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Extra-wide-angle parabolic equations
in motionless and moving media

ABSTRACT

Wide-angle parabolic equations (WAPEs) play an important role in physics. They are derived by an
expansion of a square-root pseudo-differential operator in one-way wave equations, and then solved
by finite-difference techniques. In the present paper, a different approach is suggested. The starting
point is an extra-wide-angle parabolic equation (EWAPE) valid for small variations of the refractive
index of a medium. This equation is written in an integral form, solved by a perturbation technique,
and transformed to the spectral domain. The resulting split-step spectral algorithm for the EWAPE
accounts for the propagation angles up to 90° with respect to the nominal direction. This EWAPE is

also generalized to large variations in the refractive index. It is shown that WAPEs known in the
literature are particular cases of the two EWAPESs. This provides an alternative deri-vation of the
WAPES, enables a better understanding of the underlying physics and ranges of their applicability,
and opens an opportunity for innovative algorithms. Sound propagation in both motionless and
moving media is considered. The split-step spectral algorithm is particularly useful in the latter case
since complicated partial derivatives of the sound pressure and medium velocity reduce to wave
vectors (essentially, propagation angles) in the spectral domain.

https://doi.org/10.1121/1.5091011

I. INTRODUCTION

Several areas of physics require accurate and robust
algorithms for wave propagation at large angles with respect
to the nominal direction. Wide-angle propagation occurs in
three main cases: (i) sound waves are reflected from bound-
aries of a medium, (ii) the sound wavelength is comparable
to the scale of medium inhomogeneities, thus resulting in
scattering at large angles, and (iii) the refractive index of a
medium changes significantly in the direction perpendicular
to the nominal. Wide-angle parabolic equations (WAPEs)
have been widely used to address these cases in geophysics,'
ocean acoustics,2‘6 atmospheric acoustics,” ! non-linear
acoustics,'*'? and electromagnetic wave propagation.'*'°
WAPESs are usually obtained by an expansion of a square-
root pseudo-differential operator in a one-way wave equa-
tion; the resulting equations are then solved with finite-
difference techniques."*> Note that the terms “one-way
wave equation” and “WAPE” are used in this paper mostly
as synonyms; in some cases, the former indicates a starting
equation and the latter, the final result of manipulations.

This paper suggests a new approach for WAPEs. The
starting point is a one-way wave equation derived by
Ostashev and Tatarskii,'”'® which is applicable for small
variations of the refractive index. If these variations tend to
zero, the equation correctly accounts for propagation angles
up to 90° with respect to the nominal direction. Since the
maximum propagation angle for a WAPE is typically around
40°, this equation is called here an extra-wide-angle

parabolic equation (EWAPE). It enables us to consider cases
(i) and (ii) formulated above. In this paper, the EWAPE is
written in an integral form, solved by a perturbation tech-
nique (for a small range step), and transformed into the spec-
tral domain. This approach is termed as a split-step spectral
algorithm for the EWAPE. In the limiting case of narrow
propagation angles, this approach coincides with the well-
known split-step Fourier algorithm.’

In the split-step spectral algorithm, two integrals need to
be evaluated at each range step. If we assume that the sound
wavelength is smaller than the scale of medium inhomoge-
neities, one of the integrals can be calculated analytically.
The resulting split-step algorithm for the EWAPE enables us
to consider case (i). Numerical implementation of the split-
step algorithm is discussed.

The EWAPE is also generalized to account for large
variations in the refractive index, which enables us to con-
sider cases (i) and (iii). This new EWAPE can be solved by
the split-step spectral algorithm. The two EWAPESs are then
applied for sound propagation in the atmosphere above an
impedance ground. The resulting equations are termed as
extra-wide-angle Green’s function parabolic equations
(GFPEs).

Under certain approximations, the two EWAPEs reduce
to WAPEs known in the literature. This is an important
methodological result, which provides an alternative deriva-
tion of the WAPEs and enables better understanding of the
underlying physics of these equations and their ranges of
applicability. In particular, in the literature, WAPEs are usu-
ally obtained by omitting some terms in partial differential
equations; the physical meaning and ranges of applicability
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of the resulting approximations are often difficult to access.
When the WAPEs are derived from the EWAPEs as in the
current paper, the approximations involved have a clear
physical meaning and their ranges of applicability can be
readily studied.

Another advantage of the EWAPES is that they signifi-
cantly simplify formulations for sound propagation in a mov-
ing medium by replacing many partial derivatives of the
sound pressure and medium velocity appearing in WAPEs
(e.g., Refs. 7, 8, and 11) with wave vectors (essentially, prop-
agation angles) in the spectral domain. The EWAPEs also
open an opportunity for developing new approaches. Based
on this formalism, new WAPEs in motionless and moving
media are suggested.

Most formulations in this paper are done in a three-
dimensional (3D) Cartesian coordinate system. The case of 3D
propagation is often considered in cylindrical coordinates,'*°
for which cross-term operators become problematic.’ In the
split-step spectral algorithm, this problem does not occur.

The paper is organized as follows. In Sec. II, the geome-
try of the problem is formulated, and WAPEs known in the
literature are briefly overviewed. Section III considers the
EWAPEs for small and large variations of the refractive
index in a motionless medium. In Sec. IV, the split-step
spectral algorithm for solving the EWAPEs are developed.
The ranges of applicability of the EWAPEs and WAPEs are
studied in Sec. V. Sound propagation in the atmosphere
above an impedance ground is considered in Sec. VI
EWAPEs in a moving medium with variable density are ana-
lyzed in Sec. VII. The results obtained are summarized in
Sec. VIIL

Il. STARTING EQUATIONS

In this section, the geometry of the problem is formu-
lated, starting equations are presented, and WAPEs used in
the literature are briefly overviewed.

A. Geometry of the problem

The geometry of the problem is shown in Fig. 1. A har-
monic sound wave propagating in the direction of the x axis
is incident on an inhomogeneous medium located in the
space x > xp. At the plane xo = const, the sound pressure of
this wave, p(xp, r), is known. Here, r = (y, z) are the transverse
coordinates. The sound pressure p(xy, r) can also correspond
to a point source located in this plane. The goal is to calculate
the sound pressure p(x, r) inside the medium accounting for
wide-angle propagation.

Inside the medium, the sound pressure satisfies the
Helmholtz equation,

?

5t o R+ e(R)] | p(R) =0, 0

where R = (x, r) = (x, y, z) are the Cartesian coordinates and
¢=N? — 1 describes the deviation of the refractive index
N = c¢o/c from unity. Here, ¢ is the sound speed, ¢ is its ref-

erence value, ko = w/cy is the reference wavenumber, and ®
is the sound frequency.
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FIG. 1. (Color online) Geometry of sound propagation and scattering in the
3D slab between the planes xy=const and x=x,-+Ax = const. The sound
fields at the left and right boundaries of the slab are p(xp, r) and p(x, r).
Diagram 1 corresponds to the sound wave propagating through the slab
without scattering. Diagrams 2 and 4 indicate sound waves scattered for-
ward, and diagrams 3 and 5 correspond to sound waves with backscattering.
For diagram 2, scattering occurs at the point R; = (xq, ry).

B. Conventional derivation of WAPEs

For the considered problem, WAPEs are usually derived
by the following approach (e.g., Refs. 1, 2, and 5). Equation
(1) is written in the form

{ (% + ik0Q> <a% - ikoQ> + iko [%,Q} }p(x, r)=0.
2)

Here, the pseudo-differential operator Q is defined as

0=V1+ite 3)
where [t is the differential operator,

1 &
0 =-——. 4
I 2 or? “4)
In Eq. (2), [0/0x, Q} is a commutator of the two operators,
0/0x and Q. Omission of this commutator, yields a one-way
wave equation

o X
(2~ )ptr) 0. ®

In the literature, the operator 0 in Eq. (5) is approxi-
mated. Assuming that ¢+ ji is small in comparison with
unity, the operator Q can be approximated with the first two
terms of a Taylor series

0=1+p/2+¢/2. (6)

Substitution of Q into Eq. (5) results in a narrow-angle para-
bolic equation (PE)

%—iko(l + /24 ¢/2)|plx,r) = 0. 7



The PE enables us to consider the angles 0 between the
direction of sound propagation and the x axis (see Fig. 2),
which are less than or about 20°, e.g., Sec. 6.2.4 in Ref. 5.

A WAPE is usually obtained by also assuming that
&+ [t is small, but using a Padé (n,n) approximation for 0
(e.g., Ref. 5),

Q=1+§5 ajn(&+ )
=) 1+ bjyn(ﬁ + ﬂ) '

®)
where a;, and b;, are coefficients. For the Padé (1,1)
approximation (n=1), Claerbout' suggests the following
coefficients: a;;=1/2 and b,;=1/4. The corresponding
WAPE enables us to consider the propagation angles 0 up to
35°. The larger n is in Eq. (8), the wider the propagation
angle that can be considered. This, of course, comes with
increased complexity of the corresponding code and compu-
tational costs.

