A TRIDENT SCHOLAR
PROJECT REPORT

NO. 508

Analyzing Behaviors of Artificial Intelligence Methods for a Search Game

by

Midshipman 1/C Elana P. Kozak, USN

UNITED STATES NAVAL ACADEMY
ANNAPOLIS, MARYLAND

This document has been approved for public
release and sale; its distribution is unlimited.

USNA-1531-2



REPORT DOCUMENTATION PAGE oM N Do 088

Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and maintaining the
data needed, and completing and reviewing this collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information, including suggestions for reducing
this burden to Department of Defense, Washington Headquarters Services, Directorate for Information Operations and Reports (0704-0188), 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA 22202-
4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to any penalty for failing to comply with a collection of information if it does not display a currently
valid OMB control number. PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

1. REPORT DATE (DD-MM-YYYY) 2. REPORT TYPE 3. DATES COVERED (From - To)
7/12/21
4. TITLE AND SUBTITLE 5a. CONTRACT NUMBER

Analyzing Behaviors of Artificial Intelligence Methods for a Search Game

5b. GRANT NUMBER

5c. PROGRAM ELEMENT NUMBER

6. AUTHOR(S) 5d. PROJECT NUMBER
Kozak, Elana P.

5e. TASK NUMBER

5f. WORK UNIT NUMBER

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION REPORT
NUMBER
9. SPONSORING / MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR’S ACRONYM(S)

U.S. Naval Academy
Annapolis, MD 21402

11. SPONSOR/MONITOR’S REPORT
NUMBER(S)

Trident Scholar Report no. 508 (2021)

12. DISTRIBUTION / AVAILABILITY STATEMENT

This document has been approved for public release; its distribution is UNLIMITED.

13. SUPPLEMENTARY NOTES

14. ABSTRACT

Monte Carlo Tree Search (MCTS) is a branch of stochastic modeling that utilizes decision trees for optimization. So far, the method has
largely been applied to artificial intelligence (Al) game players. This project imagines a “game" in which an Al player searches for a
stationary target within a 2-D grid. We define specific constraints for this search problem and adapt the MCTS method to solve for an
efficient path. We analyze its behavior with different target distributions and constraints, including the decision time and domain size. This
paper covers both a single searcher scenario and the multi-searcher case. The MCTS player is compared to a simple random walk, a nearly
self-avoiding random walk, and the Levy Flight Search, a model for animal foraging behavior. We provide data from simulations and prove
theoretical results regarding the convergence of the MCTS when computational constraints disappear. Overall, we conclude that a searcher
(or multiple) using MCTS is effective against targets with delta-like distributions but quickly loses its strength when the a priori knowledge
becomes more vague.

15. SUBJECT TERMS
Artificial intelligence, Monte Carlo Tree Search, Lévy Flight Search, search and detection, optimal path

16. SECURITY CLASSIFICATION OF: 17. LIMITATION 18. NUMBER 19a. NAME OF RESPONSIBLE PERSON
OF ABSTRACT OF PAGES
a. REPORT b. ABSTRACT c. THIS PAGE 27 19b. TELEPHONE NUMBER (include area
code)

Standard Form 298 (Rev. 8-98)
Prescribed by ANSI Std. Z39.18




U.S.N.A. --- Trident Scholar project report; no. 508 (2021)

ANALYZING BEHAVIOR OF ARTIFICIAL INTELLIGENCE
METHODS FOR A SEARCH GAME

by
Midshipman 1/C Elana P. Kozak

United States Naval Academy
Annapolis, Maryland

Certification of Adviser Approval

Assistant Professor Scott Hottovy
Mathematics Department

Acceptance for the Trident Scholar Committee

Professor Maria J. Schroeder
Associate Director of Midshipman Research

USNA-1531-2



ABSTRACT

Monte Carlo Tree Search (MCTS) is a branch of stochastic modeling that utilizes decision
trees for optimization. So far, the method has largely been applied to artificial intelligence (AI)
game players. This project imagines a “game" in which an Al player searches for a stationary
target within a 2-D grid. We define specific constraints for this search problem and adapt
the MCTS method to solve for an efficient path. We analyze its behavior with different target
distributions and constraints, including the decision time and domain size. This paper covers
both a single searcher scenario and the multi-searcher case. The MCTS player is compared
to a simple random walk, a nearly self-avoiding random walk, and the Levy Flight Search, a
model for animal foraging behavior. We provide data from simulations and prove theoretical
results regarding the convergence of the MCTS when computational constraints disappear.
Overall, we conclude that a searcher (or multiple) using MCTS is effective against targets with
delta-like distributions but quickly loses its strength when the a priori knowledge becomes
more vague.

