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EXECUTIVE SUMMARY

This research started from requiring more expressive modal connectives in Distributed Logic [1] for
use in high assurance of FPGA applications. Eventually, this report and a companion report will be used
for a logic paper showing the Thomason-Goldblatt theorem [2, 3] for the Galois operators. The original
Thomason-Goldblatt theorem covered only the necessity and possibility operators for bog standard modal
logic. Most of Distributed Logic (at this time) can be seen as a distributed modal logic. However, we have
expanded it to include intensional (modal) operators of greater arity than the modal operators.

Distributed Logic is quite general and can happily accept non-normal modal operators; these are operators
that do not distribute across conjunctions and disjunctions of a Boolean logic base. Even the Boolean base is
not strictly necessary although we have not yet extended the logic over other bases. The operators we consider
in this paper do distribute across conjunctions and disjunctions, hence are normal operators. The difference
model-theoretically [1, 4] is that non-normal operators are interpreted using neighborhood systems whereas
normal operators are interpreted using relations; these are distributed relations in our case.

The companion report, “Galois Operators for Distributed Logic" contains a fairly condensed version of
this report. That report only mentioned the closure properties, this report proves them. This report is rather
densely mathematical, not every bit of background could be explained or it would be twice as long. Failures
as well as successes are detailed here. The failures are important because they go into some depth as to
why a particular construction fails. Closure properties hold for every Galois operator but not every closure
property holds for every operator. It was important to figure out which properties failed and why so we had
a complete picture of the Galois operators in Distributed Logic.

[2] has the best explanation of the Goldblatt-Thomason theorem: the class of modal frames is closed
under disjoint sums, homomorphic images, subframes, and ultraproducts. Here we will only be concerned
with sums. Their rendition says each frame can be decomposed into a collection of point-generated frames.
By that they mean that for each frame, pick a point and follow the relation from that point including all the
visited points. This gives a collection of point-generated frames for each frame. Those get collected into a
disjoint sum. For us, we will use a special form of disjoint sum that we call a null sum. We treat the binary
cases here where only two frames are involved but do include a section showing how to extend the result to
an infinite number of frames. Another closure construction is also used, namely smash product. Operators
whose frames are closed under smash product are related through a new Boolean negation to operators whose
frames are closed under null sums. This neatly solves how to get all the frames closed under null sums since
half the frames are directly closed under smash products. Goldblatt

The original Goldblatt-Thomason theorem also relied upon frames for possibility being related to frames
for necessity through the use of Boolean negation that sets up an isomorphism between the frames.

E-1
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CLOSURE PROPERTIES FOR GALOIS OPERATORS IN DISTRIBUTED LOGIC

1. INTRODUCTION

This research started from requiring more expressive modal connectives in Distributed Logic [1] for
use in high assurance of FPGA applications. Eventually, this report and a companion report will be used
for a logic paper showing the Thomason-Goldblatt theorem [2, 3] for the Galois operators. The original
Thomason-Goldblatt theorem covered only the necessity and possibility operators for bog standard modal
logic. Distributed Logic can be seen as a distributed modal logic. Distributed Logic is quite general and can
happily accept non-normal modal operators; these are operators that do not distribute across conjunctions
and disjunctions of a Boolean logic base. The operators we consider in this paper do distribute across
conjunctions and disjunctions, hence are normal operators. The difference model-theoretically [1, 4] is that
non-normal operators are interpreted using neighborhood systems whereas normal operators are interpreted
using relations; these are distributed relations in our case.

The companion report, “Galois Operators for Distributed Logic" contains a fairly condensed version of
this report. That report only mentioned the closure properties, this report proves them. This report is rather
densely mathematical, not every bit of background could be explained or it would be twice as long. Failures
as well as successes are detailed here. The failures are important because they go into some depth as to
why a particular construction fails. Closure properties hold for every Galois operator but not every closure
property holds for every operator. It was important to figure out which properties failed and why so we had
a complete picture of the Galois operators in Distributed Logic.

[2] has the best explanation of the Goldblatt-Thomason theorem: the class of modal frames is closed
under disjoint sums, homomorphic images, subframes, and ultraproducts. Here we will only be concerned
with two constructions that substitute for disjoint sums. Their rendition says each frame can be decomposed
into a collection of point-generated frames. By that they mean that for each frame, pick a point and follow
the relation from that point including all the visited points. This gives a collection of point-generated frames
for each frame. Those get collected into a disjoint sum. For us, we will use a special form of disjoint sum that
we call a null sum. We treat the binary case here where only two frames are involved but do include a section
showing how to extend the result to an infinite number of frames. Another closure construction is also used,
namely smash product. Operators whose frames are closed under smash product are related through a new
Boolean negation to operators whose frames are closed under null sums. This neatly solves how to get all
the frames closed under null sums since half the frame are directly closed under smash products.

The original Goldblatt-Thomason theorem also relied upon frames for possibility being related to frames
for necessity through the use of Boolean negation that sets up an isomorphism between the frames. Assume
there is a frame for possibility, then via Boolean negation there is an isomorphic frame for necessity. The
points of the two frames are the same, but the Boolean algebra of sets in the frame supports possibility
in the first instance and necessity in the s econd. The Boolean negation shows how to map possibility into
necessity. Hence our use of the new Boolean negation plus some additional properties of the involved frames
is analogous.

Manuscript approved September 21, 2021.



2 Gerard Allwein

A Distributed Logic has a graph of nodes called localities as part of the syntactic structure of the logic.
Each node in the graph is associated with a local modal logic. Distributed Logic adds modal connectives,
here called operators, between the local logics. A distributed operator takes propositions of a local logic
at, say node k and returns propositions of another local logic, say node h. Each local logic is evaluated
in a typical modal frame (one per node) and there are distributed Kripke relations linking the nodes for
interpreting the distributed operators. Incidentally, the reason for the switch from connective to operator is
that this paper assumes an algebraic perspective where the term operator is apropos. Switching between the
two should cause no problems since the interpretation of any connective is an operator and this paper mostly
concentrates on interpretations.

The reason we developed Distributed Logic was because FPGA applications have three large scale
features: a collection of components connected with signals, and all running in parallel. Each component is
a world of states unto itself and shares no internal state with any other component. Hence each component
could be reasoned about using a single modal logic, as long as one was not concerned with signals to other
components and the components running in parallel. The graph allows us to associate a local logic with each
component, and distributed Kripke relations to model the effects of signals and parallel operations. From
this substrate, it is possible to abstract a bit and use distributed relations for parallel behavior and some other
high assurance concepts. Requiring capabilities for expressing high assurance concepts drove us to consider
the operators from [5].

2. THE LOGIC

The basic logic is detailed in [1]. We use the term Distributed Logic in a general sense such as modal
logic; each has several logics that can fall under the term. Distributed Logic also includes modal logic as
simple case. A particular distributed logic is actually a collection of local modal logics that are connected
in a formal way via distributed operators. Each local modal logic has a classical base that admits the
usual necessity and possibility operators that abstract over next-state relations (these local operators can be
augmented with the Galois operators [5]).

Distributed Logic lends itself well to FPGA applications. Each local logic is seen as being the local logic
of a single component. The components are connected via their behavior; that behavior is expressed using
distributed relations. The distributed operators abstract over those relations. The abstraction takes the form
of the evaluation conditions on the operator as shown in the sequel. The use of the term distributed relation
reflects that a relation is relating two distinct collections of states in different components. This is in contrast
to the local endo-relations (such as next-state relations); these latter are limited to a single locality

We use the term locality to denote a local logic and its underlying component structure as expressed in
its states and relations. Thus, the distributed relations connect localities. A common distributed relation
is a parallelism relation, called concurrence, that represents when states in two different localities can
simultaneously occur. Another distributed relation is one that relates all components that share the same
clock domain.

The main thrust of this paper is to describe the Galois operators in the context of Distributed Logic and
show their closure properties under smash product and null sum. Smash products are used to glue together
two components that are seen to be intimately run together in that we always want to be concerned with pairs
of states, one state from each locality. Null sums are used for combining components together in a disjoint
fashion where we only are interested in one without regard to the others, somewhat like an exclusive-or.
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The name Galois operator stems from a certain algebraic property they share: each operator has a kin.
If an operator is seen as abstracting over a binary relation where the relation is viewed a relation from a
locality h to a locality k, the kin of this operator abstracts over the relation turned around so that this converse
relation runs from k to h. This relationship is not a negation relationship.

Traditional possibility and necessity are also Galois operators. Call an operator forward if in its evaluation
condition, we consider the (binary) relation used in its evaluation to have a direction from its first position
to its second position. Call an operator backward if we turn the direction of the relation around to use the
converse direction. Traditional possibility is a forward possibility that has a kin called a backward necessity,
and backward possibility has a kin called forward necessity. The key fact is that the same relation can be used
to evaluate both forward possibility and backward necessity. This property holds for all Galois operators
and their kins. To force this relationship to obtain, one adds special axioms to the logic, called residuation
axioms. It is remarkable that this property persists in Distributed Logic where the first position of a binary
relation will be in one locality and the second position will be in a different locality.

2.1 The Interpretations

The technical term frame in logic can represent many different situations. We use it primarily to represent
a component in an FPGA application. Each frame consists of: (1) a collection of points (also called states),
(2) aBoolean algebra of sets (where the sets are sets of points), (3) the € relation between points and elements
of the Boolean algebra of sets, and (4) at least one local relation on points. In other words, it is a particular
type of classification where the |= relation is the set theoretic membership relation €. The local relation can
represent the next state relation when viewing the component as a finite automaton. However, local relations
(not the € relation, the € relation is not a local relation) can also represent other notions as the need arises.
An example of a non-next-state relation is where some states are considered security critical and related to
states that are not security critical. Incidentally, requiring at least one local relation is not really much of
constraint since it could always be made the identity (diagonal) relation. That relation has little modal import
because from any state one can only move along the relation to the same state.

We assume a graph of localities usually denoted with sans serif, i.e., nodes are denoted h, k, etc. At each
node is a classification consisting of a local logic, a frame, a satisfaction relations eh, ek (or alternately |:h |§
when we want to emphasize a logic interpretation), and at least one local relation. The local relation can be
the identity relation if no feature of a component needs to be represented using a local relation.

Definition 2.1.1 A local frame at a node h is a structure h = (H,H,H) such that H is a collection of
points called, generically, a domain. H : H — H is a local relation connecting some points of H. We
use the same symbol for the frame and its collection of states, and let use disambiguate meaning. H is a
collection of neighborhoods or sets of points that are subsets of H and the entire collection is closed under
the Boolean operations and under Galois operations, here a single Galois operation is generically indicated
with [#) : H — H. Hence H is a modal set algebra. These operators are used to define special collections of
points. They have valuation conditions in the sequel given by distributed operators, just set the distribution
to a single component. The eh relation between states and elements of the Boolean algebra is left implicit.

The set T is the top of the Boolean lattice of sets and L™ is the bottom. A caveat, from the requirements
of the sequel, T is not H and L™ is not 0. Special points will be added to the frames.
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The use of the term neighborhood comes from topology. A frame is considered a Stone space with a
base of clopen sets and hence very disconnected.

A good mental picture to remember the definition of a frame is Diagram 2.1 where one can think of P

as a proposition of a language or as a UCLA proposition. This latter is merely a set of points in a Boolean
lattice of sets. In the former case, the eh relation becomes |= and in fact, in interpretations, ¢h is the meaning

of |=h

H
N :

€h

H EDH

Diagram 2.1: Intutiive View of a Frame at Locality h

Here x is some point in the domain H and P is some UCLA proposition in H, but it is not necessarily the case
that x en P. Two example modal operators [#°) and [#°) are shown. They are the usual modal necessity and
possibility operators [] and ¢ but put into our notation. The relation H : H — H is some set H C H X H.
Note that h refers to the node at which the frame indicated by the diagram lives.

Definition 2.1.2 A distributed frame consists of a graph of nodes where each node is a local frame, distributed
relations linking the domains, and distributed modal operators linking the set algebras.

Propositions in the logic are modeled by elements of the set algebras. A distributed frame for modeling
two components has two localities. The Diagram 2.2 is distributed frame with localities h and k that
depicts this situation (without showing the local modalities or local relations) and two (generic) distributed
modalities:

A 1 ) Ao 11 )
Component h Component k
L)

S
a

;
B

Diagram 2.2: Generic Distribution with Two Components at Localities h and k
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where the arrows [f), [/ can be any of the Galois forward and backward distributed modalities interpreted
by the distributed relation ¥, i.e., the lower case f in the modalities is linked with the script ¥ relation.
Example pairs of modalities are [ ") and [f°) and are necessity operators, and [f°) and [f°-) are possibility
operators.

The diagram is only showing the simplest of distributed frames. In any application, even one with only
two localities, there can be any number of distributed relations and any number of distributed modalities.

The relation  : h — k used in the evaluation of the operators above uses two localities, h and k. These
are variables in that any actual FPGA application will fill those localities in by two components; the entire
distributed frame will use as many localities as there are components. Also, any one locality can have many
endo-relations, and any two localities can be connected by many distributed relations. The modalities involved
are restricted by the number of relations we have at our disposal to interpret the modalities. Technically,
F C H x K, we leave this implicit in the notation F : h —Kk.

The distributed relation ¥ (see diagram) is denoted with an arrow but this is mere convention; ¥ is a
two-place relation that, by fiat, is viewed as a morphism from elements of its first position to elements of
its second position. The distributed modalities, on the other hand, really are functions although they have
special properties required for us to treat them as modalities.

To evaluate logic formulas, we interpret the |= relation as set theoretic membership € and the proposition
P can be either a linguistic proposition, or switching to the set theory interpretation, a UCLA proposition,
i.e., a set of points. The following definitions are standard modal logic fare:

o £ P if and only if for all x en TH, it is the case that x £ P. Equivalently, £ P if and only if for all
x enh TH (where TH is the top of the Boolean set algebra H), it is the case that x |=h P.

« £ P if and only if there is some x en TH and x }£ P.

» A local logic at h is consistent just when for all x en T it is the case that for all propositions P, not
both x |=h P and x \;g P.

Modal formulas [f°) and [f°) for necessity and possibility are evaluated in the usual way except we
must respect the distributed nature now of these modalities:

X I:h [£*yQ iff forall y, Fxy implies y |:k 0 X I:h [£°)Q iff there exists y, Fxy and y |:k 0.
The other versions [f°) and [f°) run in the other direction:
y |:k [f7y P iff for all x, Fxy implies x |:h P y Ié [£°)Q iff there exists x, Fxy and x |:h 0.

Setting h = k yields the evaluation conditions for the corresponding local modalities. Hence the distributed

. o o . h k
modalities are evaluated similar to the local modalities except notice the changes between |= and = on the
two sides of the evaluations.
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2.2 Galois Operators

The operators for the modal logic case are in [5]. Their basic mathematical properties are shown there
for a few of the operators. This paper extends the properties from the modal case where there is ever only a
single locality to this distributed case for Distributed Logic.

Each operator comes with a distribution type, which becomes a bit of a misnomer when put into a
Distributed Logic framework because the two uses of “distribution” refer to two kinds of distribution. For
Distributed Logic, the term “distribution ” refers to the distribution as detailed in a graph of nodes each with
its own logic logic and connected by distributed operators and distributed relations. For [5], which was
developed quite a bit before Distributed Logic, the term “distribution” refers to how the operator distributes
across conjunctions and disjunctions, or in the algebraic case where we replace the logic with a lattice, lattice
meets and joins. We will shorten the use of “distribution type” of [5] to merely “type”. The type is intimately
connected with an operator’s residuation properties (see Section 6 Residuation).

The move from logic’s conjunction and disjunction to lattice meets and joins is the move from the logic
to an algebraic framework. A way to get an algebra out of a logic is to divide out the set of formulas via
bi-implication:

P=Qiffr P>Qand+ QD P,

where one can interpret the (usually) classical implication D with a logic’s implication and + is provability
in the logic. The equivalence classes then are elements of a lattice if the logic supports the usual Boolean
identities. In particular,

[PIA[QIZ[PAQ]  [PIVIQIZ[PVQl  =[P]Z[-P].
The modal operators are defined similarly.

In the sequel, we use P and Q to refer to sets of points of the Boolean algebra (of sets) of a frame, i.e.,
UCLA propositions. They can also be thought of as propositions. This blurs any distinction between [P]
which is an equivalence class of formulas, all of which are equivalent to P, and P as a UCLA proposition
consisting of all the points of a model which are members of P.

The rest of this paper assumes an algebraic framework. The propositions are interpreted as elements of
the carrier set of an algebra, in our case a Boolean algebra, which is a lattice under intersection N, union U,
and a form of set complement =, augmented with local modal operators and distributed operators. The new
form of set complement = in place of the usual set complement was necessary due to the extra points added
to the domains.

We let f : h — k refer to an arc of a Distributed Logic graph from node h to node k. As such, there are
several operators that can be associated with the arc as well as the relation, usually depicted similarly, i.e.,
¥ : h— k where the small case italic f is linked semantically to the interpreting relation ¥ in a script font.

In Table 2.1, the type of each operator is of the form p +> o where p, o € {A, V}. The first line of any
operator gives its type and its semantic evaluation condition. The second line gives the canonical definition
of the interpreting relation where the x, y are maximal filters of the lattices that support the operator. The
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elements of the lattice are a, b. The third line shows the closure properties. We have annotated the set
theoretical membership relation € with a locality to show in which frame the domain of the membership
relation lives, usually one of €h or ek. We also annotate set inclusion in the sequel, when it aids understanding,

with the domains that are involved, i.e, C becomes Ch or Ck.

Table 2.1: Table of all Two-Place Galois Operators

Menu A
A>A y ek [fPYPiff Vx(x en P or FPxy) Vi>V y ek [£°YPiff 3x(x en P and Fxy)
Fbxy iff 3a(a ¢nx and [f*Ya ek y) Fxy iff Ya(a ¢nx or [f°)a ek y)
null and wedge sum smash product
Vi>A y ek [fH)Piff Vx(x ¢h P or FHxy) AV y ek [f7YPiff 3x(x ¢n P and Fxy)
FLxyiff Ja(a enx and [f*+)a ek y) F 7 xy iff Va(a enx or [f'Ya ek y)
smash product null sum
Menu B
A>A y ek [F)P iff Vx(x en P or =F " 'xy) ViV y ek [£#)P iff x(x en P and ~F ¥ xy)
Fexy iff Ya(a en x or [f°)a ¢ y) FHxy iff a(a enx and [F*)a ¢ y)
smash product and null sum smash product and wedge sum
Vi>A y ek [P iff Vx(x ¢n P or =F ' xy) AV y ek [£*)P iff dx(x ¢h P and -F* xy)
Fhxy iff Va(a ¢ x or [£'Ya ¢k y) F*xy iff a(a ¢nr x and [F*Ya & y)
smash product null sum
Menu C
A>A  x en [£°)Q iff Vy(y ek Q or FPxy) Vi>V  x en [£°)Qiff 3y(y ek Q and F°xy)
Fbxy iff 3b(b ¢k y and [f*) b en x) Fexy ift Vb(b ¢k y or [°) b eh x)
null and wedge sum smash product
Vi>A  x en [fH)Qiff Vy(y ¢k Q or F1xy) AV x e [£)Qiff Ay(y ¢ Q and Fxy)
Flxy iff 3b(b ek y and [*) b enx) Fxy iff Vb(b ek y or [£7) b en x)
smash product and wedge sum null sum
Menu D
A>A  x en [ Q iff Vy(y ek Q or =F “xy) Vi>V  x eh [F¥)Qiff Jy(y ek Q and =Fhxy)
Fexy iff Vb(b ek y or [f2) b ¢h x) Fhxy iff Ab(b ek y and [£*) b ¢h x)
null sum and wedge sum smash product and wedge sum
Vi>A  x e [fQiff Vy(y ¢k Q or =F'xy) AV x eh [£*)Qiff Ay(y ¢k Q and —~F *xy)

F'xy iff Vb(b ¢ y or [£') b ¢n x)
smash product

F*xy iff 3b(b ¢k y and [f*) b ¢n x)
null sum
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Menus A and B are the “backward” operators, so termed because the evaluating relation is read from the
second position to first position in operator’s evaluation.

3. POINTED DOMAIN OPERATORS

The addition of extra points over the usual flat basic domains as frames for logic has the following
intuitive Diagram 3.1 where there are two domains H; and K; at localities h; and k; respectively for i € I (I
is some arbitrary index set)

H K;

TN VNN
\\O /- \\O e

Diagram 3.1: Hasse Diagrams at Localities h; and k;

The extra points are g, oq;, ®k;, and og,. The lines of the diagram are part of a Hasse diagram of the
domains as partial orders. The order reads up the page so that for x < y in the order, y is higher in the Hasse
diagram. Hence a traditional frame for modal logic has no extra points and hence no lines are necessary in
its Hasse diagram. This sort of domain is called a flar domain. Ordered domains are used in non-standard
logic and these frames with their additional points are forms of ordered domains.

We picture two domains because the stock situation explicating the semantics of Distributed Logic uses
an arc f : h—k in the graph where h and k range over {h;, k; | i € I} where I indexes the nodes in the graph
of the logic. Each FPGA application supplies the component list which we abstract into the set /. The arcs
are used when relationships between components must be expressed.

In the sequel, we will have need for special sets of points in the domains. These sets arise because of
the new constructions used: smash product and null sum. The former is a variant of a cross-product where
certain points are collapsed to a single point and the latter is a variant of disjoint sum where the tags of the
sum are actually points of the frames involved in the sum and hence may support mathematic properties
rather than being merely tags.

3.1 Ambient Spaces

In the original Goldblatt-Thomason theorem, they use a disjoint sum and in [3], he uses distribution
across those sums. Hence he must prove

[2) (Q1+Q2) = [1*) Q1 + [1*) Q.

The only way for this to make sense is for both sides to be of the correct type. Hence, if a en [#°) (Q1 + Q>),
then a must be of the form {(cj, ¢y) where either ¢ or ¢, (but not both) is a tag. The reason is that it
must be shown that a enh [#°) Q1 + [+°) Q;. and hence a must be a tagged pair. In the other direction,
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a eh [h°) Q1 + [1°) Q,. implies a is also of the form {cy, c;) with either ¢ or ¢, (but not both) being a tag.
For it to be so that a enh [r°) (Q + Q2), a must retain its tag. The point is that there is an ambient space
Hi + H; of tagged pairs and [#°) (Q + Q2) Ch Hy + Hy and [h°) Q1 + [1°) Q2 Ch Hy + H).

We shall require special ambient spaces for constructions of smash products and null sums below.

3.2 Points

We use the symbols ® and @ for smash products and null sums respectively. To adequately characterize
them, we first define some distinguished sets.

Definition 3.2.1 Canonically, if Ay, is the carrier set of a Boolean algebra at h,

oy = An o = 0p.

Technically, all empty sets are the same so that O, = 0 = @ for h # k. The appellations h and k help to
indicate which domain is under consideration in any mathematical statement involving them. In the sequel,
we will elide the appellations since the context makes clear which domains are involved.

The constructions ® and @ below require that we generalized pointed domains or universes. Canonically,
we term sets of the form {ey } well-point sets and sets of the form {og } null-point sets. Abstractly, we use
H’ to be the well-point set at h and H* to be the null-point set at h.

Later on we will define smash product ® and null sum @. For now, we will only define these constructions
on the well and null-point sets. To shorten the prose, we use the term point set to refer to both well and

null-point sets.

Definition 3.2.2 A ground domain is one that is not constructed using ® or @. Iterated point sets are
inductively defined via the following two clauses.

Base Case: this case is for ground domains.

H ={ey} H ={opn}.

Inductive step:

(Hi®Hy)'=H\"xH," (Hi®Hy)" =(H|"xH) U (H xH’).

and

(HHQHy)' =(H"xHy)")U(H,"xH,") (Hi QH)" =H"xH.
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The first two layers of point sets covering the ground domains and one layer above them are
H' ={ey} (Hi ® H)" = {(on,, om,)} (H1 @ Hy)" = {{om,,°m,), (°H,> *m,) }-
and

H" = {oy} (H; ® H2)" = ({om, } X H2) U (Hy X {op,}) (H1 @ H2)" = {{on,,°m,)}-

We need the capability of infinite smash products and null sums in the sequel, so we must make a further
extension:

Definition 3.2.3 Infinite iterated point sets are inductively defined via the following two clauses.

Base Case:

H ={ey} H ={op}.

Inductive step:

) H  i=j
. _ ] . . —_— l
(®H;)" = l—[ H; (©iH;)" = U l_l {Hl otherwise
i Jo!
o I{O l=J (@H)O: I{0
H:)° = l L] :
(®:H;) LJJ U {H,~ otherwise U l
Let
e [H it
xiH; =TI, H: otherwise

then we can rephrase @; H;* with

Q;H;" = U J.[l'H;.
i
Sometimes it is useful to unpack this using elements:

(x) en Hg iff 37! € I ({x) en ujH}).

where (x) stands for a sequence of x; for some ambient indexing set /. The quantifier 3!; stands for there
exists exactly one j.

‘We make some abbreviations to make the text a bit easier to read.
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Definition 3.2.4 When % € {®, @}, then H} and H refer to (sx;H;)" and (x;H;)" respectively. Also, H;
and H refer to the ith component when the format of H is already assumed.

Lemma 3.2.5 For all H,
HnNnH =0

Proof: The proof is an easy induction on the structure of H* and H°. The property clearly holds for the base
case. (®;H;)" always contains an instance of H;. for some j whereas (®;H;)" never does. Similarly, (©@;H;)"
always contains and instance H;. for some j whereas (@;H;)" never does. [ |

Definition 3.2.6 All UCLA propositions are well- and null-pointed, abbreviated wn-pointed, if they satisfy
Q=(Q-H)UH".

From now on, all UCLA propositions not the result of modal operators are considered to be wn-pointed. The
modal operators will require each require a Lemma to show this property holds.

The following properties are direct consequences of the definition:

Lemma 3.2.7 Note that since H N T% = ¢ and H* h TY, then for all Q,
QchTH H" chQ HNQ=0 01NQ, ch TH 01UQ, ch TH,

The bounds for H are

Lemma 3.2.8
H-(QUH)=TH_0.
Proof:

H-(QUH)=(H-Q)N(H-H)
=(H-0)nT"
=HNTH-(@nTH
=TH_9Q

where the second to the third line is justified by the following argument. Letx eh (H —Q) N TH, then x ¢n Q
and x en TH, Since all points are in H, then x en H N TH, Since x ¢n O, thenx ¢nh O N TH, Therefore,
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xehn (HNTH) — (@ n TH)., Next,letx en (HNTH) - (0N TH), sox es HN TH and x ¢n 0 n TH.
Therefore x en TH, and x ¢h Q. Sox en (H - Q) N TH,

Lemma 3.2.9
(Th-oyuH =T - (0 -H").

Proof: Letx en (TH — Q) U H", then either x e TH — Q or x en H*. Assume the former, then x en T, and
x ¢ Q. Thusx ¢h Q — H' and x en TH — (Q — H*). If x en H", then x en TH and x ¢n Q — H®,. Hence
xen TH —(Q - H").

Next, letx en TH — (Q — H*), thenx en TH and x ¢h Q — H". If x en H", thenx en (TH — Q) UH". If
x ¢n H thenx ¢n Q. Sox en TH —Q and (TH - Q) UH".

3.3 New Boolean Complement

The above characterization clearly will not allow the Boolean set-complement ~Q to be wn-pointed if Q
is wn-pointed. We need a new negation.

Definition 3.3.1 = Q is the wn-complement or wn-negation defined by

def def

“Q2H=ZQZ (TH-QuH"

An alternate definition is

xenZQiff (x ¢nQand x ¢h H) or x en H'.

The alternate definition points out that the top of the set lattice T™ is not the universe H since x ¢n Q
allows for x en H°, yet x €n H and H° N TH = (. This matters in places where non-membership in a UCLA
proposition is used.

Lemma 3.3.2 UCLA sets produced from UCLA sets using = are wn-pointed.

Proof: This an easy consequence of Definition 3.3.1. |

Lemma 3.3.3 Assume Q, Q1, and Q, are wn-pointed at locality h, then = is a Boolean negation:
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B(OIAQ)="01VE0,  BH(Q1V0)="01 A0,
on=Q=1%  Qvug=TH

==0=0

Proof: First=(Q1 N Q) =501 US0x:

=(Q1NQ) = (T~ (01NQ2)UH"
= ("= QD UHYU((TT-0) UH")
==01U=0s

Next, 5(Q1 U Q2) =501 N5 0t

%(Q1UQ) =T = (01 UQ)
=T -0nn (-0,
=501N50,

Next,Q N=Q = LM
0nN=0=0n((T"-Q)UH")
=(@n("-Q)u@nH)
=QUH"
=H =11

Next, Q U%Q = TH:
QuU=Q=0U (T -Q uH)
=Qu(Th-0)

:TH

Lastly, == Q = Q:
=0 =(Ti-=Q)uHr
- (TH - (T -Q)u H)) UH"
= (7= (- @) n (T - 1)) u A
=(on(T-H)UH
=(QUH)YN(TE-H)UH")
=on(TH-(H' - H")
=onTH
=0
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Lemma 3.3.4 Sets in the Boolean UCLA lattice, excluding those produced by modal operators, are wn-
pointed.

Proof: This a consequence of Lemmas 3.2.7, 3.3.2, and 3.3.3. |

Lemma 3.3.5
x¢n=Qiff (x en H orx en Q) and x ¢n H".

Proof:
xenSQiffxen (TR —Q)UH"
if xen((H-H)-Q)UH"
if xen(H-H)-Qorxenh H
iff (xenH—-H" and x ¢n Q) orx en H®
iff (x ¢n H® and x ¢n Q) orx en H"
x ¢S Qiff (x en H orx en Q) and x ¢h H®

3.4 Smash Product

Definition 3.4.1
(x,y) en Hy ® Hy iff (x,y) en (H) — H}) x (H2 — H,) U Hg,

and for Q; well- and null-pointed,

(x,y) € Q1 ® Qs iff (x,y) en (Q1 — H}) X (Q2 — H3) U Hy,

Hy N (Q1®Q>) = 0, this latter because if Q1 and Q5 are wn-pointed, then Q1 N H| = 0 and Q> N H; = 0.
Hence Q; ® Q> is wn-pointed.

The ambient space for Q1 ® O is H; ® H, and not H; X H,. The former is generated from the latter by
dividing out by the relation (H] X Hy) U (H X H), i.e.,

H @ Hy, = (H] XHQ)/(H; XHQ) U (H] XH;)
At the lowest level, the relation amounts to

<X, .H2> = <.H1a.H2> = <.H1’y>'
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The following Lemmas are a necessary prelude to the closure properties for smash product.

Lemma 3.4.2
01®02C 01 X0s.

Proof: If (x,y) €n Q| ® Q5 then either (x, y) €h (Q1 — H}) X (Q2 — H}) or (x,y) €n H; X H}. If the latter,
then since Q and Q5 are well-pointed, x €n Hj and y €h, H3. In this case, (x,y) €h Q| X Q». If the former,
then x en; Q1 and y €n Q5 and hence (x, y) €h Q1 X O» [ |

The following Lemma points out that using T™ rather that H cleans up the nasty business of dealing with
H°.

Lemma 3.4.3 Assume x ey Q1 and y €n Q, then

* x € H| implies (x,y) ¢h Q1 ® Q>

* y € H; implies (x,y) ¢ Q1 ® Q».

Proof: Letx en Hj. Towards a reductio, assume (x, y) €h Q1 ® Q>. From Lemma 3.4.2, (x, y) €h Q1 X Q.
Since Q; is null pointed, {x,y) ¢h Q1 X Q». This is a contradiction and (x,y) ¢h Q| ® Q>. The other
statement is similar.

Corollary 3.4.4
(x,y) en Q1 ® Q5 implies x ¢h H, and y ¢ H.

Lemma 3.4.5

(x,y) €n Q1 ® Q, implies (x; ¢m Hj and x, ¢n. H3) or (x1 € Hj and x, €, H)

Proof: Assume {x,y) €h Q1 ® O, and let (x; €h Hj or x; €n Hé). If x| en Hj or x; €h H, then by the
definition of Q1 ® Q», it must be that both x; eh; H 1 and x; €h, H;. From classical logic, the result follows.
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Lemma 3.4.6 Let x ehy Hy and y € Hy, then

x ¢h Q1 implies (x,y) ¢h Q1 ® Q2 y ¢ Q> implies (x,y) ¢h Q1 ® Q2

Proof: Letx eny Hy and y €h, H;, and assume x ¢h; Q1. Hence (x,y) ¢h O X Q>. From Lemma 3.4.2,
(x,y) ¢n Q1 ® Q3. The other statement is similar.

Lemma 3.4.7 If Q| and Q, are well-pointed, then
(x,y) en (H; ® Hy) — (Q1 ® Q) implies x ¢h H] and y ¢ H.

Note, we have (H| ® Hy) — (Q1 ® 0»), not (H; ® Hy) =~ (Q1 ® O»).

Proof: Assume {(x,y) eh (H| ® Hy) — (Q1 ® Q»), therefore {x, y) eh H; ® H, and {x, y) ¢h Q1 ® Q. Note
that Hy, Ch Q1 ® Q by definition, hence Hy N ((H; ® H>) — (Q1 ® Q2)) = 0. Therefore towards a reductio,
if x en Hj, then from Definition 3.4.1 (smash product), we have (x, y) €h Hg, whence (x,y) €nh Q1 ® Q>
since Q1 ® Q7 is well-pointed. This is a contradiction. The case for y €h, H is similar.

The following Lemma is a bit technical and used for shortening proofs involving a Galois operator
distributing over smash product.

Lemma 3.4.8 Let Q1, Q7 be well-pointed and Q1 X Q> Ch H; @ Hj, then
(x e Q1 — Hj orx ey H{) and (y €. Q> — H; or y €h HJ)

implies

<X,y> €h Ql ®Q2

Proof:



Closure Properties for Galois Operators in Distributed Logic 17

|lxemUy—Hjorayem Hy . . . . . . . . . . . .. ... ... ... .assume
Yl —Hyorap & B, .. assume
sl(xemU~-Hjandyem Up—Hy)or . . . . . .. .. ... .... CLlnes2,3

(x €m Uy — Hj and y €m H) or

(yem U, — Hi and x eh H;) or

(x en HI and y €h H;)
JxemUi-Hadyen sy . assume
s{|x¢m Hiandyew H; . . . . . . . .. .. ... ........ setth,lined
o|]>< . . . . . . . ... ... .. ... .Contradiction, {x,y) eh Hy ® H», line 5
JPEela—Hyandxen Hy o assume
s|\|y¢n Hyandxem Hy . . . . . . . . .. ... .. ... .... setth,line7
o] >« . . . . . .. . ... . ... ... . Contradiction, (x,y) en H ® Hy, line 8
o (xem Uy—HjandyenUp—Hj)or . . . . . ... ... .... CLlnes3,4,7

(x,y) €en H] x H}
| (x em Uy —Hjandy en Uy — H;) or {x,y) en Hy . . . . . . . . . def Hy,line 10
o/ (x,y)en (Ui -H)x(Uy-H})))UHy . . . . . ... ... ... . setth,linell
B, y)enUy®Uy . . . . . . . . . . . . . . . .. ... .. .def ®lnel2

|
Lemma 3.4.9

({x,y) ¢n Hg and (x, y) €nh H; ® H,) implies (x ¢ni H| and y ¢n H).