In optics, Feit and Fleck'® suggested the following
expansion of the operator 0:

O=V1+ji+vV1+e—1. ©)

This approximation is used in ocean acoustics.”' Other
approximations of the operator Q are also considered in the
literature, e.g., Ref. 22.

The PE, Eq. (7), is widely used for both analytical and
numerical studies of wave propagation. WAPEs are usually
used in numerical simulations. Generally, they are efficient
if the propagation angle 6 is not too large (less than about
45°).

lll. EWAPE IN A MOTIONLESS MEDIUM

To account for large propagation angles, EWAPEs
can be used. The first EWAPE (designated here as
EWAPEL1) is valid for small deviations of the refractive
index from unity, when |e(x,r)| < 1. This condition is not
needed for the second EWAPE (designated EWAPE2),
which is valid if ¢(x, r) is a slowly varying function of the
transverse coordinates r.

FIG. 2. (Color online) One of the plane waves in the spectral decomposition
of p(x, r). The vector Ko () indicates the direction of its propagation within
the 3D slab between the planes xo=const and x =x, + Ax=const. Here 0
is the propagation angle with respect to the x axis.

A. EWAPE1

For sound propagation in the atmospheric boundary
layer and ocean, ¢ is usually small. In this subsection, we
consider the application of EWAPEI for this case.'”'8

This equation was originally derived by an approach
quite different from those for WAPEs. The Helmholtz equa-
tion (1) can be written in the following integral form:

L
p(x,r) =polx,r) + k(z) J dx

X0
X JG(X — X, — I )F(R] )p(xl y l‘]) dzi‘] .

(10)

Hereinafter, if the integration limits are not indicated, they

are assumed to be from —oo to oco. In Eq. (10), L is the right

boundary of an inhomogeneous medium (for concreteness,
L > x), G(x, r) is the Green’s function in free space,

exp (iko Va2 + 12)
4m/x% + 12
d*x

i
. . . kz 2)
——8 ZJCXP(ZK r+l|x| 0 K —k(% 5

Y

G(x,r) =

and po(x, r) is the sound field propagating in the medium
without scattering. This sound field can be readily expressed
in terms of the Fourier transform p(xy, ) of the sound field
p(xp, r) incident on the medium,

po(x,r) :Jexp {in-r—l—i(x—xo)\ [kE — Kz]p(xo,x)dzx,

12)

In this paper, we use the following Fourier transform pair:

pler)=F Hpx,Kr)} = J exp (ik-r)p(x, k) d*c,  (13)
plew) = F{ple)} = 15 [ exp (<in - ptr)
(14)

where the integral operators F and F ' denote the forward
and inverse Fourier transforms, respectively.

Equation (10) can be solved iteratively, resulting in a
Born series for the sound pressure

L
plr) o)+ |
Xo
X JG(X — X1, r— rl)E(Rl)po(){l ,l‘l)dzi‘l

L L
k[ an [r 6wy [

X0 X0

X szl‘g G(xl —X2,I —l‘z)E(Rz)p()(XZ,l‘z) 4+
(15)



Equations (10)—(15) are well known in the literature and set
the stage for deriving EWAPEL.

The EWAPEI is an equation for the sum of all multiply
scattered forward waves. The first term in this sum is the
field po(x,r), which propagates from the plane xy,= const to
the plane x = const without scattering. This field is schemati-
cally shown as the diagram 1 in Fig. 1.

In the second term on the right-hand side of the Born
series, Eq. (15), the Green’s function is expressed as

G(x—x;,r—ry) =Hx—x)G(x —x;,r—ry)
+H(x—x)G(x —x;,r —ry).
(16)

Here, H(x) is the Heaviside step function and H(x) = [1
—H(x)]. On the right-hand side of Eq. (16), the first term,
proportional to H(x — x;), corresponds to sound waves scat-
tered forward (i.e., in the positive direction of the x axis) for
which x> x;. The second term, proportional to H (x —x1),
corresponds to sound waves scattered backwards (i.e., in the
negative direction of the x axis) for which x<uxj.
Substitution of Eq. (16) into the second term of the Born
series results in two terms which contain H(x — x;) and
H(x — x;), respectively. The former describes the sound
field singly scattered in the forward direction and is depicted
as diagram 2 in Fig. 1; the latter describes the field singly
scattered backwards (diagram 3).

In the third term of the Born series, the two Green’s func-
tions are expressed similarly to Eq. (16). The third term is then
a sum of four terms. One of these terms contains the functions
H(x — x7) and H(x; — x,) and corresponds to the field scattered
twice forward. This field is shown as diagram 4 in Fig. 1. The
term containing the functions H (x — x1) and H(x; — x,) is first
scattered forward and then backwards (diagram 5). The
remaining two terms also exhibit backscattering.

Equation (16) is substituted in all other terms of the
Born series and the waves scattered forward are separated
from those having at least one backscattering. It can be
shown that the sum of all multiply scattered forward waves
(diagrams 1, 2, 4, etc. in Fig. 1) satisfies the following inte-
gral equation:'""1%3

plx,r) =po(x,r) + k(z)J dx;

Xo

X JG(X—Xl,r—PI)S(RI)p(Xl,I'])dZI‘l. (17)

This equation is called the EWAPEL. It differs from the
Helmholtz equation written in the integral form, Eq. (10),
only by the upper limit of integration with respect to xi; in
Eq. (17) this limit coincides with the argument x of the sound
pressure p(x, r), while in Eq. (10), it is the right boundary of
the medium.

The EWAPEL, Eq. (17), accounts for all waves scattered
forward and therefore, is applicable for a wider range of the
propagation angles 6 than WAPEs used in the literature. It is
valid for relatively small ¢ when the Born series converges.
The EWAPEI1 has been mainly employed for analytical studies

4

of the statistical characteristics of electromagnetic waves in
random media (e.g., see Ref. 23 and references therein). It was
also used to justify the PE.'* In Sec. IV, a split-step spectral
algorithm for a numerical solution of this equation is devised.

B. Operator form of EWAPE1

Although EWAPE1 and the WAPEs describe wide-
angle propagation, they have different forms and are derived
by differing approaches. In this subsection, it is demon-
strated that EWAPEL can be written in an operator form and
obtained by an approach similar to that for WAPEs.

Let us differentiate both sides of Eq. (17) with respect
to x,

op(x,r)  Opo(x,r) J“ JBG(X — X, T —Ty)
= k, d
Ox Oox T . xl Ox

X

X ?(R] )p()q , I ) d21‘1

+ ké JG(O, r— rl)a(x, r)p(x,ry) d*ry. (18)

On the right-hand side of this equation, the last term origi-
nates from differentiation of the upper limit of the integral
over x;. Notice that

%G(x, r) = iko\/1 + 1G(x,1). (19)

This relationship is a consequence of Eq. (5), where ¢=0,
and is also valid for the first term on the right-hand side of
Eq. (18), dpo(x, r)/Ox. Factoring out the pseudo-differential
operator iko(1 + ﬁ)l/ ? from the first two terms on the right-
hand side of Eq. (18), the remaining sum can be recognized
as p(x, r). Thus, Eq. (18) becomes

(% - ikoﬂ)p(x, r)

= k(z) JG(O7 r—rp)e(x, r)p(x, 1)) d*ry. (20)

This equation can be expressed in the equivalent form

(2o /T Jotoor) =200 50 st mper)
20

To show equivalence of these two equations, the sound pres-
sure is expressed as the inverse Fourier transform p(x,r)
= F Yp(x,x)}. Then, Eqgs. (20) and (21) reduce to the
same integro-differential equation for p,

o . -
(a —i\/kE — K2>[)()C, K)
2
#Jé(x,xx,)p(x,x,)dzm. (22)

Here, &(x, k) = F{e(x,r)} is the Fourier transform of &(x, r).
Equation (21), the operator form of EWAPEI, is a new
result. For narrow-angle propagation, the pseudo-differential



operators in this equation can be approximated as /1 + [t
~ 1+ /2 and (1+ ,&)71/2 ~ 1. With these approximations,
Eq. (21) becomes the PE, Eq. (7).

Equation (21) can also be derived by the approach simi-
lar to that for WAPEs (Sec. II B). In Eq. (3), we assume that
& small in comparison with 1 + ji. Then, the operator O can
be approximated as

Qz\/<1+ﬂ>[1+<1+ﬂ>‘le}
~ T+ i+ (1+ ) )2, (23)

Substituting this result into Eq. (5), we obtain Eq. (21).
Tappert” also considered the case when ¢ is small in compar-
ison with 14 fi. However, he implemented this idea in a
form different from Eq. (23) and obtained an integro-
differential equation for the sound field, Eq. (3.46) in Ref. 2,
which seems different from Eq. (21). Tappert also wrote:
“The integral operator appearing in this equation does not
appear to be susceptible to further reductions.”

C. EWAPE2

The EWAPEL, Eq. (17) or Eq. (21), is valid when
le| < 1. For some problems, it is desirable to generalize this
equation to relatively large .

