 Naimark-spatial orbits when NV € {2,3} ........................... 43

3.3 Naimark-spatial orbits when f(D,N;R) =0 ....................... 47

3.4 Naimark-spatial orbits when N >4 and f(D,N,R) <0 ............. 48

3.5 Naimark-spatial orbits when f(D,N;R,) >0 ...................... 53

3.6 Existence of tight fusion frames .......... .. ... ... .. o L. 61

IV. Harmonic fusion frame construction........... ... .. ... .. ... ... ..... 64
4.1 Difference sets and families .......... ... ... ... ... . ... ... 64

4.2 Harmonic frames from divisible difference sets . ..................... 71

4.3 McFarland divisible difference sets ... ......... .. .. ... ... . L. 78

V. Biangular orthopartitionable tight frames............ .. ... ... .. ..... 84
5.1 Fundamental facts........ .. ... .. . . . . . . . .. .. 84

5.2 Equiangular tight frames and mutually unbiased bases .............. 86

5.3 Compressed sensing performance .............. ... .. .. ... .. ... 89

5.4 Steiner biangular orthopartitionable tight frames ................... 92

5.5 Steiner-McFarland equivalence ........... ... ... ... ... . ... ... ... 96

vi



VI. Conclusions and future work . . ... .

Bibliography

vii



AFIT-ENC-DS-21-S-001

Abstract

An equichordal tight fusion frame (ECTFF) is a sequence of equidimensional sub-
spaces of a Euclidean space that achieves equality in Conway, Hardin and Sloane’s
simplex bound, and so is a type of optimal Grassmannian code. In the special case
where its subspaces have dimension one, an ECTFF corresponds to an equiangular
tight frame (ETF); such frames have minimal coherence and so are useful for com-
pressed sensing. More generally, an ECTFF will yield a frame with minimal block
coherence when its subspaces are pairwise isoclinic, namely when it is an equi-isoclinic
tight fusion frame (EITFF). In this dissertation, we generalize the notion of an ETF
to that of a biangular orthopartitionable tight frame (BOPTF). Every BOPTF gener-
ates an ECTFF and has a coherence that rivals that of an ETF. Generalizing a recent
observation of King, we construct a new infinite family of BOPTFs whose ECTFF's
are actually equi-isoclinic. Such EITFF-generating BOPTFs are remarkable: having
both low coherence and minimal block coherence, they guarantee the efficient recovery
of signals that are either sparse or block sparse (without foreknowledge of the sparsity
type). We moreover show that such EITFF-generating BOPTF's are special, proving
that certain infinite families of BOPTFs (including an infinite number of those con-
structed by King from semiregular divisible difference sets) generate ECTFFs that are
not equi-isoclinic. Along the way, we discover several new methods for constructing

and comprehending ECTFFs.

viii



EQUICHORDAL TIGHT FUSION FRAMES AND
BIANGULAR ORTHOPARTITIONABLE TIGHT FRAMES

I. Introduction

Let IF be either R or C. For any integers N > 1and D > R > 1, let {¢, . }00; X,
be a sequence of NR vectors in FP with the property that for any n = 1,..., N,
the subsequence {¢H7T}£1 is orthonormal. For any n;,n, = 1,..., N, the corre-
sponding cross-Gram matrix is the R x R matrix ®; ®, whose (r;,72)th entry is
(@5, ®,,,) (r1.72) = (P, 11+ Prgn)- For any such {g,,}2; 2 it is known (3, 39]

n=1, r=1»

that

A 1 NR—-D
U= max @5, P12 = VR max @5, @, llevo = \/ D=1 (1)

Here v is known as the block coherence of {¢, . }n_1 fi. As detailed in the next
chapter, any such {cpm}flejﬁzl achieves equality in the right-hand bound of (1)
if and only if the sequence {U,})_; of R-dimensional subspaces of F? defined by
U, = span{ep, .}, is an equichordal tight fusion frame (ECTFF) for FP, denoted
as ECTFF(D, N, R). Specifically, this occurs if and only if it is a tight fusion frame
(TFF) for FP, meaning that the corresponding rank-R projections {P,}\_, onto
{UN_| satisfy SN P, = AI for some A > 0 (tightness), and also has the trait
that ||P,, — P.,||mo is constant over all n; # ny (equichordality). Additionally,
{@n 10y ) achieves equality throughout (1) if and only if {U, }nen is an equi-
isoclinic tight fusion frame (EITFF) for FP, namely an ECTFF with the additional

property that there exists ¢ > 0 such that P, ,P,,P,, = ¢?P,, for all n; # ny (equi-



isoclinicity). These fusion frames are denoted EITFF(D, N, R). In the special case
where R = 1, (1) reduces to the Welch bound [40] on the coherence p of any sequence