Keywords: Artificial Intelligence, Monte Carlo Tree Search, Lévy Flight Search, search and
detection, optimal path
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1 INTRODUCTION

From tracking enemy submarines to locating a man overboard, search and detection scenar-
ios are prevalent across many US Navy missions. The problem is greatly variable depending
on the type of "target," size of the search space, number of search agents, and other envi-
ronmental factors. The situation can range from simple and fun, like hide and go seek, to
very complex, top secret military movements. Many methods for finding targets have been
tested and applied with varying levels of success [5, 6, 12, 14]. In general, they hinge on
mathematical optimization techniques [2]. We propose a new method to solve the problem
of search and detection: Monte Carlo Tree Search (MCTS).

To test the MCTS method we start with a simple 2-D lattice search problem. The do-
main is a M x M lattice with periodic boundaries and discrete locations for the target and
searcher to occupy. Each target is placed within the search domain according to some desired
distribution. The searcher(s) start at a predetermined location, typically Sp = (1,1) or (%, %).

While playing the "game" the searchers can make moves in one of four directions: up,
down, left, or right. All steps are one unit in length and the boundaries are periodic, meaning
that moving left from (0, 1) results in (M, 1). The target is always stationary.

The solution to this search problem is a path to the target which can be measured by the
number of steps. An optimal path is defined as a set of moves which reaches the target in the
minimum number of steps. This requires the searcher(s) to always move directly towards
the target in either the horizontal or vertical plane. A detection occurs when the distance
between any searcher and the target is less than or equal to one. Achieving this optimal path
is the best solution to our search problem.

The main focus of this project is a method called the Monte Carlo Tree Search, defined as
"a method for finding optimal decisions in a given domain by taking random samples in the
decision space and building a search tree according to the results" [3]. The method has so
far been used to develop artificial intelligence game players for games such as Go and chess.
Important advantages include the ability to set a decision time limit and the lack of domain
knowledge needed for success [13]. While very useful in certain board games, the process is
at its core a decision making method, allowing us to apply the theoretical concepts to any
choice, including search paths.

The Monte Carlo Tree Search depends on a game tree which consists of many nodes
that represent possible game states. For our “game” of search and detection, each searcher
location is a game state. The MCTS method works by running many simulations to learn
about the game tree in order to choose its next move. The general process includes four steps:
selection, expansion, playout, and back-propagation.

Definition 1. The Upper Confidence Bound for Trees (UCT) is defined as

UCTw, =L 4 ¢ [L8NW) L1
N(v;) N(v;)

where v represents the root node, v; represents a child node, Q(v) is the average reward for
node v, N(v) is the number of visits to that node, and c is the exploration constant [7].

Definition 2. The exploration constant, c, is a constant that balances exploration and ex-
ploitation of the UCT algorithm [3]. Higher values of ¢ prompt the algorithm to choose less
visited nodes whereas low values prioritize nodes that have already proven successful.



The UCT algorithm is the most common selection policy for the Monte Carlo Tree Search
method. Within each simulation, the program will choose the v; with maximum UCT value
and play that node.

After selecting a node v;, the Monte Carlo Tree Search may expand to an unvisited node.
This expansion step ensures that each possible choice is tested at least once. Then the
program will follow a default rollout policy until it reaches a terminal node. The goal of this
policy is to give an accurate representation of how the chosen child node may affect the end
result. Additionally, the rollout policy should take minimal computing power so that the
simulations can be completed as quickly as possible.

The final step of the Monte Carlo Tree Search method is back-propagation. After reaching a
terminal node through the rollout policy, the program determines if that simulation was a
"win" or "loss". A reward function can calculate this value based on the environment. The
important step is to store the information as a numeric value attached to each node included
in the simulation. Thus we "back-propagate" up the tree to store these values along the
previous simulation’s path. This process repeats for a given number of simulations or loops,
each comprised of the selection, expansion, rollout, and back-propagation steps. Finally, the
program uses what it’s learned from the simulations and chooses the best move by optimizing
the UCT algorithm.