To this end, Egs. (2) and (5) are combined to arrive at
the well-known one-way wave equation

(% - iko\/ 1+ fu(r) + &(x, ) >p(x, r) =0. (24)

This equation enables us to consider cases (i), (ii), and (iii)
formulated in the Introduction. However, as far as we know,
there are no approaches for numerical solution of this
equation.

In Sec. IV C, it is suggested to solve Eq. (24) by a split-
step spectral algorithm. This approach is valid only if &(x, r)
is a slowly varying function of the transverse coordinates r.
(The characteristic scale of &(x, r) should be much greater
than 1/ky.) Equation (24) with a slowly varying &(x, r) is
termed EWAPE2. As shown in Sec. II B, EWAPEI1 can be
obtained from Eq. (24) by assuming that ¢ is small in com-
parison with 1 + ji and keeping the first two terms in the
Taylor-series expansion of the square root.

To gain insight into the ranges of applicability of the
two EWAPEs, in Appendix A they are used to calculate the
sound pressure from a point source in a stratified medium,
where &(x) depends only on x. This problem is pertinent to
an acoustic source (such as an airplane) located above the
ground in a stratified atmosphere, while an observation point
is on the ground, or vice versa. In this case, the x axis corre-
sponds to the vertical coordinate pointed downward or
upward. The sound pressure calculated with the two
EWAPEs is then compared with that obtained with the
Helmbholtz equation in the high-frequency approximation. It
is shown that EWAPE2 correctly predicts the phase of the
sound pressure, while EWAPE1 predicts it to order e.
Neither EWAPE correctly predicts the sound-pressure

amplitude. Therefore, EWAPE2 should be applied cau-
tiously when &(x) changes significantly.

IV. SPLIT-STEP SPECTRAL ALGORITHM

In this section, a split-step spectral algorithm for solving
the EWAPEs is developed. Tappert® used a similar split-
spectral Fourier algorithm to solve the PE, and Feit and
Fleck'® employed it for a WAPE (also, see Ref. 21).

A. EWAPE1

The medium between the source and receiver is divided
into many 3D slabs, each of which can be depicted as the 3D
slab in Fig. 1. The sound pressure p(xy, r) at the left boundary
of the slab is known. The goal is to calculate the sound pressure
p(x, 1) at the right boundary of the slab, x=xo + Ax= const,
where

Ax = x — xp. (25)

After p(x, r) is determined, this procedure repeats in the next
slab until the observation point is reached.

Within the slab shown in Fig. 1, Eq. (17) is solved in the
Born approximation by replacing p(x;, ry) in the integrand
with the first term on the right-hand side of this equation,
Po(x1, T1),

plx,r) = po(x,r) +k(2)J dx; JG(x—xl,r—rl)

Xo

X S(Rl)po(xl,rl)dzrl. (26)

Replacing G(x — x;,r — ry) with Eq. (11) and po(xy, ry) with
Eq. (12), we obtain

ikZ 5%
plx,r) = polx,r) + S—nOZJ dx szl‘l JdZK
X0

d2K1
X | ———= ¢(Ry)p(xo, K
J\/ﬂ ( l)p(O )

X exp[in-rl +iKy - (r—ry)

+i(xy — x0)\/k§ — K2 +i(x —x1)\/ kG — K%:|
(27)

This formula can be written in the equivalent form

p(x,r) =polx,r) + iJ exp |:ik T+ A kG — K2:|

x p(xo, k) (x, x0; 1 K) d°K, (28)
in which the wide-angle phase factor is introduced

K2 d*x
(]5()(7)(0; r; K) = 8—722‘[ dxl szi'l sz—lz 6(R1)

X0 0~ Kl

X exp[i(k— K1) (ri—r) +i(x—x)

x <\/kg—x%— \/k(%—;@)} 29)




On the right-hand side of Eq. (28), po(x, r) is replaced with
Eq. (12) and the two integrals are combined. Assuming that
|| < 1 in the resulting integral, we write 1 + i¢p = exp(i¢h).
The sound pressure at the right boundary of the slab takes
the form

plx,r) = J exp [ik T+ A kE — K2 4 i (x, x0; T K?):|
X

P (x0, k) d°x. (30)

Consider the wide-angle phase factor appearing in this for-
mula. For a small range step, in Eq. (29) the factor in the
exponential — i(x —x1)(\/k — 17 — \/kZ —x2) can be
ignored and the integral over x; can be replaced with Ax.
The result is

O (x,x0;1;K) = Ax

k?)szr szxl 8()( r )
X exp[i(x —Ki) - (1 — r)] (31)

A necessary condition for this approximation is Ax < [,
where / is a characteristic length scale of ¢. Substituting with
e(x,r) = F '{&(x, x)}, the phase factor simplifies to

2

k (X0,
¢ (x,x0;T;K) :AxEOJexp(ixl T) E(Xo, k1)

—del.
K — (1 +1)?

(32)

Equations (30) and (32) allow us to recalculate the sound
field from the plane xy=const to the plane x=const and
constitute the split-step spectral algorithm for solving
EWAPEL, Eq. (17), or Eq. (21). In this approach, two inte-
grals need to be evaluated at each range step. This approach
enables us to consider cases (i) and (ii) formulated in the
Introduction.

B. High-frequency approximation

The split-step algorithm formulated in Sec. IV A sim-
plifies significantly in the high-frequency approximation
kol > 1. (A similar approximation is used in Sec. 11.2.2 in
Ref. 11 for a WAPE in a moving medium.) In this approxi-
mation, the characteristic scale of &(xo, k1) with respect to
K1 is 1/1. If ko/ > 1, in the square root in Eq. (32), k; can
be set to zero. The resulting integral can be evaluated with
the result

kge(xo0, 1)

X, Xo; T K) = Ax———=. (33)
Pox0ir ) = A /12— K2
Substituting this result into Eq. (30), we obtain
plx,r) = J exp [ik-r—i-iAx k3 — K2
ke (xo0, 1)
+iAx07] 5 (X0, K) d’K. (34)
2\/k5 — 12 P, %)

This equation is one of the main results of the present paper.
It expresses the split-step spectral algorithm in the high-
frequency approximation and enables us to consider case (i)
described in the Introduction. The ranges of applicability of
Eq. (34) can be summarized as

le] <1, Ax <, kol>1. (35)

According to Eq. (34), the sound pressure at the right
boundary of the slab is a sum (an integral) of plane waves
propagating at different angles 0 with respect to the x axis
(for which xk < kg) and the evanescent waves (x > k). One of
the plane waves is shown in Fig. 2. In the considered case
|e] < 1, this plane wave propagates in the direction of the

wave vector

ko (k) = (\/ﬂ x) (36)

with the components \/k5 — k2 and k along the x axis and in
the transverse direction (Fig. 2). The angle 6 then satisfies
sin 0 = i /ko. The path length traveled by this wave in the
3D slab is L = Ax/ cos 0 = Axko/+/k§ — k2. In Eq. (34), the
last term in the exponential describes the phase increment
due to the refractive index variations, &, along the path of the
plane wave. Using the value of L, this phase increment can
be written as kolée/2 ~ koL(N — 1), where we took into
account that e=N> — 1 ~ 2(N — 1). This phase increment
coincides with the geometrical acoustics calculation along
the unperturbed path. (For small variations of the refractive
index, the phase increment is calculated along the unper-
turbed path, e.g., Sec. 3.7 in Ref. 11.)

Thus, the square roots appearing in the exponential in
Eq. (34) have a clear physical meaning. The first square root
corresponds to the x components of the wave vectors kq of
the plane waves in the spectral decomposition of the sound
pressure p(x, r). The second square root corresponds to the
path lengths of these waves in the 3D slab. As will be shown
in Sec. IV D, WAPEs known in the literature can be obtained
by different approximations of these square roots.

A preliminary numerical implementation of Eq. (34)
was considered in Ref. 24. Two-dimensional (2D) sound
propagation through synthetic atmospheric turbulence was
analyzed. An array of regularly spaced point sources was
considered in order to avoid incorporating finite impedance
boundary conditions. In Eq. (34), the integral was calculated
using a composite trapezoidal rule over the region, including
both propagating and evanescent waves. The integration was
stable but took longer than those with the narrow-angle PE
and Eq. (47) below, which corresponds to one of three terms
in the GFPE**° and can be termed as a free-space GFPE.
The reason for that is the PE and GFPE are efficient; the
GFPE uses a fast Fourier transform (FFT) for solving the
inverse Fourier transform. On the other hand, a “brute-force”
integration approach was used to solve Eq. (34).