{0, }2_, of unit-norm vectors in FL:

po= max [{@,,, en,)| =\ 5ix- (2)
n1#n2

For such a sequence {¢, }_,, it is known [37] that equality is achieved in (2) if and
only if it is an equiangular tight frame (ETF) for FP, meaning that 25:1 p,. s = Al
for some A > 0 (tightness) and [(¢,,,®,,)| is constant for all n; # ny; these are
denoted as ETF(D, N). If this condition is relaxed to allow for a second value, i.e.
there exists numbers B,C > 0 such that [(¢, ,®,,)| € {B,C} for all ny # ny,
{p, }_, is referred to as a biangular tight frame; in this case, if either A or B is
equal to zero, then {¢, }necn is called an orthobiangular tight frame (OBTF). OBTFs
recently arose as a study of frames with putatively minimal coherence [15].

ETFs and EITFFs naturally arise in compressed sensing where sufficiently sparse
signals are reconstructed from underdetermined linear measurements [7, 8]. To elab-

orate, for integers N > K > 0, a vector x in FY is K-sparse if
|Ixllo :=#{n=1,...,N:x(n) # 0} < K.

Using the orthogonal matching pursuit (OMP) algorithm [39], a K-sparse signal x can
be efficiently recovered from Zﬁ;l x(n)e,, provided K < 1 (p7' +1). In light of (2),
ETFs have minimal coherence p making them optimally suited for signal recovery.

More generally, a vector x in FN*% is K-block sparse if

#{n=1,...,N:dr=1,...,Rs.t. x(n,r) #0} < K.



Using the block orthogonal matching pursuit (BOMP) algorithm [9], a K-block sparse
signal x can be efficiently recovered provided K < % (v™' + 1). Inlight of (1), EITFFs
have minimal block coherence, v, which makes them optimally suited for signal re-
covery, provided the signal sparsity is “blocky”. Because of this, there has been a lot
of recent research devoted to the explicit construction of sequences of vectors with

small coherence or block coherence, with a particular interest in ETFs and EITFFs.

1.1 Literature review

ETF construction relates to a variety of mathematical disciplines and has been
thoroughly explored with new constructions becoming increasingly rare [21, 19]. A
real ETF with redundancy two (meaning N = 2D) exists if and only if a symmetric
conference matrix of size N exists [21]. ETFs with D = (N £ /N) exist whenever
there exists a self-adjoint complex Hadamard matrix with constant diagonal [38].
As explored in Chapter IV, harmonic ETFs arise from difference sets (DS) of finite
abelian groups [33, 37, 42, 6]. The Steiner method explored in Chapter V generates
ETF's using a balanced incomplete block design (BIBD) to carefully arrange regular
simplices with respect to each other [23]. This method generalizes to produce Tremain
ETFs from Steiner triple systems [16] as well as ETFs from hyperovals of projective
planes [22]. ETFs also arise from distance-regular antipodal covers of the complete
graph (DRACKNS) [4, 18] and association schemes [30, 29]. Outside of complex or real
spaces, [1] provides a computer proof of the existence of quaternionic ETFs, some of
which were explicitly formulated by [12]. Additionally, as an offshoot of the research
in this dissertation, we recently discovered yet another construction of ETFs from
generalizations of quantum-information-theoretic objects known as mutually unbiased
bases (MUBs) [19].