Proof: Assume (x,y) ¢n Hg and (x,y) €h H; ® Hy. Let x €n H]. From the definition of H; ® H, then
y €n H; and hence (x,y) €h Hg. This is a contradiction, hence x ¢n H]. Letting y €n HJ is similar,
whence x ¢n H{ and y ¢h, H.

3.5 Null Sum

Definition 3.5.1
(x,y) en Hi @ Hy iff (x,y) en (H; x Hy) U (H| X Hy).

We also have for Q; well- and null-pointed,

(x,y) en Q1 @ Q2 iff (x,y) en (Q1 x Hy) U (H| X Q2).
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Note that the definition does not say
(x,y) en Hy @ Hy iff (x,y) en ((Hi — H|) x Hy) U (H; X (H> — H,)).
Since TIIHI =H; - H| and Tgﬂ = H, — H;, this would define
To=T; @T5.

Since Q and Q5 are wn-pointed, H} X H; € (Q X H;). Similarly, H] x H} € H| X Q>. Also (H| x H}) N
(01 @ Q2) = 0 and hence Q| @ Q> is wn-pointed.

When computing H — (Q1 ® Q») or H — (Q1 @ Q»), it is always assumed that H = H; ® H, and
H = H| @ H, respectively.

This representation resulted from the problems of getting [f*) to work well with lattice bounds and have
closure under some kind of product representation. It is tempting to let the universe for UCLA propositions
at location h be T and evaluating

x ¢ Qiff x en TH — Q.
The assumption is that x is in the ambient universe H. The condition for the operator [f*) is
x eh [£*)Q iff y(y ¢ Q and ~F *xy).

Without the null points, we could not now rely on a point not being in T for x en [£*) TX. This becomes a
problem when Q = T because then y ek K — K° and that y ¢ T, yet K — K° = T, The clear implication
is that the universe must contain K°.

Lemma 3.5.2
H, N (H) @ Hy) = H, HoN(Q1@02) =0

Proof: These following directly from the definitions for @ since Hg, = (H; @ Hy))' =H | X Hyand Q1 @ Q>
is null-pointed. This latter can only happen if H;" N Q| =0 = H,° N Q5. ]

Lemma 3.5.3 If (x,y) en H| @ H», then

x €h Hy or y en, H; implies (x,y) eh Hg,.

Proof: Assume the premise. Let x €n Hj. Since (x,y) €n H; @ H>, then y €n, H;. Hence (x,y) €h Hg,.
The case for y eh, H} is similar.
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Just as an acid test, we prove the contraposition. Assume the premise, i.e. {(x,y) €h H; @ H, and let
(x,y) ¢n H,, then by definition

(x,y)y ¢n (H] x Hy") U (H] x H}).

So

(x,y) ¢h H] x H>" and (x,y) ¢n H; X Hj.

Assume again the premise, i.e., (x,y) €h H; @ H,. From the first conjunct, either x ¢h H1 ory ¢h H;.
Suppose x e HY, then y ¢n H;. However, then (x,y) ¢h H; @ Ha, which is a contradiction. So x ¢n Hj.
The case of y ¢n, H; is similar.

Lemma 3.5.4

(x,y) en H @ H, — Q1 @ Q> implies (x ¢ Q; and y e, H;) or (x € H| and y ¢h Q»).

Proof: Assume (x,y) en H; @ Hy — Q| @ Q», then since H; @ H, = (H| X H;) U (H1 X H»),
(x,y) en (Hy x Hy) U (H| x H>).

Hence either x €ny Hj ory en H. Letx en Hy. If y €, Q5, then (x,y) €h Q1 @ Q>. This is a contradiction,
soy #m Qs. Letting y €n, H; is similar resulting in x ¢h Q.

Lemma 3.5.5

TH - (Q1©Q2) = (T =01 @ (T3 - 02).

Proof:
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[~}

and

[~

[ (b1, b2) en T = (01 @ 02)

(b1,by) en Tg and (b1, by) ¢h Q1 @ Q>
(b1, by) en TH x H; or (b1, by) en H} x TH
<b1, b2> €h —I—IIHI X H;

by em T and by en H; .
by em 0y
(b1,b2) €n 01 @ Q>

—> <

by ¢n O

by em TH -0

(b1, b2) en (TV' = Q1) x H;

(b1,b2) en (T = 01) @ (T3 - 02)
(b1,by)y en H; x T

subproof is similar to thé p‘re\;io‘lls.sﬁbp;roé)f.
(b1,b2) en (TH - 01) @ (T5' - 02)

(b1,b2) en (TH - 01) @ (T5 - 02)

| (b1, ba) en (T - Q1) @ (T3 - 09)

<b1, b2> €h (-I_%-]I - Ql) X H; or <b1,b2> €h H‘; X (T]gI — QZ)
(b1,b2) en (T}' = Q1) X H;
by en TH — Q) and b, em H,
by en TIIHI and by ¢ O

(b1, by) en TH x H;

(b1,by) en Tg .

(b1,b2) ¢h Q1 X H;

(b1,b2) ¢ H; X 02

(b1,ba)y ¢ Q1 @02 . . .
(b1.by) en T — (Q1 © Q1)
(b1, by) en H; x (T = Q)

subproof is similar to the previous subproof

(b1,by) en Tg = Q1 @ Q2
(b1,b2) en Ty = (Q1 © 02)

. assume
set th., line 1

. def. T, line 2

. assume
def. X, line 4

. . . . .assume
. def. @, lines 5,6

. Contradiction, lines 2, 7

CL, line 6

set th., lines 5,9
def. X, lines 5, 10
. def. @, line 11
. assume

. line xx

. line xx

V-Elim, lines 3, 4, 13

. assume
set th., line 2

. assume
def. X, line 3

set th., line 4

. def. %, lines 4, 5

. def. T, line 6

. def. X, lines 4, 5

TIIHI is null-pointed, line 5
. def. @, lines §, 9

set th., lines 7, 10

. assume

lines xx

lines xx

V-Elim, lines 2, 3, 12
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The proof in prose is as follows:

Let (b1, by) en (Tg — (Q1 @ Q2)). Hence (by,by) en TG and (by,b2) ¢ Q1 @ Q;. From the
representation of Tg, either (b, by) en T]}'H X H; or (by,by) €n H| X Tgﬂ. Choose (b1, by) eh TI1HI X H3,
thus by en T]{ﬂ. If by en Qq, then (b, by) e Q1 @ Q, which is a contradiction. So b ¢h Qq, and
by eh T]FI —Qpand (b, by) en (‘l']PI -01)® ('I'H;I —(>). Choosing (b1, by) eh H| x Tgﬂ is similar resulting
in (b1, by) en (TH = Q1) @ (T5' - 02). Therefore

Ty — (01 @02) Ch (T =01) @ (T5 = 0)).

Next, let (by,bs) en (T - Q1) @ (T5 — Q2), then either (b1, by) en (TT — Q1) x H; or (by,by) en
H; x (T3 = Q,). Choose (b1, b2) €n (TF — Q1) x H;. Hence by en TF — Oy and b, en, H;, resulting in
by en Ti and by ¢h Q1. So by ¢ Q1 and by ¢n H;. Thus (b1, by) eh T x H; and (b1, b) ¢n Q1 @ Q>.
So (b1, by) €n Tg —(Q1 @ Q2). Choosing (b1, by) €n H| x (Hy — (Q2 U H3)) is similar. Therefore

(TE-01) @ (TE - 0y) ch TE — (01 @ Q2).

Note that the above Lemma has no need to account for well-points. Hence the set complement of that
Lemma is inapplicable for our purposes. The negation = does account for well-points. By definition,

def

(01002 Z Tg2(Q1©02) =(Tg - (Q1©02) UHg.
The = has the nice property of distributing across @:

Lemma 3.5.6

To = (01 @02 =(T{=01) @(T5 = 0Q»).

Proof:
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[ (b1, b2) en TG = (01 @ 02)

[~}

w

W

=

-

20

21

22

23

24

N
G

(b1.b2) en (Tg — (Q1 @ Q1)) U Hy,
(b1,by) en TE = (Q1 © Q1) or (b1, by) en Hy,
(b1,by) en Tg — (01 © 02)

(b1,b2) en (TT' = 01) © (T5' - 02) Coe
(b1, b2} €n (T)' = Q1) X H; or (b1, by) €n Hy X (T} = Q2)
(b1,by) en (('I']lHI - Q1) UH]) X H; or
(b1,b2) en Hy X (T3 = Q2) U H3)

(b1, b2} €n (T} = Q1) X H; or (b1, by) €n Hy X (T = Q2)
(b1,b2) €n Hg,

(b1,b2) en (H] X H3) U (H| x Hy) .
(b1, b2) en (H] X H3) or (b1, by) €n (H| X H})

(b1, by) en HY x H,

b, en HI and b, en, H;

by €n (T]{{—Ql) UHI

by en T]{H = 0

<b1,b2>€h(TF2Q1)XH; e e e e
(b1,by) en (TH'= Q1) X H; or (b1, by) €n H] X (T3 = 05)
<b1,b2> €h H; XH;

by en Hi and b, €n, Hi

by ehy (—I—gﬂ -0 U Hé

bQEhzTﬂzﬂsz e
<b1,b2>€hHiX(TH2ﬂ2Q2) e e e e e e
(b1,by) en (TH=01) X H; or (b1, by) en H X (T5 = 07)

[
=

and

(b1, by) en (T]{]I = Q1) X H; or (b1, by) €n H| X (TIZHI = 05)
(b1,byy en (TR =Q)) x H; or (b1, by) en H; x (TS = 0))
(b1,bo) en (TH=0)) @ (TH = 0,)

. assume
def. =, line 1

set th., line 2

.. . assume
Lemma 3.5.5, line 4

def. @, line 5
set th., line 6

def. =, line 7

. assume

Definition 3.2.2 for H&D, line 9

. set th., line 10

. . . . assume
. def. X, line 12

. set th., line 13

. def. 5, line 14

. def. %, lines 13, 15
V-Intro, line 16

. . . . assume
. def. X, line 18

. setth., line 19

. def. 5, line 20

. def. %, lines 19, 21
V-Intro, line 22
V-Elim, lines 11, 12, 18
V-Elim, lines 3, 4, 9

. def. @, line 25
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[~

I

W

=)

20

21

22

23

24
25

26

N
2

| (b1, b2) en (TE20) @ (T3 = 0,)

(b1,by) en (TH 2 0y) x H; or (b, by) €n H X (T]HI

(b1, ba) en (T{' = Q1) x H

by en TIIHI = Q1 and b en; H;
by eh (T]PI -0y HI

b €h TIIHI —Qj or by enh HI
by en T]{H—Ql o

b, eh TIIHI and by ¢h O

(b1, b2) #n Q1 X H,

b1 ¢h H({

(b1,b2) ¢ H] X Q>

(b1,b2) ¢ 01 @ Q2

(b1, bs) en TH x H;

(b1, b2y en (TH x H;) U (H; % TH)
(b1, b>) en Tg ..
(b1,by) en Tg = (Q1 @ Q2)
(bi.ba) en (Tg — (Q1 @ Q2)) U Hy,
by em Hj

(b1, b2) ehH ><H .

(b1, by) €n (H X H3) U (H| ><H2)
(b1, b2) €n H, Coe
(b1,ba) en (Tg — (Q1 @ 02)) U Hy,
(b1,b2) en (Tg — (Q1 @ 02)) U Hy,
(b1, b2) en H} x (T3 = 02)

subproof is similar to previous subproof .

(b1,b2) en (Tg — (Q1 @ 02)) U H,

(b1,b2) en (T = (Q1 © 02)) U Hy,
(b1,b2) en Tg = (Q1 © Q2)

3.6 Infinite Null Sums

. assume
def. =, line 1

. assume
def. X, line 3
def. =, line 4
set th., line 5

. assume
set th., line 7

. def. x, lines 4, 8
TIIHI null-pointed, line 8
. def. X, line 10
def. @, lines 9, 11

. def. x, lines 4, 8

. setth., line 13

def Tg., line 14

set th., lines 12, 15

. set th., line 16

. . . assume

def X, lines 4, 18

. setth., line 19

def. H&D, line 20

. setth., line 21
V-Elim, lines 6, 7, 18
. assume

doh, lines xx

V-Elim, lines xx
V-Elim, lines 2, 3, 24
. def. =, line 27

We need infinite null sums, elements of which we use brackets to denote, e.g., {(x), which is a sequence

of values in some ambient sets H;, and we use x; to denote the i-th term.



24 Gerard Allwein

Definition 3.6.1 For X; € {H;,Q;},

©iXi = U l_l {Hl otherwise
Jj i

Let
X; ifi=j
vjXj =Tl {Hl otherwise
then we can rephrase the definition as
QiX; = U J.[ij.
5

Sometimes it is handy to use the element form:

H l otherwise

X L
(x) en @; X; iff 3!j ((x) en x ;X;) iff 315 Vi (xi Ehi{ / L

In the sequel, we will denote ©@;H; with Hg and @;Q; with Qg where in both cases an ambient index
set is assumed.

Note that the definition says
(x) en Hg iff 35! ({x) eh x ;H;)

not

(x) en Hg iff 3! ({x) eh x;(H; — H})).
Since TH = H; — H;, this latter would define
Ho=Tg=@iTh.

Since Q; is wn-pointed, H; C Q;. Thus, ujH} C x;Q;. Also Hg N @;Q; = 0. Hence Qg is wn-pointed.
Also,

(x) en Qg iff 3j1 ((x) e 1 ;(Q; - HY)
since Q; is assumed null-pointed.
Intuitively, (x) €h Hg just when there is some j and x; €h; H; and x; is a member of H_ for every other

index not equal to j. A similar statement holds for {(x) en Qg except notice that the j for which x; €h; Q;
means that x; ¢h; H;., while for H, it is possible for x; €h; HJ
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Lemma 3.6.2

HyNHg=H, HyNQg=0

Proof: This follows directly from the definitions for @ since Hg, = [[; H; and Qg is null-pointed. |

Lemma 3.6.3 If (x) eh Hg, then

3j!(x; €n; H}) implies (x) en Hg,.

Proof: Assume the premise. Let x eh; HJ Since (x) €h Hg, then for all i # j, (x; €h H;). Hence
(x) en Hg,. ]

Lemma 3.6.4

(x) ek Hg — Qg implies ;! (x; ¢h; Q; and Vi (i # j implies x; en; H)).

Proof: Recall that
H@ZUﬂiHi- Qo = U; 2:0;.
i

Assume (x) €n Hg — Qg, since Hg = |J; x;H;, there is some j such that x; €h; H; and for all i # j,
x; €n: H:. Since Qg = \U; x,;Q; for all i, x; ¢h: Q;. Hence fori = j,x; ¢ Q;.

Lemma 3.6.5

Ty — Qo = @:i(Ti - Q).

Proof:
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[~}

and

[~}

)

=)

=)

| x) en To - Qo

(x) en Tg and (x) ¢h Qg
3j! ({x) en ujTIJE.H)
(x) enx, TH
Xp €nn TH and Vi (i # n implies x; en H;)
Xn € Qp
(x) €n Qg
—><— ..
Xn &hn On
Xp €hn Tg -0
(x) en @i(T{ = Q1)
(x) en @i(T; = Qi)

| x) en @i(TH - 0)) _

31 () enx;(TH—-0))

3j! (x; €h; TI;H —Q; and Vi (i # j implies x; €h; H}))
Xp €y TH — 0, and Vi (i # n implies x; en H;)

X Ehn Tg and x,, ¢h. O,
(x) en Tg

(x) #n Qg

(x) en TE - Qo

(x) en TS - Qg

Lemma 3.6.6

. assume
set th., line 2

. def. T, line 2

. assume
. def. x,, line 3

. . . . .assume
. def. @, lines 5, 6

. Contradiction, lines 2, 7
CL, line 6

set th., lines 5, 9

def. @, lines 5, 10
3-Elim, lines 3, 4

. assume
set th., line 2

set th., line 2

. assume
set th., line 4

. def. @, lines 4, 5
. def. @, lines 4, 5
set th., lines 6, 7

3-Elim, lines 3, 4

0 def 0 0
“ Q002 To =00 =i(TH=0Q;)

Proof:
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and

[~}

w

| x) en To “ Q¢

(x) en (TH - Qo) UH,
(x) en TS — Qg or (x) en H,
(x) en TS - Qg .
(x)y en @;(TH - Q))
;! ((x) €h uj(TH;I — Qj))
3! () enx (T = Q) U H?))
35! (¢x) en uj(TH;I 20/))
(x) en Hg,
31 ((x) en )
(x) en x,H;,
Xp € H, S
Xn € (TH -0, UH,,
Xn € THZQ,
(x) €n 2, (T = Q)
3;! ({x) en 1zj(TIJHI 20)))

35! (¢x) en uj(TIJP.H 20))
3]' ((x) €h .le(TETH z Qj))
(x) en @i(TH = Q)

. assume
def. =, line 1

set th., line 2

L. . assume
Lemma 3.6.5, line 4

def. @, line 5
set th., line 6
def. =, line 7

. assume

Definition 3.2.3 for Héb, line 9

. assume
def. 1, line 11

set th., line 12

. def. =, line 13
def. x,, lines 11, 14
J-Intro, line 15
3-Elim, lines 10, 11
V-Elim, lines 3, 4, 9
. def. @, line 18
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| x) en @i(TH=0) .

e e e ... .. ... ... . .. . .assume
2l 35! ({x) en uj(TI;H 0/) - . - . . . ... ... ... .. ... def Zlinel
3 (x) €n u,(Th = 0n) oL . assume
Axpena THZ2Q, 0 L ... ... . .. .. .def x,line3
s\ e (TH—QVUH, . . . . . . . . . .. ... ... .... def =lined

Xy €hy Tg - Q, orx, €, H’, set th., line 5

n

[=)

(x) en (T — Qg) U HY,
(x) en (TS - Qg) U HY,

H

| K € Ty = On . . assume
8| || Xy €Nn TEI andx, ¢ Q, . . . . . . . . . . . . . . . . . . .. setth,line7
o[ xyY¢h e, Qp . . . . . . . . . . . . . . . . ... .. .. def x,lines3,8
of{|[Xxp e Ho, . . . . . . . . . . .. .. ... .... Tdisnull-pointed, line 8
uf|[xyénQg . -« . . . . . . . . . . . . . . ... ... . def @lnes9,10
i[|[ {x) en unTEI e e e e e ... ... . . .. .defu, lines3,8
sllyenTg ... ... defTh, line 12
ul|(yenTg =09 - - - - . - . . . . . . . .. .. ... .. setth,lines1l,13
s/ () en (TS -Qe)UH, . . . . . . . . .. ... ... .... setth,linel4
o [Fn € Hao ... ... . assume
|| x)enxw,H, . . . . . . . . . . . . . . . .. .. ... .def xp,lines3, 16
8/ || (x) €n Hg, def. Hg, line 17

(x) en (T5 — Qg) U Hy, set th., line 18

V-Elim, lines 6, 7, 16
3-Elim, lines 2, 3

p(xX)enTE0g . . . . .. .. ... ... .. .. ... ... def =line2l

3.7 General Representation Function

The type general refers to either a filter or an ideal depending upon whether the type is either A or v
respectively. The lattice operator »<; is A if i is A and Vv if i is V.

Lemma 3.7.1 If the operator T has type is i +> j fori, j € {A, V}, then
Ap . (T)_]x]'.

is of type i, where for a set to be of type i means for the set to be a filter if i =A and an ideal if i =V and x; is
designated similarly.
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Proof: Leti,j e {A,V}:

a,belp. (T)_lxj iff ra,7b € x;
iff rav; b € x;
iff 7(a > b) € x;

iff av; b e dp. (T)_lx]'

4. CLOSURE PROPERTIES

In the sections below, any reference to normality is actually a reference to the type of an operator. The
term “normality” is from modal logic.

4.1 Distribution with Smash Products and Null Sums

Only the forward operators are dealt with in this section, the backward operators are entirely analogous.

The ambient space for smssh product, which we denote as h; ® h,, must be constructed. From the proofs
of closure, there are the conditions in Table 4.1:

op con rel Menu
[ ®  Fai,ax)(by, by) iff Faiby and Flazb, C
) ®  FXar,ax){by, b2) iff Fa1by and F5azby C
[ ®  =FHar,a2)(bi, by) iff =Flarb) and ~FFazby; D
[y ®  =Fai,a)(by,by) iff ~Fa\by and ~Fazb, D

Table 4.1: Relation Conditions for Closure under Smash Product

From the proofs of closure, there are the conditions in Table 4.2:

op con rel Menu
[ @  Fai,a)(by, by) iff FPaiby or Fazb, C
) @  Flai,ax)(by, by) iff Fla\by or Flazb; C
[ @  =F¥ay,az)(by, by) iff =Faiby or =F aby D
[) @  =F*a1,a2)(by,by) iff ~F*a1by or =F*asby D

Table 4.2: Relation Conditions for Closure under Null Sums
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The following allows us to define the smash products and null sums for distributed frames:

—|F’7:p = _|,07:p = 7_';0 lfp € {J_’o’b,?}
—PFP = o FP ifpe{ﬁ’!’ *

Definition 4.1.1 Let h; = (H;, —.Pﬂf,]}]h) and hy = (H,, ﬁT?{{,Hz), then

def

h=h ®h; =4 (H\ ®H2,—1p7'('10 X ="HT, H; ® Hp).

where
Q enH; ® H ¥ 301, 02(Q1 m H; and Q3 e Hy and Q = 01 ® 02).
Note that —|p7-(lp x = THT allows for H; and H, to be different kinds of relations. The use here of local

relations is entirely parametric. This is not so for distributed relations because of the use they will be put
through in constructing distributed smash products.

If fi:hy—=ky, fo: hp—=ky,h=h; ®hy, and k = k; ® k, then f : h—k where

ﬁpfp";f_,pfll)@—./’f;:h1®h2"k1®k2,

and

TP = PFL x LFL FP CH x Ky, Ff € Hyx K.

Definition 4.1.2 Let h; = (H;, —|p7-{f,H1> and hy = (H>, —|T7—(27,H2), then
hh @hy 2 (Hy © Hy, ~"HC +-"HS , H; © Hy).
where + is the disjoint sum for relations and where

Qe H, @H, 2 301,0,(0; em H, and Q; €m Hp and O = Q1 @ 0»).

The use here of local relations is again entirely parametric.

If fi :hy = ki, f2: ha =k, h=hy; @ hy, and k = k; @ ko, then f : h —k where
ﬁpfp‘léf_‘/)f]p@_‘pffhl@hzﬂk1®k2a

and

~FP = FLF xLF FP CH xKi, Ff € HyxKa.
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4.2 [-),[-*): Closure Under Smash Product

All proofs involving [-*9 are similar to their siblings for [-*) and we elide them. The information
necessary to construct them is in the following Section 4.3.

The type of [-*) is Vi>A.

Definition 4.2.1
x eh [FH)YQiff Vy(y ¢ Q or Flxy).

Definition 4.2.2 The canonical relation is

Ftxy iff 3b(b ex y and [f*) b en x).
The negation of the canonical definition is

—F*xy iff Vb(b ¢« y or [f*) b ¢n x).
Frame Condition 4.2.3 The null frame conditions for ¥+ are

(1) Vy(=F*+H’y) (2) Vx(=F*xK°)

Frame Condition 4.2.4 The well frame conditions for F+ are

(1) Vx(x ¢n H® implies F-xK") (2) Vy(y ¢k K° implies F-H"y).

Lemma 4.2.5 Canonically, the Frame Conditions hold.

Proof: Frame Conditions 4.2.3 (1) and 4.2.3 (2): letx = o or y = ok, then
Vb(b ¢k yor [f*)b ¢hx)

holds since oy = 0 and og = (. So =F *xy obtains in both cases.

Frame Condition 4.2.4 (1): choose an arbitrary x and let x # og. Let y = ok, then Ly ek y. From the
type of [-*), [f*) Lk = Th. Since x # oy, then T}, €h x. Hence F*xy obtains.

Frame Condition 4.2.4 (2): choose an arbitrary y and let y # og. Let x = eg. For all b ek y, it is the
case that [f*) b enh x since eg includes the entire carrier set. Since the choice of y was arbitrary, for all y,
Fxy obtains.
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Lemma 4.2.6 The Frame Conditions 4.2.3 and 4.2.4 are consistent with each other.

Proof: Note that the well-point sets and null-point sets are always disjoint, then the quantifiers and antecedents
of the conditionals of Frame Conditions 4.2.3 and 4.2.4 prevent any conflicts.

Lemma 4.2.7 [f*) Q is null-pointed if Q is well-pointed, and well-pointed if Q is null-pointed.

Proof: By definition,

x ¢n [£4)Qiff =¥y (y ¢ Q or Ftxy)
iff Iy(y ex Q and ~F *xy)

Assume Q is well-pointed. Let y ek K* and x enh H®, then by assumption, y ek Q. From the Frame Condition
4.2.3 (1), =F+H"y. Therefore, x ¢n [f*)Q and [f*) Q is null-pointed.

Next, assume Q is null-pointed. Let x eh H* and choose some arbitrary y ek Q. Since Q is null-pointed,
y ¢k K° and hence F+H"y holds from the Frame Condition 4.2.4 (2). So for all y, y ek Q implies F*xy.
By definition, x eh [f*)Q and [f*) Q is well-pointed.

Lemma 4.2.8 [f*) preserves its bounds.

Proof: The type of [£*) is Vi>A, hence we want [£+) L® = TH, The definition is
x e [fHYQiff Vy(y ¢k Q or Frxy).

We have
xen [ TR Vy(y ¢k L5 or Fxy).

From Lemma 4.2.7, [£*) L¥ is well- and null-pointed. Since T™ is the top of the lattice, [f*) LK cn TH,

Next, let x en TH. By definition TR N H° = 0, sox ¢n H°. Choose some arbitrary y and assume y ek LK.
Since LX = K*, then from the Frame Condition 4.2.4 (1), F*xK* and so ¥ *xy obtains. Hence for any y, it
is the case that y ¢k Q or F1xy.

Lemma 4.2.9
xenh [fHYBbiff x en B[F*)b.
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Proof: The right to left is the easy direction. Assume x eh B[f*)b and choose an arbitrary y such that
—%xy. The canonical definition is

—~Fxy iff =Ja(a ek y and [f*)a en x)
iff Ya(a ¢k y or [F*+)a ¢h x)
iff Ya([f*)a en x implies a ¢ y).

Hence b ¢k y, whence y ¢k Bb. So for all y, =F*+xy implies y ¢k Bb. By definition, x €n [f*) b.

We go in the other direction via contraposition. Assume [f*) b ¢h x. Let

y=@p . [rHp)x

Given the type, from Lemma 3.7.1 § is an ideal. Also, b ¢k § since b ek § implies [f*) b €h x, which is a
contradiction. Construct y by using Zorn’s Lemma to maximalize (b, $) to construct y, whence b ek y. By
construction, we have defined - txy, i.e.,

VYa([f*)a en x implies a ¢k y)

Therefore there exists a y, such that b €k y and so y ¢k Bb. Thus, y ¢k 8b and =F *xy, whence x ¢h [f*) Bb.

We assume f = f] ® fa, then

7"L(a1, a2)<b1, bz) iff 7"1La1b1 and TJ'azbz.

Lemma 4.2.10 Let f = fi Q f>, then

[F9(Q1©®Q02) =[1)01®[£)02 [f)(P1 ® P2) = [£i*)P1 ® [£*)Ps.

Proof:
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o =

S

25

26

27

28

29

30

31

32

33

34

35

36
37

©w
x

(ay,az) en [f)(Q1® Q2)

(ar.az) en [74) (01 ® Q2) — HY) or .

<a1,a2> €h H;@

(a,az) en [F5)(Q1®Q2) -

V(s v) 8 01 ® Qs or Flar, az)(y,v))

oo
by € Q1 — K] or by €k K]
by e Q1 —

Fu(u ek K3)

by ek K,

[ (b1,b2) % 01®Q>
by ¢« Q1 or by ¢k 02
by ¢ Q)

> .
7—’L<a1,a2)(b1,b2>
Fraiby
7-?(11191
by €k K{
aj €n Hi

(ar,az) en Hy,

—> <« |,
ap ¢ H;

Fraiby
Firaiby .
Vy(y ¢ Q1 or F* aly)
ay € [£7) 01

by € Or

Similar to previous' silbi)r(;of'
Fyrazby )

VYv(v ¢k Qy or 7" azv)

ax €m [£7) 02

{ay,a) en Hy ® H, .
(ai,az) ¢n Hy and (ai,az) €n H1 ® Hz .
ay ¢h If1 and ap ¢m If2

(ai,az) en [£7) 01 ® [£7) 02

<a1,az> €h H;g

(ana) e (1018 (590

(ar,az) en [f*) Q01 ® [£7) 0o

(b1, b2) # Q1 ® Qa or FHar, ax)(bi, br)

. assume

. Lemma4.2.7, [- *) well -pointed, line 1

. . assume
def. [-*), line 3

. assume
Q 118 well -pointed, line 5

. assume
LK #0
. assume

V-Elim, line 4

. . . assume
Lemma 3.4.2, line 11

CL Q> is well-pointed, lines 9, 12
Contradiction, lines 7, 13

CL, lines 10, 11
def. ¥+, line 15

3-Elim, lines &, 9

. assume

. assume
Deﬁnltlon 3.2.2, line 19

. Contradiction, [-*) is null-pointed, Lemma 4.2.7, line 20

CL, line 18

. Frame Condition 4.2.4 (1), lines 18, 22

V-Elim, lines 6, 7, 18
V-Intro, CL, line 5

. def. [-*), line 25

. assume

lines xx

doh, lines xx

CL, line 27

. def. [-*), line 30
f=/f1® f,line 1

A-Intro, lines 3, 32
Lemma 3.4.9, line 33
. def. ®, line 34

. assume

Lemma 4.2.7, [ l) Well -pointed, line 36

V-Elim, lines 2, 3, 36
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35

To fill in the similarity above

(ar,az) en [F)(Q1® Q)
({ar,az) en [F)(Q1 ® Q2) — Hy) or .

{aj,ar) €n H:g)
(ar,az) en [£)(Q1® Qo) - o
V(y,v)((y,v) ¢k Ql ® Q2 or T(al,az)(y,\/))

o =

IS

J|[ 2] b2geQr
6 ‘bzeszz—Kiorbzeszi
by e 02— K

8| ||| Ju(u e K7)
b, €k KI
w|||[|{b1,b2) & Q1 ® Q2 or F(ai,az){b1,b2)
‘ (b1,by) g Q1 ®Q>
12 by ¢ Qy or by ¢k 0o

13 by ¢« Qo
14 > )
E ¢L<a1,a2><b1,b2>
16 7:2 a2b2
17 ?;J‘azbz .
by €k, Ki

a €n H;

(ar,az) en Hy,

. assume

. Lemma4.2.7, [- i) well pointed, line 1

. . assume
def. [-*), line 3

. assume
Q2 is Well pointed, line 5

. assume

. K1 #0
. . . assume
V-Elim, line 4

. . . assume
Lemma 3.4.2, line 22

CL Q> is well-pointed, lines 9, 12

Contradiction, lines 7, 13

CL, lines 10, 11
def. F1, line 15

3-Elim, lines 8, 9

. assume

. assume
Deﬁnltlon 3.2.2, line 19

all{||—=>< . . . . . . . . . . .Contradiction, [-*) is null-pointed, Lemma 4.2.7, line 20
n||||az gm H) e e e . CL line 19
H|||Frazby . . . . . . . . . . . . ... . . Frame Condition4.2.4 (1), lines 18, 22

24 T arbs ..
|| YV (v ¢k Qo or 7: azv)

Now for the other direction.

V-Elim, lines 6, 7, 18
V-Intro, CL, line 5
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1 {a1,a2) &n [47) 01 ® [£) Q> e e e e e e e e . assume
o[ {ar, az) en ([£) Q1 — HY) X ([£*) Q2 — HY) or {aj,az) en Hy . . . . . def. ®,linel
Jlaa) en (WO - HY X (6@ —Hy)  —  acume
4 (b1.b2) € 01 ® Q> e e e . . . . ... .. . . . . . . . . .assume
s||| (b1, b2) €k (Q1 — K}) X (Q2 — Kj) or (by,ba) ek Ky . . . . . . . . . def ®,line4d
o|[[$o102) & (O —K) X (- K)o aseume
||b1 e Q1 —Kjand by e Q- K5 . . . . . . . . . . . . ... . def Xline6
s|/[|| by € Q1 and by €k, Q> . . . . e e . . . . . . . . . . . wsetth,line7
of|[[a1 em [£*) Q1 — H] and ay en [£* )Q2 - . e e v . . . . . . . . def x,line3
wl|[|ay em [AYQranday e [0, . . . . . . . . . . . . . . . . setth,line9
n|[||Vy(y g Quor Flrary) . . . . . . . . . . . . ... ... def [£*),line 10
o||[|[Vv(v ¢ Qyor Firapv) . . . . . . . . .. . . . . . . . . def [£"),line 10
||| b1 #a Qror Frarby . . . . . . . . . . . . . . . .. . .def V-Elim, line 11
||| b2 #e Qo or Firasby . . . . . . . . . . . . . ... . . .def V-Elim, line 12
s|||| Frarby and Frasby . o . o o . . . . . . . . . . ... CLlines8,13, 14
||| FH{ar,a){b1,b2) . . . . . . . . . . . . . ... ... .. def Ftlinel5
17 (b1,b2) = K® e e e e e e e e e . . . assume
is|||ar ¢m Hjanday ¢ H, . . . . . . . . .. [- L) null pomted Lemma4 2.7, line 3
wl||| Fira1by and Frasby . . . . . . . . . . . Frame Condition 4.2.4 (1), lines 17, 18
||| FHay,ax){b1,boy . . . . . . . . . . . . . . . .. .. .. def F* linel9
Al || Far, a) by, b)) . .. .. .. . . . . V-Elim, lines 5,6, 17
2| Y{(y,v)({y,v) ¢ Q1 ® Q; or TL(al,azﬂy, v)) . . . . . . . . . V-Intro, line 4
23 M e e e e e e e e e e e . . . assume
ul|{ar,az) en [FHQ1®02) . . . . . . . .. [- L) well pomted Lemma4 2.7, line 23
sl {ay,a) e [FHQ1®02) . . . . . . . . . ... .. ... V-Elimlines?2, 3,23

The proofs for [f*) are similar. Let us try to shorten that second proof and remove the use of the Frame
Condition 4.2.4.