This preliminary numerical implementation showed that
the split-step spectral algorithm is feasible, but significant
improvements are needed to make it a generally useful
option. For example, this approach may be improved by



incorporating absorbing or perfectly matched layers at the
boundaries of the propagation domain, which would allow
the domain to be much smaller and still provide useful
results. Perhaps the most important problem is associated
with the fact that the phase factor ¢(x,xo;r; k) depends on
both the transverse coordinates r and the transverse Fourier
variable k. Because of this fact, Eq. (34) is not an inverse
Fourier transform and efficient numerical algorithms, such
as the FFT, may not be used. However, the phase factor
changes with r much more slowly than the term exp (ix - r)
does. This property might be used to speed up numerical cal-
culations; the integral in Eq. (34) can be called a quasi-
Fourier integral or a quasi-Fourier inverse transform.

1. Validation of Eq. (34)

Several approximations have been used to obtain the
split-step spectral algorithm, Eq. (34), for EWAPEI. In this
subsection, starting from Eq. (34) we derive EWAPEI, Eq.
(21). This derivation validates the split-step algorithm and
elucidates its ranges of applicability.

Applying the operator 9/0x to both sides of Eq. (34), we
obtain

op(x,r) T k3 e(xo,T)
Ox _IJ ko= +2 k5 — K2
ke (xo,1)
x exp |iKk -1 +iAx| \Jhk2 — 2+
P ( 0 2\/I2 =12
X (X0, %) d’ k. (37)

When deriving this formula, we took into account that
Ax=x — xo. If the derivative J¢/Or is relatively small, the
first term in the integrand can be factored out from the inte-
gral resulting in

Oplx,r) = koL oy
o =1ilko 1+,u+?(1+,u> /8()60,1‘)
xJexp{in-r+iAx<\/k%—K2
kgé(xo,T) >] 2
— | | p(x0, k) d"K. 38
N P (Xo, k) (38)

Indeed, if in this equation, we apply the pseudo-differential
operator to the integrand and omit J¢/Or, we obtain Eq. (37).
It can be shown that the terms proportional to Je/Or can be
omitted if the second and third inequalities in Eq. (35) are
valid. Note that the pseudo-differential operators (1 + ,&)tl/ 2
in Eq. (38) become the square roots (k3 — Kz)il/ 2/ ki in the
spectral domain, Eq. (37),

1+ )" o (k=)™ i (39)

This relationship is used in many transformations in this
paper.

In Eq. (38), the integral coincides with the integral in
Eq. (34) and is equal to p(x,r). With this replacement, Eq.
(38) becomes Eq. (21). Thus, the split-step spectral

algorithm, Eq. (34), is indeed equivalent to EWAPEI1, Eq.
(21), provided that Eq. (35) is valid.

C. EWAPE2

The EWAPE2, Eq. (24), contains &(x,r) in the square
root, which complicates the split-step spectral algorithm.
Therefore, first, we assume that ¢ depends only on x.

In this case, in Eq. (24), the sound pressure p(x,r) is
substituted from Eq. (13). As a result, we obtain a differen-
tial equation for the Fourier transform p(x, k) of the sound
pressure,

(2 fatve) < )pem=0. @)

Solving this equation in the 3D slab (Fig. 1), we obtain

B (x, 1) = exp [i J VR +e) — 2 dx’]p(xo,k).
@1)

Substituting this result into Eq. (13), we express the sound
pressure at the right boundary of the 3D slab in terms of
P (xo0, k) at the left boundary,

T

iK-r+ iJ' \/k%(l +e(x')) — K2 dx’]
X0
x p(xo, k) d*. (42)
This formula is an exact result for a stratified medium. If the

slab width is relatively small, in Eq. (42), the integral can be
replaced with Ax,

plx,r) = J exp {in T+ Ax\/k(z)[l +&(x0)] — K2

x p(xo, k) d*«k. (43)

The plane waves in the integrand of this formula
propagate in the directions of the wave vectors
k = (\/Ak2(1 + &(x0)) — 2, k). Therefore, similarly to Eq.
(34), any approximation of the square root in Eq. (43) results
in an approximation of the direction of propagation of the
plane waves in the spectral decomposition of p(x,r).

Now consider the case when &(x,r) is a slowly varying
function of r. In this case, the split-step spectral algorithm
for solution of EWAPE2 can be obtained by replacing &(xg)
in Eq. (43) with &(xq,r),

plx,r) = J exp |:il€ T+ iAx\/k(z)[l + &(xg, 1)] — K2
x p(xo, k) d*k. (44)
This formula expresses the split-step spectral algorithm for
EWAPE2.

Although Eq. (44) has been obtained by a qualitative
approach, it can be validated rigorously using the method of
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Sec. IVB 1. To this end, the operator 9/0x is applied to both
sides of Eq. (44)

3[?(8);, r) _ iJ\/k%[l —I—S(xo,l‘)] 2

X eXp |:il€ r+ iAx\/ké [1+ ¢(x0,1)] — 2

X p(xo, k) d’k. (45)

Similarly to Sec. IV B 1, the derivatives 0¢/Or can be omitted
provided that the second and third inequalities in Eq. (35)
are valid. In this case, the square root in the integrand of Eq.
(45) can be factored out from the integral

op(x,r) . -
Ee :lko,/l—ﬁ—s(xo,r)—l—,u

X Jexp ik~r+iAx\/k%[1 + (%o, 1)] — K2

x p(xo, k) d*k. (46)

It follows from Eq. (44) that the integral in this equation is
equal to p(x,r). Therefore, Eq. (46) coincides with
EWAPE2, Eq. (24). This validates the split-step spectral
algorithm, Eq. (44), for EWAPE2. The ranges of applicabil-
ity of Eq. (44) are given by the last two inequalities in Eq.
(35). Equation (44) enables us to study cases (i) and (iii) for-
mulated in the Introduction.

If |¢] < 1, the square root in Eq. (44) can be expressed
as a Taylor series with respect to ¢. Keeping the first two
terms in the series results in Eq. (34). Thus, both EWAPEL1
and the related split-step spectral algorithm can be obtained
from EWAPE2 and its split-step spectral algorithm by
assuming that ¢ is small and approximating the correspond-
ing square roots.

D. Comparison between EWAPEs and WAPEs

Here, we show that the WAPEs considered in Sec. II B
are particular cases of the EWAPEs. The WAPEs will be
obtained by approximating the square roots in Egs. (34) and
(44).

In Eq. (34), the square root in the denominator can be
approximated as kq. The result is

plx,r) = pikoAxe(xo.r)/2 J exp (iK - +iAx\/ K} — Kk?)
X p(x0,K) d’k. (47)

In this equation, the integral corresponds to sound propaga-
tion in free space in the 3D slab (Fig. 1) without any approxi-
mations. The phase increment due to the refractive index
variations is calculated along the x axis rather than the prop-
agation path (Fig. 2). This approximation is similar to that in
the PE, Eq. (7), and is valid if the propagation angle 0 is less
than or about 20°. A similar approximation is used in the
GFPE for the direct and ground reflected waves.”*>?® In
Sec. VI, the GFPE will be generalized to account for the
wide-angle phase factor.

8

In Eq. (47), the remaining square root can be approxi-
mated as ko — k°/(2ko)

p(x, l‘) _ eiknAvs(xo,r)/2j exp 2k(2)

X p(xo, K) d’x. (48)

2
iK1+ ikoAx 1-")]

In this case, sound propagation in free space is considered in
the narrow-angle approximation. Equation (48) can be rec-
ognized as the split-step Fourier algorithm for the PE.”
Applying the operator 0/0x to both sides of this equation, it
can be reduced to Eq. (7).

In Eq. (44), the second term in the exponential can be
written as koy/1 + & — K2 /ké. In this formula, the square
root can be approximated as a Padé (n,n) series with respect
to ¢ — k% /k3. As a result, we obtain

plx,r) = J exp {ix - r + iAxky

1 i ajn (s(xo, r)— Kz/kg)
X +
1+ b (g(x0, 1) — K2 /k])

X P (X0, K) dZK, (49)

where the coefficients a;, and b;, are the same as in Eq. (8).
Applying the operator 0/0x to both sides of this equation we

have

dp(x,r)
ox

) J Ly (e(0,1) — 2/
=1 +
0 = 1+ bj, (a(xo,r) - Kz/k(z))

X exp {ik -1+ iAxko

} 1+i aj,,,(s(xo,r)—lcz/kg) 1}

1+ by (e(x0,1) — K?/k5)
X p(xo, k) d’K. (50)

If the derivative O¢/Or can be ignored, similarly to Sec.
IVB 1, the first term in the integrand can be factored out
from the integral and —x?/k3 replaced with the differential
operator jt given by Eq. (4). The resulting equation can be
shown to coincide with Eq. (5), where Q is given by Eq. (8).
Thus, Eq. (49) is as a split-step spectral algorithm for the
WAPE based on a Padé (n,n) series expansion.

Finally, in Eq. (44), the square root can be approxi-
mated as

koy/ 16— 2/ m ko (1 = 2/ + VT e - 1)),

(S

The resulting equation takes the form
p(x,r) = exp [iAxko(\/l + &(xg, 1) — 1)}

X J exp (itc T+ A kS — Kz)ﬁ(xO,K) d’x.
(52)



Again, we apply the operator 0/0x to both sides of this equa-
tion and show that the result coincides with Eq. (5), where Q
is given by Eq. (9).