There are fewer known methods for constructing EITFFs. One simple method is to



tensor an ETF (D, N) with an orthonormal basis (ONB) of size R, or more generally,
to take a direct sum of EITFFs where £ and N are constant. Another method [27] in-
volves converting a complex EITFF (D, N, R) into areal EITFF(2D, N,2R), as well as
converting a quaternionic EITFF(D, N, R) into a complex EITFF(2D, N,2R). When
applied to the quaternionic ETFs from [1, 12], each of which can be considered an
EITFF(D, N, 1), [27] yields a complex EITFF(2D, N, 2) and a real EITFF(4D, N, 4).
Modifying [27], a complex symmetric conference matrix of size N gives rise to a real
EITFF(N, N, 2) [10, 11]. Recently, a harmonic EITFF(D, N, R) was constructed from
a semireqular divisible difference set (SR-DDS) [32], specifically one arising from a
Gordon-Mills-Welch [26] sum of a semiregular relative difference set (SR-RDS) and a
DS put forth in [28]. It was noted in this last case that such an EITFF would have
flat cross-Gram matrices, that is |(®} ®,,) (r1,72)] is constant for all ny # ny, a trait
unique to this type of construction thus far.

While ETFs and EITFFs are sought after in compressed sensing, ECTFFs gener-
ally are not, since unlike EITFF's they may not have low block coherence v. However,
it is clear from (1) that every EITFF is also an ECTFF, meaning that each of the
EITFF constructions mentioned above also yields an ECTFF. Additionally, some of
the aforementioned EITFF construction methods generalize to the non-equi-isoclinic
case. For example, the method of [27] yields a real ECTFF(4D, N,4R) and com-
plex ECTFF(2D, N,2R) from a quaternionic ECTFF(D, N, R). Moreover, applying
[32] to infinite families of SR-DDSs like those discussed in Theorem 2.3.6, Corollary
2.3.8, and Result 2.3.9 of [36] yields ECTFFs. One of the earliest known proofs
of ECTFF existence is found in [5], which demonstrates the construction of a real

ECTFF(P, @, %) for any prime P provided there exists a Hadamard matrix of

size £, Zauner [43] demonstrated construction of real ECTFFs from BIBDs, where

a BIBD(V, K, A) results in an ECTFF(B,V,R) where R = 2V=1 and B = YE,

K-1



This construction is notable as it results in ECTFFs that are never equi-isoclinic.
An ECTFF(D, N, R) arises from an ETF(D, M) th?t can be partitioned into regular
simplices for their span. In this case, R = [D(ML__;)] 2 and N = Riﬂ [14]. ECTFFs are
not often sought in compressed sensing as the coherence p and block coherence v can
vary. However, the equichordality of ECTFFs is a requirement for equi-isoclinicity,
as can be seen in (1); this suggests that insights into new EITFF constructions may

come from the study of ECTFF construction, particularly those with unique traits

such as the flat cross-Gram matrices arising from King’s construction [32].

1.2 Novel contributions and dissertation outline

In this dissertation, inspired by King [32] and others [15], we introduce the fol-

N R

n=1, re1 il FP is a biangular orthopartitionable tight

lowing notion: we say that {¢,, .

frame (BOPTF) for FP if

L, Ny = MNg, T = To,
|<90n1,r17 Qong,r2>| = O, ny =n9, T 7£ 9, (3)

NR—D
DR(N—1)’ ny 7£ n2,

which we denote as a BOPTF(D, N, R). Note that if {¢,, ,}3_, *, is a BOPTF for

P, then the coherence j = %, which is on the order of the Welch bound for

NR vectors in FP: DJXA]?I;PU. This suggests that BOPTF's, while not as optimally
conditioned as ETFs, are well suited to the OMP algorithm. As noted in Chapter V,
for any BOPTF(D, N, R) {, . }o_; ., for F”, defining U, := span{ep,,,}/., for each
n yields an ECTFF(D, N, R) for FP. The ECTFFs generated in [32] all arise from
BOPTFs, but we took specific notice of the EITFF generated from the harmonic
BOPTF from Ionin’s construction of a SR-DDS [28]. This EITFF automatically has

optimally low block coherence v, but the fact that it arises from a BOPTF means



that it has low coherence ;1 as well. When used in an application, EITFF-generating
BOPTFs permit recovery of either sparse or block-sparse signals, allowing for the
relaxation of the signal model to allow for the two possibilities. We generalize King’s
construction, leading to new infinite families of EITFF-generating BOPTF's from ten-
sor products of ETFs and MUBs. This inspired a related method for constructing new
ETFs from ETF's tensored with mutually unbiased equiangular tight frames (MUETF)
[19]. We further show that not all BOPTF's are as well suited for compressed sensing,
finding new infinite families of BOPTFs with terrible v. In fact, by generalizing the
techniques from [31], we show that infinite families of SR-DDSs yield BOPTFs with
subspaces that are explicitly not equi-isoclinic. Along the way, we discover numerous
new facts relating various BOPTFs, EITFFs, and ECTFFs.