1 (ai,a2) en [17) 01 ® [£1) 02 e e e e e e e . assume
| {a,az) en [AHYO I X [A£Y02 . . . ..o Lemma3 4.2, line 1
3 (br,by) & 01®Q> o assume
dlay em [AiYQrandap e [£5Y02 .« 0 . 0 o L L oL L. . . . . def. x,line 2
s||by ek Qrand by € Oy . . . . L L L L L Lemma 3.4.2, def. X, line 3
of|Frlrarby and Frazby . . . ... o L. L L. defl [£Y),[£Y), lines 4,5
7 7‘-J‘(a1,a2><b1, bg) Ce e e e e e e e e e e e e e e e e e def. 7‘-J‘, line 6
s {ap,az) en [fH(Q1®02) . . . . . . . . . . . . . . . ... . def [Fft),line3
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4.3 Info for [-*)
[-*9 is of type Vi>A.

Definition 4.3.1
y ek [F)P iff Vx(x ¢h P or FLxy).

Definition 4.3.2 The canonical relation is

Fxyiff Ja(a enx and [f)a ek y).
The negation of the canonical definition is

—=FLxyiff Va(a ¢nx or [f*)a ¢k y).
Frame Condition 4.3.3 The null frame conditions for ¥+ are

(1) Vy(=F+Hy) (2) Vx(=F*+xK°)

Frame Condition 4.3.4 The well frame conditions for ¥+ are

(1) Vx(x ¢n H® implies F-'xK") (2) Vy(y ¢k K° implies F-" H"y).

Lemma 4.3.5 Canonically, the Frame Conditions hold.

Proof: The Frame Conditions 4.3.3 (1) and 4.3.3 (2): letx = o or y = ok, then
Va(a ¢hx or [f+)a ¢ y)

holds since oy = 0 and og = 0. So =F *'xy in both cases.

The Frame Condition 4.3.4 (1): letx # oy and y = ek, then T, €éh x and [f*) T}, €k y. Hence F+ xeg
obtains.

The Frame Condition 4.3.4 (2): Let y # og and x = ey, then Ly €h x. From normality, [f*) L, ek y.
Hence #+ H’y obtains.
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Lemma 4.3.6 The Frame Conditions 4.3.3 and 4.3.4 are consistent with each other.

Proof: The well-point sets and null-point sets are always disjoint. This disjointness and quantifiers and
antecedents of the conditionals prevent any conflicts in the Frame Conditions 4.3.3 and 4.3.4.

44 [-*),[-*): Closure Under Null Sum

All proofs involving [-*}) are similar to their siblings for [-*) and we elide them. The information
necessary to construct them is in the following Section 4.5.

[£*) is of type A+>V:
Definition 4.4.1

x en [£*)Q iff Fy(y ¢k Q and =F *xy).

The canonical relation is

F*xy iff 3b(b ¢ y and [f*) b ¢n x)
The negation of the canonical relation is
—F*xy iff Vb(b ek y or [F*)b eh x)

Frame Condition 4.4.2 The null frame conditions for #*, which are the same as the backward conditions,
are

(1) Vx(x ¢n H implies F*xK°) and (2) Vy(y ¢ K" implies F*H’y).

Frame Condition 4.4.3 The well frame conditions for #*, which are the same as the backward conditions,
are

(1) Vy(=F*H'y) and (2) Vx(=F*xK").

Lemma 4.4.4 Canonically, the Frame Conditions hold.

Proof: Frame Condition 4.4.2 (1): choose any x such that x # ey and let b = T. Let y = ox. Since y = 0,
then b ¢k y. From normality, [f*) Tx = L, and Ly ¢nh x. Hence [f*)b ¢nh x. Hence there is some b such
that b ¢k y and [f*) b ¢h x, whence F*xy obtains.
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Frame Condition 4.4.2 (2): choose any y # eg and let b = L. Let x = oy. Since y is a proper filter,
b ¢k y. From oy = 0, it follows that [f*) b ¢nh x. Hence there is some b such that b ¢k y and [f*) b ¢h x,
whence F*xy obtains.

Frame Conditions 4.4.3 (1) and 4.4.3 (2): forall b, b €k ek and [f*) b €h ey . Hence, given the canonical
definition of =F*, for any x and y, the two statements hold. [ ]

Lemma 4.4.5 The Frame Conditions 4.4.2 and 4.4.3 are consistent with each other.

Proof: Note that the well-point sets and null-point sets are always disjoint, then the quantifiers and antecedents
of the conditionals Frame Conditions 4.4.2 and 4.4.3 prevent any conflicts.

Lemma 4.4.6 For any Q ek K, [/*)Q is well-pointed if Q is null-pointed, and always null-pointed.

Proof: Assume Q is null-pointed and let y ek K°. Choose some arbitrary x en H*. Since Q is null-pointed,
y &k Q. From the Frame Condition 4.4.3 (1), = *H"y and so = *xy. So there is some y such that y ¢k Q
and =F *xy, whence, by definition, x €n [f*)Q, and thus H* Ch [f*) Q.

Next, assume towards a reductio that x en H* and that x eh [f*) Q. From the definition of [f*) Q there

is some y such that y ¢ Q and =F *xy. Since Q is well-pointed, y ¢k K*. From the Frame Condition 4.4.2
(2), F*H’y, whence F*xy, which is a contradiction. Hence x ¢h [/*)Q and [f*) Q is null-pointed.

Lemma 4.4.7 [f*) preserves its bounds.

Proof: The type of [£*) is A->V, hence we want [f*) T = 1®, The definition is
x en [£*)Q iff y(y ¢ Q and =F *xy).

We have
x e [T Ay(y ¢ T and ~F *xy).

From Lemma 4.4.6, [/ *) T¥ is well- and null-pointed. Since L™ is the bottom of the lattice, L™ c [£*) TK.

Next, either x ¢n H" or x €n H". Let x ¢n H* and note that 1™ = H*. We prove a contraposition to show
[£*) T c LH. To prove x ¢h [f*) T, we must show

Vy(y ek T or F*xy).

‘We show this in the form

Vy(y ¢ T implies F*xy).

The only points not in TX are those in K°. So let y ek K°. From the Frame Condition 4.4.2 (1), #*xK°, and
so F*xy obtains, and x ¢h [f*) TX. Unwinding the contraposition, for x ¢n H*, we have [f*) TX ¢ 1H,
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Now let x en H*. From Lemma 4.4.6, x en [f*) TX. Since H* = L™ then [r*)Q cn L. [ |

Lemma 4.4.8
x en [£*)Bbiff x en B[f*) .

Proof: The left to right is the easy direction. Assume x €h [f*) B8b, then there is some y such that y ¢ 8b
and —=F *xy. Using the canonical definition,

~F*xy iff Va(a ¢n y implies [f*)a en x).

Since b ¢k y, then [f*) b €n x. Hence x en B[f*) b.

To go in the other direction. Assume x €h B8[f*) b, so that [f*) b eh x. Let

$=@p.[r*)p) %

From Lemma 3.7.1, § is a filter. Also, b ¢ § since b ek § implies [f*) b eh X, which is a contradiction.
Construct y by using Zorn’s Lemma to maximalize (§, |b). Let a ¢k y and assume [f*)a €h X. Whence
a ek y, which is a contradiction. Therefore [f*)a eh x and we have shown that

Va(a ¢k y implies [f*)a €h x)
This latter is ~F *xy:

—Ja(a ¢ y and [f*)a ¢h x) iff Va(a ek y or [F*)a €n x)
iff Ya(a ¢k y implies [f*)a €h x)

Therefore there exists a y, such that b ¢k y and =F *xy, whence x enh [f*) Bb.

We assume —f = = f] @ —f>, then
—|7:*<611, az><b1, b2> iff —|7:1*a1b1 or —|7——2*a2b2.
Lemma 4.4.9 Let —f = = f} @ = f3, then

[F)(Q1@02) =[£")01 @ [£)02 [f*)(P1@P2) =[£")P1 @ [£") P2

Proof:
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o =

I

20

21

22

23

24
25

26

27

28

29
30

3

32

w
@

(a1, az) en [77) (01 @ @2)

(ar,a2) en [£*)(Q1 @ Q) — Hy, or (ar, az) en H,
(ay,az) en [*)(Q1 @ Q2) —

(a1, az) ¢n Hg,

ay ¢m Hi and as ¢ H;

(a1, az2) en [5*)(Q1 @ Q2) - .

3(% v)((y,v) ¢ Q1 @ Q2 and ﬂ7*<a1,6lz>(y,v>) :
(b1,b2) ¢ Q1 @ Q2 and =F *(ay, a2)(b1, bz)
—'7" a1b1 or ﬂff a2b2 .

(b1,by) &k K1 @ K2~ Q1@ Q> .

(b1 ¢ Q1 and by ke K3) or (b ekt K and b2 ¢kz Qz)
b €k Kl and b; ¢k O»

7: (12[92 . .
by ¢k Qo and —|7"*a2b2
(v ¢k Oz and =F*ayv)

az €m [£*) 02
ap €h Hi or ap €hy H;

aj €h H .. .

(ar,az) en Hy X [fz >Q2 Ce
(a1, az) en ([f1*>Q1 X Hy) U (H] X [5* >Q2)
(ar,az) en [£%) Q1 @ [£*) 02

b ¢« Q4 and b, €k, K;

subproof is similar to previdud subldrdof '
(ar,az) en [£%) Q1 @ [£) 0

(ar,az) en [£%) 01 @ [£7) Q2

(ar,az) en [£*) 01 @ [£*) Q2
(a1,az) €n Hg

(ai,az) en H} ><H or <a1,612> EhH ><H

(ar,az) en [£*) 01 @ [£*) 02
(ar,a2) en [£*) 01 @ [£*) 0>

To fill in the similar subproof above:

. assume
Lemma 4.4.6, line 1

. assume

set th., line 3
Lemma 3.5.3, line 4
set th., line 3

def. [-*), line 6

. . assume

) def —~F*, line 7

K @ K5 is the universe, line 8
Lemma 3.5.4, line 10

assume

T]*albl e e e e e e e FrameCond1t10n442(1) lines 5, 12

. . CL, lines 9, 13
A-Elim, A-Intro lines 12, 14
. 3-Intro line 15

. def. [-*) line 16
H| @ H; is the universe, line 1

a¢nH, . .. . ... ... ... .. [7) null-pointed, Lemma 4.4.6, line 17

CL, lines 18, 19

. def. %, lines 17, 20

. set th., line 21

. def. @, line 22

. assume

lines xx

def. @, lines xx
V-Elim, lines 11, 12, 24
3-Elim, lines 7, 8

. . . assume
def @, line 29

ay en [£*)Qroraz €n [f*)Q> . Lemma4.4.6, [fl*)Ql, [£*) Q2 well-pointed, line 30

. def. @, lines 30, 31
V-Elim, lines 2, 3, 29
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1 (a1, a2) &n [17) (01 © Oo) C e e e e e . . . assume
o {ar,az) €n [F*)(Q1 @ Qo) — Hg or{ar,az) enHg . . . . . . . Lemma446 line 1
Jlana) en [F(Q1@Q)-He - asume
dia,ayn Hy . . . . . . . . . . . . .. ... ... ... .. setth,6line3
s{lap gm Hianday ¢ H; . . . . . . . . . . ... ... .. Lemma35.3,line4
6| {ar,ar) en [f*)(Q1 @ Q7) . .. . . . . . . . .. . setth,line3
7 H(y, W({y,v) ¢k Q1 @ Q and ﬂT*(al,az)(y,v>) .o v o o . . . . def [-*),line 6
8 (b1, b2) ¢ 01 @ Q2 and ~F*(ay, a2){b1, b2) e e e . . . assume
of|| =Frarbyor ~Frazby . . ... def F*, line 7
|| (b1, b2) ek K1 QK —Q01 @0 . . . . . K| @ K, is the universe, line 8
nl|| (by ¢« Q1 and by €k K)) or (by €k K| and b2 ¢kz Qz) . . . . . Lemma3.54,line 10
of|[[ L1 #a Qrand by e Ky . . . assume
13 T*azbz e e e Frame COIldlthIl 4 4, 2 (1), lines 5, 12
14 —|7—“ artby . . . . e e e . . .. ... .. . . .......CLlines9, 13
15| || b1 ¢ Q1 and —|7" a1b1 .« « .« . . . . . . .. .. NA-Elim A-Intro lines 12, 14
of[[|3y(y #a Qrand ~Ffary) . . . . . . .. ... ... . ... . FIntroline15
vl|{layem A0 . . . . . . . . . . . . . . . .. .. ... .def[-*)linel6
18|l a; €h H; or a, €h H; . . . . . . . . . . . ... H; @H,istheuniverse, line 1
offfflargm Hy . . . . . . . . . . . ... .. ... [7) nullpointed, 4.4.6, line 17
20 ap €hy Ho . . e . . . . . .. .. . . . . . .....CL lnes18,19
a|||| {a1,az) en [, *)Ql XHy, . . .. .« . . . . . . . . . def xlines 17,20
2| ||| (a1, az) en ([£*) Q1 X H3) U (H X [f2 )Qz) . . . . . . . . . . . . setth,line?2l
#l|||(ar,a0) en (Y01 @[A)02 - . - . . . . . . . . . . . ... .def @]line22

Now the other direction
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(ay,az) en [f*) 01 @ [£*) Q2

o =

aj € [£*)Q; and a; e H;

y(y ¢ Q1 and ~F *ary)

by ¢ Q1 and —|771*a1b1

of || (v e K3)

c € K3

s|[[[(b1,c) ¢« Q1 X K

of[|| ¢ k2 Qo . .

/||| {b1, ) ¢kK X 0> ..
nf||[{b1,c) & (Q1 X K3) U (K] ><Q2)

2| [[[(b1,c) & Q1 @ Q2

Bl ||| ~FFa1by or =Frasce

14 ﬂf*<a1,az><b1,c> .

i5{[[| (b1, ¢) & Q1 @ Q2 and _'7:*<al,612><b1,c>
o/ [|| 3y, vy, v) ¢ 01 @ Q2 and ~F *(ay, a2)(y,v))
||| (a1, az) €n T]EI X H, .

(||| {a1, az) €n [F*) (Q1 @ Q2)

|| (a1, az) €n [f*) (01 @ Q2)

|| (a1, az) €n [1*)(Q1 @ 02)

Ll a2 €h [£*)Y Qs and a; eh H;’

2|| subproof is similar to previous subproof .

3| {ay,az) €n [*)(Q1 @ Q2)
(ar,az) en [F*)(Q1 @ Q2)

IS

[N
=

To fill in the similar subproof above:

(a1 €n [£*) Q1 and ay € H3) or (a; € Hj and as €n [£*) 02)

. . . assume
def. @, line 1

. . assume
def. [-*), line 3

. assume
LK #0

. . . assume
def>< lines 5,7

. Q> is null-pointed, line 7

def. %, line 9

set th., lines &, 10

. def. @, line 11
A-Elim, V-Intro, line 5
def. =F*, line 13
A-Intro, lines 12, 14
3-Intro, line 15

. set th., line 3
. def. [-*), lines 16, 17
3-Elim, lines 6, 7
3-Elim, lines 4, 5

. assume

lines xx

. def. [-*), line xx
V-Elim, lines 2, 3, 21
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<al,a2> Eh [f1*>Ql @ [f2*> Q2 . . . . . . . . . . . . . . .
(a1 €n [£*) Q1 and ay € H3) or (a; € Hj and as €n [£*) 02)
ar €n [£*Y0, and a; € H;
(v ¢ Oz and =F*ayv)
by ¢k Qy and —|772*a2b2
y(y e K7)
c ek K .
<C7 b2> ¢k K; X Q2
c ¢ Q1 . .
<C bz) ¢k Q1 X K .
(¢, by) ¢k (01 X K3) U (K] X Qz)
(c,b2) #« Q1 @ Q2
7:1*(116‘ or ﬂT*Gsz
=F*(ay, az){c, ba) .
(¢, by) #x Q1 @ Q2 and _‘7:*<al,612><c b2>
3, (Y, v) ¢ 01 @ Q2 and ~F* (a1, a2){y,v))
(al,az) €h H;XT%H .
(ai,az) en [F*)(Q1 @ Q2)
(ai,az) en [F*)(Q1 @ Q2)
(ai,az) en [F*)(Q1 @ Q2)

o =

IS

Incidentally, trying to use merely well-pointed models, and not the well- and null-pointed models, fails

. . . assume
def. @, line 1

. . assume
def. [-*), line 3

. assume
LK #0

. . . assume
def>< lines 5,7

. Q) is null-pointed, line 7

def. %, line 9

set th., lines &, 10

. def. @, line 11
A-Elim, V-Intro, line 5
def. =F*, line 13
A-Intro, lines 12, 14
3-Intro, line 15

. set th., line 3
. def. [-*), lines 16, 17
3-Elim, lines 6, 7
3-Elim, lines 4, 5

for the obvious reason that if we pick Q = TX, then there is no way to satisfy

x en [T 3y(y ¢k T and ~F*xy)

because

Vy(y ek TK)

in such models.

Setting Q> = T, causes the case at line 12 in the first proof to close. The rest works as is.

4.5 Info for [-*)

[£*) is of type A+>V:
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Definition 4.5.1
y €k [f*)P iff 3x(x ¢h P and ~F *'xy).

The canonical relation is

F*xy iff Ja(a ¢nx and [f*Ya ¢k y)
The negation of the canonical relation is

=F*xy iff Va(a en x or [f*)a ek y)
Frame Condition 4.5.2 The null frame conditions for F*" are

(1) Vx(x ¢n H® implies ¥* xK") and (2) Vy(y ¢n K* implies F* H’y).

Frame Condition 4.5.3 The well frame conditions for #*" are

(1) Vy(=F*H'y) and (2) Vx(=F*xK").

Lemma 4.5.4 Canonically, the Frame Conditions hold.
Proof: Frame Condition 4.5.2 (1): assume x # ey and let y = ok, then there is some a ¢h x and [f*)a &k y.
So F* xy obtains.

Frame Condition 4.5.2 (2): assume y # ek and let x = oy, then T}, ¢h x. From normality, [f*) T = Ly
and hence [f*) Ty, ¢k y. So there is some a such that a ¢h x and [f*)a &k y, whence F* xy obtains.

Frame Conditions 4.5.3 (1) and 4.5.3 (2): for all a, a €h ey and [f*)a €k ex. Hence, for any y,
-~F* ey y, and for any x, =F * xeg obtains. [ ]

Lemma 4.5.5 The Frame Conditions 4.5.2 and 4.5.3 are consistent with each other.

Proof: The well-point sets and null-point sets are always disjoint. This disjointness and quantifiers and
antecedents of the conditionals prevent any conflicts in the Frame Conditions 4.5.2 and 4.5.3.
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4.6 [-*),[-*): Closure Under Infinite Null Sum

The representation we will ultimately use is
X enII;H;, such that 3!;Vi(i # j implies X; eh H;).
This leaves the possibility that fori = j, X; # Hj
We let {a) and (b) refer to vectors from here on where

i=j

v o | i
JUVi [mi{x) eni H;  otherwise

A similar statement holds for (b) with respect to k. The reasoning is mundane, using a just looks bad in the
typeset.

We assume f = @; f;, then

~F*(a)(b) iff \/ ~F*a;b;
iff Hi(ﬂﬁ*aibi.)

Another way of stating this is

_‘7—‘* = Hi—|7';*.

Lemma 4.6.1 Let f = @, fi, then

[£*) (@iQ:) = @i[£7) Qi [F*)(@iQ;) = @;[£*) Qi

Proof:
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(a) en [17) (@iQi)

o =

20

21

22

23
24

25

26

]
N

(a) en [7*) (@:0:) — H} or (a) en Hyy
(a) en [1) (@:0:) — H)

(a) ¢n Hg,
Vi(a; ¢ H;)
(a) en [F*) (@iQ:)
3<y>(<b> ¢k ©;Q; and ﬂ?‘*<a><y>) :
(b) ¢« @iQ; and =F*(a)(b)
\/ ﬁ?'*a-b-
(b) ek @;K — ©,;0; ..
AnWVi(b, ¢ Q, and (i # n 1mphes b €k; K ))
Vi(b; ¢k Q; and (i # j implies b; ek K}))
Vi(i # j implies F*a;b;)
—|77j*ajbj
bj ¢ Qjand =F *a;b;
Jv(v ¢ Q) and —ﬂ-}*ajv)
ajehj [£*)0;
aj ¢h; H;. ..
Vi(i # j implies a; €n H})
(a) €n @;[£7) Q;
(a) en @;[£7) Qi
(a) en @ [£*) Qi
| {a) = Hg,
Eln\/z(an €h H and (z ¢ n 1mp11es a; €h H ))
AnVi(a, en [£*) O, and
(i # n implies a; €n H;))

(a) en @;[£*) Q;
(a) en @;[£*) Qi

Now the other direction

. . assume
Lemma 4.4.6, line 1

. assume
set th., line 3

Lemma 3.6.3, line 4
set th., line 3

def. [-*), line 6

. . assume

) def —~F*, line 7

@;K is the universe, line 8
Lemma 3.6.4, line 10

. assume

Frame Condltlon 4 4, 2 (1), lines 5, 12

. CL, lines 9, 13

A-Elim, A-Intro lines 12, 14

. 3-Intro line 15
. def. [-*) line 16

. Lemma 4.4.6 [-*) null-pointed, line 17

@H; is the universe, line 1
. def. @, lines 17, 19
3-Elim, lines 11, 12
3-Elim, lines 7, 8

. assume

def H Deﬁmtlon 3.2.3, line 23
Lemma 4.4.6, [-*) well-pointed, line 24

def. @;, Definition 3.6.1, line 25

V-Elim, lines 2, 3, 23
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<a> &h ®l [fl‘*> Ql . . . . . . . . . . . . . .
InVi(a, € [£*)Qn and (i # n implies a; eh; H?))
Vi(a; €hj [£*)Q;j and (i # j implies a; €n H}))
3y(y & Q; and =F *a;y)

VI 3v(l # j implies v; €k K))

bj &k; Qj and —WFj*ajbj

s(||| 3vi(l # j implies v; ek K) . . .

[ # j implies b; €k K]

10 [ # j implies b; ¢« Q)

1 [ = j implies b; ¢« Q; .

1| ||| br ¢ Qy

13 —|7—”j*ajbj or =F*a;b; .

ul|||| b7 & O; and (ﬂ?'j*ajbj or =F*a;b;)

is{[[|| 3vi(vi & Q; and (=F}a;b;or —~FFavy))
6/ ||| 3vi(vi ¢ Q; and (=F 7 a;b; or —F*avy))
||| VI 3v(vi ¢ Qp and (=F *a ;b or =F *a;v;))

o =

IS

W

o] | 3V ((y) ¢ @;Q; and ~F *(a)(y))
0| {a) en [£*) (@:0;)
211 {a) en [£7) (@:0:)

4.7 [-"),[-'9: Closure Under Smash Product

All proofs involving [-') are similar to their siblings for [-') and we elide them. The information

necessary to construct them is in the following Section 4.8.

The type of [f') is Vi>A.

Definition 4.7.1

. assume
def. @;, Definition 3.6.1, line 1
. . . . assume

def. [-*), line 3

forall i, K; # 0

. assume

. assume

V-Elim, line 5

R . assume

. Qy is null-pointed, line 9

CL, line 6

CL, lines 10, 11
A-Elim, V-Intro, line 6

A-Intro, lines 12, 13
J-Intro, line 14
3-Elim, lines 8, 9

V-Intro, line 7

s/ || A ((y) &k @:Q; and =F*(a){y)) . . . . . def. @;, Definition 3.6.1, def. F*, line 17

3-Elim, lines 4, 6
. def. [-*), line 19
3-Elim, lines 2, 3

x e [FYQiff Vy(y ¢k Q or =F 'xy).

Definition 4.7.2 The canonical relation and its complement are

F'xy iff V(b ¢ y or [f')b ¢nx) ~F'xy iff 3b(b ek y and [f') b en x).

Frame Condition 4.7.3

(1) Vy(F'Hy)  (2) VYx(F'xK°)
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Frame Condition 4.7.4

(1) Vx(x ¢n H® implies ~F'xK*)  (2) Vy(y ¢ K° implies =F H"y)

Lemma 4.7.5 Canonically, the Frame Conditions hold.

Proof: For Frame Conditions 4.7.3, for all b, b ¢k og and [f')b ¢n op. Hence both Vy(F' oy y) and
Vx(F'xok) hold.

For Frame Conditions 4.7.4 (1), L €k ek and [f') Lx = Tp. Choose some arbitrary x such that x # oy
then T}, €n x. So there exists some b such that b ek ex and [f') b € x, the formula Vx(~F 'xex ) is satisfied.

For Frame Conditions 4.7.4 (2), choose some arbitrary y &k ox. Since Tk €k y and [f') Tk €h e, then
Vy(=F" oy y) is satisfied.

Lemma 4.7.6 The Frame Conditions 4.7.3 and 4.7.4 are consistent with each other.

Proof: Note that the well-point sets and null-point sets are always disjoint, then the quantifiers and antecedents
of the conditionals of Frame Conditions 4.7.4 and 4.7.3 prevent any conflicts.

Lemma 4.7.7 [f') Q is well pointed if Q is null-pointed. [f') Q is null-pointed if Q is well-pointed.

Proof: Assume Q is null-pointed. By definition,
x en [£)Q iff Vy(y ¢ Q or =F 'xy).

Letx en H*. Since Q is null-pointed, K°NQ = 0. Hence if y ek Q, then y ¢k K°. From the Frame Condition
4.7.4 (2), the second disjunct is satisfied. Hence [f') Q is well-pointed.

Assume Q is well-pointed. By definition,
x ¢n [£')Q iff Ay(y ek Q and F'xy).

Let x en H°. From the assumption that Q is well-pointed, K* Ck Q and K* # 0, so there is some y ek K"
such that y ek Q. From the Frame Condition 4.7.3 (1), ¥'H°y. Hence there is some y such that y ek Q and
F'xy, whence x ¢n [£') Q.
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Lemma 4.7.8 [r') preserves its bounds.

Proof: The type of [f') is Vi>A, hence we want [f') LK = TH. The definition is
xen [£Y LR Vy(y ¢k LX or =F'xy).
From Lemma 4.7.7, [£') L¥ is wn-pointed. Since T™ is the top of the lattice, [£') L cn TH,
Next, let x en TH, By definition THNH® = 0, so x ¢n H°. Choose some arbitrary y and assume y ek L¥.

Since LX = K*, then from the Frame Condition 4.7.4 (1), = 'xy obtains. Hence for any vy, it is the case that
y ¢k L or =F'xy.

Lemma 4.7.9
x en [£'YBbiff x en B[f')b.

Proof: The right to left is the easy direction. Assume x €h B[f') b so [f') b €nh x. Choose some arbitrary y
such that #'xy. Using the canonical definition,

F'xy iff Va(a ¢ y or [f'Ya ¢n x),

we have b ¢k y and so y ¢k 8b. So we have shown Vy (7 'xy implies y ¢k 8b), whence x en [f') 8b.

We go in the other direction via contraposition. Assume [f*)b ¢h x. Let

$=@p.[FYp) "x.

From Lemma 3.7.1, § is an ideal. If b ek §, then [f')b €n x, which is a contradiction; whence b &k §.
Construct y by using Zorn’s Lemma to maximalize (Tb, $). By construction, [f')a €h x implies a ¢ y. We
have shown the contrapositive of

Va(a ex y implies [f')a ¢n x).
This latter is 7 xy. Also by construction b €k y, whence y ek 8b. Therefore there exists some y, such that
y €k Bb and F'xy, whence x ¢n [f') 8b.
Lemma 4.7.10 Let —f = ~ fi ® = fa, then =F (ay, az) (b1, ba) iff =Fa1b; and ~F, azbs and

[FH(Q1®02) =[£)01®[£)02 [£Y(P1® Py) = [P ® [£) P,

Proof:
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(a,a) en [7)(Q1®Q2)
({a1,az) en [F)(Q1 ® Q2) — Hy) or
(ai,az) enh Hy,
(ai,ap) en [FH(Q1®Q2)-Hy
Yy, M)y, v) ¢ Q1 ® Oz or =F(ay, a2){y, v))
o wee
s||| b1 € Q1 — K] or by €k K]
by e O —
8| ||| Fu(u e K7)
o] bpeek;
]| ||| (b1, b2) & Q1 ® Qs or =F {ay, az)(b1, bs)
[ (b1,b2) #01® Q2
12 by ¢ Qy or by ¢ Oy

o —

I

13 by &1 Q4
14 —><
5| ||| [ =F (a1, az) (b1, by)
16 —|7—‘1!a1b1
| ||| =Fla1b
by €k K{

aj €n Hi

(ar,az) en Hy,

. assume

Lemma 4.7.7, [ ) well -pointed, line 1

. . . . assume
def. [-'), line 3

. assume
Q1 is Well pointed, line 5
. assume
K #0
. assume

V-Elim, line 4

. . . assume
Lemma 3.4.2, line 11

CL Q5 is well-pointed, lines 9, 12
Contradiction, lines 5, 11

CL, lines 10, 11
def. 7, line 15

3-Elim, lines &, 9

. assume

. assume
Deﬁnltlon 3.2.2, line 19

all|l|=>< . . . . . . . . . . . Contradiction, [-') is null-pointed, Lemma 4.7.7, line 20
n||(|ar ¢ H| CL, line 19
23 —|7:!a1 b, . . . . .. . . . . ... . . . Frame Condition4.7.4 (1), lines 18, 22

24 —|77a1b1 .

| | Vy(y ¢ Q1 or —=F al)’)

6| |ar en [£)01 .

27 ‘ - b2 ko Q2 e e e e .
23| | | subproof is similar to prev10us subproof
29 ﬂ?é ab, .

30/ | YV(v ¢ke Q5 o1 ﬂ?'z!azv)

sf|az €m [£) 02

»||{ai,as) en Hy ® H» . .
|| {ay, as) ¢h Hy, and {ai,az) €n H1®H2 .
ullay ¢m H1 and a, ¢ H2

s|| (a1, a2) en [£) 01 © [£) 02
(ar,az) en HY,

36

(ar,az) en [£) 01 ® [£) 02

©
o

V-Elim, lines 6, 7, 18
V-Intro, CL, line 5
. def. [-'), line 25

. assume
lines xx

lines xx

CL, line 27

. def. [-'), line 30
f=5AQ® f,line 1

A-Intro, lines 3, 32
Lemma 3.4.9, line 33
. def. ®, line 34

. assume

wl[{a, a2y en [FYO1 @ [L£Y0 . . . . . . .. .Lemma4.7.7 [ )well pointed, line 36

V-Elim, lines 2, 3, 36
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To fill in the similar subproof above

o =

IS

(ar,az) en [F) (01 ® Q2)

(ar,a2) & [7) (Q1 @ 02) — Hy) or

(al,az) €h H;g
(ar,az) en [£)(Q1® Q2) — Hy,

V(. v)((y.v) ¢ Q1 ® Qs or ~F(ar, az){y.v))

breeQy
by €k Oy — Ki or by €k K&
by € 0y — K
Fu(u ek K7)
by ek KI
(b1, b2) ¢« Q1 ® Qs or ~F (a1, a2){b1, bs)
[ (b1,b2) % Q1®Q>
by ¢« Q1 or by & Q)
by ¢ 0>
>
-Fay, az><bl,b2>
~F, azb;
~F,azb;
by €k, Ké

ap € H;

(al,az) €h H(j@

—|77 arb, .
Yv(v ¢k Q) or —|7" azv)

as em [£') 02

Now for the other direction.

. assume

Lemma 4.7.7, [ } Well -pointed, line 1

. assume
def. [-)

. assume
Q2 is Well -pointed, line 5

. assume
. K7 #0

. . . assume
V-Elim, line 4

. . . assume
Lemma 3.4.2, line 11

CL 0, is well-pointed, lines 9, 12

Contradiction, lines 7, 13

CL, lines 10, 11
def. F', line 13

3-Elim, lines 8, 9

. assume

. . . assume
Deﬁnltlon 3.2.2, line 19

—>< . . . . . ... . . .Contradiction, [-*) is null-pointed, Lemma 4.7.7, line 20
an ¢h2 H; CL, line 19
~F, arbs Frame Condition 4.7.4 (1), line 18, 22

V-Elim, lines 6, 7, 18
V-Intro, CL, line 5
. def. [-'), line 25
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(ai,az) en [£) 01 ® [£) 02

o —

(ar,az) en ([£) Q1 - H}) x ([£) Q2 — HY)

4 (b1,b2) € 01 ® Q> C e e e
s{[| (D1, b2) €k (Q1 = K7) X (Q2 = K3) or (b1, b2) ek K§,
(b1,b2) €k (Q1 - K7}) x (Q2 - K3)

71||| b1 €1 Q1 — K] and by € Q7 — K

s|||| b1 € Q1 and by €k, O» e

of|||a1 em [£) Q1 — H} and ay e [£') 02 — H,,

wof[[|ar €m [£')Qq and as eh [£) Q2 .

ul[|[Vy(y éa Q1 or ~Fary)

/||| Yv(v ¢k Q5 or —1772!5121/)

13| by gk Qq or —ﬂ"]!albl

1l ||| b2 e Q2 or =F, azrb,

5| ||| ~Faiby and =F, azrb,

16/ ||| =F (a1, a) (b1, ba)

(araz) en ([4)Q1 — H) x ([5) Qs — HY) or (ay.az) €n HY

. assume
def. ®, line 1
. assume

. assume
def. ®, line 4

. assume
def. X, line 6
def. —, line 7

def. %, line 3
. . setth., line 9
. def. [£"), line 10
. def. [£'), line 10

. def. V-Elim, line 11
. def. V-Elim, line 12

CL, lines 8, 13, 14
def. #', line 15

17 M e e e e e e e e e e e e . assume
sf|[|ap g Hianday ¢ H, . . . . . . . . .. [ ) null pomted Lemma 4.7.7, line 3
||| ~Flaiby and =Flazb, . . . . . . . . . . Frame Condition 4.7.4 (1), lines 17, 18

0| ||| ~F{ar, ax)(b1, ba)
||| =~ F! {ai,az){by, by)

22 V<y’v>(<y7v> &k 01®Q; or _'7: <Cl1,d2><y,v>)
<a1,a2) €h H®

23

(ar,az) en [F) (01 ® Q2)

[N
G

. def. =F", line 19
V-Elim, lines 5, 6, 17
V-Intro, line 4

. assume

ul|{ar,az) en [FHYQ1®Q02) . . . . . . .. [ )well pomted Lemma477 line 23

V-Elim, lines 2, 3, 23

The proofs for [f') are similar. We shorten that second proof by removing use of the Frame Condition 4.7.4.