Thus, with different approximations of the square
roots in Eqs. (34) and (44), we have obtained WAPEs
known in the literature. These square roots correspond to
the wave vectors of the plane waves in the spectral decom-
position of the sound pressure at the right boundary of the
3D slab and the path lengths of these waves. Therefore,
our approach provides a clear physical interpretation of
approximations pertinent to the WAPEs. Note that
WAPEs are usually obtained by omitting some terms in
partial differential equations, which is often difficult to
interpret. The approach suggested in this paper also ena-
bles us to study of the ranges of applicability of the
EWAPEs and WAPEs (Sec. V).

E. New WAPE

In Egs. (34) and (44), new approximations for the square
roots might be suggested, which would result in new
WAPESs. For example, in Eq. (34), both square roots can be
approximated as Padé (n,n) series. This is similar to expand-
ing both square roots in Eq. (21) as Padé (n,n) series, which
results in the new WAPE

ajnlt
L ”Zwb,nuﬂ p(ar)

_ lk_() 4 dj,n:a

Here, the coefficients a;, and b;,, are the same as in Eq. (8),
while a;, and 151»,,1 are new coefficients that depend on » and
can be determined following approaches known in the litera-
ture (e.g., Ref. 4). For example, for n=1, the operator

(1+ ﬁ)fl/ ? can be approximated as
AN— apft
L4 p) 2=+ 208 (54)
( ) 1+bi1ft

The coefficients a;,; and b 1,1 can be determined by equating
the first two derivatives of the left- and right-hand sides of
Eq. (54) with the result @ ; = —1/4 and b, ; = 3/4. In Eq.
(53), ¢ is a small parameter. Therefore, this equation might
be simpler than the WAPE, in which the operator Q is
approximated by Eq. (8). In the latter equation, increasing n
allows one to consider increasing values of ¢, which is not
needed if |¢] < 1.

V. PHASE ERRORS IN EWAPES AND WAPES

WAPESs are usually employed to recalculate the sound
pressure from the left boundary of a slab to its right bound-
ary (Fig. 1). Accuracy of different WAPEs is often assessed
by the phase errors of a plane wave in a homogeneous slab
(e.g., Refs. 16 and 21). In this section, we compare the phase
errors pertinent to the EWAPEs and WAPEs.

A. Plane wave in a homogeneous slab

Consider a plane wave incident on the 3D slab located
between the planes xo=const and x=xy + Ax=const
(Fig. 1) in which ¢=const. The Fourier transform of the
sound pressure of this wave at the left boundary of the slab
is

Po(xo, k) = Ad(k — Kp). (55)
Here, A characterizes the amplitude of the plane wave and
Ky its direction of propagation.

Equation (43) is an exact result for the homogeneous
slab in which ¢ =const. Substituting Eq. (55) into Eq. (43),
we determine the sound pressure at the right boundary of the
slab

plx,r) = A exp {iko-r+iAx\/k(2)(1 +eé) — K%:|

= A exp (iD). (56)

Here, @ is the exact phase increment of the plane wave after
propagation through the slab,

O =K r+Ax\/K3(1 +¢&) — K3 (57)

Inside the slab, the plane wave propagates as shown in
Fig. 2. The propagation angle 6 with respect to the x axis is
determined by sin 0 = ko/+/k3(1 + ¢). The phase increment
@ can also be calculated using geometrical acoustics. The
result ® = kyoL+/1 + ¢ coincides with Eq. (57), if we take
into account that the path length of the sound wave inside
the slab is L = Ax/ cos 0.

B. Phase errors

The phase increments of the considered plane wave can
also be calculated with the EWAPEs and WAPESs considered
above and then compared with the exact phase increment,
Eq. (57).

Substituting Eq. (55) into Eq. (34) and calculating the
resulting integral, we obtain the phase increment of the plane
wave at the right boundary of the slab calculated with
EWAPEL,

Dewaper = Ko - T + A/‘Cko(\/ 1 - K(z)/k(z)
g
+ . (58)
TR

The phase increment @gwapg; differs from the exact phase
increment @ in Eq. (57).

Similar to Eq. (43), Eq. (44) is also the exact result for the
homogeneous slab. Therefore, the phase increment calculated
with EWAPE2, ®pw apr», coincides with @ from Eq. (57).

The phase increments of the plane sound wave after
propagation through the 3D homogeneous slab can also be
calculated with the PE and WAPEs considered in Secs. II B
and IV D. For the GFPE, Eq. (47), the result is



arrs = Ko -1+ Axko (/1 = k/KG +2/2).  (59)

For the PE, Eq. (48) or Eq. (7),
Dpp = Ko - T + Avko[1 — k3 /(2k2) + ¢/2]. (60)

For the Padé (n,n) approximation, Eq. (49),

n aw(g—Kz/kz)
Opaie(nn) = Ko - T+ Axko [ 1+ )
Pade(n,n) 0 0( ;1+bj,n(8_’€%/k(2))

(61)

Finally, for the operator splitting suggested by Feit and
Fleck, Eq. (52),

(DFFZK()-I'—&-A)C/(()(\/I—K%/k%—l—\/l—i-s—l). (62)

Let us consider the normalized differences between the
exact phase increment and those calculated using the
EWAPEs and WAPE:s,

()
AD, = =
” A)Cko ’

(63)

where the subscript o stands for EWAPEl, EWAPE2,
GFPE, PE, Padé (n,n), and FF. These normalized phase
differences indicate the phase errors pertinent to different
equations. They are plotted in Figs. 3 and 4 versus the
angle 0y, defined as sin 0y = K/ko. The results for the
Padé (1,1) approximation (with a;;=1/2 and b, ; =1/4)
and Padé (2,2) approximation (with the coefficients a;,
and b;, from Ref. 5) are plotted. Only the phase errors
|A®D,| < 0.05 are depicted. In Fig. 3, e=0.01. For sound
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FIG. 3. (Color online) Normalized differences between the exact phase
increment of a plane wave after propagation through the 3D homogeneous
slab with e =0.01 and those calculated with the EWAPEs and WAPEs ver-
sus the angle 0.
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FIG. 4. (Color online) The same as in Fig. 3 but for ¢ =0.03.

propagation in the atmosphere, ¢=0.01 corresponds to
the temperature variation AT =3 K; see a paragraph above
Eq. (85). As noted above, the phase error for EWAPE2,
Eq. (44), is zero. Among other formulations, EWAPEI,
Eq. (34), has the smallest error, followed by the Padé (2,2)
approximation, the Feit and Fleck approximation, which
almost coincides with the GFPE, the Padé (1,1) approxi-
mation, and finally, the PE.

In Fig. 4, the refractive index variation is larger,
£=0.03 and AT =9K. The results, however, are similar
to Fig. 3 except that the Padé (1,1) approximation is
more accurate than the GFPE and the Feit and Fleck
approximation.

These numerical results show that, aside from
EWAPE2, Eq. (34) has a wider range of applicability with
respect to the propagation angle. Therefore, although it
might be computationally intensive, this equation might be
used when other equations do not provide the desired accu-
racy. For the homogeneous slab, the split-step spectral algo-
rithm, Eq. (44), for EWAPE2 does not have any phase
errors. However, we should recall that this equation is valid
only if &(x, r) varies slowly with respect to r.

VI. EXTRA-WIDE-ANGLE GFPE

In atmospheric acoustics, interaction of sound waves
with the ground is usually important. This interaction can be
accounted for using the GFPE, e.g., Refs. 9, 25, and 26. As
indicated above, in the current version of the GFPE, the
phase factor due to the refractive index variations is formu-
lated in the narrow-angle approximation. In this section, we
provide the GFPE with the wide-angle phase factor. To sim-
plify formulations, we will consider 2D sound propagation.
This will also enable us to establish a connection between
the 3D and 2D WAPE:s. (The other sections so far dealt with
3D sound propagation.)