Specifically, in Chapter II, we provide the necessary definitions, methods, and
relationships currently known to the field. One such relationship is that every non-
trivial ECTFF(D, N, R) has both a Naimark complement and spatial complement,
both of which are also ECTFFs. We investigate this in Chapter III to show that
taking alternating Naimark and spatial complements of an initial ECTFF can lead to
infinite families of ECTFFs. In particular, Theorem 3.1.5 characterizes the families
of TFFs that arise from such Naimark-spatial sequences and provides a mechanism
for determining when these TFFs can be equi-isoclinic. Chapter IV focuses on har-
monic frame constructions over finite abelian groups, with Theorem 4.1.1 introduc-
ing families of harmonic EC/EITFFs constructed from difference sets and difference
families, and Theorem 4.2.1 generalizing King’s construction from [32] in terms of
Theorem 4.1.1. As previously mentioned, we note that these latter ECTFFs are gen-
erated from BOPTFs. In Chapter V, we investigate the construction of BOPTFs,
outlining BOPTF characteristics in Theorem 5.1.1. Inspired by the harmonic EITFFs

King generates from Ionin’s SR-DDS [32, 28], we introduce a new EITFF-generating



BOPTF construction from infinite families of ETFs and MUBs in Theorem 5.2.1.
We note that such EITFFs would have low coherence and optimal block coherence
in Theorems 5.3.1 and 5.3.2, increasing their utility in applications like compressed
sensing when the sparsity pattern is unknown. We further demonstrate that not
all BOPTFs are as useful by constructing infinite families of BOPTFs that generate
ECTFFs that are not equi-isoclinic in Theorems 5.4.1 — 5.5.1. Finally in Chapter VI,
we summarize these results and put forth potential methods for constructing new
EITFF-generating BOPTFs based on our research.

The material in this dissertation has been divided into three separate journal
articles. A paper under the title “Certifying the novelty of equichordal tight fusion
frames” has been submitted to Linear Algebra and its Applications in which we show
that the characterization of EI/ECTFFs via Naimark-spatial chains from Chapter I11
can be used to certify when an EI/ECTFF construction method is truly novel. We
demonstrate this by introducing the harmonic frame constructions from Chapter IV
and confirming they are truly new to the field. An article introducing the BOPTF
construction methods from Chapter V is currently in preparation for submission this
fall. As mentioned above, the method for constructing EITFF-generating BOPTFs
in Theorem 5.2.1 from ETFs and MUBs inspired a similar method for constructing
ETFs from MUETFs. This work was published in IEEE Transactions on Information
Theory [19].



II. Preliminaries

2.1 Frame theory

Let IF be either R or C and let H be a D-dimensional Hilbert space over F equipped
with an inner product (-,-)y that is conjugate linear in the first argument. Let N
be an arbitrary indexing set of size N. Equip FV := {x : N' — F} with the inner
product (x;,Xg)pv = ), o NWXQ(TL). The synthesis operator of a sequence of N
vectors {g, tnen in His @ : FV — H, ®&x := >, _\,x(n)p,. The adjoint of ® is
the analysis operator, ®* : H — TV (®*y)(n) = (p,,y)u. As a special case of this,
we sometimes regard a single vector ¢ in H as the synthesis operator ¢ : F — H,
where ¢(x) = x¢ whose adjoint is the linear functional ¢* : H — F, ¢*y = (¢,y).
In general, composing ® and ®* gives the frame operator ®®* : H — H, with
Q" =Y _\ ¢, and the Gram matriz ®*® : FN — FV, namely the operator
whose N x A matrix representation with respect to the standard bases {6, }nen for
FV has the (ng,n9)th entry (®*®)(ni,n2) :== (¢,,,¥,,). In the special case where
H = FP for some D-element index set, ® is the D x N matrix whose nth column
is ¢,,, @ is its N' x D conjugate (Hermitian) transpose, and ®®* and ®*P are the
D x D and N x N matrices whose entries are the complex dot products of the rows
and columns of ® with each other, respectively.