(ar,a2) en [£)01® [£) 0o
(ar,az) en [HYO1 X [£)02 .

\ (b1,b2) &k Q1® Qs
a en [£') Q1 and a; e [£) Qo
s|| b1 € Q1 and by €k, Q)

—|771!a1b] and —|772!a2b2

~Fai, az)(b1, ba)

(ar,az) en [F1)(Q1 ® Q2)

o —

IS

[=)

<

=)

. assume

Lemma 3.4.2, line 1

. assume
def. X, line 2

Lemma 3.4.2, def. X, line 3
. def. [£Y, [£), lines 4, 5

. def. 7', line 6
def. [f'), line 3
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4.8 Info for [-')
The type of [£') is Vi>A.

Definition 4.8.1
y ek [£YP iff Vx(x ¢n P or =F " xy).

Definition 4.8.2 The canonical relation is
Fxy iff Va(a ¢ x or [f'Ya ¢« y).
The complement of the canonical relation is
~F"xy iff Ja(a enx and [f'Ya ek y).
Frame Condition 4.8.3 The null frame conditions for 7" are

(1) Vy(F"Hy) (2) ¥x(F'xK°)

Frame Condition 4.8.4 The well frame conditions for F' are

(1) Vx(x ¢n H® implies =F " xK") (2) Vy(y ¢ K° implies ~F " H"y)

Lemma 4.8.5 Canonically, the Frame Conditions hold.

Proof: Frame Conditions 4.8.3: let x = oy or y = ok, then
F'xy iff Va(a ¢n x or [f'Ya ¢ y)

holds since oy = @ and og = 0. So F "xy obtains in both cases..

Frame Condition 4.8.4 (1): letx # oy and y = ek, then T, €h x and [/') Th €k y. So so there is some a
such that @ en x and [f')a e y, whence ¥ xy obtains.

Frame Condition 4.8.4 (2): let y # ok and x = ey, then Ly, €h x and, from normality, [f') L €k y. So
so there is some a such that a €h x and [f')a ek y, whence " xy obtains.
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Lemma 4.8.6 The Frame Conditions 4.8.4 and 4.8.3 are consistent with each other.

Proof: The well-point sets and null-point sets are always disjoint. This disjointness and quantifiers and
antecedents of the conditionals prevent any conflicts in the Frame Conditions 4.8.4 and 4.8.3.

49 [-)),[-"): Closure Under Null Sum

All proofs involving [~} are similar to their siblings for [-’) and we elide them. The information
necessary to construct them is in the following Section 4.10.

The type of [f7) is A+>V.

Definition 4.9.1
x en [£7)Qiff Jy(y ¢ O and F'xy).

Definition 4.9.2 The canonical relation for 7 is
F’xy iff Vb(b ek y or [£')b eh x)
The negation of the canonical definition is
~Fxy iff 3b(b ¢k y and [£*) b ¢h x)
Frame Condition 4.9.3 The null frame conditions for 7 are

(1) Vx(x ¢n H' implies ~F'xK°)  (2) Vy(y ¢ K" implies ~F 'H"y)

Frame Condition 4.9.4 The well frame conditions for ~ are

(1) Vy(F'H'y) (2) Vx(F'xK')

Lemma 4.9.5 The Frame Conditions hold canonically.
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Proof: Frame Condition 4.9.3 (1): choose an arbitrary x such that x # ey . Let y = ok, then Ty ¢k y. Since
[£7) T = Ln, then [f7) Tk ¢h x. Hence there is some b such that b ¢k y and [f7)b ¢h x, whence —F 'xy
obtains.

Frame Condition 4.9.3 (2): choose an arbitrary y such that y # ek, then Ly ¢k y. Let x = op, then
[77) Lk ¢n op. Hence there is some b such that b ¢k y and [f’) b ¢n x, whence —F 'xy obtains.

Frame Conditions 4.9.4 (1) and 4.9.4 (2): for all b, b €k ek and [f’) b €h ey, hence both Vy(F’ ey y)
and Vx(7 'xex) hold.

Lemma 4.9.6 The Frame Conditions 4.9.3 and 4.9.4 are consistent with each other.

Proof: Note that the well-point sets and null-point sets are always disjoint, then the quantifiers and antecedents
of the conditionals of Frame Conditions 4.9.4 and 4.9.3 prevent any conflicts.

Lemma 4.9.7 [f’) Q is null-pointed if Q is well-pointed, and well-pointed if Q is null pointed.

Proof: By definition,
x ¢n [£7) Q iff ~Ty(y ¢ Q and F'xy)
iff Vy(y ek Q or =F 'xy)
Assume Q is well-pointed and x en H°. If y ek K°, then by assumption, y ek Q. If y ¢k K" then
—~F’xy obtains from the Frame Condition 4.9.3 (2). Hence for all y, either y ex Q or =F ’xy. Therefore
HNn[ryo=0.

Next, assume Q is null-pointed and, since K° # 0, that y ek K°. Let x en H*. By assumption, y ¢ Q.
From Frame Condition 4.9.4 (1), ¥ xy. By definition, x en [f?) Q.

Lemma 4.9.8 [f’) preserves its bounds.
Proof: The type of [£”) is A+>V, hence we want [f’) TX = 1LH. The definition is
x en [£))Q iff Iy(y ¢ O and F'xy).

We have
xen [ TEff 3y(y ¢ T and Fxy).

Hence

x ¢n [£7) TR iff Vy(y ¢ T implies = xy).

From Lemma 4.9.7, [#”) T is well- and null-pointed. Since L™ is the bottom of the lattice, L™ ch [£7) TK,
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Next, either x ¢h H® or x enh H". Let x ¢h H*. We show a contraposition. The only points not in TX are
those in K°. Since K° # 0 and K° N Q = 0, choose some y ek K°. From Frame Condition 4.9.3 (1), =F "xy
obtains and so x ¢n [f7) TK.

Now let x en H*. Since [’) is well-pointed (Lemma 4.9.7), x en [f*) T¥. Since H* = 1", then
[77yQ ch LH, [

Lemma 4.9.9

x €n [£'yBb iff x en B[f*)b.

Proof: Left to right is the easy direction, assume x eh [f*) b, by definition there is some y ¢ 8b and ¥ xy.
Since y ¢k b, then b ¢k y. Using the canonical definition of ¥ 'xy, b ¢k y implies [f*) b €n x, and hence
x €n By b.

Right to left is the harder direction. Let x en S[f*)b, so [£*)b en x. Construct $ = (Ap . [F*) p)~'x.
From Lemma3.7.1, $is afilter. Assume b €k 9, then [f’) b €nh X which contradicts the premise. Hence (9, | b)
is a disjoint pair that we maximalize to yield y. By construction b ¢k y so y ¢k 8b. Also by construction, if
[£7)a ¢n x then a ek y and so by the canonical definition, 7 xy holds. Therefore x en [’) 8b.

We assume f = f| @ f», then
77?<a1, a2>(b1, b2> iff 7'-1?611b1 or T?azbz.
Lemma 4.9.10 Let f = fi @ f>, then

[F(Q1@Q2) =01 @[F) 02 [F7)(P1 @ P2) = [£)P1 @ [£)Pa.

Proof:
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1 {ar,a2) en [17) (01 © 02) C e e e e e . assume
2 (a1, az) en [")(Q1 @ Q2) —Hg or (aj,az) enHy . . . . . . . Lemma4 9.7, line 1
Jfara) en [FY(@1@Q) —Hg - agsume
al|{ay,ar) ¢n H&.D e e e e e ... .. . .. . .. setth,line3
s{lap ¢m Hianday ¢ H; . . . . . . . . . . .. .. ... . Lemma35.3,line4
of| (ar,a2) en [FHY(Q1@Q2) . . . . . . . . . . . . . .. setth,line3
13, v)((y,v) & Q1 @ Q» and F~’ (al,a2>(y, v)) e e . .. .. .. def. [-"),line 6
8 (b1,b2) #x Q1 @ Q2 and F(ai, az) (b1, b2) . . . . . . . . . . .assume
9 T?albl or T?azbz e e s def F? line 7
0/[[(P1,b02) &k K1 @Ky —Q1 @02 . . . . . K1 @ K> is the universe, line 8
ul|| (b1 ¢« Q1 and by €k, K ) or (b &k K and b2 ¢k2 Qz) . . . . . Lemma3.54,line 10
12 by e Kl and b, die Q> e e e e . . . assume
13 ﬂ?'l?albl e e e e e e Frame Cond1t10n493 (1), lines 5, 12
W |||Flazby .. .. ... ... ... .........CLlnes913
15| ||| by ¢k2 Qo and 772702192 . o« . . . . . . . . . .. .. AElim, A-Intro lines 12, 14
o[||Iv(v ¢e Qo and Flazv) . . . . . .. .. .. ... ... ... FIntoline 15
l|l|az e [0, . . . . . . . . . . . . . . . . . . .. .. . def [-) linel6
i|||a1 €em Hjorazem Hy . . . . . . . . . . ... . H ©@Histheuniverse, line 1
off{laa¢gn Hy . . . . . . . .. ... ... [-) null-pointed, Lemma 4.9.7, line 17
o|||arem Hy . ... e e e e e e .. ... ... . ..... CL,lnes 18,19
2|||| (a1, a2) en H] x [£ )Qz Coe e .« . . . . . . . . . def x,lines 17,20
2| ||| (a1, a2) en ([£7) Q1 X Hy) U (H; X [£} )Qz) . . . . . . . . . . . . setth,line?21
sl|[[{a,a2) en [0 @[AYQ2 . . . . . . . . . . . .. . ... . def @1line22
o[ D1#aQrand by e Ky o aseume
2s|| || subproof is similar to previous subproof . . . . . . . . . . . . . . . . linesxx
6 ||| {ar,ar) en [FDYO1@[ADYQ, . . . . . . . . . . . . . . ... def @,]linesxx
al|[{a, @) en [£Y01 @[50, . . . . . . . . . . . .. . V-Elim,lines 11, 12,24
sl|{aj,a) en [K1HYO1@[LY02 . . . . . . . . . . . . .. ... 3Elim,lines7,8
29 M e e e . . . assume
30| | (a1, az) €n Hj ><H or (al,az) EhH ><H .o e def @, line 29
sif|ay e [£7)Qroraz e [f7)Q2 . . . Lemma4.9.7, [f1 )Ql, [£") Q2 well-pointed, line 30
o (an,a2) en [ @[AY02 . . . . . . . . . . . . .. ... def @,lines30,31
sl {a,a) e [0 @[AY0> . . . . . . . . . . . . . ... V-Elimlines2,3,29

To fill in the similar subproof above:
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1 {ar,a2) en [17) (01 © 02) C e e e e e . assume
o {ar,az) en [F*)(Q1 @ Q2) —Hg or {aj,ax) en Hy . . . . . . . Lemma4 9.7, line 1
|[fana) @ ) (@10Q)-He - agume
al|{ay,ar) ¢n H&.D e e e e e ... .. . .. . .. setth,line3
s{lap ¢m Hianday ¢ H; . . . . . . . . . . .. .. ... . Lemma35.3,line4
of| (ar,a2) en [FHY(Q1@Q2) . . . . . . . . . . . . . .. setth,line3
13, v)((y,v) & Q1 @ Q» and F~’ (al,a2>(y, v)) e v v v . . . . . . def [-),line 6
8 (b1,b2) #« Q1 @ Q2 and F (a1, a2){b1, b2) . . . . . . . . . . .assume
9 T?albl or T?azbz e e s def F? line 8
0/[[(P1,b02) &k K1 @Ky —Q1 @02 . . . . . K1 @ K> is the universe, line 8
(|| (by ¢ Q1 and by ek K3) or (b € K| and b2 ¢kz Qz) . . . . . Lemma3.54, line 10
12 by ¢ Q) and b; €k K2 e e e e . . . assume
13 —|7-'2?a2b2 C e e e e e e Frame Condltlon 4 9. 3 (1), lines 5, 12
o ||| Flarby o . ... ... ... ... .........CLlnes913
15| ||| b1 ¢ Q1 and 7-‘1701171 . o« . . . . . . . . . .. .. AElim, A-Intro lines 12, 14
16| || Ty (y ¢« Q1 and ﬁ?aly) e e e e e . . ... ... ... ... .3Introline 15
all|larem [£DY0 . . . . . . . . . . . . . . . . . . .. ... def [-7) line 16
18| || ag €h Hi or ap € H; . . . . . . . . . . . . .. H; @H,istheuniverse, line 1
offffargm H . . . . . .. ... ... ... ... [7) nulpointed, 4.4.6, line 17
o |||az€m Hy . ... e e e e e e .. ... ... . ..... CL,lnes 18,19
(||| {ar,a2) en [ Q1 xHy . ... .« . . . . . . . . . def x,lines 17,20
2| ||| (a1, a2) en ([£7) Q1 X H)) U (H] X [f2 )Qz) . . . . . . . . . . . . setth,line?21
B[ {ar,ar) en [FYO1@[6)02 . . . . . . . . . . . . . . ... .def @,line22

Now the other direction
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o —

IS

20

21
22

23

[N
=

(a,az) en [£) Q1 @ [£') Q2

(ay em [fi7>Q1 and a; e H;) or (a; eh Hi and a; €n [f;) 02)

ai € [£7) Q1 and ay €h, H;

Jy(y ¢ Q1 and Fary)

by ¢« Q1 and ﬁ?a]bl

(v ek K7)

¢ € K3

(b1,¢) & Q1 X K3

c &0 0y . .

(b1, c) &« K| X Q>

(b1, c) &« (Q1 X K3) U (K] XQz)

(br,¢) ¢« 01 @ 02

T?albl or T?azc

77 (a1,a2)(b1,c) Coe
(by,c) & Q1 @ Q2 and F’ (al,a2><b1,6>
Iy, v)((y,v) ¢ Q1 @ Q2 and F'(ay, az)(y,v))
(al,a2> €h T]EI X H; .

(ar,az) en [£%)(Q1 @ Q)

(a1, az2) en [£%)(Q1 @ O2)

(ar,az) en [7)(Q1 @ 02)

az €n [£*) Qs and a; eh H;’

subproof is similar to previous subproof .

(a,az) en [£*)(Q1 @ Q)

(ai,az) en [17)(Q1 © Q1)

To fill in the similar subproof above:

. assume
def. @, line 1

. . assume
def. [-*), line 3

. assume
LK #0

. . . assume
def>< lines 5, 7

. Q> is null-pointed, line 7

def. %, line 9

set th., lines 8, 10

. def. @, line 11
A-Elim, V-Intro, line 5
def. 77, line 13
A-Intro, lines 12, 14
3-Intro, line 15

set th., line 3

. def. [-"), lines 16, 17

3-Elim, lines 6, 7
3-Elim, lines 4, 5

. assume

. lines xx

. def. [-"), line xx
V-Elim, lines 2, 3, 21
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(anap) en (A1 @[£YQ
(a1 €n [£7) Q1 and ay € H3) or (a) €n H| and a €m [£7) 02)
ay ent H{ and as em [£7) Q2

4| Fv(v ¢ Qs and 7"27612") .

by ¢k Qs and F,lazb; '

o || Fy(y e K7)

[}

, C €k KT
8/||| {c, b2) & K| X 02
of|l|c &1 Q1 .

[ ||| {c, b2) ¢k Q1 XK .

nf||[{c, ba) & (Q1 X K3) U (K| x Qz)

||| (¢, ba) & Q1 @ O

13 7"7a1c or T7a2b2

14 (f— (al,a2)<c b2> Coe

15/ ||| {c, b2) ¢ Q1 @ Q> and Vil (al,az)(c b2>
6/ || [ 3 ) (. v) ¢ Q1 @ Q2 and F (a1, az)(y, v))
||| {a1, az) €n H;| XTHZ_H

|| (a1, a2) en [F7) (01 @ Q2)

||| (a1, a2) €n [f7) (Q1 @ Q2)

0|| (a1, az) €n [f7) (01 @ Q2)

4.10 Info for [-")
The type of [f7) is A+>V.

Definition 4.10.1
y ek [£?YP iff Ix(x ¢n P and F xy).

Definition 4.10.2 The canonical relation for ¥ is
Fxy iff Va(a eh x or [f")a ek y)

or

~F " xy iff Ja(a ¢ x and [ Ya ¢ y)

. assume
def. @, line 1

. . assume
def. [-"), line 3

. assume
LK #0

. assume
def X, lines 5, 7

. Qg is null-pointed, line 7

def. %, line 9

set th., lines &, 10

. def. @, line 11
A-Elim, V-Intro, line 5
def. 77, line 13
A-Intro, lines 12, 14
3-Intro, line 15

. set th., line 3
. def. [-"), lines 16, 17
3-Elim, lines 6, 7
3-Elim, lines 4, 5
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Frame Condition 4.10.3 The null frame conditions for " are

(1) Vx(x ¢n H' implies ~F xK°)  (2) Vy(y ¢ K" implies =F"H'y)

Frame Condition 4.10.4 The well frame conditions for ¥’ are

(1) Vy(F'H'y) (2) Vx(F'xK')

Lemma 4.10.5 The Frame Conditions hold canonically.

Proof: Frame Condition 4.10.3 (1): choose an arbitrary x such that x # ey, then Ly ¢nh x. Let y = ok, then
[£7 Lp ¢ ox. Hence there is some a such that a ¢h x and [f7)a ¢k y, whence ~F xy obtains.

Frame Condition 4.10.3 (2): choose an arbitrary y such that y # ex. Let x = og, then T}, ¢h x. Since
[£7)Tk = Lk, then [f’)Th ¢ y. Hence there is some a such that @ ¢h x and [f’Ya ¢ y, whence =F * xy

obtains.

Frame Conditions 4.10.4 (1) and 4.10.4 (2): forall a, a n e and [f’)a ek e, hence both Vy(F " ex y)
and Vx(F " xex) hold.

Lemma 4.10.6 The Frame Conditions 4.10.3 and 4.10.4 are consistent with each other.

Proof: The well-point sets and null-point sets are always disjoint. This disjointness and quantifiers and
antecedents of the conditionals prevent any conflicts in the Frame Conditions 4.10.3 and 4.10.4.

411 [-"),[-"): Closure Under Null Sum

All proofs involving [-*? are similar to their siblings for [-") and we elide them. The information
necessary to construct them is in the following Section 4.12.

The type of [f°) is A>A.

Definition 4.11.1
x eh [f*)Qiff Vy(y ek Q or F’xy).
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Definition 4.11.2 The canonical relation is defined as
FPxy iff 3b(b ¢ y and [£") b en x).

The negated relation is

~FPxy iff Vb(b ek y or [FP)b ¢n x).
Frame Condition 4.11.3 The null frame conditions for ¥ are

(1) Vx(x ¢n H implies F'xK°)  (2) Vy(=F H’y).

Frame Condition 4.11.4 The well frame conditions for #? are

(1) Vy(y ¢ K" implies F°H'y)  (2) Vx(=F’xK").

Lemma 4.11.5 Canonically, the Frame Conditions hold.

Proof: Frame Condition 4.11.3 (1): choose any x such that x # og. Let y = ox. Hence Ty ¢k y and from
the type of [-"), [f") Tk = Th and T}, €nh x. So there is some b such that b ¢k y and [f")b €h x, whence
Foxy obtains.

Frame Condition 4.11.3 (2): choose some arbitrary y and let x = og. For all b, it is the case that
[£°)b ¢n o. Hence, ~F P xy.

Frame Condition 4.11.4 (1): choose any y such that y # ex. Let x = ef. Hence Ly ¢k y. Since ey
is the entire carrier set, [f") Lx €n x. So there is some b such that b ¢k y and [f")b en x, whence Fxy

obtains.

Frame Condition 4.11.4 (2): choose any x and let y = ex then for all b, b ek y, so =F" bxy obtains.

Lemma 4.11.6 The Frame Conditions 4.11.3 and 4.11.4 are consistent.

Proof: The well-point sets and null-point sets are always disjoint. The disjointedness of the well- and
null-point sets and antecedents of the conditionals of Frame Conditions 4.11.3 and 4.11.4 prevent any
conflicts.
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Lemma 4.11.7 [r°) Q is null-pointed if Q is null-pointed, and well-pointed if Q is well-pointed.

Proof: By definition,
x ¢ [£°)YQ iff =Vy(y ek Q or Fxy)
iff Ay(y ¢k Q and —|7"bxy)

Let x en H° and y ek K°, then by assumption, y ¢ Q. From the Frame Condition 4.11.3 (2), =Fxy. So
there is some y such that y ¢« Q and =FPxy, whence x ¢n [°)Q, and [£") Q is null-pointed.

To show [") Q is well-pointed, we need to show
x en H* implies Yy (y ¢ Q implies F xy)

Let x en H* and choose some arbitrary y ¢k Q. Since Q is well-pointed, K* Ck Q and y ¢k K°. Therefore
Fbxy holds from the Frame Condition 4.11.4 (1). So for all y, y ¢ Q implies ¥’xy. By definition,
x €n [f")Q and [£") Q is well-pointed.

Lemma 4.11.8 [f") preserves its bounds.

Proof: The type of [f") is A+>A, hence we want [£”) T = TH, The definition is
x eh [f2)Qiff Vy(y ek Q or F'xy).

We have
x eh [ TR Vy(y ex TX or FPxy).

From Lemma 4.11.7, [£") T is well- and null-pointed. Since T™ is the top of the lattice, [£") T cn TH,

Next, let x en TH. Choose some arbitrary y. Either y ek K° or y ¢ K°. Let y ek K°. Since x en TH,
then x ¢h H°, and from the Frame Condition 4.11.3 (1), Tbxy holds. If y ¢k K°, then y ek TK. Hence, for
any y, either y ex TX or #Pxy. Therefore, x en [£*) TX.

The function g is the Stone representation function.

Lemma 4.11.9
x en [£°)Bb iff x en B[ ) D.
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Proof: The right to left is the easy direction. Assume x €h B[f") b, then [f") b €h x. Choose some arbitrary
y and let y ¢k Bb, then b ¢ y. By the canonical definition, #?xy. Since the choice of y was arbitrary, we
have

Vy(b ¢k y implies Tbxy)

and hence

Vy(y ek Bb or F’xy).

So x en [£°) Bb.

To go in the other direction, we prove the usual contrapositive. Assume x ¢n B[f") b, hence [ ") ¢n x.
Construct

$=Qp. [ p) "

y is a filter because of the type of [f"). Suppose b €k $, then [£°) b €n x, which is a contradiction. So b ¢k §
and b N$ = 0. Maximalize y against | using Zorn’s Lemma to yield the maximal filter y. By construction
we have

Ya([f")a eh x implies a ek y)

Since

Ya([f*)a en x implies a ek y) iff ~Fa([f")Ya ehx and a & ),
we have constructed ~#xy. Hence we have
Ay(y ¢k Bb and =F xy).

Since

-y (y ¢ Bb and ~F’xy) iff Vy(y ek Bb or F’xy),

the contraposition has been proven.

We assume f = f; @ f», then
FP(ar, ar) (b1, by) iff FPaiby or 77 azbs.
Lemma 4.11.10 Let f = fi @ f>, then

[ (Q1 @ Q2) = [£)01 @ [£) 02 [£°Y(P1 @ P2) = [£*YP1 @ [£°) P2
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Proof:

| a1, a2) en [£7) (01 @ Qo)

[}

w

ay €m Hy and a; €n H,
by ¢« Q1
of || Ju(u €k K3)

by €k K

of[[|[{b1,b2) & Q1@ Q2 . . . . . . .

ul| || F (a1, az) (b1, b2)
of ||| FPaiby or Fazbs
ul ||| ~FPazb,

ul ||| Fraib

5| || Flayby

16| Vy(y ¢« Qp implies ?'lbaly)
vllar en [£”) Q01
18| |ay €n [£°) Q0 and a; e H;

|| (a1, az) en [£7) 01 @ [£") Q2
ap €h Hi and ap € Hy

2|| (a1, az2) en [£") 01 @ [£") 02
1l (ar,az) en [£7) 01 @ [£") 02

To fill in the similar subproof above:

Y (3, v)((y,v) € Q1 @ Q2 or F(ar, az)(y,))
(ay em H; and ap e H;) or (a eh H; and a, €n Hy)

5| || (b1, b2) # Q1 X K and (b1, ba) ¢ K| X Q2

wol||[ (b1, b2) ¢k Q1 @ Q> implies Tb(al,az)(bl, b)

21| | subproof is similar to the previous subproof

. . assume

def. [r"), line 1

def. @ universe, line 1
. assume

. assume

K3 #0

. assume

Q> is null-pointed, set th., lines 5, 7

def. @, line 8
V-Elim, line 2
D-Elim, lines 9, 10
def. 7, line 11

. Frame Condition 4.11.3 (2), line 4

CL, lines 12, 13

3-Elim, lines 6, 7

V-Intro, line 5

. def. [-"), line 16
A-Elim, A-Intro, lines 4, 17
. def. @, line 18

. assume

lines xx

. def. @, line xx

V-Elim, lines 3, 4, 20
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l@ay e Mmooy
V(y, v)((r,v) € Q1 @ Q5 or FP{ar, az){y,v))

[~

w

ay €n H| and a; €n Hy ‘

by ¢ Q2

of || Ju(u e K7)

T R
8| (|| (b1, b2) # Q1 X K and (b1, by) & K| X Q>
of[[[(P1,b2) & Q1@ Q2 . . . . . . ...
wol||| (b1, b2) ¢« Q1 @ O, implies F*(ay, ar) (b1, b>)

ul| || F2¢ar, az) (b1, ba)
of ||| FPaiby or Fazbs
u|||| = FPaiby

/||| Fazb,

5| || FLazb,

16| Yv(v ¢k Oy implies szazv)

n||az € [£") 02
8[| ay € H and ap €m [£”) 02

wl|{ar,a2) en [£°) 01 @ [£”) 02

The other direction:

(al ehy Hy and a, eh, H;) or (a1 €hy H(l) and a, €n Hz)

. . assume

def. [f"), line 1

def. @ universe, line 1
. assume

. assume

. K #0

assume

Q) is null-pointed, set th., lines 5, 7

def. @, line 8
V-Elim, line 2
>-Elim, lines 9, 10
def. 7, line 11

. Frame Condition 4.11.3 (2), line 4

CL, lines 12, 13
3-Elim, lines 6, 7
V-Intro, line 5

. def. [-"), line 16
A-Elim, A-Intro, lines 4, 17
. def. @, line 18
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(ar,az) en [£") 01 @ [£") 02

1 e e e s . assume
2 (ay e [£°)Qy and as €n, Hy) or (ay en Hy and as €n [£°)Q2) . . . . . def. @, line 1
Jlarem A Qranda e Hy o ume
4 (b1.bo) Q1 © Q> assume
s||[ (b1 € K and by ¢k Q) or (b ¢ QO and by €2 K7) . . . . . Lemma3.5.4, line 4
6 by & K and by ¢ O e e e s . assume
largm Hy . . . . . . . . .. ... Lemma4.ll7, [£")Q isnull-pointed, line 3
8 ?'lbalbl . . . . . . . . . . . ... ... FrameCondition4.11.3(1),lines 6,7
of|[| FPlar, an)(br by . . . . . ... ... .. ... .. .. .def 7 line8
10 by # Q1 and b, €k K, e e e e e . assume
ul|||Vy(y ¢ Qy implies Flary) . . . . . ... ... .. . ... def [£"),line3
of||| by ¢ Qy implies FPayby . . . . . . . . . ... ...... V-Elimlinell
olf||FParby .. . .. . . ... ... ........... D>Elm,lnes]l0,12
||| Flaibyor Fraby . . . . . . . . . ... ......... vnto,linel3
sl FPar, a)bi,ba) . . . . . . ... . . . . . . .. .. def F line 14
wl|| FP{ar, aa){bi,byy . . . . . . . . . . . . . .. .. .. . V-Elim,lines5,6,10
o [V, v)({y,v) & Q1 @ Q7 implies FP{ar,ar){y,v)) . . . . . . . . . . VY-Intro,line 4
s [{ar,a2) en [FHY(Q1@Q02) . . . . . . . . . . . . . . .. . . .def [-"),line 17
o 1€ Hyandas e [£)Q> . . assume
2[| subproof similar to previous subproof . . . . . . . . . . . . . . . . . linesxx
al|{ap,a2) en [F(Q1@02) . . . . . . . . . . . . . . . .. . .def [-"),line xx
nl{a,a) en [fY(Q1@Q2) . . . . . . . . . . . . . .. . . V-Elimlines2,3, 19

To fill in the similar subproof above:
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(aa) en [VQ1 @180
(a1 €hy [f|b>Q1 and a, en H;) or (a1 €hy Hcl) and a, € [fzb>Q2) L.
ay em H; and as e [£") 0>

N —

. assume
def. @, line 1

3 ) . assume
4 1,) Q1 @Q . assume
s/ | (b1 €k K; and by ¢k Q) or (by ¢« Q1 and by ek, K;) . . . . . Lemma3.54,line4
6 by ¢« 0 and by & K, e e . assume
WWlaa g Hy .. . . . . . . ... .. Lemma4.ll7,[4")Q; isnull-pointed, line 3
8 szagbz . . . . . . .. .. ... .. .. . FrameCondition4.11.3 (1), line 6, 7

o| ||| FP¢ar, az){b1, b2)
by e Kcl) and b; ¢k O»

(||| Vv(v ¢k Qr implies 7"2ba2v)
nf||| b2 ¢ Qo implies FParbs

ul||| FPaiby or Frazb,

||| FPay, ax) (b, by) .

wl|| FP2ar, a) by, ba) . . ..
| V(. v)((y,v) ¢ Q1 @ Q7 implies F (a1, az)(y,v)) .

4.12 Info for [-)
The type of [-") is A+>A.

Definition 4.12.1
y ek [P iff Vx(x €n P or F” xy).

Definition 4.12.2 The canonical relation is defined as
FPxy iff Ja(a ¢ x and [f")a e y).

The negated relation is

~Fxy iff Va(a en x or [f*Ya ¢ y).

Frame Condition 4.12.3 The null frame conditions for ¥ are

. def. #?, line 8

) . assume
def. [£°), line 3

V-Elim, line 11

ol|||Fagby . . .. . . . .. . ... ........... D>Elm,lnes]l0,12

V-Intro, line 13
def. 7, line 14

V-Elim, lines 5, 6, 10

V-Intro, line 4

s (@, a2) en [F(01@02) « o o o def. ["), line 17

(1) Vy(y ¢ K° implies F*'H°y)  (2) Vx(=F"xK°).
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Frame Condition 4.12.4 The well frame conditions for " are

(1) Vx(x ¢n H' implies F*'xK*)  (2) Vy(=F>H'y).

Lemma 4.12.5 Canonically, the Frame Conditions hold.

Proof: Frame Condition 4.12.3 (1): choose any y such that y # ox. Let x = ogy. Hence T}, ¢h x and from
the type of [-*), [f°)Th = Tk and Tk €k y. So there is some a such that a ¢nh x and [f"Ya ek y, whence
b xy obtains.

Frame Condition 4.12.3 (2): choose some arbitrary x and let y = og. For all a, it is the case that
[£"Ya ¢ ok. Hence, =F P xy.

Frame Condition 4.12.4 (1): choose any x such that x + ey . Let y = ex. Hence L}, ¢h x. Since ek is the
entire carrier set, [ /)Ly, ek y. So there is some a such that a ¢n x and [/")a ek y, whence F xy obtains.

Frame Condition 4.12.4 (2): choose any y and let x = ey then for all a, a €h x, so —|7-'b'xy obtains. H

Lemma 4.12.6 The Frame Conditions 4.12.3 and 4.12.4 are consistent with each other.

Proof: The well-point sets and null-point sets are always disjoint. This disjointness and quantifiers and
antecedents of the conditionals prevent any conflicts in the Frame Conditions 4.12.3 and 4.12.4.

413 [-*),[-*): Closure Under Smash Product

All proofs involving [-#) are similar to their siblings for [-*) and we elide them. The information
necessary to construct them is in the following Section 4.14.

[-*) is of type Vi>V.

Definition 4.13.1
x en [£9)Q iff Fy(y ek Q and =Fixy).

Definition 4.13.2 The canonical relation and its negation are defined as,

Fhxy iff Ib(b ek y and [F¥)b ¢hx)  —Fhxy iff Yb(b ¢ y or [£#)b en x).
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Frame Condition 4.13.3 The null frame conditions for F# are

(1) Vy(y ¢ K° implies F*H’y)  (2) Vx(=F*xK").

Frame Condition 4.13.4 The well frame conditions for ¥ are

(1) Vx(x ¢ H' implies F¥xK*).  (2) Vy(=F*H'y)

Lemma 4.13.5 Canonically, the Frame Conditions hold.

Proof: Frame Condition 4.13.3 (1): Choose some arbitrary y and assume y # og. Letx = og. Then y # 0
so there is some b ek y. Since x = 0, then [/*) b ¢n x. By definition, F¥xy.

Frame Condition 4.13.3 (2): Choose some arbitrary x. Let y = ok, then for all b, b ¢k y and ﬂ?'ﬂxy
holds.

Frame Condition 4.13.4 (1): Choose x # ey and assume y = ex. Let b = 1 and hence b ek y. From
the type of [-*), [F#)b = Ly,. Since x # ey, [f#) b ¢n x. So there is some b such that b ek y and [/#) b ¢ x,

whence F#xy obtains.

Frame Condition 4.13.4 (2): Choose some arbitrary y and let x = ey. For all b, [f*)b €n x, whence
~F¥xy obtains.

Lemma 4.13.6 The Frame Conditions 4.13.3 and 4.13.4 are consistent with each other.

Proof: Note that the well-point sets and null-point sets are always disjoint, then the quantifiers and antecedents
of the conditionals of Frame Conditions 4.13.3 and 4.13.4 prevent any conflicts.

Lemma 4.13.7 [£*) Q is null-pointed if Q is null-pointed, and well-pointed if Q is well-pointed.

Proof: Our conditions are

x en [£9Q iff Ay(y ek Q and ~Fhxy). x ¢h [£9) 0 iff Yy(y ¢ O or Fxy).