Based on Sec. IV and Eq. (H.40) in Ref. 9, in a motion-
less medium, the GFPE with the wide-angle phase factor can
be written as



plx,z) = JOO exp (ircz+iAx\/k(2)(1 +é(x0,2)) — K2>

—00

X [p (x0, ) + R(x)p (x0, — )] dK + idnksp (x0, ks)

X exp (—ikSZ—HAx\/k%(l +¢&(x0,2)) —kf) . (64)

Here, z is the transverse coordinate, R = (kZ, — ko)/(kZ,
+ko) is the plane-wave reflection coefficient, Z, is the
ground impedance, k;=ko/Z, is the complex wavenumber
pertinent to a surface wave, and

p(x, k) = %Jo exp (—ircz)p(x, z)dz. (65)
The three terms on the right-hand side of Eq. (64) corre-
spond to the direct, ground reflected, and surface waves. If
&£=0 (i.e., sound propagates in a homogeneous atmosphere
above an impedance ground), this equation is an exact result
and coincides with Eq. (H.40) in Ref. 9. If ¢=const, Eq.
(64) is still an exact result and can be obtained from Eq.
(H.40) by writing the reference wave number as kyp/1 + e.
In an inhomogeneous medium, Eq. (64) describes sound
propagation approximately and is valid if &(x,z) is a slowly
varying function of z.
Assuming that |¢] < 1, in Eq. (64), the square root
k3(1 +¢) — k2 can be approximated with the first
two terms in the Taylor series with respect to ¢ The
p(xz)=

result is
iKz+iAx «/kz—xz+7k%8<xmz>
_ 0 2/k§—12

X [15 (x0,K) +R(x)p (xo, —K)] dr + idmtksp (xo, k)

k2. ,
—ik‘vz—i—iAx(\ /kg—kf—k%)] .
0~ s

(66)

o0
exp
o0

X exp

Equations (64) and (66) are new results. They present the
GFPEs with the wide-angle phase factors and can be termed
extra-wide-angle GFPEs. If R = 0 and k, =0, Eqgs. (64) and
(66) coincide with 2D versions of Egs. (44) and (34), respec-
tively, which have been derived by rigorous approaches. This
provides additional justification for the extra-wide-angle
GFPEs. This also elucidates how results for 3D propagation
can be applied to the 2D case: the vectors r and x should be
replaced with z and «, respectively. Numerical implementa-
tion of Eq. (66) is similar to that of Eq. (34).

The extra-wide-angle GFPEs also enable us to better
understand approximations involved in the narrow-angle
GFPE. In Eq. (66), approximating the square roots in the
dominators as k,, we obtain

X exp <—iksz+iAx K3 —kf) } 67)

This equation coincides with the GFPE used in the literature,
e.g., Eq. (H.49) in Ref. 9. To derive this equation, the wide-
angle phase factor in Eq. (66) was replaced with the narrow-
angle phase factor, exp(iAxkoe/2), which is valid for the
propagation angles |6]|=<20°.

Vil. MOVING MEDIUM

In this section, the results are generalized to a moving
medium with variable density. The formulation of the prob-
lem coincides with that in Sec. I A, except that the medium
is moving with velocity v = (vy, 02, v3) = (vy, vy, v.) and the
density g is not constant. The sound pressure satisfies Eq. (1)
if ¢ is replaced with the differential operator [Eq. (6.91) in
Ref. 11]

s> Vo \
£=e (Q) <k3>
2i | ko 1 <=0y 02

=(v-V)-=)" : (68)

2 e Ovox
kg | co w5 Ox; Ox;Ox;

Here, (x1,x2,x3) = (x,y,2). Equation (68) is valid to order v/
co, which is a small parameter. The operator & can be gener-
alized to account for the case v/co ~ 1.51%27

Many equations from Secs. III and IV, which contain
¢(R), are valid for a moving medium with the following
substitution:

¢R) — £(R). (69)

For example, this substitution can be employed in a Padé
(n,n) approximation for the operator 0, Eq. (8), or in
EWAPEI1, Eq. (21). The resulting equations are, however,
rather complicated since they contain many derivatives of
the sound pressure and medium velocity, e.g., Refs. 7, 8, and
27 and Sec. 2.5.3 in Ref. 11. In this section, Eq. (69) is used
in the split-step spectral algorithm for EWAPEI1, which ena-
bles us to replace these derivatives with the wave vectors in
the spectral domain. After the algorithm is generalized to a
moving medium, it is possible to derive the corresponding
EWAPE (Sec. VIID).

A. Split-step spectral algorithm

Employing the substitution, Eq. (69), in Eq. (26) and
replacing pg in the integrand with Eq. (12), we obtain

p(x,r) = po(x,r) + kg “ dx; szrl

J X0

X sz;cG(x —x1,r —1r1)p(x0, K)

x E(Ry)exp |ik - vy +i(x; — x)y /K2 — Kz].

(70)

Consider the application of the operator & (Ry) to the expo-
nential function in the preceding equation. In this operator,
the density can be written as ¢ = g, + ¢, where g is the
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reference density, which is constant, and ¢ is the density var-
iation. Then, in Eq. (68), Vo/0 ~ V/0,. The exponential
function in Eq. (70) can be written exp (iko(x)-R;
—ixor/k% — k2). Here, ko(k) is the wave vector of the plane
wave incident on a medium inhomogeneity located at the
point R;. This wave vector is given by Eq. (36) and shown
in Fig. 1. With these notations, the application of the opera-

tor & (Ry) to the exponential function in Eq. (70) can be read-
ily evaluated resulting in

E(Ry) exp (iko(k) - Ry — ixgy/kZ — 12)
= E(Ry; k) exp [ik-l‘l +i(x1 —x0)\/ kg — KZ]‘ (71)

On the right-hand side of this formula, we substituted
with the value of ko. In Eq. (71), the function £(R;; k) is
given by

g(Rl;IC) = S(RI) —03 k() V10(R1) — E ko V(R])

Ok

Z kO szJ B (72)
.I

OIJ

where V| = 0/0R;, and x; and kg, are the components of
the vectors R; and k¢. In Eq. (72), the sum can be written as
(ko - V1) (ko - v(Ry)), leading to the form

ERy:x) = e(Ry) ——— ko - vlo(Rl)—Eko V(R))

Ok

Y
+w—]zg(ko -V1)(ko - v(Ry)). (73)

Next we substitute Eq. (71) into Eq. (70), and replace
the Green’s function with its spectral form given in Eq. (11)

to obtain
.kz
8—°2J dx Jd% sz;c

xjﬂg(m )P (X0, ¥)
Vig=id ’

X exp[m-rl +iKk; - (r—ry) —|—i(x1 —X0)

X\ JkG — K2 +i(x — xy) k(z)—K%:|- (74)

This formula can be written in an equivalent form, namely

p(x, I‘) = pO(x7 l‘)

plx,r) =polx,r) + iJ exp {in o+ iAxy kG — K2:|

X pp(xo, K)p(x, x0; 13 K) d’K, (75)

in which we have introduced the wide-angle phase factor for
a moving medium

12

k(z) * 2. del
WJ dxljd ’ljik%_}cl 5(R1, )

X exp[ (k—K1) (r;—r)

+i(x—x1)(\/k(2, — i\ JR - KZH.

(76)

(X, x0; 15 K) =

Equation (75) has the same form as Eq. (28) and can be writ-
ten as Eq. (30), which is repeated here for convenience

px,r) Jexp {m r+iAx\/kE — K2+ ip(x, x5 15 x)}

x p(xo, k) d*k. (77)

Thus, the split-step spectral algorithm for the EWAPE in a
moving medium has the same form as in a motionless medium,
but with a different phase factor. The wide-angle phase factor
¢ for a moving medium is evaluated in Sec. VII B.

B. Phase factor

In Eq. (76), the function £ contains the spatial derivatives
O0/OR; of the density and velocity. These derivatives can be
eliminated from the integrals over x; and r; similarly to sound
scattering by atmospheric turbulence (e.g., Sec. 6.4.2 in Ref.
11). As shown in Appendix B, the differential operator in Eq.
(73) can be replaced with the following vector:

V1 — i[k(}(Kl) — k()(K)] (78)

Here, ko (k) is the wave vector of the scattered wave shown in
Fig. 1. With this substitution, the function £ takes the form

E(Rysk, k1) =e(Ry) — —ko(k)];(lz:()(m) @(:)1)
_ o Ko(%) Ko(k1) ko (k) -v(Ri) (79)
k(z) k()C()

Here, due to Eq. (78), the function £ has an additional argu-
ment k;, and the two velocity terms appearing in Eq. (73)
are combined. Note that Eq. (73) contains imaginary terms,
which become real functions in Eq. (79). From a physics
point of view, all terms in the function £ should be real since
the phase factor must be a real function. (The evanescent
waves with k > k, should be considered separately.)

Let us introduce the unit vectors in the directions of
the wave vectors Ko(x) and Kko(x;) shown in Fig. 1: s(x)
=ko(k)/ko and s(x;) = ko(x)/ko. With these notations,
Eq. (79) takes the form

(Ry)
Y
V(R])/Co]. (80)

T

E(Rl;K,Kl) = S(Rl) —

[1—s(k)-s(k)]
—2[s(x) - s(k1)] [s(x) -

[=)

This formula describes the radiation patterns of sound scat-
tering at the point R; inside the slab, with s(x) and s(x;)



being the directions of the incident and scattered waves,
respectively. These radiation patterns coincide with those of
a sound wave scattered by the sound speed, density, and
velocity fluctuations known in the literature, e.g., see Eq.
(6.100) in Ref. 11. Note that in Eq. (80), the components of
the vectors s(x) and s(k;) in the direction of the x axis are
positive, while similar vectors in Ref. 11 have arbitrary
directions.