We say {¢,, }nen is a frame for H if there exist A, B with 0 < A < B < oo such
that A|ly|*> < 3,cn (@, ¥)|* < Blly|]? for all y in H. In this finite-dimensional
setting this occurs if and only if {,, }nen spans H, namely if and only if the frame
operator ®®* is invertible. The optimal frame bounds A, B correspond to the least

and greatest eigenvalues of ®®*, respectively. We say {,, tnenr is a tight frame when



® is perfectly conditioned, namely when there exists A > 0 such that

AllylP =Y~ Hewy)* = 127y, Vy € H.
neN
By polarization, this equates to having AI = ®®* = " . ¢, ¢%. In the special
case where each ¢,, is unit-norm it is referred to as a unit-norm tight frame (UNTF)
for H. For any n in A/, notice that the operator P,, = ¢, ¢ is the rank-1 projection
onto the one-dimensional subspace U,, = (¢g,,), or more specifically, the projection
onto its span. This means that AT =" _\-p,¢; = > .\ P, Taking the trace of

this equation gives

DA = Tr(AI) = Tr (Z Pn> =) Tr(P,) =N,

neN neN

therefore A = %. Now consider the following: for any sequence of N unit-norm

vectors in a D-dimensional Hilbert space, {¢,, }nenr, we have that

0<Tr (@0~ 31)°]

= Tr (an—%I)Q

neN

=N PP+ Y Te(P2) - BN T(P,I) + (X)) Te()

neN n’eN neN neN
n’#n

=3 Y T(P.Py)+ N+ L +D ()

neN n’eN
n'#n

=y Y m(p,P,) - X2

neN n’eN
n'#n

where equality is achieved if and only if {¢,, }nen is @ UNTF for H. Recalling that



P, = ¢, ¢, we get the lower bound for

neN n’eN
n'#n

=Y Te(puphpuer)

neN n'eN
n'#n

=Y ) Te(ehe,phen)

neN n’eN
n'#n

=) e P

neN n'eN
n'#n

Notice that this last term has N (/N — 1) summands, meaning that if we divide this

inequality by N(N — 1), we find the average value and can recover (2):

D]E[__Dl) S N(]\lf_l) Z Z |<Lpna¢n/>|2 S %162}\}/(|<90n780n’>|2

neN n'eN n#n!
n'#n

Here equality on the left occurs if and only if {¢p,, }nen is @ UNTF for H and equality

throughout occurs if and only if {¢,, },en is an ETF for H.

2.2 Fusion frames: a projection-based perspective

As discussed above, every UNTF for H yields a sequence of rank-1 (orthogonal)
projections that sum to a multiple of the identity. As a generalization of this, a
sequence of R-dimensional subspaces {U,, }nen of H with corresponding rank-R pro-

jections {P,}nen is known as a tight fusion frame (TFF) for H if there exists a

10



constant A such that

ZPn — AL

neN

Because Tr(AI) = > _\ Tr(P,), we can see that A = %. For any sequence {U, }nen

of R-dimensional subspaces of H, note that

OSTr[(ZPn— )} SN Te(p,p,) - MENED),

neN neN n’eN
n'#n

This provides us with the lower bound

R(NR—D) 1
ST < v D O TPaPu), (4)
neN n’eN
n'#n

with equality held in (4) if and only if {4, }nen is a TFF for H. The chordal distance
between any two of these subspaces is the scaled Frobenius (Hilbert-Schmidt) norm

of the difference of the corresponding orthogonal projection operators, P, , P,,,:

D=

diste (U, ,Un,) = \%HPM — P, [0 = {%Tr[(Pm - Pnz)z]} (5)