Assume Q is null-pointed and let x en H°, then we must show that for all y, y ek Q implies Tﬁxy.
Choose some arbitrary y such that y ek Q. Since K°’NQ =0, forall y ek Q, y ¢k K°. From Frame Condition
4.13.3 (1), F¥xy. Since the choice of y was arbitrary, the condition for x ¢n [£*)Q holds and [£*)Q is
null-pointed.
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To show [f#) Q is well-pointed, we need to show
x €h H® implies Jy(y ek Q and ~Fhxy).
Assume Q is well-pointed, hence K* Ck Q. Let x en H*. Since K* # 0, there is some y ek Q from K".

From Frame Condition 4.13.4 (2), =F¥xy obtains and hence x eh [f#)Q. So H* Ch [*)Q and [f#)Q is
well-pointed. n

Lemma 4.13.8 [1*) preserves its bounds.
Proof: The type of [f*) is Vi>V, hence we want [f#) L¥ = 1™ The definition is
x en [£9)Q iff Fy(y ek Q and =Fixy).
Since LM = H°, then since all sets in H are well-pointed, L™ ck [#) 1K,
The other direction is by contraposition. We have
x ¢h [ LKA Vy(y ¢k LK or Fhxy).
and wish to show [£#) L ch 1 H by showing that x ¢n L™ implies x ¢ [£¥) LX. Assume x ¢n L. Since

1H = H*, then x ¢n H*. Choose any y ek LK, hence y ex K*. From Frame Condition 4.13.4 (1), Fhxy
holds. Hence x ¢n [£#) L.

Lemma 4.13.9
x en [£%Bb iff x en B[f#) b.

Proof: The left to right is the easy direction. Assume x €h [f*)8b, then there is some y such that y ek 8b
and =F¥xy. Using the canonical definition, we have

~Fhxy iff Ya(a ex y implies [f*)a en x).
Since b €k y, then [f#) b en x. Hence x €n B[f#) b.
To go in the other direction. Assume [f#) b eh x. Let
y=@p . [rHp)'E
Given the type and Lemma 3.7.1, § is an ideal. Assume b ek $. Since b ek § implies [/#) b en X, we have

[£*) b en X, which is a contradiction. So b ¢k $ Construct y by using Zorn’s Lemma to maximalize (Th, $).
By construction,

Ya([f*)a ¢n x implies a ¢k y)



Closure Properties for Galois Operators in Distributed Logic

73

which is equivalent to the canonical definition of =% ﬁxy. Also by construction, b €k y and so y €k Sb.
Therefore there exists some y, such that y ek 8b and =F fxy, whence x en 1) Bb.

Lemma 4.13.10 Let —f = —f; ® =5, then ~F (a1, a2)(by, by) iff ﬁﬁﬂalbl and ~F¥arb, and

0100, =[£H01®[6Y0  [FHP1® Py =[P ® [£)P,

Proof: Note this proof is nearly identical to that for [-°), only the composition of relations has changed to

accommodate the negation in front of 7 # in the UCLA definition:

(ar,az) en [#) (01 ® Q1)

N —

20

21

22

23

24

[
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(a1, a2) e [1*) (Q1 ® Q1) — HY) or {ar,az) en HY, .

(ar,az) en [#)(Q1® 02) — Hy

{ay,a) en Hy ® H, e e

(ai,az) ¢n Hy and (ay,az) en Hy ® Hy .

ay ¢m Hi and as ¢ H; e

3y v)({y.v) & Q1 ® Qs and =FHay, az)(y,v))

(b1,b2) &k Q1 ® Q7 and ~FH(ay, az)(by, b2)

(b1, b2) ek (Q1 — K7) X (Q2 — K3)) or (b1, by) €k K¢,
(b1, b2) €k (Q1 = K7}) x (@2 - K3)

~FFayby and ~Fazb,

by e Q1 and by €k Oy

ai e [£) Q1 and as en [£7) 0,

a em [#*) Q1 - H; and ay €n [4£%) 02 - H,

(b1,b3) ex Kg,

b €k KI and b, Ekz K2 ‘

ay en [£) Q1 - H; and az en: [457) 0, — H,,
ai en [£7)Q - H} and ay €n [£') Qs — H;,
(a1,a2) en ([#) Q1 - H}) x ([£") Q2 - H3)

(a1, a2) en (([£F) Q1 = H}) x ([5%) Q2 — H3)) U Hy,
(al,az) €h Ht@

[N
=N

(ar,az) en (([£7) Q1 — H}) x ([£) Q2 — H;)) U Hy
(a1, a2) en (([4"Y Q1 - H}) x ([£*) 02 — H})) U H
(ar,a2) en [£1Y 01 ® [£5) 0>

C . assume
[-#) is well-pointed,
Lemma 4.13.7, line 1

. . . . .assume
f=fi® fr,linel
A-Intro, lines 3, 4
Lemma 3.4.9, line 5

def. [-*), line 3

. assume
def. ®, line 8

. . assume

def. ~F¥, line 8

. . setth., line 10
. def. [-*), lines 11, 12
set th., lines 6, 13

.. . assume
. def. K, line 15

Flaiby and Flazb, . . . . .. . . . . . . Frame Condition 4.13.4 (1), lines 6, 16

. Contradiction, lines 11, 17

CL, lines 9, 10, 15
3-Elim, lines 7, 8

. def. %, line 20

. set th., line 21

. . assume

. set th., line 23
V-Elim, lines 2, 3, 23
. def. ®, line 25
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Now the other direction:

# #
[flav@)en [0 ®[5)Q . assume
Car,az) en (1A Q1 - H) X ([AY Q2 —H))UHy . . . . . . . . . . def ®,linel
||| (a1, a2) €n ([£7) Q1 = H}) x ([£") Q2 - H) e . assume
Ala; en [£ 0 and a; ¢n Hj and a; eh (40, and ay ¢m H, . . . . . setth,line3
J| Iy ea Qrand =Frary) ... def [, line 4
o/ | v(v e Q7 and —ﬂ-’zﬂazv) e e e ... .. def [%,line 4
#
7 by & Q1 and ~Farbr . assume
f#
8 ba & Qs and =5y arb, e e e e . assume
ofl|| b1 e Q1 —Kjorby e Ky . . . . . . . . . . .. .. Q@piswell-pointed, line 7
10| [|| by €k Qo — Ki or by ek Ké . e . . . . . . ... ... QOpiswell-pointed, line 8
by ek KI
220 . . . . . ... .. ... . . . . . . .assume
12 ?'lﬁalbl . . . . ... ... ... ... FrameCondition4.13.4 (1) lines4, 11
13 —>< . . . . . . . . . . . ... ... ... ... .Contradiction lines 7, 12
14 M e s . assume
15 ?'zﬁazbz .+« .. ... ... ... ... FrameCondition4.13.4 (1) lines 4, 14
16 —>< . . . . . . . . . . . . . . . . . . . . . .. .Contradiction lines 8, 15
ul|||b1 € Q1 —Kjand by e Qo —K; . . . . . . . . . .. . CLlnes9. 10,11, 14
||| (b1, b2y ek Q1 ®Q2 . . . . . . . . . . . . . . . . .. ... .def ®0lnel7
19 —ﬂ-‘lﬂalbl and —ﬂ-}ﬂazbz . e . . . . . . . . . . ... NAElm,A-Intro, lines 7, 8
ol ||| =Fa, a)bri, by . . . . ... ... ... . . ... def.~F¥ line 19
2| [ (b1, b2) ek Q1 ® Qp and =F¥(ay, ax)(b1,b2) . . . . . . . . . A-Intro, lines 18, 20
2|3, vy, v) ek Q1 ® Qs and =F ¥ (a1, ax){y,v)) . . . . . . . . . 3-Intro,line 21
B[ {a, a2y en [FDH(Q1®Q2) . . . . . . . . . . . . . . . .. .def [-*),]line22
ull|{ar,az)y en [FH(Q1®Q2) . . . . . . . . ... ... ... 3Elim,lines6,8
sl {ay,ar) en [FHQ1®02) . . . . . . . . . . . .. ... .. 3Elimlines5,7
26 (a1, a2) €n He e e e e e e e e s e e e . assume
al|{ay,a2) en [FHQ1®02) . . . . . . . . [-" is well-pointed, Lemma 4.13.7, line 24
sl {a,a) en [FHQ1®02) . . . . . . . . . . . ... . .. V-Elim,lines?2, 3,26
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4.14 Info for [-*)
The type of [£#) is Vi>V.

Definition 4.14.1
y ek [f#)P iff 3x(x en P and ~F ¥ xy).

Definition 4.14.2 The canonical relation is defined as
Tﬂ'xy iff 3a(a enx and [F*)a ¢ y).

The negated relation is
—|7"ﬁ'xy iff Va(a ¢n x or [f#)a ex y).

Frame Condition 4.14.3 The null frame conditions for F# are

(1) Vx(x ¢n H implies F¥xK°)  (2) Vy(-F¥H'y).

Frame Condition 4.14.4 The well frame conditions for 7% are

(1) Vy(y & K" implies F¥H'y)  (2) Vx(=F*xK").

Lemma 4.14.5 Canonically, the Frame Conditions hold.

Proof: Frame Condition 4.13.3 (1): Choose some arbitrary x and assume x # og. Let y = ox. Thenx # 0
so there is some a €h x. Since y = 0, then [f#)a ¢ y. By definition, ¥# xy.

Frame Condition 4.13.3 (2): Choose some arbitrary y. Let x = o, then for all a, a ¢ x and =F ¥ xy
holds.

Frame Condition 4.13.4 (1): Choose y # ex and assume x = ey. Let a = L}, and hence a €h x. From
the type of [-*), [f*)a = Lk. Since y # ok, [#)a ¢k y. So there is some a such that a €nh x and [#)a ¢k y,
whence ¥ xy obtains.

Frame Condition 4.13.4 (2): Choose some arbitrary x and let y = eg. For all a, [f#)a ek y, whence
—~F# xy obtains.

Lemma 4.14.6 The Frame Conditions 4.14.3 and 4.14.4 are consistent.

Proof: The well-point sets and null-point sets are always disjoint. This disjointness and quantifiers and
antecedents of the conditionals prevent any conflicts in the Frame Conditions 4.14.3 and 4.14.4.



76 Gerard Allwein

4.15 [-°),[-°): Closure Under Smash Product

All proofs involving [-°}) are similar to their siblings for [-°) and we elide them. The information
necessary to construct them is in the following Section 4.16.

[-°) is of type Vi>V.

Definition 4.15.1
x en [£°)Q iff Ay(y ek Q and F°xy).

Definition 4.15.2 The canonical relation and its negation are
Fexy iff Vb(b ¢k y or [f°) D €n x) —~F°xy iff 3b(b ek y and [F°) b ¢n x).
Frame Condition 4.15.3 The null frame conditions for 7 are

(1) Vy(y & K° implies =F°H"y) (2) Vx(F°xK°)

Frame Condition 4.15.4 The well frame conditions for #° are

(1) Vx(x ¢n H® implies =F xK") (2) Vy(F°H'y).

Lemma 4.15.5 Canonically, the Frame Conditions hold.

Proof: Frame Condition 4.15.3 (1): Choose some arbitrary y and assume y # og. Letx = og. Then y # 0
so there is some b ek y. Since x = 0, then [f°) b ¢h x. By definition, =F xy.

Frame Condition 4.15.3 (2): Choose some arbitrary x. Let y = ok, then for all b, b ¢k y and ¥ °xy holds.

Frame Condition 4.15.4 (1): Choose x # e and assume y = eg. Let b = L and hence b ek y. From
the type of [-°), [f°)b = Ly. Since x # ey, [f°) b ¢n x. So there is some b such that b ek y and [£°) b ¢h x.
So =F°xy holds.

Frame Condition 4.15.4 (2): Choose some arbitrary y and let x = ef. For all b, [f°) b eh x and hence
F°xy holds.

Lemma 4.15.6 The Frame Conditions 4.15.3 and 4.15.4 are consistent with each other.
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Proof: Note that the well-point sets and null-point sets are always disjoint, then the quantifiers and antecedents
of the conditionals of Frame Conditions 4.15.3 and 4.15.4 prevent any conflicts.

Lemma 4.15.7 [£°) Q is null-pointed if Q is null-pointed, and well-pointed if Q is well-pointed.

Proof: Our conditions are

x enh [f°)Q iff Ay(y ek Q and F'xy). x én [F)Q iff Vy(y ¢k Q or =F°xy).

Assume Q is null-pointed and let x en H°. Since Q is null-pointed, K° N Q = (. Choose some y ek Q,
then y ¢k K°. From Frame Condition 4.15.3 (1), =% °xy holds. Hence for all y, either y ¢k Q or =F °xy,
whence x ¢nh [f°) Q0.

Assume Q is well-pointed. Let x en H® and let y ek K*. Hence y ek Q and from Frame Condition
4.15.4 (2), ¥F°H'y holds. Hence there is some y such that y ek Q and F°xy, whence H* Ch [£°) Q.

Lemma 4.15.8 [1°) preserves its bounds.

Proof: The type of [f°) is Vi>V, hence we want [/°) LK = 15 15 cn [r°) L¥ since 1™ is the bottom
element of H.

Next, by definition, 1® = K*. Assume x en [£°) LK, then there is some y such that y ex K* and
Fexy. If x ¢n H®, then from Frame Condition 4.15.4 (1), =F°xy. This is contradiction, hence x en H* and
[roy LK = A°.

Lemma 4.15.9
x en [f°)yBb iff x en B[F°)D.

Proof: The left to right is the easy direction. Assume x h [f°) Bb, hence there is some y such that y ek 8b
and F°xy. From the canonical definition for F°, for all a ek y then [f°)a €h x, hence [f°)b €h x and
x en B[f°)b.

To go in the other direction, assume x €h B[/ °) b, and so [f°) b enh x. Let
y=@p.[r)p)'x

Given the type, from Lemma 3.7.1 § is an ideal. Construct y by using Zorn’s Lemma to maximalize (Tb, §)
to construct y, whence b ek y. By construction Ya([f°)a ¢h x implies a ¢k y). Hence we have defined
F°xy. Therefore there exists a y, such that b ek y and ¥°xy, whence x eh [£°) 8b.
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Lemma 4.15.10 Let f=f1® fo, then T°<a1, a2>(b1, b2> iff ﬁoalbl and 7‘;°a2b2 and

[fY01®0x=[f)01®[f)02 [f*)P1® Py =

Proof:

(ar,ap) en [/ (@1 ®Q))
({ar,az) en [f°)(Q1 ® Q2) — Hy) or {ay,az) €n Hy,

[~

(ay,az) en [f°)(Q1®Q2) — Hy

4| {ay,ar) en Hy ® Hy .

s|| (a1, ar) ¢hH and {(ai,a») €n H] ®H2 .

of|ay ¢m H and a, ¢ H

UIEINE V>(<y,V> ek Q1 ® Q> and?—“(al az><y,V>) -
(b1,b2) €« Q1 ® Oy and F*(ay, az){b1, b2)

(b1, b2) €k (Q1 = K7}) x (@2 - K7)

1 7-“]°a1b1 and 7-'2°a2b2

/||| b1 € Q1 and by €k Oy

B||||ar €m [47) Q1 and az € [£7) 02

/||| a1 em [£°) Q1 — H] and as €n [£°) Q2 — H
(b1,by) ex Ky,

16| ||| b1 €k KI and b, Ekz Ki ‘

17 —|?'1°a1b1 and —|9’2°a2b2

of||ar € [£°) Q1 — H] and ap €n [£°) Q2 — H
0||ay € [£°) Q1 — H; and ap en [£°)0r — H
|| (ar,az) en (15 01 — H}) x (1) 03 — H)
2[| (a1, a2) en (([£7) Q1 — H}) x ([£)Q2 - H3)) UH

(ar,az) en Hy,

[ (aras) e (UF) Q1 — HY) x (15) Qs — HY)) UH?,
(ar,az) en (([£°) Q1 — H}) X ([£°) Q2 — H3)) U Hyy
(ar,a2) en [£°) 01 ® [£°) Q2

[ ]
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[
=N

Now the other direction:

o |[(b1, b2} & (Q1 = K}) x (02 = K3)) or (b1, ba) e K,

[f°)P1®[f) P>

. . assume
[~ ) is well-pointed,

Lemma 4.15.7, line 1

. assume

f f1 ® f2, line 1
A-Intro, lines 3, 4

Lemma 3.4.9, line 5
def. [-°), line 3

. assume
def. ®, line 8

. . . assume
def F°, line 8
. set th., line 10

. def. [-°), lines 11, 12

set th., lines 6, 13

. . assume
. def K line 15

. Frame Condition 4.15.4 (1), lines 6, 16

. Contradiction, lines 11, 17

CL, lines 9, 10, 15
3-Elim, lines 7, 8

. def. X, line 20

. set th., line 21

. . assume

. set th., line 23
V-Elim, lines 2, 3, 23
. def. ®, line 25
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(aap) en [V @ [£)Q

(ar,a2) en (([£7) Q1 = H}) x ([£7) Q2 — H5)) U
(ara) en (501~ H) x ([5) 02— Hy) |
ay € [£°)Q1 and a; ¢n HY and as € [£° >Q2 and as géhz H
Jy(y e Qy and Fary) .

Fv(v € Q7 and Frazv)

by e Q1 and Fa1b,

by €k QO and Fazb,

of ||| b1 €k Q1 —K; or b €k K;

10| [|| by € Qo — Ké or by €k Ké

o =

IS

W

=

. assume
def. ®, line 1

. assume

set th., line 3
def. [-°), line 4
def. [-°), line 4

. assume

. assume
Q1 is Well pointed, line 7

Q5 is well-pointed, line 8

1 m e e e . . . assume
ol||||=Farby .o Frame Condltlon 4. 15 4 (1) lines 4, 11
13 >« . . . Contradiction lines 7, 12
14 M Ce e e e e e e e e e e e e . assume
15 —|T2°a2b2 e e e e e Frame COI]dlthIl 4, 15 4 (1) lines 4, 14
16 >« . . Contradiction lines 8, 15

17 by e Q1 — K; and by ek Q) — Ké

i8/||| (b1, D2) €k Q1 ® Q2

||| Fyarby and F)axb;

(||| F{ar, a2){b1, b2)

(||| (b1, b2) €k Q1 ® Q2 and7—~<al,32><bl,b2>

22 3<y,v)((y, V> €k Q1®Q2 and T°(a1,a2)(y,v)> .
||| {a1,az) en [f°) (Q1 ® Q2)

ul|[{ar,a2) en [F°)(Q1®Q2) .

|| (a1, az) €n [£°) (01 ® O2)

<a1,az> €h H:®

26

(ar,az) en [£°)(Q1© Q2)

&)
)

4.16 Info for [-°)
[-°) is of type Vi>V.

Definition 4.16.1

y €k [f°)P iff 3x(x en P and F"xy).

CL, lines 9. 10, 11, 14
. def. ®, line 17

A-Elim, A-Intro, lines 7, 8

def. F°, line 19
A-Intro, lines 18, 20
J-Intro, line 21

. def. [-°), line 22
3-Elim, lines 6, 8
3-Elim, lines 5, 7

. assume

al[{a,az) en [FHY(Q1®0Q2) . . . . . ... [ >1swell pomted Lemma4157 line 24

V-Elim, lines 2, 3, 26



80 Gerard Allwein

Definition 4.16.2 The canonical relation is
Foxy iff Ya(a ¢nx or [f°)a ek y).
The negation of the canonical definition is
—~Fxy iff a(a enh x and [f°)a ¢ y).
Frame Condition 4.16.3 The null frame conditions for ¥ are

(1) Vx(x ¢n H® implies =F xK°) (2) Vy(F°Hy)

.3

Frame Condition 4.16.4 The well frame conditions for ¥ are

(1) Vy(y ¢ K* implies =F " H'y) (2) Vx(F7xK°).

Lemma 4.16.5 Canonically, the Frame Conditions 4.16.3 and 4.16.4 hold.

Proof: Frame Condition 4.16.3 (1): Choose some arbitrary x and assume x # oy, then x # 0; so there is
some a €h x. Let y = ox. Since y = 0, then [f°)a ¢k y. By definition, =F “xy.

Frame Condition 4.16.3 (2): Choose some arbitrary y. Let x = og, then for all a, a ¢n x and, by
definition, ¥ xy holds.

Frame Condition 4.16.4 (1): Choose y # ek and assume x = ey . Let a = Ly and hence a €h x. From
the type of [-°), [f°)a = Lk. Since y # ok, [f°)a ¢k y. So there is some a such thata €h x and [f°)a &k y;
so =F “xy holds.

Frame Condition 4.16.4 (2): Choose some arbitrary x and let y = ex. For all a, [f°)a ek y and hence
¥ xy holds.

Lemma 4.16.6 The Frame Conditions 4.16.3 and 4.16.4 are consistent with each other.

Proof: The well-point sets and null-point sets are always disjoint. This disjointness and quantifiers and
antecedents of the conditionals prevent any conflicts in the Frame Conditions 4.16.3 and 4.16.4.
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4.17 [-°),[-") Closure Under Null Sum

All proofs involving [-") are similar to their siblings for [-°) and we elide them. The information
necessary to construct them is in the following Section 4.18.

[-°) is of type Ar>A.

Definition 4.17.1
x en [ Q iff Yy(y ek Q or =F “xy).

Definition 4.17.2 The canonical relation is
Foxy iff Vb(b ek y or [£°)b ¢n x).
The negation of the canonical definition is
—Fxy iff 3b(b ¢k y and [f7) b €h x).
Frame Condition 4.17.3 The null frame conditions for " are

(1) Vx(x ¢n H implies =F °xK") (2) Vy(F°Hy).

Frame Condition 4.17.4 The well frame conditions for ¥ are

(1) Vy(y ¢ K" implies =F "H"y) (2) Vx(FxK°)

Lemma 4.17.5 Canonically, the Frame Conditions hold.

Proof: Frame Condition 4.17.3 (1): Choose any x such that x # oy and let y = og. Let b = T and hence
b ¢k y. From the type of [-"), [f") b = Tp. Since x # oy, [f°)b eh x. So there is some b such that b ¢k y
and [/) b enh x, whence —=F “xy obtains.

Frame Condition 4.17.3 (2): Choose any y and let x = ogy. Forall b, [f°) b ¢h x and hence F “xy obtains.

Frame Condition 4.17.4 (1): Choose any y and let y # ex. Let x = ef. Then y # Ly so there is some
b ¢ y. Since x = TLp, then [/°) b €n x. By definition, =F “xy.

Frame Condition 4.17.4 (2): Choose any x. Let y = ek, then for all b, b ek y, whence F “xy obtains.
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Lemma 4.17.6 The Frame Conditions 4.17.3 and 4.17.4 are consistent with each other.

Proof: Note that the well-point sets and null-point sets are always disjoint, then the quantifiers and antecedents
of the conditionals of Frame Conditions 4.17.3 and 4.17.4 prevent any conflicts.

Lemma 4.17.7 [£°) Q is null-pointed if Q is null-pointed, and well-pointed if Q is well-pointed.

Proof: Our conditions are
x eh [fPYQ iff Vy(y ek Q or =F “xy) x ¢nh [y Q iff Ay(y ¢k Q and Fxy).

Assume Q is null-pointed and let x en H°. Since Q is null-pointed, K° N Q = @. Since K° # 0, choose some
y €k K°, then y ¢k Q. From Frame Condition 4.17.3 (2), ¥ °H°y obtains. So there is some y, y ¢k Q and
Fexy, whence x ¢h [/ Q.

Let x en H*. Assume Q is well-pointed and choose any y such that y ¢k Q. Since K* Ck Q, then
y ¢k K°. From Frame Condition 4.17.4 (1), =F °H"y obtains. So for all y, y ¢k Q implies =% "xy, whence
H® ch [£7) Q.

Lemma 4.17.8 [f") preserves its bounds.

Proof: The type of [£°) is A+>A, hence we want [£°) T = TH, Since TH is the top of the lattice of sets H,
then [r°) TK ch TH,

For the other direction, assume x €h T and choose some arbitrary y. Let y ¢« TX. Since y ek K and

TK = K — K°, then y ex K°. Since T" N H° = 0, then x ¢n H°. From Frame Condition 4.17.3 (1), =F °xy.
Since the choice of y was arbitrary, for any y, y ¢ TX implies =F °xy, whence [£°) T = TH,

Lemma 4.17.9
x eh [y Bbiff x en B[f°) b.

Proof: The right to left is the easy direction. Assume x €h B[f°) b so that [f°)b €nh x, and choose some
arbitrary y such that #°xy. From the canonical definition for F°, for all [f°)a eh x implies a €k y, hence
b ek y. Since the choice of y was arbitrary, by definition x en [f°) 8b.

The other direction is a contraposition. Assume that x ¢h B[f°) b, so that [f°) b ¢h x. Let

$=p.[rp)x
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Given the type, from Lemma 3.7.1 j is a filter. If b ek §, then [f") b eh x, which is a contradiction. So
b ¢k $. Construct y by using Zorn’s Lemma to maximalize (J, |b) to construct y. By construction

Ya([f")a en x implies a €k y).

By definition, ¥ °xy holds. By construction, b ¢k y and so y ¢k Sb. Therefore there is some y such that
y ¢k Bb and F°xy. By definition, x ¢h [£7) 8b.

We assume — f = = f] @ = f2, then
—F (a1, ax){(b1, ba) iff =Fa1by or ~F,'axb;.
Lemma 4.17.10 Let ~f = - f] @ —fo, then

[F(Q1@02)=[1)01@[£)Q2  [/)(P1©P2) =[#)P1 @ [£) P2

Proof:
[lana) en[F9(1©@Q) o assume
AV, Y ((y,v) e Q1 @ Qa2 or =FXay,a)(y,v)) . . . . . . . . . . def [f7),linel
3| (a; €n Hy and ap €m Hy) or (ay €n Hy and ap € Hy) . . . . def. @ universe, line 1
| [ 91 & H, and a; € H, e e e e e oo ... ... . .assume
5 by ¢ O e e e e e o ... ... .. ... . .assume
of| [ Tuuea K3) . . . ..o LK #D
7 e e e e e assume
s([|| (b1, b2) ¢ Q1 X KJ and (b, b2) ¢« Ky X Q2 . . . Q2 is null pomted set th hnes 5,7
o[|[ (b1, b2) &« Q1 @ Q> . . . . . e . . . . . . . . def @,line 8
|| || (b1, b2) ¢k Q1 @ Q> implies —ﬂ-’”(al, a2><b1, b2> . . . . . . . . . . VY-Elim,line2
ul|ll| =F~ay,a){b1,b2) . . . . . . . . . . . . . . . . . .. . DElimlines9,10
ol||| ~Farby or =Flazby ... Lo . . . . . .def. =57 line 11
sl|||Faby - . . . . . . . . . . . . . . . . . . Frame Condition 4.17.3 (2), line 4
|| =Frarby oo oo oo oo oo o oo oo .. ... . CL,lines 12,13
i5||| ~Ffarby .o . . . . . . . . . . .. ... .. 3-Elim,lines6,7
16| Vy(y ¢k Q1 implies —|7-'”a1y) e e e e . . . . . . ... .. ..... VYIntro,line5
llayem A0 . . . . o . . . . . . .. o oo o o .. defl [, line 16
isl|ap €m [AYQranday e Hy . . . . . . . . . . . . . A-Elim, A-Intro, lines 4, 17
o[ {ar, a2y en [£Y01 @ [£Y0> . . . . . . . . . . . . . ... .. .def @line18
2f| 9L EM Hj and a; & H, e e e e e ... ... ... ... .. ... .assume
21|| subproof is similar to previous subproof . . . . . . . . . . . . . . . . . linesxx
o[{a, @) en [ @[A)Q2 -« - . . . . . . . . . . . . . ... .def @ linexx
wl{a,a) en [[HO1Q[LYQ2 . . . . . . . . . . . . . . . . V-Elimlines3, 4,20
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To fill in the similar subproof above:

@Lay e 1HQio)
V() ((y,v) € Q1 @ Q2 or =F (a1, az)(y, v))

(a; €ent Hy and a; € H;) or (a; eh H‘l’ and a, €n H»)
ap €h H; and a, enm Hy

by ¢ Q>

of || Ju(u e K7)

D] breaky

8[| (b1, b2) ¢k Q1 X K3 and (b1, ba) ¢k K| X 0>

ol ||| (b1, b2) # Q1 @ Q2

||| {b1,b2) ¢k Q1 @ Q5 implies _|7:D<Cl1,az><b1,b2>

D =

w

n| ||| =F a1, a2){b1, ba)
12 —|7‘-1Da1b1 or ﬂ?}”dgbz
13| ||| Fra1by

14 —|7—“2“a2b2

15 —|‘7‘~2Dazb2

16/ | Vv (v &ka Qp implies = Fasv)
||az €n [£7) Q2

18| | @y € H;) and a; €n [£°) 0>
|| {ai,az) en [£7) 01 @ [£7) Q2

Now the other direction:

. . assume
def. [}, line 1

def. @ universe, line 1
. assume

. assume

. Ky #0

. assume

Q1 is null pomted set th., lines 5, 7

def. @, line 8
V-Elim, line 2
D-Elim, lines 9, 10
def. ¥, line 11

. Frame Condition 4.17.3 (2), line 4

CL, lines 12, 13

3-Elim, lines 6, 7

V-Intro, line 5

. def. [-°), line 16
A-Elim, A-Intro, lines 4, 17
. def. @, line 18
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<al,a2> Eh [f1D>Q1 @ [f2b>Q2 . . . . . . . . . . . . . . . . .
(ay €n [£°) Q1 and ap €h, Hy) or (ay €n H] and ap € [£7)Q2) . . .
ay €h [flb>Q1 and a, €n H;

) (b1,b2) ¢ 01 @ 02

o =

. bl €k K(l) and b2 ¢k2 Q2
lffargm H . . . . . . . .. .. .. Lemma4.177,[£) Q) is null-pointed, line 3
s(||[~Farby o o . . . . . . . . . . ... . Frame Condition 4.17.3 (1), lines 6, 7

o ||| ~F Ha1,az){b1, b2)

b ¢« Oy and by €k, K;

n||||Vy(y ¢« Q1 implies = "a;y)

i|||| b1 ¢ Qy implies =F "a1b;

13 ﬂ?i%l]b]

14 —|7'~1Da1b1 or ﬂ7’~2’3a2b2

5| ||| ~Far, az) (b1, b2)

16/ || ~F ar, az)(b1, b2) e
| [V, )y, v) ¢ Q1 @ Q2 implies =F *(ay, az){y,v))
|| (a1, az) en [/7) (@1 @ Q2)

ai en Hy and as €n [£°) Qs

20| subproof is similar to previous subproof .

(ar,az) en [F7)(Q1 @ Q2)

[~

]
[

To fill in the similar subproof above:

def. @, line 1

s||| (b1 e K| and by ¢#k2 Q2) or (by ¢k Q1 and by €k K3) . . . . . Lemma3.5.4,line 4

def. =F 7, line 8

def. [£°), line 3
V-Elim, line 11
D-Elim, lines 10, 12
V-Intro, line 13

. def. =%, line 14
V-Elim, lines 5, 6, 10
V-Intro, line 4

. def. [-7), line 17

e . def. [-°), line xx
(at,a2) en [FY(Q1@Q2) . . . . . . . . . .. . ... .. V-Elimlines2, 3,19
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lava) en [V @19
(a1 €hy [f]b>Q1 and a, en H;) or (a1 €hy Hcl) and a, € [fzb>Q2) L.
ai en Hj and as €n [£°) Qs

o =

. assume
def. @, line 1

3 . . assume
4 (b1,b) 1@ Q> . assume
s/ | (b1 €k K; and by ¢k Q) or (by ¢« Q1 and by ek, K;) . . . . . Lemma3.54,line4
6 by ¢ Q1 and by € K, e e s . assume
i||ageH, . . . . . .. . .. ... Lemma4.77, [£")Q; isnull-pointed, line 3
s(|||~Fyab . . . . . . . . . . . . .. . . Frame Condition4.17.3 (1), lines 6, 7

of ||| =F *{ay,ar){bi, by)
by e K| and by ¢ Q2

nf{[|Yv(v g Qo implies —F,"asv)

i2|||| b2 ¢k Qn implies —|7—“2“a2b2

17 V<y’ V>(<y’ V> ¢k Ql Y Q2 lmphes _'7_‘D<a1, a2><y’ V>)

4.18 Info for [-°)
[-°) is of type A>A.

Definition 4.18.1
y ek [fo)P iff Vx(x en P or =F " 'xy).

Definition 4.18.2 The canonical relation is
Foxyiff Ya(a enx or [f")a ¢ y).
The negation of the canonical definition is
=Fxy iff a(a ¢nh x and [f")a ek y).

Frame Condition 4.18.3 The null frame conditions for # " are

def. =7, line 8

. . . . assume
def. [£°), line 3
V-Elim, line 11

sl|||~Frazby o o o o o o o o oo o o o o . . . . . . . . . D-Elim, lines 10, 12

14 —|7:1Da1b1 or _|7:2DaZb2 Ce e e e e e e e e e e \/-IIltl‘O, line 13
s ||| = Fay,a2){by,b2)y . . . . . . . . . . . . . . . . . . .. .def. =F" line 14
16 —|‘7'~D<a1, a2><b1, b2> Coe e e e e e e V-Elim, lines 5, 6, 10

V-Intro, line 4

il {a, a2y en [£FY(Q1@Q2) . . . . . . . . . . . . . . .. .. .def [),]line 17

(1) Vy(y ¢ K implies =F " H’y) (2) Vx(F7xK").
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Frame Condition 4.18.4 The well frame conditions for =" are

(1) Vx(x ¢n H implies =F " xK") (2) Vy(F"H'y)

Lemma 4.18.5 Canonically, the Frame Conditions hold.

Proof: Frame Condition 4.17.3 (1): Choose any y such that y # ox and let x = oy. Let a = T}, and hence
a ¢h x. From the type of [-"), [f°)a = Tk. Since y # ok, [f™)a ek y. So there is some a such that a ¢nh x
and [f")a €k y, whence =F ° xy obtains.

Frame Condition 4.17.3 (2): Choose any x and let y = og. For all a, [f°)a ¢k y and hence F " xy
obtains.

Frame Condition 4.17.4 (1): Choose any x and let x # ey. Let y = egx. Then x # TLp so there is some
a ¢nx. Since y = TLy, then [f°)a ek y. By definition, =F“"xy.

Frame Condition 4.17.4 (2): Choose any y. Let x = ey, then for all a, a €nh x, whence F” xy obtains.

Lemma 4.18.6 The Frame Conditions 4.18.3 and 4.18.4 are consistent with each other.

Proof: The well-point sets and null-point sets are always disjoint. This disjointness and quantifiers and
antecedents of the conditionals prevent any conflicts in the Frame Conditions 4.18.3 and 4.18.4.