Definition 3. A reward function is an equation which calculates one numerical value to
represent the success of each choice based on its end result. In a simple win/lose game, this
function could be

Y =1;ifwin
Y =0; if loss

More complex games require more complex reward functions where the value may be anywhere
between 0 and 1.

Although Monte Carlo Tree Search is most often applied to games, its foundation is in
decision theory. It is beginning to be applied to a much wider array of problems [11]. A similar
application of MCTS to the search and detection scenario is the multi-armed bandit problem
[1, 8]. Its game structure is similar to that of our search game, providing an example of the
UCT algorithm in action. A follow on paper [9], includes a rigorous proof that the algorithm
selects the correct move with probability converging to 1. This provides the structure of our
analysis in section 4.

In this work we show that MCTS is an efficient method given various amounts of infor-
mation. For example, given total information about the target (i.e. it is drawn from a delta
distribution), the searcher(s) find an almost optimal path given a finite decision time. As the
information becomes more uncertain (the distribution of the target widens into a Normal
distribution) MCTS out performs, in number of steps to find the target, any default search
policy such as a random walk, Lévy flight search, and nearly self avoiding random walk. As
the target becomes more uncertain (i.e., it is drawn from a uniform distribution), the MCTS is
equally efficient to other, more computationally simple methods. Overall, we conclude that
the MCTS method provides insight and useful strategies to better understand efficient search
patterns, however, more study is needed to apply the method to real-time decision making.

The theoretical results of this work are two theorems and their proofs. The first states that
under the delta distribution assumption, as the number of loops goes to infinity a MCTS
searcher converges to the optimal path (Theorem 4.1). The second states that under the
uniform distribution assumption, as the size of the search grid increases, a MCTS searcher



converges to a nearly self avoiding random walk (Theorem 4.2). The proof for the delta dis-
tributed target could be done by showing that the reward function Q satisfies the assumptions
stated in [9]. However, the proof provided here is streamlined and shows insight to which
parts of the default policy are key. Namely that the default policy must have a stopping time
which, on average, is shorter the closer you start to the target. For the case of an uncertain
target the theorem and proof here are novel. They show that the nearly self avoiding random
walk, or searching only in sites that have not been searched before, is the optimal case when
there is no information about the target.

The outline of the paper is as follows. In section 2 the search problem and related mea-
surements are defined, as well as an overview of the methodology. In section 3, we present
simulation data for the single searcher case with varied amounts of information on the target.
Our main focuses are the complete information (delta distribution) target, the Gaussian
target, and the fully uncertain (uniformly distributed) target. In section 4 the theorems for
convergence to the optimal path for the delta distribution target and convergence to a nearly
self avoiding random walk for the uniformly distributed target are stated and proved. Section
5 describes the multi-searcher scenario and provides data on the certain and bimodal target
distributions. Additionally, we describe behavioral patterns of the MCTS searchers, to include
clustering. In section 6 the results are summarized.

2 SINGLE AGENT SEARCH

The main scenario we analyze here is a single searcher, single target problem. This is a
baseline example from which all other search problems can be built up to. The assumptions
are general yet lead to clear and significant results.

2.1 PROBLEM SET UP

To test the MCTS method we start with a simple 2-D lattice search problem. The domain is a
M x M lattice with periodic boundaries and discrete locations for the target and searcher to
occupy, denoted wa. That is, the searcher at time ¢ € {0, 1,2, ...} has position

S¢=(x,y), such that x,y€1{0,1,2,3,..., M}. 2.1)

Typically the searcher starts at the initial position Sy = (1,1). The target, T, is placed within
the search domain according to some desired distribution P(x, y) on the lattice. The target is
stationary.

While playing the "game" the searcher can make moves in one of four directions: up, down,
left, or right. That is, if S; = (x, y) then

St41=8:+¢, (2.2)

where ¢ € {(0,1), (0,—-1),(1,0), (—1,0)} is the selected move. All steps are one unit in length and
the boundaries are periodic, i.e. if S; = (x, M) and ¢ = (0, 1) then S;4; = (x,0). Similarly for the
other boundaries.