To continue, we express the chordal distance (5) between two subspaces U,,,, Uy, as

diStz(unlvum) = %”Pnl - Pn2”124‘ro = %TI‘ [(Pnl - Pnz)ﬂ =R- Tr<Pn1Pn2)' (6>

11



In particular, Tr(P,,P,,) is a real number, and so we continue (4) as

R(NR—D) 1
D(N-1) < N(N-1) Z Z Tr(Py, Pry)
n1EN naeN

ny#na

< max Tr(P,, P,,) (7)

ni1#ng

= R — min dist?Uy,,,Uy,,).

n1#ng

Equality holds throughout here if and only if {i, },ea is both a TEF for H (equality in
(6)) and {U,, }nen is equichordal, meaning diste (U, , Uy, ) is constant over all ny # no,
namely if and only if {U, },en is an ECTFF for H. Solving for the minimum chordal

distance reveals the simplex bound from [3],

N =

rr;in diste(Un, , Un,) < [R(DpiR) %]
ni1#ng

Thus, when such an ECTFF exists, it is an optimal Grassmannian code, that is,
an optimal packing of N points on the Grassmannian (space) that consists of all
R-dimensional subspaces of H. Other types of optimal Grassmannian packings arise
from alternative notions of distance. For example, the spectral distance between two

R-dimensional subspaces Uy, Uy of H is

[NIES

dists(Us, Us) = [1 — [[P1P2[3] 2. (8)

Before we demonstrate optimal packings with respect to spectral distance, we must

first consider the following.

Lemma 2.2.1. For any two rank-R projections P1, Py on a D-dimensional Hilbert

12



space H,
Tr(PPy) < R|[Pi P23, (9)

where equality holds in (9) if and only if there exists ¢ > 0 such that PyPyP| = 0?Py,

that is, if and only if their images are isoclinic [34].

PTOOf. Note that HP1P2||3 = 0'2 (PIPQ) = AmaX<P1P2<P1P2)*> = )\max(PIPQPl)-

max

Then since Rank(PngPl) = Rank(Ple) S R, and P2P1P2 = P1P2(P1P2)* t O,
TI'(P1P2) = TI'(P?PQ) = TI'(P1P2P1) S R)\max(PIPQPl) = RHP1P2H37

as claimed. Next, suppose that P;PyP; = ¢?P; for some ¢ > 0. Then the R
largest eigenvalues of P1P,P; are equal, and so (9) holds with equality. Conversely,
if equality holds then either P;PyP; = 0, in which case P,PyP; = ¢?P; with o = 0,
or PyPyP; # 0. In the latter case, having Tr(P;PyP1) = RAnax(P1PoPy) implies
that P;P,P; is a positive multiple of a rank-R projection. Furthermore, since the

image of P{P,P; is contained in that of Py, it is necessarily a positive multiple of

P;. [l

Lemma 2.2.1 gives us a second way to continue (4): for any sequence {U, }nen of

R-dimensional subspaces of H,

S < 35 TP, P

n1EN noeN

na#ny

<Y Y RIP,P,|3
n1EN no€N

na#ny

< N(N-1R max P, P 3.
ni1#nsg

13



This provides a so-called spectral bound,

N =

where {U, }nen achieves equality in (10) if and only if it is a TFF for H (4) such

that for every ny,ny in N, there exists o, », > 0 such that P,,,P,,P,, =02 | P,

ni,n2

2
n1,Mn2

2

Pnl H2 = Unl,ng

(Lemma 2.2.1), where moreover ||P,,, Py, [|3 = [|Pn,PuyPoyll2 = |0
is constant over all n; # ny. Specifically, we have equality in (10) if and only if
{U, }nen is an EITFF for H [17]. In this case, Tr(P,,P,,) = R||P,,P,,|3 = Ro? is
constant over all ny # ny, meaning that every EITFF for H is necessarily an ECTFF.
Expressing (10) in terms of the spectral distance (8) yields the spectral packing bound
from [5]:

Juin dist; Uny, Uno) = min (1= [Pr, Py 3) < 1= max [|Po,Pry3 < 1 = 537

2.3 Fusion frames: a basis-based perspective

For an alternative perspective on these same ideas, for any sequence {U, },en of
R-dimensional subspaces of H, and any R-element index set R, we can let {¢,, , }rer
be any ONB for U,,, and let ®,, be its synthesis operator. Here P, = ®,® for each
n implying that the frame operator of the concatenation {,, ,}nenrer of these N

orthonormal sequences is

@(I)* = Z (Pn,'rcp;kz,r = Z <Z Son,rso;.;,r> = Z (I)nq):b = Z Pn?