5. COMPLEMENTS

This section supports closure under null sums for frames and is very much dependent on pairs of =
connected operators. The original Galois operators in [5] have similar properties using classical negation.
They did not address closure properties.

5.1 Complements for the Galois Operators

In [3]. Goldblatt shows closure under disjoint sums. However, [2] has the best explanation of the
Goldblatt-Thomason for why this is important. Their rendition says each frame can be decomposed into
a collection of point-generated frames where the points index the collection. By that they mean that for
each frame, pick a point and follow the relation from that point including all the visited points. This gives
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a collection of point-generated frames for each frame. Those get collected into a disjoint sum. The point-
generated frames are the main reason to use disjoint sums and infinite sums at that. For us, we will use a
null sum. The representation we will ultimately use is

X enI1;H;, such that 3!jVi(i # j implies X; en H;).

This leaves the possibility that for i = j, X; ¢n H 1

Consider the proofs for = [f*)Q = [f*) = Q (see sequel). The main supporting Lemma says that ¥+
and F* are the same relation as long as none of the special points are involved. If we do include those points,
then the two relations are not the same.

It might be best to consider = to be a morphism between frames, one with #+ and the other with F*.
We note that = does not preserve those relations on the nose due to the special points. Also, when thought
of as a frame morphism, = is the identity mapping points. It performs most of its work on the set algebras.
More technically,

% ((H,H,H), 7+, (K, K,K)) > ((H,H,H),G*, (K, K,K))

where for all the standard points, ¥+ = G*, but for the non-standard points, the relations are determined by
the Frame Conditions involving the special points. In this sense, = is not a relation morphism at the level of
points. It is rather swapping one relation for another.

The situation is still not resolved, however. It appears we can morph = into G* by ignoring the frame
conditions for F+, which requires throwing all those tuples involving special points out of the relation and
substituting the tuples demanded of the frame conditions for G*.

The result is that we can pair up the frames according to which are related by =. This is no different than
the original Goldblatt-Thomason theorem that only had one kind of frame to consider if you ignore the set
algebras. Technically, the set algebras only needed to support a single modal operator. The [-°) operator is
related by Boolean negation to [-°) in that the negation distributes across V and [-*). This closed the [-°)

frames with respect to disjoint sums.

We can define the following sets:
7o 2 () [x en HY U {(ny) |y & K.

and

Fr e {e,y) |x¢nH and y ek K"} U {(x,y) | y ¢ K* and x en H"}.

Regarding the first set of the second condition, this picks out points that satisfy Frame Condition 4.2.4 (1).
It helps to re-express that condition as

Vx,y(x ¢n H® and y ek K* implies F*xy).
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Since the universal quantifier is out in front and at the top level of the semantics, this can be rewritten as
x ¢h H and y ek K* implies F*xy.

Hence the set uses the condition in its definition.

Let
FC* 2 FruFt FC* 2 FrXUFr

where F.* and F.* are defined similarly to ;- and .. The relationship between the associated relations is
now clear:

(FL —FCYH) UFC* = 7* (F* =FC*) UFC*+ = 7+,
In effect, we can transform a frame using ¥+ into a frame using ¥* by throwing out the tuples associated

with the special points in the ¥+ frame and replacing them with the tuples associated with the special points
in the 7* frame.

The conclusion is that we can transform -+ frames into ¥* frames and thus bypass the issue that F+
frames are not closed under null sums.

5.2 Traditional (but Distributed) Necessity and Possibility: [/°), [f°)

One might have expected the canonical relations for [ ) and [f°) would be related by using the duality
between maximal filters and maximal ideals. However, that turned out not to be the case. We derive the
relation F° from ¥ ":

Fexy iff Vb([/°) b en x implies b €k y) def. of F°©
iff Vb (b ¢« y implies [f°) b ¢h x) contraposition
iff Vb (=b ex y implies —[f®) b eh x) evaluation condition
iff Vb(—b ex y implies [f°) =b en x) [£°) and [£°) are Boolean negations of each other
iff Ve(c ek y implies [£°) ¢ en x) Boolean negation is period two
iff 7 xy def. F°

where the third to the second last line follows because of Boolean negation being a period two operator.

The canonical relations are

Fexy iff Vb([/°)ya en x implies a ek y) Fxy iff Ve(c ek y implies [f°) ¢ e x)



90 Gerard Allwein

53 [fY),[r*): Complements of Each Other

Lemma 5.3.1 Canonically, assume x ¢nh {eg, o} andy ¢k {eg,ox }. If for all b, =[f*)b = [f*) —b, then

Fr= P

Proof: Assume x ¢h {eg,oy} and y ¢k {ek, ok}, hence x and y are maximal filters:

F*xy iff Ab(b ¢k y and [£*) b ¢n x) def. F*
iff Ac(—c ¢ y and [f*)—c ¢h x) - is period-two
iff c(—c ¢k y and =[f*) ¢ ¢h x) [FYe==[F*)-c
iff 3c(c ex y and [f*)c en x) evaluation condition
iff Fxy def. F+

Frame Condition 5.3.2 As an axiom on frames, we assume

x ¢ H UH’ and y ¢k K° U K implies F*xy iff F*xy.

Lemma 5.3.3

Sl e=1=0.

Proof:
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[~

20

21

22

23

24

25
26

27

28

29

30

31

32

33

34

35

36

la@ﬁUﬂQ

aen (TH-[r*YQ)oraen H*
aenTH-[r90Q
aer THand a ¢n [F4)0
—Vy(y ¢« Q or Ftay)
Jy(y ek Q and ~F tay)

[b] b exQ and ~F*ab
bekK orb ¢ K*

be K’

a ¢n H°
Flab

—><«—
b ¢ K* ..
a ¢n H anda¢hH
b ¢k K* and b ¢k K°
-Ftab

-F*ab .
bek K orbekQ

bé&=0 .. .
b ¢ = Q and ﬁ?'*ab .
y(y ¢« =0 and =F *ay)
aen [0 .
aen[f*y=0

a e H*

dy(y ek K°)

[b] beK°

-F*ab

b ¢ K* ..
bexK orbexkQ

bé&=Q .. .
b ¢ = Q and —|9f*ab )
y(y =0 and =F *ay)
aen[f*=0
aen[f*y=Q0
aen[f*y=0

Now for the other direction:

(b ek K’ orb ek Q) andbgékK'

(b ek K® orbEKQ)andbgtkK

. assume
def. =, line 1

. assume
set th., line 3

. def. [f*),line 4
CL, line 5

. assume
CL

. assume

null pointed, line 4

Frame Condltlon 42.4 (1), lines 9, 10
Contradiction, lines 7, 11

CL, lines &, 9

TH null—pointed [ L) Q well-pointed, lines 3, 4

. A-Intro, Q null-pointed, lines 7, 13

. . A-Elim, line 7
. Frame Condltlon 5.3.2, lines 14, 15, 16
A-Elim, V-Intro, line 7

A-Intro, lines 13, 18

Lemma 3.3.5, line 19

A-Intro, lines 17, 20

J-Intro, line 21

. def. [-*), line 22

3-Elim, lines 6, 7

. assume

. K #0

. assume
. Frame Condltlon 4 4 3 (1) line 25
K°NK® =0, line 27

V-Intro, line 27

A-Intro, lines 29, 30

Lemma 3.3.5, line 31

A-Intro, lines 28, 32

J-Intro, line 33

. def. [-*), line 34

3-Elim, line 26, 27

V-Elim, line 2, 3, 25
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[~

20

21

22

23

24

25

26

27

laen[£) =0
Jy(y ¢ = Q and ~F *ay)
aehH oraé¢n H®

a ¢ H®
[b] b #&=Q and =F*ab

(bekK°orbekQ)and b ¢« K*
b e K°

F*ab

bé K" and b ek Q

a ¢n H and a ¢n H°

b ¢k K and b ¢k K°

—|7"*ab

~FLab R

b ek Q and =F *ab

Jy(y ek Q and ~F tay)
=Vy(y ¢ Q or Fay)

agn [0

aenH-H°

aen TH S

aen TH - [r5H0

aen TH—[fYQoraen H" .

aenS [0
aen=[rH0
aEhH. . . . . . . . . .
aen (TH-[rYQ)ora e H*
aen= [0

aenS [0

. . assume
def. [-*), line 1
CL

. assume

.o . assume
. Lemma 3.3.5, line 5

. assume
. Frame Condition 4.4.2 (1), lines 4, 7
. Contradiction, lines 5, 8

CL, lines 6, 7

. Lemma 4.2.7, [-*) null-pointed, lines 1, 4

Q is null-pointed, line 10

e . A-Elim, line 5
. Frame Condition 5.3.2, lines 11, 12, 13
A-Elim, A-Intro, lines 10, 14

3-Intro, line 15

CL, line 16

.. . def. [-*), line 17

. H is the universe, set th., line 11

def. T, line 19

set th., lines 18, 20

V-Intro, line 21

. def. 3, line 22

3-Elim, lines 2, 5

. assume

V-Intro, line 25

. def. =5, line 26
V-Elim, line 3, 4, 25

Corollary 5.3.4 The following equations are valid and equivalent:

S[r90 =[50

[F90==[r")%0

S0 =140

[0 ==[r")%0.
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Proof: = [f*)Q = [f*) = Q holds from Lemma 5.3.3. The following chain of equalities shows the formulas
are also valid and equivalent.

S0 =[r*y5Qimplies == [fHYQ =550 “ is a function

implies [f*)Q == [f*) =0 Lemma 3.3.3
implies [f*) =Q =5 [f*) =50 substitution
implies [f*) =Q ==[r*)0 Lemma 3.3.3
implies = [f*) =0 =550 = is a function
implies = [f*) =0 =[r*)0 Lemma 3.3.3
implies = [f*) ==Q0 =[f*)=0Q substitution
implies= [f*YQ = [F*) =0 Lemma 3.3.3

54 [r'y,[f"): Complements of Each Other

Lemma 5.4.1 Canonically, assume x ¢nh {eg, oy} and y ¢k {eg,ox }. If forall b, =[f'Yb = [f') =b, then

F=F"

Proof: Assume x ¢h {eg,og} and y ¢k {ex, ok}, hence x and y are maximal filters:.

~Fxy iff 3b(b ¢k y and [f7) b ¢h x) def. 77
iff Jc(—c ¢k y and [£7) —c ¢h x) - is period-two
iff 3c(—c ¢k y and =[f') ¢ ¢n x) [fYe==[r")=c
iff c(c ek y and [f') ¢ €n x) evaluation condition

iff ~F'xy def. 7'

Frame Condition 5.4.2 As an axiom on frames, we assume

x ¢ HUH and y ¢ K° U K° implies F'xy iff Fxy.

Lemma 5.4.3
S0 =1[r)%0.
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Proof:

1LU>Q............................assume

aen (T [fYQ)oraenH . . . . . . . . . . . . .. ... .. def % lnel

H_ 1e!
3a€hT [f>Qassume

dlaenT™andag¢n [FYO . . . . . . . . . . . .. . . ... ... setth,line3
s|\[=Vy(y g« Qor =Flay) . . . . . . . . . . . .. ... .. .. def [f),line4
of|Iy(yexQand Flay) . . . . . . . . . . . . .. ... ... ... CLlne5
[b] becQandFab e e e e e e . assume
s|||/bek K orbegkK* . . . . . . . . . . . ... .. ... ........ CL
bea K e e e e e e . assume
off[lagn H® . . . . . . 0oL L .. T null pointed, line 4
ul|{-F'ab . . . . . . . . . . .. . .. . . Frame Condition4.7.4 (1), lines 9, 10
of|l>< . . . .. . . . . ... ... ... .. ... Contradiction,lines7, 11
Bl begk KT .. L. e e e e e e . ... .. ... ......CL,Ilines 8,9
4||a ¢n H® and a ¢n H .. . . . . .. .. THnull-pointed, [r') Q well-pointed, line 4
s||{|bge K andb &k K . . . . . . . . . . . .. . . . . Qnull-pointed, lines 7, 13
wl[|Flab . . L . . . . A-Elim, line 7
ol||Flab . . .. .. . ... ... ... . Frame Condltlon 5.4.2, lines 14, 15, 16
i8||| b ek K° or b €k Q .. e e e e . . . . . . . . . .. ... V-Intro,line7
o|[| (b ek K° or b ek Q) and b ¢k K' e e e e o . . . . . . ... Alntro,lines 13, 18
wllbg=0 . . . . . . . . . . . .. ... ... ... .. Lemma3.3.5, line 19
Awllbeg=Qand Flab . . . . . . . . . . . .. ... ... Alntro,lines 17,20
2||3y(y&«=Qand Flay) . . . . . . . . . .. .. .. ... . 3ntro,line2l
nlllaen [FHYSQ0 . . . . . . . . . . . . . . . . . ... ... .def [-",]line22
wlae [FH=Q . . . . . . . . . . ... ... ... ... . 3Elm,lines6,7

[~

a enH*
25 e e e s s . assume
ol|dy(yekK®) . . . . . . . ... ... .. ... ..., K0
7 M e e e s . . . assume

sl Flab . . .. Frame Condltlon 4 9.4 (1), line 25
»||bek K" . . . . . . . . . . ... ... ........ KnK=0,line?27
w||bekK orbekQ . . . . e e . . . . . . . .. ... .. V-Intro,line 27
31/[| (b ek K° or b ek Q) and b ¢k K' . - . . . . . . . . . . .. A-ntro, lines 29, 30
R|bg=0 . . . . . . . . . . . ... ... ... ... . Lemma3.3.5,line 31
sl[|bg=QandFlab . . . . . . . . ... .. ... ... Alnto,lines28,32
u||Iy(ye&SQand Flay) . . . . . . . . . .. .. .. ... . 3Intro,line 33
sl{laen [FYS0 . . . . . L . ... .. ... . .. . def [-7),line 34
slaen [FHYSQ .. . . . . . . . . ... ... ... ... . 3Elim,lne 26,27
wae [FHYSQ . . . . . . . . . . . .. ... ... ... V-Elimlne?2, 3,25
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Now for the other direction:

|aen [fY=0

[~

slaen H' ora ¢n H'
a ¢n H®

Ay(y ¢k = Q and T?ay)

b b¢n=0and Flab

; b e K°
s|||| =F’ab
9 —><

sl || Fab
ul || Flab ..
is||| b ex Q and Flab

i8|||a ¢n [0
v|||laen H-H°
20(||a@ €h TH

al|la en TH - ERXY

Bl|laen= [0
ul|laen=[FH0

aenH
25

ullaen= [0
wlaenS [0 .

||| b ¢k K* and b ek Q
1|||a ¢n H* and a ¢h H®
2||b ¢k K* and b ¢k K°

16/|| 3y(y ek Q and F'ay)
||| ¥y (y ¢ Q or =Fay)

o|[(b e K* or b ex 0) and b ¢ K*

ol|laen TH—[f*YQ ora en H" .

|| a en (TH - [£YQ) ora en H*

. . assume
def. [-7), line 1
CL

. assume

.. . assume
Lemma 3.3.5, line 5

. assume
. Frame Condition 4.9.3 (1), lines 4, 7

. Contradiction, linse 5, 8

e CL, lines 6, 7
. Lemma 4.9.7, [-") null-pointed, lines 1, 4
Q is null-pointed, line 10

e . A-Elim, line 8
. Frame Condition 5.4.2, lines 11, 12, 13
A-Elim, A-Intro, lines 10, 14

3-Intro, line 15

CL, line 16

. . def. [-'), line 17

. H is the universe, set th., line 11

def. T, line 19

set th., line 18, 20

V-Intro, line 21

. def. 5, line 22

3-Elim, lines 2, 5

. assume

V-Intro, line 25

. def. =, line 26

V-Elim, line 3, 4, 25

Corollary 5.4.4 The following equations are valid and equivalent:

270 =150

[0 ==1[r)%0

210 =)0

[rHQ=%[r)%0.
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Proof: = [f'yQ = [f") = Q holds from Lemma 5.4.3. The following chain of equalities shows the formulas
are also valid and equivalent.

S0 =[50 implies =5 [0 =% [r) 50 % is a function

implies [f)YQ ==1[r") =0 Lemma 3.3.3
implies [f') Q0 =% [f") %50 substitution
implies [f) =0 =%[r"Q Lemma 3.3.3
implies = [f') %0 =%%[r")Q = is a function
implies = [f') 20 =[50 Lemma 3.3.3
implies = [f') 250 =[f) %0 substitution
implies = [F)Q = [r") = Q Lemma 3.3.3

55 [r"),[f*: Complements of Each Other

Lemma 5.5.1 Canonically, assume x ¢n {ep, oy} and y ¢k {eg, ok }. If for all b, ~[f°)b = [f*) =b, then

F = FH.

Proof: Assume x ¢h {ey, oy} and y ¢k {ek, ok}, hence x and y are maximal filters:.

Fxy iff Ib(b ek y and [F#) b ¢h x) def. 74
iff 3c(—c ek y and [F*) —=c ¢h x) - is period-two
iff c(—c ek y and —[f°) ¢ ¢h x) [ e = [ e
iff 3c(c ¢k y and [f*) ¢ €h x) - evaluation condition
iff Foxy def. 7

Frame Condition 5.5.2 As an axiom on frames, we assume

xéh H UH" and y ¢ K* U K° implies Fxy iff Fhxy.

Lemma 5.5.3
S0 =1r%%0.
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Proof:

[S)

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

|a en= [0

aen (TH - [r*YQ)oraer H*
aen TH [0
aer THand a ¢n [F*)0Q .
-Vy(y ek Q or FPay)
Jy(y ¢k Q and ~F ay)

[b] b ¢« Q and =Fab
bekK° orb ¢k K°

b e K°

a ¢n H°
FPab .

—> < .

b ¢ K° ..

a ¢nh H® and a ¢hH

b ¢k K and b ¢k K°
~Fab

~FHab

bex TE - Q S
(bex T®* —Q)orb ek K"
be=Q ..

b ek % Q and -Fab
Jy(y ek = Q and =FFay)
aen[rH=Q0
aen[fH=0

aen H*

dy(y ek K°)

|[b] beK”

~FHab

(b ¢« K° and b 1¢k‘Q) or b EkK'.

be=Q ..

b ek Q and -Flab
Jy(y ek = Q and =Ftay)
aen[rH%Q0
aen[fH%0
aen[fH%50

Now for the other direction:

. assume
def. =, line 1

. assume

set th., line 3
def. [°), line 4
CL, line 5

. assume
CL

.. . assume
. TH null -pointed, line 4

. Frame Condition 4.11.3 (1), lines 9, 10
Contradiction, lines 7, 11

CL, lines 8,9
TH null-pointed [ 1"y Q well-pointed, lines 4
. O well-pointed, lines 7, 13

. . A-Elim, line 7

. Frame Condition 5.5.2, lines 14, 15, 16
set th., lines 7, 13

V-Intro, line 18

. def. =, line 19

A-Intro, lines 17, 20

3-Intro, line 21

. def. [-*), line 22

3-Elim, lines 6, 7

. assume
KT #E0

. . assume
Frame Condltlon 4.13.4 (2), line 25
V-Intro, line 27

. def. =, line 29

A-Intro, lines 28, 30

3-Intro, line 31

. def. [-*), line 32

3-Elim, line 26, 27

V-Elim, line 2, 3, 25
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Jaen D=0

y(y ek = Q and =FPay)
sla en H ora ¢nh H*
a ¢ H®

[b] bex=Q and ~FPab
6|| (b ¢k K and b ¢k Q) or b ek K*

[~}

, beK®
s\||| Frab .
9| ||| —><

||| b ¢k K° and b ¢k Q

1|||a ¢n H* and a ¢h H®

n|||b ¢ K* and b ¢k K°

||| = Frab

14 ﬂ?'bab .

||| b ¢k O and ~FPab

||| 3y (y ¢ Q and ~FPay)

||| =¥y (y e Q or FPay)

i ||a ¢ [F°Y0

wl||aen TH-[£")Q

20 aEhTH—[fb>Qora€hH'
allla en = [0

nllaen= [0

23 a e H. e e e e e e
u||a en (TH - [*YQ) ora en H*
sllaen S [0

wlaen 5[0

) . assume
def. [-*), line 1
CL

. assume

. . assume

def. =, line 5

. assume
Frame Condition 4.13.4 (1), lines 4, 7

. Contradiction, linse 5, 8
e CL, lines 6, 7
Lemma 4.13.7, [-*) null-pointed, lines 1, 4
Q is well-pointed, line 10
e . A-Elim, line 5
. Frame Condition 5.5.2, lines 11, 12, 13
A-Elim, A-Intro, lines 10, 14

3-Intro, line 15

CL, line 16

. def. [-"), line 17

set th., lines 11, 18

V-Intro, line 19

. def. 5, line 20

3-Elim, lines 2, 5

. assume

V-Intro, line 23

. def. =5, line 24

V-Elim, line 3, 4, 23

Corollary 5.5.4 The following equations are valid and equivalent:

SN =rH50 Mo =5rH%0

SHe =[50 [FHo=51[")%0.
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Proof: = [f°)Q = [f*) * Q holds from Lemma 5.5.3. The following chain of equalities shows the formulas
are also valid and equivalent.

S0 = [ 20 implies 2= [ YO0 =5 [FH =0 % is a function

implies [f*)Q =% [rH=Q Lemma 3.3.3
implies [f*) 2 Q =% [ 5= Q0 substitution
implies [f*) %0 =5 [rQ Lemma 3.3.3
implies 5 [f*) 5 Q =55 [0 * is a function
implies 5 [f*) %0 = [ Q Lemma 3.3.3
implies 5 [f*) 550 =[r%) =0 substitution
implies 5 [f*)Q = [FH =0 Lemma 3.3.3

5.6 [r7),[f°): Complements of Each Other

Lemma 5.6.1 Canonically, assume x ¢h {epg, o} and y ¢k {ex,ox}. If for all b, =[f°)b = [f°) —b, then

7=

Proof: Assume x ¢nh {eg,oy} and y ¢k {ek, ok}, hence x and y are maximal filters:.

F xy iff Vb(b ¢k y or [£°)Yb €n x) def. 7°
iff Ve(=c ¢k y or [£°) —c eh x) - is period-two
iff Ve(=c ¢k y or =[f?) ¢ eh x) S[fHe=[f)-c
iff Ve(c ek y or [f7) ¢ ¢h x) - evaluation condition
iff Foxy def. F°

Frame Condition 5.6.2 As an axiom on frames, we assume

x¢h H UH" and y ¢k K* U K° implies F°xy iff F xy.

Lemma 5.6.3
S[90 =) %0.
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Proof:

[~

20

21

22

23

24

25
26

27
28

29

30

31

32

33

34

aen (TH - [rYQ)oraen H

aen TH - [ro)[2) .
a en TH and a ¢h [F°)Q
=Vy(y ek Q or =F“ay)

Jy(y ¢« Q and FPay)
[b] b ¢ Q and Fab

bex K’ orb ¢ K°
b e K°

a ¢n H°

-F"ab

—> < .

b ¢ K°

a ¢h H® and a ¢n H
b ¢k K and b ¢k K°

Frab

Fab

bek TE - Q S
(bex T®* —Q)orb ek K"
be=Q

b ek = Q and T°ab

Ay(y ek = Q and Fay) .
aen[r)y=Q
aen[f)y=Q

aenH

y(y e K*)

[b] beK®

Fab

(b & K° and'b ész Q) orb EkK

be=Q .

b ek=Q and 7:°ab

dy(y ek = Q and Fay) .
aen[f)y=Q
aen[r)y=Q
aen[fySQ

Now for the other direction:

. assume
def. =, line 1

. assume

set th., line 3
def. [f°), line 4
CL, line 5

. assume
CL

- . . assume
. TH null -pointed, line 4
. Frame Condltlon 4.17.3 (1), lines 9, 10

Contradiction, lines 7, 11

CL, lines &, 9

[f )Q well pomted TH null-pointed, line 4

. O well-pointed, lines 7, 13

. . A-Elim, line 7
. Frame Condmon 5.6.2, lines 14, 15, 16
set th., lines 7, 13

V-Intro, line 18

. def. =, line 19

A-Intro, lines 17, 20

3-Intro, line 21

. def. [-°), line 22

3-Elim, lines 6, 7

. assume

K #E0

. assume

Frame Condltlon 4 15.4 (2), line 25
V-Intro, line 27

. def. =, line 29
A-Intro, lines 28, 30
3-Intro, line 31

. def. [-°), line 32
3-Elim, line 26, 27
V-Elim, line 2, 3, 25



Closure Properties for Galois Operators in Distributed Logic

101

[~

20

21

22

23

24

25

laen[£) =0
Ay(y ek = Q0 and Fay)
aenH' ora¢n H

a ¢n H*

[b] bex=Q and Fab

(b gk K°and b ¢« Q) or b ek K*
be K’

-F ab

b ¢k« K°and b ¢k Q

a ¢ H® and a ¢n H°

b ¢k K* and b ¢k K°

Fab

Feab .o

b ¢k Q and Fab

Jy(y & Q and Feay)
-VYy(y ek Q or =F "ay)
a¢n [17)0

aen TH - [ Q

aen TH —[f*YQ ora en H*
aen= [0

aen=[royQ

a € H®

aen (TH —.[f'”) Q) or. a'er; H ‘

aen=[r0
aen= [0

. . assume
def. [-°), line 1
CL

. assume

. . assume

def. =, line 5

. . . . . . . . . . . . .assume
Frame Condition 4.15.4 (1), lines 4, 7

. Contradiction, linse 5, 8
. CL, lines 6, 7
Lemma 4.15.7, [-°) null-pointed, lines 1, 4
Q is well-pointed, line 10

e . A-Elim, line 5

. Frame Condition 5.6.2, lines 11, 12, 13
A-Elim, A-Intro, lines 10, 14

3-Intro, line 15

CL, line 16

. def. [-"), line 17

set th., lines 11, 18

V-Intro, line 19

. def. =5, line 20

3-Elim, lines 2, 5

. assume

V-Intro, line 23

. def. =, line 24
V-Elim, line 3, 4, 23

Corollary 5.6.4 The following equations are valid and equivalent:

A [0 =10

.
=

[0 == 0

210 = 1) 50

[FYQ==[/7)=0.
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Proof: = [f°)Q = [f°) = Q holds from Lemma 5.6.3. The following chain of equalities shows the formulas

are also valid and equivalent.

S0 =1[77) = Q implies 5= [F7)Q == [F7) 50

= is a function

implies [f)Q =5 [F°) 50 Lemma 3.3.3
implies [f7) S Q =5[f°) 550 substitution
implies [f*) %0 =%[f°)Q Lemma 3.3.3
implies = [f*) = Q0 =55 [F°) 0 = is a function
implies = [f7) = Q = [F°)Q Lemma 3.3.3
implies = [/ 5= Q0 = [F°) =0 substitution
implies = [f)Q = [F°) =0 Lemma 3.3.3

5.7 Complements Applied to Closures

This is a brief example of using the new Boolean negation to show that [-*) is closed under null sums.
The frame is not directly closed under null sums. However, if we are allowed to make a detour to the frames
that support [-*), then we can show closure. First, we need , which says

(Hi @ Hy) = (01 @ 02)) = (H = Q1) @ (H2 = Q2).

Given the definition of =, this Lemma is the equivalent of
S(01©02) =501 050,

We use this Lemma in the following argument:

[FY(Q1@Q2) =554 (01 @ 02) Lemma 3.3.3
=5[F*) 5019 02) Lemma 5.3.3
=501 0%02) Lemma 3.5.6
=5([£ 501 @ [£) 202  Lemma4.4.9
=5 [A 019545 02) Lemma 5.3.3
==5([45 01 @ [£4) 02) Lemma 3.5.6
=[A01 @[50 Lemma 3.3.3

6. RESIDUATION

The Galois operators may also be paired up according to their residuation properties as opposed to their
Boolean negation properties.



Closure Properties for Galois Operators in Distributed Logic

103

6.1 Galois Operator Residuation Properties

The Galois operators are either monotonic or antitonic:

Definition 6.1.1 An operator [f) for f : h— k is monotonic if

and antitonic if

a <k b implies [f)a <h [f) b,

a <k b implies [f)b <h [f)a,

The operators and their tonicity properties are in the following Table 6.1 where the first four lines show
monotone operators and the second four lines show antitone operators.

Tonicity Property

<k b implies [f°)a <h

<k b implies [f*)a <h

Forward Operator

<k b implies [f°)ya <h [f°) b

£Yb

[
[
[r¥)b
[

<k b implies [f*)a <h [£°)b

Backward Operator

oyb
VADY/
VADY/
VADY/

a <h b implies [f")a <k

—

a <h b implies [f°)a <k

—

a <h b implies [f#)ya <k

— —

a <h b implies [f°ya <k

Q Q Q Q[ © Q& &

<k b implies

[
[
[
<k b implies [f')b <h [f')a
[/ [
<k b implies [f
[/

<k b implies

Yb <h [f)a
b <h[fHa
*Yb <h [f*)a

—

ya
f'Ya
fya
f*ya

a <h b implies [f’)b <k
a <h b implies [f*)b <k

a <h b implies [f*)b <k

—

[
[
[
a <h b implies [f')b <k
[/
[
[

Table 6.1

Theorem 6.1.2 In the context of a monotonic and antitonic operators, the residuation properties on the left
of Table 6.2 are equivalent to the inequalities on the right:

Res. Ops Residuation Property Inequalities

[, [ [FYaskbiffash [fYb | a<h [FA)[fYaand [f°)[f)b <k b

[ [ [FYb<haiff b <k [f*ya | b <k [F*)[f°Yb and [f°) [f"Ya <ha

[y, [-*Y  [f*a <k biffa <h [£°)b | a <h [£°) [f*Ya and [F#)[£°)b <k b
[ [ [fHb <haiff b <k [f*ya | b <k [£°Y[f*)b and [£#)[f*)a <ha
[, [ [fa<kbiff [fyb<ha | [f)[f'ya <haand [F'Y[f")b <k b

[, [ [F*Ya<kbiff [f*Yb<ha | [F*)[f*Ya <haand [F*}[/*)b <k b
[-9),[-*) b <k[rf+Yaiffa<h [f*Yb | a <h [FH)[f*Yaand b <k [F+)[f*)b
[, [ bk[r'Yaifasn[rYb |a<nh [F)Y[f'Yaand b <k [FY[r)b

Table 6.2: Operator Residuation Properties
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Residuation is intimately connected to the type:

Theorem 6.1.3 For lattices, the tonicity properties and residuation implies the operator type as shown in

Table 6.3:

Type Property Type Property

ViV £ a Vb)) E £ Ya v [ | vy [£Y(av b)) E [ Ya v [£o)b
A>A [ (@AB) 2 [Fa A [£2b | AesA [£5(a A b) = [£2Ya A [£2)b
AsA [N a AD)E[Yan [ | AsA [ (aAb) 2 [£Ya A [£0)D
VsV [P @V b)) 2 [av [FHb | vV [£5(a v b) E [F5a v [£1)b
VisA [V b E[FYa A [r3b | AV [£*)(a Ab) 2 F*Yb
VisA [ @V b)) 2 [FYa A [FYb | AV £ a Ab)E [F*Ya Vv [£*)b
VisA  [FYaVBh)EFYanrb | AV [ @Ab) 2 [av [£)b
VisA Y@V ErYanlryb | Ay [FaAb)E [rYa v )b

Proof: We show a few of the proofs.

Assume residuation for [f°) and [f°). To show the type of [f™) we must show

Table 6.3

[72)(a A ¢) = [F2Ya A [Fo)c.

Since a A ¢ < a, ¢, from monotonicity we have [f")(a A ¢) <k [f*}a, [f*)c and hence [f")(a A c) <k
[f")a A [f™)c. To go in the other direction,

[77ya A [F)c <k [F™)a
[Foya A [f)e <k [f7)e

7)Y ([r=9a A [F%)c) <ha
[FY([fa A [f°9¢c) <h e
[FY([F™ya A [f)c) <ha A c

[£29a A [F)e <k [f2)(a A ¢)

To show the type of [f°) we must show

[FY(aVe)2[rYa v [F)e.
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Since a, ¢ < a V ¢, from monotonicity we have [f*)a, [f*)c <h [F°) (a V ¢) and hence [f*)ya V [f°)c <h
[£°) (a V c). To go in the other direction,

[fYa <h [fYaV [F)c
[fYc <h [FYa Vv [f)c

a <k [f)([FYa Vv [f)ec)

b <k [f)([5Ya Vv [f)e)

aVv bk [fY([fYavV [F)c)
[FY(aVb)<h[fYaV [f)c

Assume residuation for [£°) and [£#). To show the type of [f”) we must show
[/ (@nc) 2 ["an [P)e.

Since a A ¢ < a, ¢, from monotonicity we have [f") (a A ¢) <h [f")a, [f")c and hence [f") (a A ¢) <h
[f*Ya A [£")c. To go in the other direction,

[FPYa A[fP)c<n[fP)a

[F%Ya A [fP)e <h [£P)c
[FAY(a A Lf)e) <ka
A a A [F)e) <ke
[FAY([£Ya A [£°)c) <ka A c

[£2Ya A [F2ye <h [£°) (a A )

To show the type of [£#) we must show

[F¥(a V c) S [F%ya v [F*)e.

Since a,c¢ < a V ¢, from monotonicity we have [f#)a, [f#)c <k [f*)(a V ¢) and hence [f#)a V [f#)c <k
[£#)(a V ¢).To go in the other direction,

[F%a <k [f*ya Vv [F*)c
[F¥c <k [f%ya Vv [F*ye

a<n [y ([F¥ya Vv [#)e)

b <h [£*) ([F#)a v [F#)e)

aVv b <h [ ([F*a v [Fe)
[F¥(a Vv b) <k [FPya Vv [He
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6.2 Residuation and the Set Theoretic Properties

Lemma 6.2.1 Assuming the tonicity properties of the Galois operators, the Table 6.4 relational identities
hold canonically

Relational Identities

FooFr =
¢D~ — ?‘0 9_"* — 7_‘*~
Fr=FF FL=Ft
Fr=Ft Fl=F"

Table 6.4

Proof: For all cases, both sets of Frame Conditions are the same, so we need only check the cases where the
special points are not involved.

F° = F°: The two definitions are
Foxy iff Vb(b ek y or [f7) b ¢h x) Fxy iff Ya(a ¢nx or [f°)a ek y).

Let #°xy. Choose some a €h x. From residuation, a <h [f")[f°)a and hence [f")[f°)a en x. Let
b = [f°)a. From the definition of ¥, we have b ek y. Therefore Ya(a ¢n x or [f°)a €k y), and F xy
obtains.

To go in the other direction, let #“xy. Choose some b such that b ¢k y. From the residuation
properties, [f°)[f")b ¢k y. Let a = [f")b. From the definition of F*, we have a ¢nh x. Therefore
Vb(b ek y or [f°) b ¢n x), and F°xy obtains.