Equation (80) is next substituted into Eq. (76). For a small
range step, the factor i(x — x1)(y/kz — k7 — \/kz — K2) in the
exponential can be omitted and the integral over x; can be
replaced with Ax. The result is

k2
¢ (x,X0;T;K) = Axg—gzjdzrl sztcl
E(xo,T1; K,
Xexp[i(x_,cl).(rl_r)]w_

k% — K3
(1)
Let
é(xa K) = f{g(xa I')}, é(‘xﬂ K) = f{@(xa l')},
V(x,x) = F{v(x,r)}, (82)

be the Fourier transforms of the corresponding quantities.
Then, the phase factor simplifies to

2 & .
(X, X0;T;K) = M%J exp (ik; -r) _ Sk ) d*ky,
I — (k1 +x)*
(83)
where function & is given by
S(xo;x,kl) = &(x0,K1) — [1 —s(k) - s(w; + k)]
« QoK) 2[s(x) - s(k1 + K)]
Qo

X [s(k) - V(x0,K1)/co]. (84)

Thus, the split-step spectral algorithm for the EWAPE in a
moving medium is given by Egs. (77) and (83). This
approach enables us to study cases (i) and (ii) formulated in
the Introduction. Complicated derivatives of the sound pres-
sure, medium velocity, and density appearing in the operator
& are replaced in Eq. (84) with the unit vectors s(k) and
s(x) in the directions of the incident and scattered waves.
The sound speed can be written as ¢ = ¢ + ¢, where ¢ is
the sound speed variation. If |¢ /co| < 1, then & = —2¢/co. We
use Eq. (8.56) in Ref. 11 to write 2¢/co = BT /T, and simi-
larly, 0/0g = BQT /To. Here, Ty is the reference temperature
and T is the temperature variation. In the atmosphere, fi. =1
and 8, = —1. With these substitutions, Eq. (84) expresses the
function & in terms of the temperature and medium velocity

& sk k) = () (o1 + ) p )

—2[s(k) - s(x; + x)] [s(k) - V(x0, K1) /co]-
(85)

Here, T (x,x) = F{T (x,r)}.

C. High-frequency approximation

Let kol > 1, where [ is a characteristic length scale of &, g,
or v. Then, the characteristic scale of &(xo, x1), 0(xo, K1), and
V(xo0, k1) with respect to xy is 1/, which is much smaller than
ko. In this case, in Eq. (84), we can set s(k; + k) ~ s(x). This
equation simplifies to

8()C0; K, Kl) = E(XO, K]) — Z[S(K) . V(Xo, Kl)/c’()]. (86)

This result is substituted into Eq. (83). In the square root of
the resulting equation, x; can be set to zero; this approxima-
tion is similar to s(x; + &) & s(x). With this approximation,
the integral over k; can be calculated

&(xo,1) — 28(k) - V(x0,T)/co

2k — 12

This result generalizes the phase factor given by Eq. (33) to
a moving medium. When ko/ >> 1, scattering primarily
occurs in the direction of sound propagation, which is char-
acterized by the vector s(x). As a result, the density term is
not present in Eq. (87), and only projection of the wind
velocity on the direction of propagation appears in this equa-
tion. Substituting Eq. (87) into Eq. (77), we have

¢(x, X035 K) = Axkg (87)

p(x,r):Jexp [ik~r+iAx Ky — 12
(X0, 1) — 2s(K) - v(x0, r)/co}
2\/k5 — 12

X p(xo, k) d’k. (88)

. h &
+ iAxk;

This formula expresses the split-step spectral algorithm for
the EWAPE in a 3D moving medium for case (i) considered
in the Introduction. If v =0, Eq. (88) coincides with Eq. (34)
obtained for a motionless medium.

To check the results, consider a plane wave incident on
the 3D slab with constant ¢, ¢, and v (Fig. 1). Substituting
Eq. (55) into Eq. (88), we obtain the sound field of this wave
at the right boundary of the slab, p = A exp(®,,), where ®@,,

is the phase increment in a moving medium,
@, (x, 1) = Ko - T + iAx\/ kG — K3
&(Xo,T) — 28(Ko) - v/co

N

Here, the sum of the first two terms is equal to koL and in the
third term, koAx/(kZ — 12)"/* = Ax/cos 0y = L. Thus, the
phase increment can be written as

+ iAxkg

(89)

(I)m = k()L + kOL[8/2 — S(K()) . V/C()]. (90)

The phase increment of this plane wave can also be cal-
culated using geometrical acoustics. In this case, the phase
increment can be determined with Eq. (3.57) in Ref. 11,
namely

13



k()C()L
fd . 91
len + V| ©h

m

Here, n is the unit vector perpendicular to the wave front of
the plane wave in the 3D slab. To order v/c, Eq. (91) can be
written as

Co n-v

®,, = koL <— - —> . (92)
C

c

In this formula, c¢g/c = 1 + /2 + O(?). In the last term in
Eq. (92), we take into account that ¢ = co(1 — /2 + O(¢?))
and n =s+ O(g,v/co). Since the derivations are done to
order O(¢,v/cp), Eq. (92) becomes

®,, = koL + koL(2/2 — s v/cy), 93)
which coincides with Eq. (90). Thus, for the problem consid-
ered here, the phase increment in the split-step spectral algo-

rithm coincides with that in the geometrical acoustics
approximation.

D. EWAPE in a moving medium

Equation (88) is the split-step spectral algorithm in a
moving medium. Starting with this equation, similarly to
Sec. IV, we can derive the EWAPE corresponding to this
algorithm.

In Eq. (88), the dot product can be written as

v/ 1 — 12 /kG + v - k/ko. (94)

Using this formula and applying the operator 9/0x to both
sides of Eq. (88), we obtain

ap(x,r) Uy & V. K

=i WK -k -k —+ k(s ——

ox ZJ[ * OCO+ 0(2 Co k())
< (=) )

Xexp [ik T+ Ay [k — K2+ iAxk]

s(k)-v=

&(xo,T) — 2s(k) - v(xo,1)/co )
X 2\/}{3_—’62 } (X0, K) d" K.
(CR))

The first term in the integrand can be factored out from the
integral similarly to that in Eq. (37). The remaining integral
is equal to p. As a result, we obtain

0 .
(—ikm/lJr[t)anikov'p
ox Co
& lVL 0 AN—1/2
X 1 —0.
L Rt (LR R S

This is a new result. Equation (96) is the EWAPE in a 3D
moving medium valid for case (i) considered in the
Introduction. It would be difficult to derive this equation
starting from Eq. (21) and using the substitution, Eq. (69).
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Equation (88) can be now recognized as a split-step spectral
algorithm for solving Eq. (96).

In the limiting cases, the EWAPE given by Eq. (96)
coincides with equations known in the literature. If v=0,
Eq. (96) becomes EWAPE1 for a motionless medium,
Eq. (21), where the derivatives of ¢ are omitted. In the
narrow-angle approximation, the first square root in Efl
(96) can be approximated as 1+ /2, while ( 2

~ 1. The result is

op . . o Uy
P iko(1+ B/2)p + ik o

Ox
& i VL 0 -
— iko (2 ko % ar) =0. o7

Substituting with p = exp(ikox)A, this equation reduces to
the narrow-angle PE for the complex amplitude A of the
sound pressure in a moving medium, which coincides with
Eq. (2.110) in Ref. 11. This derivation clearly shows the
importance of the term involving the transverse medium
velocity v, in Eq. (96), which is sometimes omitted in the
literature.

Approximating the square roots in Eq. (96) with Padé
(n,n) series, we obtain a WAPE for sound propagation in a
moving medium,

0 n,u . Uy
— _ ik J> o —
l zo( —i—Zl_H% ) p—&-zoCOp
ivi 0 "L djaft
— ik +— + ——=|p=0.
0(2 ko co 31‘) ;1+b,nu P

98)
Here, the coefficients a;, b;, a;, and b ; coincide with those in
Eq. (53) for a motionless medium. Equation (98) is also a new
result obtained here. It can be solved numerically by algorithms
developed for a motionless medium.* For the Padé (1,1)
approximation, due to the high-frequency approximation, Eq.
(98) is much simpler than the WAPEs in Refs. 7 and 8.

VIil. CONCLUSIONS

This paper provided a new approach for WAPEs, which
are widely used in physics. The starting point of the analysis
was the EWAPE (17), termed EWAPEL, which is valid for
small variations in the refractive index of a medium. As
these variations decrease, EWAPEI accounts correctly for
propagation angles up to 90° with respect to the nominal
direction. The operator form, Eq. (21), of EWAPEl was
derived. This equation was then generalized for large varia-
tions in the refractive index, resulting in EWAPE2, Eq. (24).

For a relatively small range, EWAPEI was solved by a
perturbation technique. The resulting formula, Eq. (30),
expresses the sound pressure at the right boundary of a 3D
slab in terms of the Fourier transform of the sound pressure
at its left boundary and the wide-angle phase factor due to
the refractive index variations. This approach is termed as a
split-step spectral algorithm for EWAPEL. The approach
simplifies in the high-frequency approximation, when the



wide-angle phase factor is evaluated analytically, Eq. (34).
Numerical implementation of the split-step spectral algo-
rithm was discussed. Generally, the approach is more com-
putationally intensive than a PE and GFPE but perhaps can
be improved in the future. Currently it can be used if very
wide propagation angles need to be accounted for when
other WAPESs do not provide sufficient accuracy. The split-
step spectral algorithm was also applied for EWAPE?2.