(n,r)EN'XR neN reR neN neN
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namely the fusion frame operator of {Uy,}nen. In particular, {U, },en is a TFF for

H if and only if {¢,, .} mrenxr is a UNTF for H. With this in mind, note that

Tr(P,, P,,) = Tr(®, @, @, P )
= Tr(®;,,®, ®, ®,,)
= Tr(((I)le@nz)*@;l@m)

= ||@21¢7’L2 ||%‘I‘0'

With this, we see that the bound from (4) becomes

R(NR—D) 1 _ 1 * 2
D(N-1) < N(N-1) Z Z Tr(Pum) — N(N-1) Z Z “(I)nlq)ngHFrm (11)
n1EN noeN n1EN noeN

n1#£ng n1#£n2

where equality is achieved if and only if {U,, },en is @ TFF for H, namely if and only
if {¢,,,}nenrer is a UNTF for H. In this setting, the (N x R) x (M x R) Gram

matrix of {¢,, , }nen rer has entries

(‘I)*q)) ((nlvrl)a (n27T2)> = <<pn1,7“17 Song,r2> = <(I)n157”17 q)m(sr2> - ((I)jzlq)ng)(rh?ﬂ?)’

and so is naturally regarded as an N/ x A array (block matrix) of (R x R)-indexed
blocks. Specifically, for any nq,ny in N, the (ng,nz)th block is the corresponding
cross-Gram matrix ®; @, whose entries are inner products of members of our chosen
ONBs for U,,, and U,,,. We can express the chordal and spectral distances between

U,, and U, in terms of their cross-Gram matrix:

diStg(umvunz) =R - Tr(PmPnz) =R- ”cI);kzl(I)nng%roa

diStz(umvunz) =1- ”PanM“g =1- H(I):qu)ngHg

15



To formally prove this latter relationship, note

1Py Py [|2 = (| @, @, @0, P72
< (1@, 12/ ®5, @, ll2l| P72
= (|97, @,., 12,
197, @, 12 = || @, @, ®;, @, P, 2,2
< 1@y, [12]®,,, @, @y P72/ @y 12

= HPTL1PTL2 H2

As such the bounds (7) and (10) can alternatively be written as

R(NR—-D)

max [|®) @, |lro > \/ Fr—

O P |y > ) DEL 12
max max 7, @, > (12

D(N—1)>

where as before, equality holds if and only if {U,}nen is an ECTFF or EITFF for
H, respectively. Note that if the left inequality is scaled by V'R , we can combine
both inequalities as in (1). In the special case where R = 1 and for each n we have
U, = (p,,) where ||¢, | = 1, both inequalities in (12) reduce to the Welch bound (2),
and {Uy, }nen is an ECTFF/EITFF for H if and only if {¢,, }hen is an ETF for H.
For any ny,ny € N, let {0y, n, }rer be the singular values of ®; @, . Since
@, P, ll2 < [|®),, [|2]|®ny|l2 = 1 these values are bounded between 0 and 1. There
thus exists a corresponding sequence of angles {0, ,, n, }rer With 0 < 6, ,, < 7 and
c0S(0r.nymy) = Ornym, for all ¥ € R. These are known as the principal angles between

U,, and U,,. One can show that {U, },en is equi-isoclinic if and only if the value of

Oy ny ny 1S constant over all n; # ny. In terms of these angles, the chordal distance
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between U, and U, is

[N

diste(Uny,Un,) = (R — Tr(P,, P,,))

— (R=_ o8 (Bry.ns)

reER

= () sin®(0rnims) |
( )

reR

[NIES

N

while their spectral distance is simply

=

dists (U, Us) = (1 — HP1P2H§)% =(1- afnax)% = (1 = cos*(Bmin)) ® = Sin(Oin)-

Though EITFFs are challenging to construct in general, some of them are trivial.
To elaborate, we can let H be a D-dimensional Hilbert space, and let {Uy, }nenr be N
copies of the entire space. It is then not hard to see that {U, },en is a TFF(D, N, D),
specifically one that is necessarily equi-isoclinic. Another option is to instead let
{@nrtnenrer be an ONB for H. In this case D = NR, and we can partition
{@nrtnenrer into N sets of ONBs for R-dimensional subspaces of H. Let {Uy, }nen
be these corresponding subspaces, then they constitute a TFF(NR, N, R), again, one

that is necessarily equi-isoclinic. These EITFFs can also be real by letting H = R”.