F= = F°: The two definitions are
Fxy iff Ya(a en x or [f*)a ¢k y) Fexy iff Vb(b ¢k y or [£°) b €h x).

Let ¥7xy. Choose some b €k y. From residuation, b <k [f=)[f°)b and hence [F°)[f°)b ek y. Let
a = [£°)b. From the definition of ¥°°, we have a €n x. Therefore Yb(b ¢k y or [f°)b €h x), and F°xy
obtains.

To go in the other direction, let ¥°xy. Choose some a such that a ¢ x. From the residuation
properties, [f°)[f™)a ¢h x. Let b = [f°)a. From the definition of ¥°, we have b ¢k y. Therefore
Va(a €n x or [f")a ¢k y), and F° xy obtains.

F = F4 The two definitions are

FPxy iff Ib(b ¢k y and [/°)b enx)  Fhxyiff Ja(a enx and [F#)a & y).
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Let #°xy. There is some b such that b ¢k y and [ /") b eh x. From the residuation properties, [/#) [£°) b ¢« y.
Leta = [f°)b, then a en x and [f*)a ¢k y. Therefore Ja(a en x and [f#)a ¢ y), and F# xy obtains.

To go in the other direction, let Tﬁ'xy so there is some a €h x and [f¥)a ¢ y. From residuation,
a < [£°)Y[f*)a and hence [f°) [f*)a en x. Let b = [f*)a. Therefore 3b(b ¢k y and [f°)b en x), and
Foxy obtains.

F = F*. The two definitions are
FPxy iff a(a ¢rx and [F*Ya exy)  Fhxy iff Ib(b ek y and [£#) b ¢n x).

Let 77 xy. Thereis some a suchthata ¢h xand [£")a ek y. From the residuation properties, [/#) [/")a ¢n x.
Let b = [f")a, then b ek y and [/*) b ¢h x. Therefore Ab(b ek y and [£*) b ¢h x), and FPxy obtains.

To go in the other direction, let F ﬁxy so there is some b ek y and [f#)b ¢h x. From residuation,
b <k [£°Y[£*)b and hence [f°)[f*)b ek y. Leta = [f*)b. Therefore Ja(a ¢n x and [f*)a ek y), and
FPxy obtains.

7" = F7: The two definitions are
Fxy iff Vb(b ex y or [F?) b en x) Fxy iff Ya(a en x or [f")a ek y).

Let ¥’xy. Choose some a ¢ x. From residuation, [f’) [f’)a <h a and hence [f’) [f')a ¢n x. Let
b = [f'Ya, then [f’)b ¢n x. From the definition of #’xy, we have b ek y. Therefore [f’)a ¢k y and thus
Ya(a en x or [f7Ya ek y). So F ' xy obtains.

To go in the other direction, let 7 xy. Choose some b such that b ¢« y. From the residuation properties,
[£73[f)Yb ¢k y. Leta = [£7) b, then [f*Ya ¢ y. From the definition of ¥’ xy, we have a en x. Therefore
[£7Yb en x and thus Vb (b €k y or [f*)b €n x) and F'xy obtains.

F* = F*: The two definitions are
F*xy iff 3b(b ¢« y and [f*) b ¢h x) F*xy iff Ja(a ¢nx and [f*Ya ¢k y).

Let #*xy, so there is some b ¢k y and [f*) b ¢nh x. From residuation, [f*)[f*)b <k b, hence [f*)[f*) b ¢k
y. Leta = [f*)b, then a ¢h x and [f*)a ¢k y. Therefore Ja(a ¢n x and [f*Ya ¢k y), holds and F* xy
obtains.

To go in the other direction, let #*xy. There is some a such that a ¢h x and [f*)a ¢k y. From
residuation, [f*)[f*)a <h a, hence [f*)[f*)a ¢n x. Let b = [f*)a, then b ¢ y and [f*)Db ¢h x.
Therefore 3b(b ¢k y and [f*) b ¢n x), and F *xy obtains.

F+ = F+': The two definitions are

Frxy iff 3b(b ek y and [f) b en x) Fxy iff Ja(a enx and [f*)a ek y).
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Let F*xy, so there is some b €k y and [f*) b €h x. From residuation, b <k [f*)[f*) b, hence [f*)[f*) b ek
y. Leta = [f*)b, then a €n x and [f*)a ek y. Therefore Ja(a en x and [f*)a €k y), holds and F 1 xy
obtains.

To go in the other direction, let - xy. There is some a such that @ €h x and [f*)a ek y. From
residuation, a <h [f*)[f*)a, hence [f*)[f*)a en x. Let b = [f*)a, then b ek y and [f*)D €n x.
Therefore 3b(b ek y and [f*) b €h x), holds and F+xy obtains.

F' = F': The two definitions are
F'xy iff Vb(b ¢k y or [£')b ¢n x) F'xy iff Va(a ¢ x or [£'Ya ¢ y).

Let ¥'xy. Choose some a eh x. From residuation, a <h [f')[f')a and hence [f')[f')a en x. Let
b = [f')a, then [f') b en x. From the definition of #'xy, we have b ¢k y. Therefore [f')a ¢k y and thus
Ya(a ¢h x or [f'Ya ¢« y) holds and F*xy obtains.

To go in the other direction, let ¥ xy. Choose some b such that b ek y. From residuation, b <k
[£'Y[f"Y b, hence [£')[f)Yb ex y. Leta = [f')b, then [f')a ek y. From the definition of 7" xy, we have
a ¢h x. Therefore [f') b ¢n x and thus Vb (b ¢k y or [f') b ¢n x) and ¥ 'xy obtains.

The following theorem shows that the set theoretic operators satisfy their required residuation properties:

Theorem 6.2.2 Assume the relational identities of Table 6.4 hold generally, i.e., not just canonically. The
conditions in the Table 6.5 hold. Each operator is in a column is paired with its residual. Each residual pair
has a forward and a backward operator. Notice that the last four rows indicate each forward operator of
those rows is paired with its backward version.

Res. Ops Property Res. Ops Property

[, [ [P ckQiff Pch [0 | [P [-H  [FHQ ch Piff Q ck [£7)P
[, [ [FHQchPiff Q ek [FHyP | [°),[F)  [FP ckQiff P ch[f) 0
). [ [P ckQiff [fHQ chP | [-*),[-) [P ckQiff [f*)Q ch P
[, [ Qck[ryPiff Pch[rH)Q | [-).[-) Qck[r)Piff PCh[F)Q

)
)

bl

Table 6.5

Proof: Assume the relational identities of Table 6.4 hold generally.

[-°),[-°): assume P Ch [f°)Q and let y ek [f°)P. By definition, there is some x such that x en P
and F°xy. Sox en [/°) Q. By definition, Vy(# “xy implies y ek Q). From Table 6.4, ¥ = ¥, we have
Vy(Fxy implies y ek Q). Since ¥ xy, then y ek Q; whence [f°)P Ck Q.

To go in the other direction, assume [f°)P Ck Q and let x ¢n [f°) Q. By definition, there is some y
such that y ¢k Q and ¥°xy. So y ¢k [f°)P and by definition, Vy(#“xy implies x ¢h P). From Table 6.4
F° = F*, we have Vy(F “xy implies x ¢n P). Thus, x ¢nh P. From contraposition, P Ch [f7) Q.
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[-°9, [-°): This case is similar to [-*), [-°).

x en [£°)Q iff Vy(y ek Q or FPxy) y ek [f*)P iff 3x(x en P and —#‘ﬁ'xy)

Want
[F*YP ckQiff P Ch [f*)O

["Y, [-*): assume [f*)P Ck Q and let x ¢n [f°)Q. By definition, there is some y such that y ¢k
0 and —=FPxy. Hence y ¢ [f#)P. So Vx(x ¢ P or F#xy). From Table 6.4, ¥ = F#, so we have
Vx(x ¢n P or FPxy); whence x ¢n P. Thus P Ch [£") Q.

To go in the other direction, assume P Ch [f"YQ and let y ek [f#)P. So there is some x such that
x en P and =F ¥ xy. Hence x en [f°) Q. By definition, Vy(y ek Q or #’xy). From Table 6.4, ¥* = ¥% so
~FPxy; whence y ek Q. Thus [f#)P Ck Q.

[-°9, [-*): This case is similar to [-*), [-%).

y ek [f)Piff Ir(x ¢n Pand F'xy)  xen [f)Qiff Iy(y ¢ Q and F'xy)

Want
[£7YP Ck Q iff [£))Q Ch P

[, [-"): assume [f’)Q Ch P and let y ek [f’)P. By definition, there is some x such that x ¢n P and
F7xy. Sox ¢n [f7)Q. By definition, Vy(F xy implies y ek Q). From Table 6.4, ¥’ = ¥, and so we
have Vy(F " xy implies y ek Q), whence y ek Q. Thus [f’)P Ck Q.

To go in the other direction, assume [f’)P Ck Q and let x €h [f’) Q. By definition, there is some y such
that y ¢k Q and ¥ xy. So y ¢« [£’)P. By definition, Vx(F " xy implies x eh P). From Table 6.4, ¥’ = ¥,
and so we have Vx(7’xy implies x € P); whence x €h P. Thus [f*)Q Ch P.

[-*), [-*9: This case is similar to [-"), [-").

y ek [f'YPiff Vx(x ¢gh Por =F' 'xy)  xen [£)Qiff Vy(y ¢ Q or =F 'xy).

Want
Q ck[fHPIff PCh[r)Q



110 Gerard Allwein

[, [-'): assume Q Ck [f')P and let x ¢n [f')Q. By definition, there is some y such that y ek Q and
F'xy. Soy ek [f')P. By definition, Vx(x ¢n P or =F " xy). From Table 6.4, 7' = ¥, and so we have
Vx(x ¢h P or ~F'xy), whence x ¢h P. Thus P Ch [£') Q.

To go in the other direction, assume P Ch [f')Q and let y ¢k [f') P. By definition, there is some x such

that x eh P and ¥ xy. So x en [f') Q. By definition, Vy(y ¢k Q or =F'xy). From Table 6.4, #* = ¥", and
so we have Vy(y ¢k Q or ~F "xy), whence y ¢ Q. Thus Q Ck [f')P.

[-*), [-*): This case is similar to [-'), [-'). [ |

Theorem 6.2.3 The set theoretic Galois operators satisfy the following tonicity properties of Table 6.6,
which are the same as the algebraic tonicity properties of Table 6.1:

Tonicity Property

Forward Operator Backward Operator
Q1 Ck Qo implies [£°) Q1 Ch [f°) Q2 | Py Ch P, implies [f°) Py Ck [f°) P,
Q1 Sk Q, implies [f°) Q1 Ch [f°) Q2 | P1 Ch Py implies [f°) Py Ck [f°) P2
Q1 Sk QO implies [f#) Q1 Ch [F#)Q, | Py Ch Py implies [f#) Py Ck [f#) Py
Q1 Ck Qy implies [£") Q1 Ch [f*) Q2 | Pi Ch Py implies [f") Py Ck [£°) P,
Q1 <k QO implies [f') Q> Ch [f')Q1 | P1 Ch P, implies [f') Py Ck [f*) P
[ [
g [
g [

Q1 Ck Q, implies [£7Y Q2 Ch [f')Q1 | Py Ch P, implies [f') P, Ck [f7) Py
Q2 Ch [F1)YQy | Py Ch P, implies [f*YPy Ck [f) Py
)02 Ch [

Q1 Ck Q, implies
01 Ck Q, implies

[
f*YQ1 | Py Ch Py implies [f*)Py Ck [f*) Py

Table 6.6

Proof: All of the backward operator proofs are similar to their forward operator siblings and we elide them.

01 Ck Q, implies [£°) Q1 Ch [£°) Q: the relevant definition is

x €n [ Q iff Vy(y ek Q or =F °xy)

Assume Q1 Ck O, and let x ¢n [f") O>. Hence there is some y ¢k Q> and ¥ °xy. From the assumption,
y ¢k Q1. By definition, x ¢n [f°) Q1. Thus [f°)Q Ch [£°) Q».

Q1 Sk Q, implies [f°) Q1 <h [f°) Q2: the relevant definition is

x en [£°)Qiff Iy(y ek Q and F'xy)

Assume Q Ck O, and let x eh [f°) Q. By definition, there is some y ek Q1 and ¥ xy. Since Q| Ck Q»,
then y ek Q5. Thus[f°) Q1 Ch [£°) O».
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Q1 Ck Q, implies [£#)Q; <h [f#)Q,: the relevant definition is

x en [£#)Q iff Ay(y ek Q and ~Frxy)

Assume Q) Ck Q, and letx en [f#)Q;. By definition, there is some y ek Q; and =F #xy. Since Q| Ck Q»,
then y ek Q5. Thus [f*)Q; <h [F#) 0.

Q1 Ck Q; implies [f°) Q1 Ch [") Q»: the relevant definition is

x eh [F*)Qiff Yy(y ek Q or F'xy)

Assume Q1 Ck Q, and let x ¢n [£°) Q>. Hence there is some y ¢k Q, and —&'bxy. From the assumption,
y ¢k Q1. By definition, x ¢n [f*)Q;. Thus [£*YQ; Ch [f*) Q,.

Q1 <k Q, implies [/') Qs Ch [£') Q1: the relevant definition is

x en [fYQIff Vy(y ¢k Q or ﬁflxy)

Assume Q; Ck Q, and let x ¢h [f')Q;. Hence there is some y ek Q1 and F'xy. From the assumption,
y €k Q. By definition, x ¢h [£')Q,. Thus [f') Q> Ch [f') Q1.

01 Ck Q, implies [£") Q> Ch [£7) Q1: the relevant definition is

x en [ Q iff 3y(y ¢ Q and F'xy)

Assume Q; Ck Q5 and let x en [£7) Q». By definition, there is some y ¢k Q> and F’xy. Since Q| Ck 07,
then y ¢k Q1. Thus [£7) Q> Ch [£7) 0;.

Q1 Ck Q; implies [f*)Q, Ch [£+) Qy: the relevant definition is

x eh [FH)YQiff Vy(y ¢ Q or Flxy)

Assume Q1 Ck Q5 and let x ¢nh [£+) Q1. Hence there is some y ek Q; and =F *xy. From the assumption,
y €k Q. By definition, x ¢n [f*)Q>. Thus [f*)Q, Ch [F*) Q1.

Q1 Ck Q, implies [f*) Q2 Ch [f*) Qq: the relevant definition is

x en [F*)Q iff y(y ¢ Q and =F *xy)

Assume Q1 Ck Q5 and let x €h [f*) Q5. By definition, there is some y ¢k Q, and =F *xy. Since Q1 Ck O,
then y ¢k Q1. Thus [F*)Q, Ch [F*)0;.



112 Gerard Allwein

Theorem 6.2.4 For set lattices, the tonicity properties and residuation implies the operator type as shown
in Table 6.7:

Type Property Type Property

ViV [FYPVQ)=[fHYPV [0 | vV [FYPVQO)=[rHYPVI[F)0

AN [IYPAQ)=[HPALMO | A [P AQ) =[P A[F)0O

AN [FOYPAQ)=[FPYP A0 | AA [P AQ)=[DPA[F)O

ViV [PV O)=[fHPV[FHO | visv [FAPVO) =[PV [FrH0
VA [PV O) =[P A0 | A=Y [FHYPAQ) =[PV [0
VisA [FDYPVO)=[FfHPAFHYO | AV [F*YPAQ)=[F*IYPV [F*)0
VieA  [FYPVQ)=[rIYPALFYQ | AV [FYPAQ)=[fHYPVI[F)O

VisA [PV O)=[rYPA[F)YO AV Y PAQ)=[rYPV [0

Table 6.7

Proof: The proof Theorem 6.1.3 is directly applicable here since there is no set theoretical nature to the
algebraic proof. |

7. GOLDBLATT-THOMASON THEOREM

Standing back a bit, it would appear all that is necessary is that the dual algebra of a frame is a modal
algebra. Goldblatt could have stopped after his Theorem 1.6.2 because at point, he already knows that the
frame is a modal frame in that it contains a modal algebra of sets. The tensor product of Boolean algebras
is identified as the topological product of their dual Stone spaces [6] in the finite case and a somewhat more
general topological product in the infinite case. Our Stone spaces, as frames, come with special points, i.e.,
H® and H"° as well as relations, and hence the topological product is a bit different. It may well be that
H,| ® H; as frames have their dual algebras H; and H, and these make H; ® H), a tensor product of algebras.
The required commutative laws would need to be proven and that would take us outside the bounds of this

paper.
7.1 Local Subframes

This section is nearly verbatim from [3] starting at page pp. 19. This we need to fix the notion of
subframe and change the notation to serve our purposes in this paper.

Definition 7.1.1 If H C H?, then M Ch H is H-hereditary iff x en M and Hxy, then y en M.

This says that if one has M Ch H, then starting at x and stepping to y via H requires that also that y en M.

Definition 7.1.2 If h = (H,H,H) and m = (M, M,M) are frames, then m is a subframe of h (written
m C h) iff
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(1) M is an H-hereditary subset of H,
i) M=HN(MxM),

(i) M={MNS:SeH.

Theorem 7.1.3 If M is an H-hereditary subset of H, and M = H N (M x M), then

(i) M—(MnS)=Mn(H-S),
(i) (MNS) N(MNQO)=MnN(SNQ),
(iti) [m) (M NS)=Mn[r)S,

(iv) [y (M NS)=Mn [h)S.

Proof:

(i) Letx em M — (M N S), thenx em M and x ¢m M N S. Hence either x ¢m M or x ¢n S. Since H is the
ambient universe, x €n H. Collecting our conditions x em M and x en H — S,sox en M N (H - S).

To go the other way, letx em M N (H — S). Sox em M, x eh H, and x ¢n S. Hence x ¢m M N S, and
xemM—(MnNS).

(i1) This follows from set theory.

(iii) Let x em [m°) (M N S), then there is some y such that y em M N S and Mxy. Hence y em M and
y €h S. The universe for x is M, so x em M. Thus, x, y €h H. By the assumption

MCHN(MXM),

x €h [h°) S and therefore x em M N [~°) S.

To go in the other direction, let x em M N [+°) S. There is then some y such that y en § and Hxy.

Since M is H hereditary and x em M, then y em M and hence y em M N S and (x,y) € M X M. From
the assumption

HN(MxM)C M,

Mxy obtains. By definition, x em [m°Y M N S.

(iv) (iv) follows from (i), (iii), and the fact that [m°) S = —=[m°) =S and [#°) S = =[r°) =S.

Remark 7.1.4 It is precisely the condition that M N [r°)S C [m°) (M N S) that requires that M be H-
hereditary. Namely this is because any y witnessing x €h [h°) S under Hxy could be anywhere including in
- M. The hereditary condition and x en M prevents this from occurring.
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Remark 7.1.5 Regarding a frame h = (H,H,H), there is nothing preventing H from being the identity
relation. This allows frames with essentially no local Galois operators. Of course if there are local
Galois operators, then their interpreting relations must be present in the frame and adjustments made to the
Definitions, Lemmas, and Theorems of the sequel. It would simply require more machinery but of the form
presented in the sequel.

7.2 Local Heredity

The following Lemma is not in Goldblatt [3] but is new and although trivial, will set the stage for
distributed heredity:

Lemma 7.2.1 The commutative diagram of Diagram 7.1 where Iyy is the inclusion relation of M into H,
i.e., Ipy is the diagonal relation of M and so Ipy € M X M, and the relations Ip;, M, and H are considered
as morphisms

M

M M

I Iy

H H

H

Diagram 7.1: Local Subframe

is equivalent to M = H N (M x M) and M being H-hereditary. In particular, H o Ipy C Ipp o M is
equivalent to M 2 H N (M x M) and M being H-hereditary, and Ipy o M C H o Iyy is equivalent to
MCHN(MXxM).

Proof: Note that H o I, the is morphism composition of relations which is defined as the relational
composition Iy - H, i.e., {x,y) € Ipy - H iff 3z(Ipyxz and Hzy). The composition Iy, o H is similar.

To show H o Ipy C Ipr o M (from the diagram) implies H-heredity, let x em M and Hxy Hence,
(x,y) en H o Ips. From the diagram, (x,y) em Ijy o M, and since M C M x M, theny em M. So M is
H-hereditary.

To show H o Ipy C Ipy o M implies H N (M x M) € M, let (x,y) emH N (M X M). So {x,y) en H
and x,y em M, and hence (x, y) en H o Ijs. Since the diagram commutes, {x, y) €h Iy o M. This latter is
equivalent set theoretically to M, so {x, y) em M obtains and M 2 H N (M X M).

To show Jpy o M C H o Iy implies M € H N (M x M). The premise implies, set theoretically, that
M C H. From this and the fact that M C M x M, it follows that M C H N (M X M).

To show that (M is H-hereditary and M 2 HN(MxM))implies Holp C InsoM,let(x,y) en Holy,.
Hence x em M and Hxy. From M being H -hereditary, y em M. This implies {(x, y) em H N (M X M) and
s0 {x,y)y em M. Since M = Ij; o M, we have that H o Iy C Ipy o M.
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To show M C H N (M x M) implies Zpy o M C H o Iy, let (x,y) € Ips o M, so that (x, y) em M, and
thus (x, y) € H N (M x M). This implies {x, y) € H and x em M and hence {x,y) € H o Ij;.

The consequence is that a local subframe can now defined thus:

Definition 7.2.2 M = (M, M,M) is a local subframe of H = (H,H,H) if it satisfies the commutative
conditions of Diagram 7.1.

Next, we need the notion of a local complement:

Definition 7.2.3 The complement of a local frame h = (H, H, H), now denoted —h or —=(H, H, H), is such
that =H = (Hx H) —‘H.

Lemma 7.2.4 If m be a subframe of h, then -m C —=h and -M 2 =H N (M x M).
Proof: Let m be a subframe of h, and assume (x, y) € =M. Note that (x,y) € M x M. If {x,y) € H, then

(x,y) € H o Ips. From Diagram 7.1, {(x, y) € Ip; o M, and hence {(x, y) € M, which is a contradiction. So
{x,y) € =H and =M C =H. Or one can use the weaker M 2 H N (M x M).

For the other condition, let (x,y) € =H N (M x M) so that (x, y) € =H. Towards a reductio, assume
(x,y) € M, therefore {x,y) € Ips o M. From Diagram 7.1, {x, y) € H o Ijs and thus, {(x,y) € H, which is
a contradiction. So (x,y) € =M. Or one can use that M C H. [ |

It does not appear to be possible for M being H hereditary (or even satisfying the stronger conditions
of Diagram 7.1) to imply =M be —H hereditary. This appears to also be unnecessary for closure under
subframes. Still, the following Corollary obtains:

Corollary 7.2.5 If the local frames M and H satisfy
MCH HN(MxM)c M
and =M is ~H-hereditary, then =M and —H satisfy Diagram 7.1 with = H for H and =M for M.

We must augment the notion of subframe to handle well and null-points:

Definition 7.2.6 If H = (H, H,H) and M = (M, M, M) are frames, then M is a local pointed-subframe of
H, again written m C h iff

(i) The frames satisfy Diagram 7.1 for the local relations H and M as shown in Lemma 7.2.1.

() M=H "M #0and M =H" 0 M # 0.
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(i) M={MNS:SeH.

It is not the case that the lattice M is a sublattice of the lattice H. In the following theorem, we use [-*)
rather than Goldblatt’s use of [-°) to test out at least one of new operators on pointed subframes.

Theorem 7.2.7 Let (M, - M*,M) and (H,—=H*,H) satisfy Diagram 7.1, then

(i) M= (MNP)=Mn (H-P)
(i) (MNS)N(MNP)=Mn(SNP),

(ifi) [*) (M 0 Q) = M A [*)Q and [w*)(M N\ P) = M A [1)P

Proof: Ttems (i) and (ii) follow directly from Theorem 7.1.3.

Letx em [m*) (M N Q). By definition, x em M and there is some y such that y ¢m M N Q and ~M™*xy.
Hence either y ¢m M or y ¢nh Q. Since by definition, =M C M X M, then y em M, thus y ¢m Q. Since
Diagram 7.1 commutes, ~M* C =H* and y eh H. and so ~H*xy. Hence there is some y such that y ¢h Q
and =H*xy. By definition, x em M N [r*) Q.

Next, let x em M N [#*)Q, so x em M and x eh [»*) Q. By definition, there is some y such that y ¢nh Q
and =H*xy. Since M is =H-hereditary and x em M, then from Diagram 7.1, y em M and ~M*xy. Since
y ¢nh Q, then y ¢m M N Q. By definition, x em [m*) (M N Q).

7.3 Distributed and Pointed Subframes

We first define distributed heredity.

Definition 7.3.1 Letg : m—nand f : h—k. If F C Hx K, then (M,N,G) C (H,K, ¥) is F -hereditary
when the following condition is satisfied:

Fxy and x em M implies y en N.

Lemma 7.3.2 Let f : h— k. The hereditary condition is equivalent to

FNMXxXK)SFnN(MXxN).
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Proof: Assume the hereditary condition and let (x,y) € ¥ N (M x K). Hence {(x,y) € F, x em M, and
y ek K. From the hereditary condition, y en N, thus {(x,y) € F N (M X N). To go in the other direction,
assume FN(MxXK) C FN(MxN)andlet(x,y) € ¥ andx em M. Hence y ek K and {x,y) € F N(MXK).
Thus, (x,y) e F N (M X N) and y en N.

We can capture Goldblatt’s hereditary condition and subset condition for M again in a commutative
diagram. The diagram here is generalized over Diagram 7.1. Here we cannot rely upon an implicit relation
H as in local heredity since the condition must span four localities.

Lemma 7.3.3 The two conditions
GCF Fxy and x em M implies y en N and Gxy

are equivalent to the commutative diagram Diagram 7.2 of relations

M N

Im IN

H K

F

Diagram 7.2: Distributed Subframe

where Iy and Iy are inclusion maps as relations.

Proof: Assume the two conditions and let x em M and #xy. From the second condition, y en N and Gxy.
This shows F o Iy C Iy o G. Next, let x em M and Gxy. Since G C F, then Fxy and y ek K. This shows
that Iy o G C F o Iyy.

Now assume the diagram commutes, and let Gxy so thatx em M and y en N, then from set theory, x en H
and y ek K. From the diagram, Fxy, sothat G C . Next, let #xy and x em M, then (x, y) € ¥ o Ip;. From
the diagram (¥ o Ip;) C (Iy o G). Therefore y ek Iy o G{x} and y en G{x} (where G{x} = {z | Gxz}),
ie,Gxyandyen N, |

Lemma 7.3.4 The commutative Diagram 7.2 is equivalent to G = F N (M X N) and (M, N) being (H, K)-
hereditary. In particular, ¥ o Ipy C Iy o G is equivalent to G 2 ¥ N (M X N) and (M, N) being
(H, K)-hereditary, and Iy o G C F o Iy is equivalentto G C F N (M X N).

Proof: To show F o Ip C Iy o GimpliesF N (M X N) C G, let (x,y) € F N (M xXN). So {(x,y) € ¥ and
x em M,y en N, and hence (x,y) € F o Ijs. Since the diagram commutes, {x, y) € Iy o G. This latter is
equivalent set theoretically to G, so (x,y) € G obtainsand G 2 F N (M X N).
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To show F o Iy C Iy o G implies (H, K, ¥ )-heredity, let x em M and Fxy. Hence, (x,y) € F o I).
From the diagram, (x, y) € Iy oG, andsince G C MXN,theny en N. So (M, N, G)is (H, K, ¥ )-hereditary.

To show (M, N, G) is (H, K, F)-hereditary and G 2 F N (M X N) together imply ¥ o Iy C Iy o G,
let {x,y) € ¥ o Ips. Hence x em M and {x,y) € ¥. From (M, N, G) being (H, K, ¥ )-hereditary, y en N.
This implies {x,y) € F N (M X N) and so {x,y) € G. Since G = Iy o G, we have that F o I)y C Iy o G.

To show Iy o G C F o Ipy implies G € F N (M x N). The premise implies, set theoretically, that
G C F. From this and the fact that G C M x N, it follows that G € F N (M X N).

Toshow G C F N (M x N) implies Iy o G C F o Iy, let {x,y) € Iy o G, so that (x, y) € G, and thus
(x,y) € F N (M x N). This implies {(x,y) € ¥ and x em M and hence (x,y) € F o Iy,.

Note that the previous Lemma and its proof show that G C ¥ can immediately be read off the diagram
by taking the top arrow G and seeing that is source and target are included in the source and target of ¥, and
by seeing that the diagram commutes.

The consequence of the previous Lemma is that a distributed subframe can now defined thus:

Definition 7.3.5 (m,n, g : m—n) is adistributed subframe of (h,k, f : h—k) if it satisfies the commutative
conditions of Diagram 7.2.

Next, we need the notion of a local complement:

Definition 7.3.6 The complement of a distributed frame ¢h, k, f : h — k), now denoted —(h,k, f : h—k),
is such that -7 = (H X K) — .

Lemma 7.3.7 If (m,n, g : m — n) is a distributed subframe of {(h,k, f : h—K) , then -G C ~F and
-G 2 =F N (M x N), where =F = (H X K) — F.

Proof: Let{(m,n, g : m— n) is a distributed subframe of (h,k, f : h— k), and assume (x, y) € =G. Note
that (x,y) € M x N. If (x,y) € F, then {(x,y) € F o Iy. From Diagram 7.2, {(x,y) € Iy o G, and
hence (x,y) € G, which is a contradiction. So (x,y) € =F and =G C =% . Or one can use the weaker
G2F N(MXN).

For the other condition, let (x,y) € =F N (M x N). Towards a reductio, assume {x, y) € G, therefore
(x,y) € In o G. From Diagram 7.2, (x,y) € F o Ips and thus, (x,y) € ¥, which is a contradiction. So
(x,y) € =G. Orone can use that G C F. [ |

It does not appear to be possible for (M, N, G) being (H, K, ¥ ) hereditary (or even satisfying the
stronger conditions of Diagram 7.2) to imply =(M, N, G) be —=(H, K, ¥) hereditary. This appears to also be
unnecessary for closure under subframes. Still, the following Corollary obtains:
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Corollary 7.3.8 If the distributed frames {m,n, g : m—n) and {h,k, f : h—Kk) satisfy
GCF FN(MxN)CG

and ~(M,N, G) is = (H, K, F)-hereditary, then ~(M,N,G) and —=(H, K, F) satisfy Diagram 7.2 with =F
for F and =G for G.

We must augment the notion of subframe to handle well and null-points:

Definition 7.3.9 (m,n, g : m — n) is a distributed pointed-subframe of (h,k, f : h — k) iff

(i) The frames satisfy Diagram 7.2 for the distributed relations ¥ and G.
Gy M=HNM+0, M =HNM+0,N=KNN#0,and N =K"NnN # 0.
(i) M={MnNnS:SeH}andN={NNnS:SeK}

Lemma 7.3.10 Let =(m,n, g : m — n) and ={h,k, f : h — k) satisfy Diagram 7.2 with the appropriate
substitutions of =F and —=G made for F and G respectively, then
(i) M-MnNS)=Mn(H-S)and N-(NNR)=NnN(K—-R)

(ii) MNS)N(MnNP)=MnNn(SNP)yand(NNR)N(NNQ)=NN(RNQ),
(iii) [¢Y(NNQ)=MnN[f*)Qand [¢*Y(MNP)=NN[f*)P

Proof: Ttems (i) and (ii) follow directly from Theorem 7.1.3.

Letx em [¢*) (N N Q). By definition, x ém M and there is some y such that y ¢n N N Q and -G*xy.
Hence either y ¢n N or y ¢k Q. Since by definition, =G* C M X N, then y en N, thus y ¢ Q. Since the
Diagram 7.2 commutes, =G C =¥ and y €k K. and so =F *xy. Hence there is some y such that y ¢ Q and
~F*xy. By definition, x em M N [£*) Q.

Next,letx em M N [f*)Q,sox em M and x eh [f*) Q. By definition, there is some y such that y ¢k Q
and =F *xy. Since -M is —H-hereditary and x em M, then from Diagram 7.2, y em N and =G*xy. Since
y ¢k Q, then y ¢n N N Q. By definition, x em [¢*) (N N Q).

8. APPENDIX 1
8.1 Disjoint Sum: Goldblatt [3]

We analyze the finite case of the disjoint sum construction for possibility. The infinite disjoint sums pose
no difficulty. We are interested mainly in explicating Goldblatt’s construction.
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For the first part of this section, we will assume all domains are disjoint and hence will elide the injections
;. Also, Goldblatt’s possibility operator is written m. So we will switch to that while copying his work in
this section.

Goldblatt also uses H to refer to a frame that we would put as h = (H, H, H). For this section, we assume
H can refer to either the entire frame or to the collection of frame points, allowing context to disambiguate
use. His notation will be augmented to clear up remaining ambiguities.

First his main definition, and his notation had to be altered to protect the notation of this paper.

Definition 8.1.1 Let {H; | i € I} be a collection of pairwise disjoint frames, i.e., H; N H; = 0 fori # j. The
disjoint union of the H;’s is the frame

H= ZHi = (H;, H;, H;),

iel

where

() H=U;e Hi,
(i) H = U;es Hi,
Gi) H= {SC H:SNH; € H;, alliell).

Since the H;’s are disjoint, (iii) is equivalent to
(iv) S € H iff there exists S; € H;, alli € I, such that S = [ J; ¢ S;.

Goldblatt’s notation H* refers to the algebra of sets buried in the definition of a frame. We use H for this.

Theorem 8.1.2 Let S = JS;, T = JT;, where S;,T; € H;, alli € I. Then

(1) H=8 = U, (H;i = Si),
(2) SNT =U;er (SiNTy),
(3) mr(S) = Ui (mg,(S:)).

where R; is the modal relation of the i-th frame and R is the union of all the R;.

The next theorem is out of the sequential order of Goldblatt.

Theorem 8.1.3 (XH;)* is isomorphic to the direct product of the family (H} : i € I) of MA’s.
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In the proof, H = (H} :i € I).
Proof: Define a : H — [];<; H;, the Cartesian product of the H;’s, by
a($) () =S, =SnW,.
By Definition 8.1.1 (iii), we indeed have a(S) € [] H;. By the uniqueness of the expression S = |J S;, @ is

readily shown to be a bijection. The MA-homomorphism (Modal Algebra-homomorphism) properties of «,
with resect to the usual “point-wise” definition of operations on [] H;, follow from 8.1.2, e.g.

a(mg(S)) (i) = mg(S) NH; = mg,(S;) = mg,(S;) = mg,((5) (i) = m(a(S)) (@),
s0 a(mz(S)) = m(a(S)).