The goal for our search problem is to find a series of directional moves that results in a
target detection. Further, the number of moves in this series should be as close to possible as
the optimal step count. To measure the efficiency, we define metrics such as the distance and
optimal step count. An example of this search problem and one solution is shown in figure
2.1.
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Definition 4. The distance between two locations, Q and R, on wa is defined as d(Q,R) =
1(Q—R)ll, wherethe ¢ Y(T) metric on a torus is calculated as:

Qx — Ry +|Qy_Ry| if|Qx— Ry 51\7/1, Qy—Ry 5%,
T P i e M e s A e
Qx—Re|+5 —|Qy—Ry|, if|Qx—Re| <%, |Qy—Ry|>F
M—1Qx—Rx|—|Qy—Ry|, if|Qx— Ry >A?/[’ Qy—Ry >A7/[

Definition 5. A target detection is when the distance between searcher and target is less than
or equal to one. This occurs when |(S—T)|l, < 1.

Definition 6. The optimal step count is defined as O = ||(So — T) | o1, the distance between the
searcher’s initial location and the target.

Initial Problem Optimal Solution
40 40

O Searcher O Searcher
35| #  Target 35| *  Target

30 30

25 25

20 20

00O 5 10 15 20 25 30 35 40 00 5 10 15 20 25 30 35 40
(a) Initial problem with Sp = (1,1) and a (b) One solution of the optimal step count,
randomly generated target on Tio. O = 30.

Figure 2.1: Example search problem on Tfm and one of its optimal solutions.

There are three general cases of this search problem based on the information known about
the target and the degree of certainty. For each case the target is drawn from a predefined
distribution, P(x, y). The most specific scenario is the certain target and the least specific is
the completely uncertain. In between, we study the Gaussian target which varies in certainty
depending on the initial parameters. The target distribution is important to know because
all of the simulated targets will be drawn from it (T = (Ty, Ty) ~ P(x, y)). A more well defined
target distribution will result in more accurate and useful simulation loops.

Definition 7. A certain target is drawn from the delta distribution.
Ty=X
T,=Y

There is no variation between targets; throughout all simulations the target will always be
drawn with location T = (X, Y).

Definition 8. A completely uncertain target is drawn from the uniformly random distribu-
tion.

I,~UO,M)
T, ~ U(0, M),

where (Ty, T)) are independent. For each simulation the target could be anywhere in 'I]'%,I with
equal probability.
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Definition 9. A Gaussian target is drawn from the jointly independent Gaussian distribution

with standard deviation, o, and mean %/[

Ty~N(%/I,02).

Depending on the value of o the Gaussian distribution may resemble the certain target
(o = 0), completely uncertain target (o = co), or somewhere in between. A smaller o value
results in a more predictable target location whereas larger values create a more uncertain
distribution.

Figure 2.2 shows the heat maps of four different target distributions, each with 100,000
sample targets in T%,.

Target Distribution for ¢ = 0 Target Distribution for o =5

1000 -,

800 -

600

400

N 5 3 2 3
€ 88 ¢ 8

200

Number of Targets

Number of Targets

2
8o

30
20 a6 30
10 10

)

Y Position oo

(a) Certain Target.
Target Distribution for o = 1(

X Position Y Position

X Position
(b) Gaussian target with small 0.

Target Distribution for o = 2(

3
8
8

N 5 3 2 3
€ 88 ¢ 8

Number of Targets
Number of Targets

2
8o

20

T—— 10

Y Position X Position Y Position X Position

(c) Gaussian target with large o. (d) Completely uncertain target.

Figure 2.2: Example Gaussian target distributions on T?m.

2.2 SEARCH METHODS

Throughout this project we apply four different methods (with variations) to the search
problem. The main focus is on the Monte Carlo Tree Search with two rollout policies defined
by the processes below.

Definition 10. A symmetric random walk (RW) is a series of directional moves chosen with
equal probability. That is, if X; = (x, y) then

X1 =X+, (2.3)

where¢ €{(0,1),(0,-1),(1,0),(—-1,0)} and ¢ is chosen uniformly randomly.
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Definition 11. A Lévy Flight Search (LFS) is a series of directional moves which mimics animal
foraging behavior and consists of many small steps with a few large jumps [5]. A point is chosen
by selecting a distance 8 ~ U(0,2m) and a length ¢ from a stable distribution:

PU)~CF1<pu<3

such that the destination is
Pj=(ljcos(0),l;sin(0)).