It was shown that under certain approximations, the two
EWAPEs and the corresponding split-step spectral algo-
rithms reduce to WAPEs known in the literature. This is an
important methodological result, as it provides an alternative
derivation of the WAPEs and enables better understanding
of the underlying physics and ranges of applicability of these
equations. In particular, it was shown the WAPEs known in
the literature can be obtained by approximating the wave
vectors and propagation paths of the plane waves in the spec-
tral decomposition of the sound pressure at the right bound-
ary of the 3D slab. This provides a clear physical meaning of
approximations pertinent to the WAPEs and enables analysis
of their ranges of applicability. The ranges of applicability
of the EWAPEs and WAPEs were studied for a plane wave
propagating through a homogeneous 3D slab. It was shown
that the EWAPEs are applicable for larger propagation
angles than WAPEs and GFPE used in the literature.

Based on the EWAPEs and split-step spectral algorithm,
new WAPEs can be derived. As an example, Eq. (53) was
obtained and might be simpler than the WAPE used in the liter-
ature, Egs. (5) and (8). Also, it was emphasized that the GFPE,
Eq. (67), which is used in atmospheric acoustics for sound
propagation above an impedance ground, employs a narrow-
angle phase factor due to the refractive index variations. The
extra-wide-angle GFPEs, Egs. (64) and (66), were suggested.

Sound propagation in both motionless and moving media
was considered. In the latter case, the split-step spectral algo-
rithm for EWAPEI] significantly simplifies the formulation by
replacing many partial derivatives of the sound pressure,
medium velocity, and density appearing in a WAPE with the
wave vectors (essentially, propagation angles) in the spectral
domain. In the high-frequency approximation, a new EWAPE
in a moving medium, Eq. (96), and the split-step spectral algo-
rithm for its solution, Eq. (88), were derived. For narrow-angle
propagation, Eq. (96) reduces to the conventional PE, Eq. (97).
The derivation emphasizes that in a moving medium, the PE
should contain a term proportional to the wind velocity compo-
nent perpendicular to the propagation path, which is sometimes
omitted in the literature. Based on the formalism developed, a
new WAPE for sound propagation in a moving medium, Eq.
(98), was derived. In subsequent research, we intend to solve
numerically this equation by approaches developed for a
motionless medium (e.g., Ref. 4).

Most formulations presented here were for 3D sound
propagation. Section V outlined how the results can be
applied to the 2D case.
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APPENDIX A: POINT SOURCE IN A STRATIFIED
MEDIUM

In this appendix, we consider the sound field of a point
source in a stratified medium in which ¢ = &(x). As indicated
in Sec. III C, this problem is pertinent to an acoustic source
located above the ground and a ground-based receiver, or vice
versa. For this problem, the sound pressure is calculated with
the two EWAPEs and then compared with that obtained with
the Helmholtz equation.

Without loss of generality, we assume that the point
source is located at the origin of the coordinate system shown
in Fig. 1 and that x, = 0 in the figure. Starting with EWAPE2,
the sound pressure at the plane x = const can be calculated
similarly to that in Sec. IV C. The result coincides with Eq.
(42) in which xy = 0,

plx,r) = J exp {in T+ ZJ; \/k(%(l + &) — K2 dx!

x p(0, k) d’x. (A1)
Here, p(0, x) is the Fourier transform of the sound pressure
due to the point source in the plane x = 0. This Fourier trans-
form can be found by comparing Egs. (11) and (13),
p(0,x) = i/(2n+\/k% — k?). Substituting this result into Eq.
(A1), we have

p(x,r) :ZLJ exp [ix.rJriJ \/k(z)(l +e(x)) — K2 dy
T 0
d*x

X ——

Vk§ — K?

In this equation, the integral can be evaluated with the 2D
method of a stationary phase (e.g., Sec. 4.4.4 in Ref. 11).
The 2D stationary point ko is determined from the equation

0® /0Ky = 0, where @ is the phase in the exponential in Eq.
(A2). This equation can be written in the form

J"' dx’ .
0/ + () - 1

(A2)

r = Ko (A3)

For the given receiver coordinates (x, r), this equation defines
the stationary point . Note that Eq. (A3) also determines the
sound ray path r =r(x) in a stratified medium. Applying the
2D method of stationary phase to Eq. (A2), we obtain

1
L) =———
px,r) I
xexp{ino-rJriJ \/k(%(lJrS(X'))*K(Z)dxl ,
0

(A4)

where the function J is given by
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]
J= kzj dx

\/k21+s

Equation (A4) expresses the sound pressure due to the point
source in a stratified medium obtained with EWAPE2.

For the same problem, the sound pressure is also calcu-
lated in Ref. 11 starting with the Helmholtz equation (1) and
using the high-frequency approximation. In the absence of
turning points, the sound pressure is given by Eq. (4.53) in
that reference,

JX 1+ e(x')]dx’ .
0 [1(1+e(x)) — 2]
(AS)

_KO

1

p(x,r)z

(1 +e(x)) — 2] " [ (1+(0) — 3] 47172

X exp |:l'l€()‘l’+l'J’ K3(1+e(x)) —K%dx’}
0

(A6)

Here, o and J are defined with Egs. (A3) and (AS), and
without loss of generality, ¢(0) can be set to zero by redefin-
ing the reference wavenumber ky. Comparing Eqs. (A4) and
(A6), we conclude that the phases of the sound pressures are
the same, while the amplitudes are different. The ratio of the
amplitudes in these equations is given by

1/4
Ry(x,r) = H#X;ﬂ%) . (A7)

According to this formula, the ratio of the amplitudes increases
with increasing ¢ and increasing the propagation angle 0 when
Ko tends to k. The difference in the amplitudes might be due
to the omission of the commutator [@/dx, Q] in EWAPE2.

Similarly, the sound pressure due to the point source can
be calculated with EWAPE]L. The result is

1 -
plx,r) = ;%P |fl€0 T+ iy k3 — &
NI

(A8)

Here, the 2D stationary point x( is determined with the
equation

l~€() k2 * , ’
r lx—z(kz ~2)J e(x)dx], (A9)

kg — i} — ko) Jo

and the function J is given by

B k2 k2 ~2 rx
PR . g*’fgj s av .
(kG —=5)" L ko=

Equations (A8)—(A10) can also be obtained from the corre-
sponding results for EWAPE2 by keeping the first two terms
in the square-root expansion with respect to the small

(A10)
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parameter ¢. This correspondence between EWAPE!L and
EWAPE?2 is also valid for other results obtained in the

paper.

APPENDIX B: DERIVATION OF EQ. (78)

In this appendix, Eq. (78) is derived.
Consider one of the integrals with respect to r; appear-
ing in Eq. (76),

= Jaé(xl,h)

ar, expli(k — k1) - 1] d’ry.

(BI)
This integral can be written as

0
I = Ha_n [Q(xl,rl)exp[ (k— K1) - rl]}

—i(Kk — K1)d (X1, 11 )expli(k — ki) - rl]}dzrl. (B2)

Assuming that ¢ vanishes at infinity, the first integral can be
neglected. The same result follows from the divergence theo-
rem. Comparing the right-hand sides of Eqgs. (B1) and (B2),
we obtain

8@(.)(1,]'1)

ory (B3)

— (K| — K)Q(X1,T1).

Consider now one of the integrals with respect to x;
appearing in Eq. (76),

00 (x1,11)
Ix — J Q( 1 ]) el(xﬁn)r] dxl,
Xo

o (B4)

where n = \/k3 — k3 —
ten as

\/k% — 2. This integral can be writ-

) 0 ~ —X .~ i(x—x
IX*J {8x1 [Q(xl,l’l) i M}*”?Q(xl,l'l)e( 'l)"}dxl-
(B5)

The first of the integrals on the right-hand side can be evalu-
ated as

Lt = 0(x,11) — §(x0,11)e™ ~ g(x,11) — 0 (X0, T1)
99 (xo,
~ Ar 288D A o) (B6)
8)(0

where [ is a characteristic scale of the density variations. The
second integral in Eq. (B5) can be estimated as

IX_2 ~ A)Cﬁ(:)()(f()7 l‘1) ~ Axko sin 9@()60, 1'1). (B7)
Here, 0 is a characteristic angle of sound propagation with
respect to the x axis. In the high-frequency approximation,
I, can be ignored in comparison with /,,. Comparing the
right-hand sides of Egs. (B4) and (BS), we obtain

(\/kz—;cl—\/kz—x2) (r1.r1). (BS)

30 Xl,l‘l



Combining Egs. (B3) and (B8), we obtain Eq. (78). The
same result can be obtained for the velocity terms.
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