Goldblatt writes (Q1, Q») for Q; + Q». The notation Q; refers to the set theoretic complement of Q;
taken in an ambient universe that is assumed in context.

Lemma 8.14 IfQ;+Q, C Hy+ Hy and H) N Hy = 0, then

-Q1=H; NQ; Q2 =HyN Q.

Proof: Note that a e =Q 4 H, - 0. _If a €h; =0 then by definition a eny H; — Q. This implies that
a €hy Hy and a ¢n Q, whence a €h Hy N Q.

To go the other direction, leta en H; N Q, thena €h Hy anda €r Q. Soa en H; and a ¢n Q. Therefore,
a eh Hy — Q, whence a eh —Q);. [ |

Lemma 8.1.5 IfQ;+Q, C Hy + Hy and H) N Hy = 0, then
—(Q1+Q2) =01 + 0.

Proof: Assume

01+0,CH +Hy, =0.
The injections are specified to make the proof clearer:

=(Q1+02) =(x1Hi UxsHy) — (2101 U 220>) def. -

=u1(H - Q1) Vx2(Hy — 02) Q1 CH,Q:CH),HNH, =0
=x1-01 U x2-0) def. —
= —|Q1 + —|Q2 def. +
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We will now show [f°) closure under finite disjoint sum. We will handle the distributed case. Just set
the locality graph to a single node to capture the non-distributed case. For the rest of this section, we will
switch to our notation. Also for rest of this section, we insert the injections to be absolutely clear all the
conditions are properly met.

We assume

F ab iff Fab or Fab.

This better represented as

Tﬁzuﬂ’fulzﬂ:;

where x; is an injection and (here) is applied pointwise to elements of its argument set, so that x ;¥ C
(Hy + Hy) X (K1 + K3). We wish to prove

[£)(Q1+Q2) = [£°) Q1 +(£)Qa.

However, there is a subtle shift in domains from [f°) (Q; + Q2) to [£°) Q1 + (£)Q2 where the former uses
¥,, but the latter seems to use

Fi € Hi xK; ¥y € Hy x K
More technically, the situation is the following
Fu=u1F7 Uy C (x1Hy UxrHy) X (21K U xrKy).
We need to define [-7) in the sum:
([:°)) 2:Q 2 {x env i Hy | 3y(y & 1iQp and (xF7) (%) (7))}

i.., [%:£°) is the operator that uses x ;" in its evaluation in a frame. We can then prove

Technically, the h; in eh; should be x;h; and similarly for k;. However, at some point the notation
becomes a hinderance and is best left implied.

Lemma 8.1.6
(2:[£)Q) = [¥if°) x:0.

where the left hand side first computes [ f.°) Q and then injects the result into H; while the right hand side
first injects the set Q into x ;K and computes using the relation x ;F; where x ;¥ C x ;H; X 1 ;K;.

Proof: Let (i,x) eh: x;[f°)Q, then as x; is an injection, x €h; [£°) Q. So there is some y such that y ek; Q
and F;°. This gives us (i, y) €k x;0Q and (x ;%) (x;x)(x;y). Thus {i,x) en [£:£°) x;0.
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To go in the other direction, let (i, x) eh: [Z:f°) x;Q, then there is some (i, y) such that (i, y) ek x;Q
and (x;%;")(xx)(x;y). Since x,; is an injection, y €k and ¥ 'xy. So x €h: [£°) Q and (i,x) €h: x;[£°) Q.

This works because

(i,y) € 12;Q iff y € Q vioF; = (uiF)ou,

where the type of the first ;" is H; X K; and the second is (1 1Hy U x2H>) X (2 1K1 U 17K3).

Diagram 8.1 shows the relations and injections (now in their relational form) as morphisms The middle
two diagrams are saying the same things as the outer two diagrams but for the binary case. The two diagrams
on the right uses relations as sets and functions as morphisms; it declares that ¥, is a pushout, i.e., in the
binary case, F), = x1F + x2F;.

L x EI) o X o L) o o L2 o
U,H, —— H; H — H +H, ~— Hj 7:1 Tll 7—: 7—‘”%7’2
i 77 7 A 7"34 % \f"Lg/ fu /
f g g
v Y
HiKiTKi K, ?[1 K|+ K> (Tz K> G G

Diagram 8.1: Commutativity of Sums

The consequence is that

Lemma 8.1.7

[£2) (101 + 2202) = ([¥1£°)) 2101 + ([¥25°)) 220>

Proof:
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o =

S

W

and

a en [fy) (Q1+Q2)

Ay(y ek Q1 + O, and F°ay)

[b] bexQi+Q;and Foab
bekQ1+0s .

(x1F)ab or (u2¢°)ab

b ek .lllQl

b €k x 1Ky

b ¢k 1K)

(mx2%,)ab

(uﬂ")ab

b ek 110 and (.1[17'~ )ab

aen [¥if°) 1101 .

aen [21f°) 1101 + [£25°) 1202
b ek ur0y

b €k x-2K;

b ¢n 1K

ﬁ(ll]?jo)ab

(22F5)ab .

b € 120> and (x2F; )ab

aen [X26°) ¥70, . .

a en [X1£4°) 101 + [£285°) %20
aen [X1/°) x101 + [¥2£7) x202
aen [¥1/°) 1101+ [¥2£7) £207

. . . . assume
def. [°), line 1
. . assume
. A-Elim, line 3

def. F, line 3

. assume
set th., line 6

. def disjoint frames, line 7

. def. =(x2%,), disjoint frames, line 8

CL, lines 5, 9
A-Intro, lines 6, 10

. def [21/°), line 11
V-Intro, line 12

. . assume
. set th., line 14

def disjoint frames, line 15

def. =(x17), disjoint frames, line 16
. CL, lines 5, 17

A-Intro, lines 14, 18

. def [22£°), line 19

V-Intro, line 20

V-Elim, lines 4, 5, 14

3-Elim, lines 2, 3
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Jaen [21°) 1101 + [%287) 220,

ach [Xif) Q1

3 Ely(y €k l[lQl and (1[1‘7710)61)7)

[b] b ek x1Q; and (xF7)ab

s||| b € 01+0> and ((ﬂlﬁo)ab or (Ezﬁo)ab) e
o|||b e Q1+ Q2 and Fab .

7|3y (y e Q1 + Q2 and Fay)

sl||a en [fy) (Q1+02) -

oflaen [fp)(Q1+02) . . . .

ach [X207) u2Qy

Av(v €k 2707 and (x ZT;)QV)

[b] b ek 220, and (x255)ab

5| || b e Q1 + Q2 and ((x1F,)ab or (x,F,)ab)
|| b e Q1+ Q2 and Frab .

is| || Jy(y ek Q1 + Q2 and Fpay)

16| a en [fg) (Q1 + Q2) :

l|aen [ (Q1+Q2) - . . .

isla € [fy) (Q1+Q2)

The proofs for [f°) are similar.

8.2 Counter-Example [f*): Fails to Distribute Across Disjoint Sum

. assume

. . assume
def. [-°), line 2

L. . assume
set th., V-Intro, line 4
. def. ¥, line 5

def. 3-Intro, line 6
def. [-°), line 7
3-Elim, lines 3, 4

. . . . .assume

. def. [-°), line 10

. assume

set th., V-Intro, line 11

def. 7, line 13
3-Intro, line 14

. def. [-°), line 15
3-Elim, lines 11, 12
V-Elim, lines 1, 2, 10

We assume non-pointed domains to show failure in the traditional framework of modal logic expanded to
distributed domains. The same example could also falsify the formulas used if there was only a single domain,
i.e., the traditional modal logic case. The caveat here is that there is no way to expand the quantification of
ﬂ7'-lJ‘ from Hy X K; to H; x (K; U K») and —|7:2'L from Hy X K> to (Hy U Hy) X K>.

We assume

FLab iff ?]Lab or ?}Lab.

Recall that
x en [FHQiff Vy(y ¢ Q or Flxy)

and hence

x ¢n [ Q iff 3y(y ek Q and =F *xy)
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Lemma 8.2.1
(A 01+ [£)02 € [F4)(Q1+Q2).

Proof: We will construct a distributed frame that satisfies [£*) Q1+[£") Q2 but fails to satisfy [ f*) (Q1+Q2).

We will assume all domains are disjoint so we need not be concerned with tags. Assume K| = Q1 = {b1},
K3 = Q2 = {b2}, and ¥ ab,. Note that a €ny H| from F“ab,. Therefore a en [£*) Oy, ie.,

a eh [A) 0 iff Vy ek K (y ¢k Qg or Tllay).

Therefore

aen [£%) 01+ [£7) Q2.

Note that =F"ab, since a €n Hy and 7,- € Ha x K. Hence Q1 + Qs = {b1} + {b2}. We will fail to satisfy
the following formula because the quantification spans Q1 + Q»:

aeh [fH(Q1+0Qy)iff Vy ek K1 U Kz(y ¢k Q1+ Q> or (?'llay or 7"2Lay)).
That is, we will satisfy
a¢n [f)(Q1+0Q2) iff Iy ek K; UK (y ek Q1 + Q7 and (=F ay and ~F5 ay)).

Now we evaluate a eh [f*)(Q1 + Q). Lety € Q). There is only one point, y = by, thus =75 abs
since ¥~ C Hy X Kp and a eh Hj so that a ¢n Hj. It is also the case that = *abs since by ¢k K| and
F- € Hi X K;. So we have satisfied

by e Q1 + Q2 and ~F-ab, and =F,"ab,

i.e.,

Jy(y ek Q1 + Q2 and ~F ay and —=F,"ay)

Hence a ¢h [f*) (Q1 + 02).

We can see the failure a bit more abstractly as the failure of the following proof at line 14. A bit more
deeply, line 8 does not appear to make sense because ¥,"ab; does not make sense. The reason is that
a €hy Hy and by ek Q1 and Tzl C H; x K;. There is also a problem with line 9 where mysteriously we can
expand the domain for —|7-'2L from Hy X K> to (Hy U Hy) X K.
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In the other direction, it appears we have a failed proof. Suppose a €h; [£*) Q1. The evaluation condition

is, where I have put in the explicit quantification domain:

Vy ek Ki(y ek Qp implies ?llay).

This is equivalent to

Vy ek K (y ¢ Q or Fihay).

There is no way to expand the quantification from K; to K; U K. Yet, we are asked to accept that
-, € (H; U Hy) X (K1 U K3) even though all we have is 75+ € Ha X K».

This is no problem with the existentials because if there is some y €k K1, then there is some y ek K1 UK>.

Proof:

laen [ (Q1+0Qy)
Vy ek Ki U Ka(y ex Q1 + Qz 1mphes (Tlay or Tlay))
a €hy Hy or a em, Hy
a €h Hy
1 Ei(] 'Kllar.ld.bl.EIél Q1‘
o||| b1 € Q1+ Q2
||| Fraby or Fitab,
8| || = F5-aby
of|| Firab, ) )
0| Vy ek Ki(y e O 1mp11es Tlay)
njla en [4£°) Q1
nlla en [£5) 01+ [£7) 02
a en Hy
4/|blah . . . .
is|la en [£) 01+ [fzi>Q2
isla en [ 01+ [0 -

[~

w

. . assume
def. [-*), line 1
set th., Hy U H> is the universe, line 1

. assume

. assume
set th., line 5

V- Ehm D-Elim, lines 4, 6
. J5- € Hy x Ky, line 5
CL, lines 7, 8

. V-Intro, line 5

. def. [-*), line 10

. def. +, line 11

. assume
. doh, line xx

. def. +, line xx
V- Ehm lines 3, 4, 13

and the failure at line 11 because there is no way to proceed past 8:
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acen [£)01+ (£ 0

1 Coe . assume
ol a en [fiL>Ql or a €h, [f2L>Q2 . def. +, line 1
Jpacm oo - assume

Vy(y e Q implies F-ay)
b e Q1 +0>

. def. [-*), line 3

5 . assume

o|||b €k Q1 or b €k Q) def. +, line 5
b ek

7 2 02 . assume

8| ||| failure . line xx

Fi-ab or F5tab
—ﬂ?—ab and —|7-'2lab .

a €m [£*) 02

ach [F)(Q1+02)

doh, lines xx
a €h Hy, b e K>, lines 3, 7
. doh, line xx

. assume
. doh, line xx

V-Elim, lines 3, 4, 12

8.3 Counter-Example [f*): Fails to Distribute Across Disjoint Sum

The same problem of needing enlarged domains arises here. We assume
F*ab iff F*ab or Fy ab.

Lemma 8.3.1
[£)(Q1+Q2) = [£%) 01+ [£*) Q2.

The problem with the proof below is at line 10 where b ek, K| and a €h. H,. Hence —-R;‘abl obtains
and so a €h; [£*) Q1 which is impossible. All domains and the relations 7;* and 7,* are considered disjoint
so we need not be concerned with tagging.

Proof: We first ahow
[7)(Q1+Q2) € [4%) Q1 + [£7) Qo

Notably, the proof below uses the fact that K1 UK} is the universe. The notation ~* will refer to —(F*UF").
Note that

F*=FrUF
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Consequently,

This underwrites the step at 10.

aen [f*)(Q1+02)

Fy(y ¢« Q1 + Q2 and ( T*)ay)
a eny Hy ora en, Hy

[b] b ¢ Q1 +0Q;7and (—-9"*)ab

b ¢ Q) and b ¢ 0,
b ek Ky or b €k K>

o —

w

W

=)

. . . assume
def [-*), line 1

H | + H» is the universe, line 1

. . assume
def. +, line 4

K 1 U K> is the universe, line 4

b ek K
1 Pt . assume
s|/|| b e K1 — Q1 setth lines 4, 7
9 &ZHZ e e e . assume
of|||b & Ky —Qyand =F*ab . . . . . ... A Ehm A- Intro —|77* - —6"* lines 4, 8

nl|||3y(y ¢« Q1 and = F *ay)
nf|||a en [£%) 01

13| ||| a ent Hy
1l ||| >«
15| failure

Waen [£0 + A0 .

Let us try the other direction,

J-Intro, line 10

. def. [-T), line 11

[-F), line 12
Contradiction, lines 9, 13

. lines xx
EI Elim, lines 2, 3

(A1) Q1+ [£*) Q2 C [F*)(Q1 + Q2).

This proof goes through:
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o =

IS

acenh [£7) 01+ [£) 02

aen[f*)Q1oraen [£)0s
e Lo

y(y ¢ Q1 and =F *ay)

@ b e K; — Q; and ﬂﬁ*ab
b ek Kj and b ¢k Q4

b ¢ K>

b ¢« O

b ek Ky UK, ..
bekQ1+Qr2 . . . . .

b ¢ Q1 + Q> and -F *a
Fy(y ¢k Q1+ Q2 and =F *ay)
Fy(y ¢« Q1 + Q2 and =F *ay)

aen [5£*) 02
subproof is similar to previous subproof .

Jy(y ¢k Q1 + Q2 and =F *ay)

Jy(y ¢k Q1+ Q2 and =F *ay) . . .
aen [F*)(Q1+02)

. assume
def. +, line 1

oo . assume

. def. [-*)-Elim, line 3

. assume

.. set th., line 5
set th., K; N K, = 0, line 6
Qz c Kz, line 7

set th., line 6

. set th., lines 6, 8
A-Elim, A-Intro, lines 5, 10
J-Intro, line 11

3-Elim, lines 4, 5

. assume

lines xx

3-Elim, lines xx

V-Elim, lines 2, 3, 14
3-Intro, line 11

We construct a counter-example working from the first proof. Let a eh [f*) (Q1 + Q»). Technically
in this counter-example, we should be using » ;Q; and x,Q» rather that Q| and Q; respectively, but then
the notation is not providing any additional clarity. The main point is that #* and 3" are injected into
(Hy+ H3) X (K1 +K>) and the complements of these relations must be computed in (H; + H) X (K| +K>). In
the case of [£°), the proof of closure under + only used the complements to reduce the disjoint sum ;" + F;
to either ¥ or ;. Here, the difference is that the complement of the Kripke relation is used in defining
[-*). That complement must occur in (Hy + Hy) X (K1 + Kp) if [f*)(Q1+Q2) = [£)01 + [£) Q2 is to
have any meaning.

The following must be satisfied but in a way that satisfies a €nh [£*) Q1 + [£*) Q> incorrectly:

3y(y ¢« Q1+ Q2 and =F *ay and =Fay).

Let Hy = {a1}, Hy = {a2}, K1 = {b1,b(}, Q1 = {b{}, K2 = {b2, b}, Q2 = {b}}, F*a1b1, F*azbs, and
ﬂ*azbé. Hence -0, = {b]}, ﬁ?‘-l*azbl, and —|7"2*a2b1. Since by ¢k Q1 and by ¢k Q», then by ¢k Q1 +Q».
The following is satisfied for y = by:

y(y ¢ Q1 + Q2 and ~F*ary and =%, azy),
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So a; em [F*)(Q1 + Q2). Also, the following is satisfied for y = by:

y(y ¢a Q1 and —=F*asby).

By definition, ay eh, [£*) Q1 indicating that ap €h; Hj, which is a contradiction since a; €h, H,. In addition,
ay €h [£*) Q> but it was put there illicitly because the witness for the existential in the definition of [£*) Q>
is actually b; ek Q. Note there is no witness for a, €h [£*) Q, for any b ¢k Q» because for any such b,
ie., b = by, =%, arb cannot be satisfied.

It is also the case that [£*) does not respect the bounds. The type of [-*) is A+>V. Assuming non-empty
domains, and we always do, then there is some b such that b ¢k, Tﬂf and —|7-“2*ab. Hence a eh; [£*) TH;. Just
pick some b ek Kj. Since K1 N K> = () by assumption (or forcing the issue with tags) then b ¢k, Tﬂf. Since
F, € Hy X Ky, then =F,*ab. However, [£*) Tﬂf = (). Consequently, we have a simpler counter-example:

[£)(Q1+T5) # [£7) Q1 + [£) TX.

8.4 Counter-Example [-*): Fails to Distribute Across Null Sum

We assume

?’J'<a1, a2><b1, b2> iff 7:1La1b1 or ?’Lazbz.

which causes the right to left direction below to fail. We try to prove the following Lemma. Surprisingly left
to right holds. However, right to left fails.

Lemma 8.4.1

[F(Q1©@0Q02) =101 @[/ 0.

Proof:
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(a1, az) en [74)(Q1 @ O»)

o =

'S

W

({a1,a2) €n Hy X Hy) or ({a1,az) € H| X H»)

<a1,a2> eh Hy ><I‘IO

a) €n H; and a; eh, H

V(. v)({y,v) ¢ Q1 @ Q3 or Tl(“ly a2><y, V))

by ek 0,
b2 ek K°

(b1, b2) ex Q1 X K

(b1,b2) & 01 @ Q2
F+{a1,az){b1,b2)
7:1La1,b2 or 7:2J‘a2b2
~F5azby

Fraiby R
Vy(y ek Q implies Fitayy)
ay en [£*)0

(ar,az) en [F*)Q1 X H;

(ai,az) en [F4) 01 @ [f*) 02
(al,az) €h H; X Hj

Now the other direction, this is the direction that fails:

(ar,az) en [F5)01 @ [F)02
(ar,az2) en [£*) 01 @ [£*) 02

subproof is similar to previous subproof .

. . assume
H 1 @ H2 is the universe, line 1

. assume
set th., line 3

def. [-*), line 1

. assume

for some by, K° # 0

set th., lines 6, 7

. def. @, line 8
V-Elim, D-Elim, lines 5, 9
def. F1, line 10

Frame Condition 4.2.3 (1), line 4

CL, lines 11, 12
V-Intro, line 6

. def. [-*), line 14
set th., lines 4, 15

. def. @, line 16

. assume

. . line xx

. def. @, line xx
V-Elim, lines 2, 3, 18
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(ar,a2) en [ 1 @[50

o =

P

(ar,az) en [£) Q1 X Hj or (a1, az) e Hy X [£*) 02

(b1,b2) €k Q1 @ O

(b € Q1 and by ek K;) or (b ek Ki and by ek Q)

by e Q1 and by €k K
(ai,az) en [£7) Q1 X Hy
aj € [£*) Q1 and ap em H)
Vy(y e Q implies Fitayy)
Firaiby )
Firaiby or F5razb,
(a1, a) en Hy X [£) 0>
aj €n H and as e [£*) Q2
Vv(v €h, Q; implies F*a;v)
~F5azbs
—~F~a1b; who ordered this
Fi-aiby or 5 aby;  no way to get this
by e K| and by €k Q>

who ordered this

. . . assume
def. @, line 1

. . . assume
def. @, line 3
. assume

. . assume
def. X, line 6

def. [-*), line 7

V-Elim, D-Elim, lines 5, 8
. V-Intro, line 9

. . assume

def. X, line 6

. . def. [-*), line 12
Frame Condition 4.2.3 (2), line 5

. Frame Condition 4.2.3 (1), line 12

V-Elim, lines 2, 6, 11

. assume

s« . . . . . . .. . ... ... ... . . . . .. ... linesxx
19 ?ﬂlJ‘albl OrﬁLazbz
20 7'-J‘a1b1 or Tlazbz
aul| F{ay,az){b1,b2) no way to get this )
V{(y,v)({y,v) ¢ Q1 @ Q2 or F(ai,az){y,v)) noway

3| (a1, az) €n [5) (01 @ Q2) no way

V-Elim, lines 2, xx
V-Elim, lines 4, 5, 17
def. ¥+, line 20

def. V-Intro, line 3

. def. [-*), line 22

no way to get this

no way to get this

N
]

]
@

Lemma 8.4.2
[F901@[F)Q02 &h [FH)(Q1 @ O2).

Proof: Since we are now using pointed domains, all the special points must be included. We try to read off
the failed proof the necessary other points. We simply assume all the well and null points are present in the
domains. We try to find an (a, a,) to satisfy

Ay, v)({y,v) e Q1 @ Q2 and ~F *(ay, a2){(y,v)
and see if this satisfies

(ai,az) € [fi*) Q1 X Hy or {a1,az) € Hy X [£*) Os.
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Since ~F+{ay,ar){by, b;) as —|7-'1La1b1 and —ﬂ?azbz occurs at line 15, we use the points labeled at that

place in the failed proof; namely let a; €n Hj, ay € [£*) Q2, b1 € Q1, by €k K. Hence we have
—|7:1J‘a1b1 and —|7"2La2b2

from the frame conditions listed in the failed proof.

From the definition of @, we have (ai,az) €n [£*) Q1 @ [£7) @2, i.e., {(a1,a2) €n H| X [£*) Q2. Since
~F+(ay, a2)(bi, bz) holds, and (b, by) ek Q| x H;, we have satisfied (a;, a2) ¢n [/*) (01 @ 02).

Now we use ground domains and let for X € {Hy, H», K, K>},
X' = {ex} X ={ox},

and

Q1=Ki"U{b1} Q2=K;,U{ds}
where b, # d,, and
Hy =H]UH;U{c1} K =K;UK,U{di} Hy=H,UH,U{a} K,=K,UKj.

where ¢1 # a; and
Fi-=A{{c1,b1), (om,, 0k,), (1, 0k, ), (om,, d1)}
T2J_ = {<.H2a .K2>’ <(12, .K2>’ <.H2a d2>}

‘We need to know that
ap €n [£) 0, iff Vv(v ¢k Q) or 7:2La2v)

is satisfied. This means we must pick Q>. We try Q> = K. In this case, Qr = J_Hf and [£Y) 0, = TH;I =
H U{ay}. It appears a; is unnecessary as a point not in /3. We will leave it in. Stretching out the universal
quantifier and specifying the reasons why a line holds yields

az €n [£*) Qs iff ok, ¢ O or F5hasok, Q5 is null-pointed
and ek, ¢k O or TzlazoKz Frame Condition 4.2.4 (1)
and d» ¢k; O, or 7"2La2d2 Q) = e,

Therefore a, €h, [£%) O».

Our conditions, ay €n H{, az € [4*) 02, by € Q1, by €k K, guarantee that (ay, az) &h [f*) (01 @
Q-) since (b1, by) ek Q1 @ Q2 and =F (a1, ay(b1, by). Thus the right hand side of the following obtains:

(ar,az) &n [F4)(Q1 @ Qo) iff A(y,v)({y,v) & Q1 @ Q2 and =F *(ay, ax)(y,v))  def. [-*)
if (b1,b3) ek 01 @ Q> b1 € Q1 and by €k 0>
and ~F a1 b Frame Condition 4.2.3 (1)
and ~F ~asrb, Frame Condition 4.2.3 (2)
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9. APPENDIX 2
9.1 Additional Smash Product Lemmas

Both this Lemma and its Corollary are direct implications of the definition for ®, not used in five, four,
and minimally in three for another Lemma which we have already replaced above. They can hence be
dispensed with.

Lemma 9.1.1

(x,y) en Q1 x Q2 and x ¢n H{ and y ¢h. H; implies (x,y) eh Q1 ® Q».
or

(Q1—H))x(02-H;) C0Q1®Q».

Corollary 9.1.2

(x,y) ¢h Q1 ® O, implies x ¢ Qy or y ¢n Q) or x ¢h H; or y ¢n H.
Lemma 9.1.3

(Q1 - H}) X (02— Hy) € (Q1 X Q2) — Hg,.

Proof:

(x,y) € (Q1 — H}) X (@ = H3) iff x e Q1 — Hj and y e 0z — Hj
implies (x,y) en Q1 X Q2 and (x,y) ¢h H; X H;
iff (x,y) en (Q1 x Q) — (H; X H)
iff (x,y) €n (Q1 X Q2) — Hy

Lemma 9.1.4
(HI® Hy) = (Q1®Q2) = ((H ® H)) — (01 ® Q2)) UHg,.

and

(Hi® Hy) = (Q1® Q1) = (H1 ® Hy) = ((Q1 — H}) X (Q2 — H3))
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Proof: Starting from the definition,

(Hi ® Hy) = (Q1 ® Q2) = ((Hi® Hy) = ((Q1 ® Q2) UHg)) U Hyy definition of =
= ((Hi® Hy) — Hg) — (Q1® Q2)) UHg.  set theory

= ((Hi ® Hy) - (Q1 ® 02)) U Hy,. (Hi® Hy)) NHy =0
and
(Hi® Hy) — (01 ® 02)) UHy = ((H) ® Hy) — (((Q1 — H}) x (Q2 — H3)) UHy)) U Hy
= (((H1 ® Hy) — Hy) — ((Q1 — H}) x (02 — H5))) U Hg
= (H, ® H>) — ((Q1 — H}) x (Q2 — H3))
n
Lemma 9.1.5

((x ¢ Qp and y ¢h, Hy) or
(y ¢m Q2 and x ¢n HY) or
({x, y) en Hé)) implies (x,y) eh (H; ® Ha) = (Q1 ® Q7).

Proof: Assume x ¢h Q1 and y ¢h, HS, so {x, y) ¢h Q1 X Q>. From Lemma 3.4.2, {(x, y) ¢h Q1 ® Q,. Since
x ¢ Qy thenx ¢n Hj. FromLemma9.1.4, (x, y) €h (H1®H>) - (Q1®Q2). Thecasey ¢n Qs and x # ey,
is argued similarly.

If (x,y) en H then by definition (x,y) en H; ® H = Q1 ® Q». [ |

Lemma 9.1.6 (x,y) eh (H; ® Hy) — (Q1 ® Q») implies

(x ¢t Q1 and y €, Qo) or (x €n Q1 and y ¢h2 Q) or (x ¢ Q1 and y ¢ Or).

Proof: Let (x,y) €h (H; ® Hy) — (Q1 ® Q2). From Lemma 3.47, x ¢n Hj and y ¢n H. Also,
(x,y) en (H; ® H) and {x,y) ¢n (Q1 ® Q2). Suppose x €h; Q; or y € Q>. If x eh; Q1, then x eh; O
and y ¢n Q> otherwise (x,y) €h Q1 ® Q», which is a contradiction. Similarly, if y €h, Q, then x ¢h; Q1 and
y €hy Q5. Therefore

(x ¢ Q1 and y €m Q) or (x € Qg and y ¢ Q) or (x ¢ Qy and y ¢ Q5).
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Lemma 9.1.7

(x en H} and (x,y) €h Q| ® Q,) implies (y €h. H; and (x,y) eh Hg).

and

(y e, H; and (x,y) €h Q| ® Q) implies (x ehy H; and (x,y) €h Hy).

Proof: Assume x €n Hi and (x, y) €h Q1 ® Q. By definition of Q1 ® >, then for any y, (x, y) € H] X H},
and so y €, Hj and (x, y) €nh Hy. The other statement is similar.

Lemma 9.1.8

(x,y) en=(Q1 ® Q2) iff (x,y) en (Q1®502) U (501 ®02) U (%01 ®=Q2).

Proof:
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20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

@
=)

(x,y) en=(Q1® 02)

(x,y) en (H; ® Hy — ((Qr ® Qz) UH®)) UH®

(x,y) en (H1 ® Hy = ((Q1 ® Q2) U Hy)) or (x,y) en Hy,

(x,y) en Hy .
(x,y) en H] x H}
(x,y) en=01©50;

(x,y)en (01 ®= Q) U (%01 ® Qz) U ("O'Qr ®°° Qz) :

(r,y) en Hi @ Hy = ((Q1 ® Q2) UHg)
(x,y) €n H; ® H,

x ¢n Hj and y ¢n H

(x,y) ¢n (Q1 ® Q2) U Hy

(x,y) ¢ 01 ® 02

(x ¢h1 Q1 and y €n, Q») or (x €hy Q1 and y ¢hz Qz) or .

(x ¢ Q1 and y ¢n Q)
x ¢ Qpand y €m Q)

x ¢n H|

X €h (Hl—(QIUH))UH
x€h1—|Q1— I

y € Qr—H

(x, y) Eh_‘Ql®Q2

(x,y) €n (Q1®=0) U (ﬁQr ® Qz) U (._O‘Ql ®'° Qz)

x € Q1 and y ¢h Q)
¢h2H

y € (Hz—(QzUH))UH

yeh2—|Q2—

x €h Q1 —

(x,y) €n Q4 ®—'Q2

(x,y) en (Q1 ®=Q2) U (2Q1 ® Qz) U (._O‘Ql ®°° Qz)

x ¢ Q1 and y ¢n 0>
x ¢h H and y ¢h H .
x €h (H1 - (Q1UH))) and y €m (Hz - (Qz U H; ))
x € (Hy — (Q1 VU H]))UH] and
y €n (Hy— (02U H;)) U H;
x en (5 Qy - H}) and y em (502 - H})
(x,y) en=01®50n

(x,y) en (01 ®=02) U (501 ®02) U (501 ®507)

(x,y) en (Q1 ®= Qz)U(ﬂQ1®Q2)U("Q1®ﬂQ2)
(x,y) en (Q1®=Q2) U (501 ®02) U (501 ®%07) .

. assume
def. =, line 1

set th., line 2

. assume

. def H Deﬁn1t1on 3.2.2, line 4

def. ®, Definition 3.4.1, line 5
set th., line 6

. assume
set th.,, line 8

Lemma 3.4.7, line 9
set th., line 8

. set th., line 12
Lemma 9.1.6, line 13

. . . assume
Corollary 3.44,line 9

set th., lines 14, 15

def. 5, set th., lines 10, 16
set th., lines 10, 14

. def. ®, lines 17, 18

. setth., line 19

. . . assume

Corollary 3.44,line 9

set th., lines 21, 22

def. 5, set th., lines 10, 23
set th., lines 10, 21

. def. ®, lines 24, 25

. set th., line 26

. . . assume

Corollary 3.44,line 9

set th., lines 28, 29

. set th., line 30

. def. 3, lines 10, 31

. def. ®, line 32

. set th., line 33

V- Elrm lines 13, 14, 21, 28
V-Elim, lines 3, 4, 8
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w

IS

20

21

22

23

24

25

26

27

28
29

30

31

32

33

34

35

36

37

38

39

40

=

L) en(Q18502)U(R01®02) U (R018%0))

(x,y) €n Q1 ®% Q>

x €hy Q1 and y € —|th .
(y ¢ Q2 and y ¢ H) or y €h H
y & Qs and y ¢h HJ

(x,y) ¢ 01 ® 02

(x,y) ¢ Hg .

(x,y) & (O1 ®Q2)UH

(x,y) ¢n (Q1 ® Q2) U Hy or (x,y) en Hy,
(x,y) en=(Q1 ® 02)

(x,y) €n Hy,

(x,y) €n=(Q1 ® 02)

(x,y) en=(Q1 ® 02)

(x,y) en= 01 ® 0>

x €hy 50 and y €h, Q2 . .
(x ¢ Qy and x ¢ H|) or x €h H
x ¢h Q1 and x ¢n H|

(x,y) ¢ Q1 ® 0>

(x,y) ¢ Hy :

(x,y) ¢ (01 ® 02) UHg

(x,y) ¢nh (01 ® Q2) U Hy or (x,y) €n Hy,
(x,y) €n (01 ® 02)

x en Hj .

(x,y) en Hy,

(x,y) €n=(Q1 ® Q)

(x,y) en=(Q1 ® 02)

<x’)’> Eh._o'Ql ®._O'Q2 .

(x,y) en (5Q1 = H}) X (5 Q2 — H}) or {x,y) €n Hy,
(y)en(GO1-H)x (G0 -H)
x € = Qg and y €n = Q) and x ¢ Hj and y ¢h H
x ¢n QO and y ¢y O and x ¢n H| and y ¢n H,
(x,y) ¢ 01 ® 02
(x,y) ¢n Hy
(x,y) ¢h Q1 ® Q2 U Hy
((x,y) ¢n 01 ® Q2 U Hy) or (x, y) en Hy,

(x,y) en=(01 ® 02)
(x,y) en H

(x,y) €n (01 ® Q2)
(x,y) en=(01 ® 02)
(x,y) €n=(01 ® 02)

. assume

. assume
Lemma 3.4.2, line 2

def. =, line 3

. . . assume
Lemma 3.4.6, line 5

. def. H®, line 5

set th., line 7

. V-Intro, line 8
def. =, line 9

. . . assume
Lemma 9.1.7, line 11
. def. 3, line 12
V-Elim, lines 4, 5, 11
. assume

Lemma 3.4.2,line 15
. def. =, line 16

. assume
Lemma 3.4.6, line 18

def. H, line 18

. set th., line 20
V-Intro, line 21

. def. =, line 22

. assume

Lemma 9.1.7, line 24

. def. =, line 25
V-Elim, lines 17, 18, 24

. assume
def ®, line 28

. . assume
. def X, set th., line 30

. def. 3, set th., line 31
Lemma 3.4.2, line 32

. def.. Hg, line 32

set th., lines 33, 34
V-Intro, line 35

. def. =, line 36

. assume

def =, line 38

V-Elim, lines 29, 30, 38

V-Elim, lines 1, 2, 15, 28
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