Starting from Ly, the searcher moves to the new location L, = P; wherek = ||(S;— P)|| o1 is
the optimal number of steps.

Definition 12. A nearly self avoiding random wall (NSARW) is a series of directional moves
chosen randomly based on visit count for each location. The method proceeds with the follow-
ing steps:

Let I be the set of four directional moves (up, down, left, or right). For each i € I there is a
corresponding location on T%/I denoted v;. Each of these four locations has a visit count, N (v;)
which represents the number of times the searcher has previously been located at node v;. Let
Z =min;e; N(v;). Then define ] as the set of moves j € I such that N(vj) = Z. Choose move
j € J uniformly randomly.

A series of moves chosen with the NSARW method results in a random walk which avoids
previously visited locations unless there are no other options, in which case it moves to one
of the least visited locations.

The random walk and Lévy Flight Search are used as our rollout policies for the MCTS. For
comparison, we test the RW and LFS methods by themselves in addition to the NSARW.

Examples of a random walk and Lévy Flight Search are shown in figure 2.3. Note that these
are example paths but not searches since there is no target in the domain. The nearly self
avoiding random walk is shown in figure 2.4, where the color bar denotes the number of
visits at each location. This example does contain a target, drawn from the uniformly random
distribution and in this case located at T = (15, 30).

40

L
35 35+ ] L\_HL 4
30 _% 30f - ’—‘77_\ L‘jr—
25 :{J£77 25 111 = ‘*
g - S g
I _
T C e et .
jm) :r,\_l L
10 L = *i 10 ! Jjw‘\“l Jj_\l\_i_l:‘
5 5f E d 5 1

2-D Random Walk

5 10 15 20 25
X Position

(a) Random Walk.

30

35

40

40

2-D Levy Flight Search

10 15 20 25
X Position

30

(b) Lévy Flight Search.

35

Figure 2.3: Example paths for two different rollout policies in 1]—4210-

40
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Target at (15, 30), 625 Steps

0 5 10 15 20 25 30 35 40
Figure 2.4: Example step counts for a nearly self-avoiding random on Tio.

2.3 NUMERICAL METHODOLOGY

To test each search method we ran numerous simulations through MATLAB™. The Monte
Carlo Tree Search requires the most complex program, outlined below [10].

First, we set the parameters: grid size (M), number of trials (7)), number of loops/simulations
(L), and exploration constant (c). Next, we place the target at T = (T, Ty) € va[ according
to the desired distribution. We also start the searcher at Sy = (Sx,0, Sy,0) and calculate the
optimal step count (O = [|(So — 1)l o).

Then the Monte Carlo Tree Search section of the code is repeated until the searcher detects
the target. For each move, the program plays out L loops which can be viewed as practice
games. Within each loop, the searcher starts at location v = (Sy, S;) and a practice target
(Ty = (Tx1, Ty1)) is placed according to the same distribution as T. A move j € {up, down, left,
right} is chosen and then the default policy plays out until the target is detected. For each
location (v;) in the search grid a new value of Q(v;) (the reward function) will be added to the
Q matrix. Our reward function is the inverse of the average step count (Q(v;) = #vl) where
Y (v;) is the mean step count from that location). Additionally, we update the visit count
matrix, N, such that N(v;) =1 for all locations touched by that simulation and N(v;) = 0 for
all other locations in the search space. Then the UCT matrix is calculated using the searcher’s

original location (v) as the root node and all other locations in the search space (v;) as child

nodes.
N(v; N(v;)

In order to choose the next move, we restrict the UCT values to a matrix with only the adjacent
nodes: v; = {v+[1,0],v—[1,0], v +[0,1], v — [0, 1]}. Thus the program can maximize this UCT
vector in order to choose which move (up, down, left, right) to play next. The process repeats
for Lloops such that at the end of the cycle, N(v) = 100 and N(v;) = 0 for all locations in the
search grid. Once again, the UCT matrix is calculated and restricted to the four potential
moves, then the program chooses the optimal value and the searcher’s location is updated to
S1=(Sx,1,Sy,1). The searcher continues to follow this process until it is within one space of
the target (]|S;— Tl|,» < 1). We record the number of steps () and then compute the steps
over optimal (¢ — O). After many trials, these values are averaged to get the ASOO.