2.4 Naimark and spatial complements

Let {U,}nen be a TFF(D, N, R) for FP with D # NR. Additionally for each n
in NV, let {¢,, ,}rer be an ONB for U,,. Recall that if @ is the synthesis operator for

{0 Inenrer, then the fusion frame operator is

PP => $,8, =) P, =201
neN neN
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So %@*CID is an orthogonal projection operator with rank D and I — %‘I)*@ is
then an orthogonal projection operator with rank NR — D. If we scale this operator

by N%I_%D, that is let

T = N]I\%”—%D ( - %(I)*(I)) J

then the diagonal blocks of its Gram matrix will be R x R identities. Then

I ny = N9
% o ) )
vow o= .
*
_—NRfD(Dnlq)nﬂ sl 7& ny.

Then W is the synthesis operator for {%,, .} nenxr, a UNTF(NR — D, NR) for
some N R-dimensional Hilbert space K where {1, . },cr is orthonormal for all n. Ad-
ditionally, defining V,, := span{,, , }rer for all n in N, then {V, }nepr is a TFF(NR —
D,N,R) for K. Since ¥} ¥, =—-L_-® &

N D then

ng’

2
H\I’;‘;l\IJnQH%I‘O = ( . ) Hq):;l@ng“%r07

NR—-D

* 2 *

NR—-D

By (12), if {Up, }nen is an EC/EITFF for H, then {V,}nen is an EC/EITFF for K.
The spatial complement of any sequence {U,, } nen of R-dimensional subspaces of H
is {UL}en (with D # R). For such a sequence, the orthogonal projection operators

on the subspaces are {I — P, },cn where P, is the orthogonal projection operator

onto U,. Because ) .\ I—-P,)=NI->" _. P, itis clear the {U,},cr is a TFF
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for H if and only if its spatial complement is as well. Additionally,

dist, (U

ny’

Uy,) = T =Pu) = T= Pk

2
= \%H(Pm - Pnz)”Fro

= diste(Up,, Uy, ),

therefore {U, }nen is an ECTFF if and only if {1 },cn is as well, specifically, {U, }nerr
is an ECTFF(D, N, R) if and only if {U; },.cn is an ECTFF(D, N, D—R). We caution
however, that the spatial complement of an EITFF(D, N, R) for H is not an EITFF

(D, N, D — R) for H, except in the special case where R = %D.

2.5 Compressed sensing

Let {®,, }nen be a sequence of N vectors in a D-dimensional Hilbert space H with
N > D. The spark of {¢, }nen is the size of the smallest subset K of A such that

{®,, }nex is linearly dependent:

spark ({@,, tnen) 1 = min{#(K) : K C N, {e,, }nex are linearly dependent}

= min{||x||o : x € Null(®),x # 0},

where [|x||o is the cardinality of the support of x. The spark is always bounded above
by dim(#) +1 = D + 1, and when {¢,, },en achieves this bound, it is known as a
full-spark frame for H. Let p be the coherence and ® be the synthesis operator for
{@,, }nen- A vector x is called K-sparse if at most K elements of x are non-zero.
Let y = ®x, for some K-sparse Xq. In general, there are an infinite number
of solutions x to ®x = y since, having N > D, Null(®) is non-trivial; however, if

spark{¢,, }nen > 2K, then xq is the unique K-sparse solution to y = ®x. To see
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this, suppose that spark{¢,, }nen > 2K, and x and xg are any two K-sparse solutions

to ®x’ =y, then
d(xg—x) =0,

meaning that xo—x € Null(®). If xo—x = 0, this is obviously the case. If we assume

otherwise, then
||x0 — x[|o > min{]|x[|o : x € Null(®),x # 0} = spark(®)