Definition 13. The average steps over optimal (ASOOQ) is a measurement of efficiency for a
search method calculated as

ASOO = mean(steps taken before decision - optimal step count).

3 NUMERICAL RESULTS

The results from our MATLAB™ simulations are broken into three sections based on the target
distribution. All data is from an M = 40 search grid with the searcher starting at Sp = (1,1) and
one stationary target. The efficiency of each search method is mainly measured in average
steps over optimal (ASOOQ).

3.1 CERTAIN TARGET

The first case is that of the certain target, where the target is drawn from a delta distribution
and is therefore always located in the exact same place. This results in simulated trials that
form a very useful representation of the real problem, making the MCTS a highly efficient
search method.

Figure 3.1 shows how the MCTS compares to other methods under these conditions. It is
interesting to see that the Lévy Flight Search default policy results in a more efficient search
than the random walk policy. We hypothesize that this is a result of the LFS covering more of
the search space and back-tracking less across its own path.

Average Steps Over Optimal for a Delta Distribution, N=40

2000 F 4,

1500

J==

MCTS w/ LFS  MCTS w/ RW E

1000

500

MCTS w/ LFS MCTS w/ RW LFS Nearly SARW RW

Figure 3.1: Performance with a Delta Target Distribution, 95% Confidence Interval.

In section 4.1 we will prove that in this scenario the MCTS converges to the optimal step
count. Supporting data is shown in figure 3.2 with both the number of loops per step and the
decision time as independent variables.
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Comparison of Playout Policies and Time Efficiency Average Steps Over Optimal vs. Number of Loops, N=40

200
—#— Random Walk —%— Random Walk
¥ Levy Flight Search 180 ¥ Levy Flight Search | |

160

¥

140

120

*
ASOO

100

80

Steps over optimal

60
40

20 [

| % o . . . * . L
0 05 1 15 2 25 3 35 4 0 200 400 600 800 1000
Decision time per step Loops per Step
(a) Effect of decision time for MCTS. (b) Effect of loops for MCTS.

Figure 3.2: Effect of resource limits on MCTS with each default policy.

3.2 COMPLETELY UNCERTAIN TARGET

Next we analyze the completely uncertain target case, where each target is drawn from the
uniformly random distribution. Thus, each simulated target is in a new location, making it
the most difficult scenario for the MCTS program because it knows nothing useful about the
target. Nevertheless, for both LFS and RW default policies the MCTS does outperform a basic
LFS and a basic RW. The supporting data is shown in figure 3.3.

Additionally, we show in figure 3.4 that the MCTS with random walk default policy will
converge to a nearly self-avoiding random walk as the size of the search grid gets larger,
assuming the target is drawn from a uniformly random distribution. We provide a proof of
this in section 4.2.

Average Steps Over Optimal for an Uniformly Random Distribution, N=40

2500 - E b

2000 -
1500

1000 [

500 ==

=——I

MCTS w/ RW MCTS w/ LFS LFS NSARW RW

Figure 3.3: Performance with a Uniform Target Distribution, 95% Confidence Interval.
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2500 MCTS and NSARW for a Uniform Distribution

—+—NSARW average

3000 | |[___]95% Confidence Interval
—+*—MCTS average

2500 [ 195% Confidence Interval

2000 -

ASOO

1500

1000 -

500 -

10 20 30 40 50 60 70 80
Size of Search Grid (M)

Figure 3.4: Convergence of MCTS to a Nearly Self-Avoiding Random Walk.

3.3 GAUSSIAN TARGET DISTRIBUTION SIMULATION RESULTS

The Gaussian distribution is the most general target distribution and can be changed by
varying the standard deviation (o). We can view this as a range, where o = 0 corresponds to
the certain target (delta distribution) and o = co corresponds to a completely uncertain target
(uniformly random distribution). These distributions are shown in figure 2.2. Accordingly;,
the simulated data shows that as o increases, our performance decreases, leveling out to
match the completely uncertain target case (a nearly self-avoiding random walk). This data
is shown in figure 3.5. It is also important to note that for any value of o the Monte Carlo Tree
Search with random walk default policy outperforms both a basic Lévy Flight Search (LFS)
and a random walk (RW).

Average Steps Over Optimal for a Gaussian Distribution, N = 40

2500 g b

2000

1500

1000

500 F =

c=0 =1 c=5 =10 NSARW LFS RW

Figure 3.5: Performance with a Gaussian Target Distribution, 95% Confidence Interval.

We collected data from the MCTS against a target from the Gaussian distribution with
oe{l,.., 10} on Tio. The measurement of interest is the average steps over optimal (ASOO)
for 1000 trials of each distribution. Based on the pattern of data points, we hypothesized that
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the behavior might fit a power law. This would be useful in predicting the efficiency over
many values of o so we ran the following tests to determine the appropriate fit.

Definition 14. A power law is a relationship in which the data fits an equation of the form:
Y()=al(o —Uc)ﬁ, o>0,

To test this relationship we looked at a variety of critical values, o, € {0.5,1.5,...,6.5} and
plotted a line of best fit between log(ASOO) and log (o . — o). Comparing the r? values for
these best lines of fit we found that the maximum r? was for o = 0.5. Using the slope, m and
y-intercept, b of this graph we calculate a = ¢ and f = b, resulting in the power law fit of
equation 3.1. The log-log plot and power law fit are shown in figure 3.6.

ASOO(0) = 387 (g, — 0.5)12946 3.1)

6.5 T T T T T T 500

%  log(ASOO) vs log(o - I,

e L A
6 |-~ bestfit = exp(1.2946) * 1 450 P

i | 400

,

350 - %7
%

/*// * | 300 -

10g(ASOO)
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log(o - (YC)
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(a) Log-log plot of data. (b) Original data with fitted curve.

Figure 3.6: Line of best fit for the power law relationship.

Note that this power law fit is dependent on the size of the search grid (M). All of the data
above was from 'I]'io but the important relationship is between o and M. For a larger search
grid the scale of distributions change. We suggest that for the power law relationship, 8 ~ ;.

While this method of identifying a power law fit is not exact, the implications of this
behavior are wide. Many unexpected data sets such as the populations of cities or the sizes of
power outages are thought to follow a power law [4]. Search behavior for Monte Carlo Tree
Search agents may be another such example. Further study is required to better understand
the way in which this relationship affects the searcher behavior.

4 THEORETICAL RESULTS

Here we prove two theorems regarding the behavior of a single searcher following the MCTS
method to find a single target. The results are dependent on the certainty of the target
distribution and are supported by the data above.

4.1 CONVERGENCE TO THE OPTIMAL PATH

Assumptions: We start with a finite search lattice of size M x M with periodic boundaries,
denoted wa. A target is placed randomly within, at location T = (T, T}). The searcher is
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started from Sy = (1,1). The optimal step count is calculated as O = [|(So — T) |l 1 by using the
¢'(T) metric on a torus (see definition 4).

Definition 15. Define the stopping timet; j of a symmetric random walk X on 'I]'%/I as

Ti,j :mkin{ke N, 1 Xo =Tl =1, 1 Xk = Tll 1 = j}

Thatis, 7; ; is the stopping time (measured in number of steps) for a symmetric random
walk to move from i units to j units away from the target. For the walk to move from 7 units
to 0 units away from the target it must pass through locations that are n — 1, n — 2, etc., units
away from the target. Therefore we can write the stopping time 7, as a sum of stopping
times,

Tno=Tnn-1tTn-1,n-21t"T10-

Each of these stopping times is non-negative and has an expected value, E[7; ;]. Therefore
when %’I >n=>1,

E[Ty,0] > ElTy-1,0]-

Thus for any distance D from the target,
Eltpol < E[Tp+1,0]-

Note that this assumption of the finite stopping time is satisfied for a symmetric random
walk.

Definition 16. A move in the optimal direction is one which minimizes |S— T ,1. Due to the
lattice structure, there may be up to two optimal directions at any given location.

Definition 17. The number of loops, 1, of a Monte Carlo Tree Search is the number of simula-
tions run before each move is chosen. This parameter affects the time each decision takes and
the amount of the decision space that the program explores.

Theorem 1. If a certain target is placed according to the delta distribution in '[F?VI and the
number of loops (1) of a Monte Carlo Tree Search with random walk default goes to infinity,
then the MCTS program will choose a move that leads the searcher in an optimal direction.

Proof. Start with the searcher at location S = (Sy, Sy) which is some distance D = ||(S — Tl
from the target. Let i € {1,2,3,4} represent the four possible moves: up, right, down, and left.
Define v; as the location corresponding to node i (i.e., if i = 1 (up) then v; = (Sy,1, Sy,¢ +1)).
Let N be a matrix that stores the visit count for each node on wa. Let [ be the number of
loops played within each simulation. Define R; ; as the number of times move i has been
played after / loops. Let 7p be a stopping time that represents the number of steps taken
in a random walk from the searcher’s location to the target, where D = ||S; — T'|| 1. Let Tg%
denote this value for the kth simulation of that move. Then calculate the average step count
after move 7 has been chosen R; ; times as

1) ) (Ri,1)
X, B TD,()+TD,0+'"TD,0
eri,l - R !
i

Next, define the average reward for move i as

1
Xi,R;,

Yig, =
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Using this notation, the UCT algorithm can be written as

Yir;, log N(S)
UCT(v;,S) = +c .
M(v;) N(v;)

Before continuing this proof, we provide a lemma about the number of times the optimal
and sub-optimal choices are simulated.

Lemma 2. For all movesi € {1,...,4} the number of times move i has been played after | loops
goes to infinity; i.e., R; | — 0o, as | — oo.

Proof. We proceed by contradiction. Assume at lease one move (denote as j) is chosen a
finite number of times, i.e., R; ; is bounded. Thus we can find some constant, R such that for
all /,

R jl= R.

Based on the UCT method, the program will chose its next move by maximizing

Yir;, log N(S)
UCT(v;,S) = +c .
N(v;) N(v;)

Using the assumption that one move is bounded, we know that at least one of the other
moves must not be bounded since the total number of simulations (/) goes to infinity. Define
this move(s) as i*.

Since 0<Y;g,, <land 1< M(v;) <lforallie€{l,2,3,4}, we can say that for the j move

logl
UCT(j)<1+c ﬁ, or
Rj,

) [logl
T(j)= —_— .
UCT(j)=zc A

Note that for the unbounded move i*, we can choose an L such thatforall / = L, R;«; > R?.

Thus
1 1 1
< — .

—< =<
Rw; R2™R
Multiplying by log ! and taking the square root we get

loglS long logl'
R+ R2 R

Since R is a constant and log ! is monotonically increasing, we can choose L’ > L such that for

all I = L' we get
c\/@(@_l)> 1, or

c\/lo?(%— \/R_) > 1.

1
i1

Thus for all / = max{L, L'} we conclude that

logl  [logi  |logl
UCT(*) <1+¢y) =8 < ¢/ 28" < | 222 <yeT().
\V Ry SV R SV R
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Therefore UCT (i*) < UCT(j) so move j will be chosen and played out.
This contradicts the assumption that R;; is bounded, so we know that as [ — oo Rj; — oo.
The same logic can be applied to all other moves i € {1,...,4} so we conclude that for all 7, as
l— o0, Rj| — 00.

O

Now we proceed with the proof of Theorem 1.

For the searcher choosing between 4 possible directions let i € {1,...,4} represent a choice
in the sub-optimal direction and i* represent a move in the optimal direction. The searcher
starts at a distance D = ||(S— T)|l,» from the target. For a sub-optimal move, i, the searcher
initially moves one step away from the target, increasing this distance to D + 1. Therefore the
average step count for move i is defined as

1) (2)
oo = Tp+1,0 T TD+1,0
LR — R: !
15

+ ‘L'(Ri'l)
~Tpi1,0

For the optimal arm, i*, however, the searcher moves toward the target, decreasing the
distance to D — 1. Thus we define the average step count for i, after / loops as

o)) ) (R;*,1)
Y _Tp1,0tTp-10TTp-1,0
i*Rpx; = Riv .
,

As ¢ — oo, by Lemma 2, R; , — oo and the above quantity converges to the expected
value of E[rpyl. Since farther distances will on average take longer to reach the target,
Eltp-10] < E[tp+1,0]- By the law of large numbers we can say that for a sub-optimal move, i,

1 2 Ry
. Tprot oot Tpio
lim
l—o0 Ri,l

= llim Xir;, = ElTp+1,0]
—00

with probability 1. Similarly, for the optimal move we have

1 2 Ri+
. Tpo1,0TTp-10TTp-1p0
lim
l—o0 Ri*,l

= llim Xi* R ; = ElTp-1,0]-
—00 ’

Using this expected value we want to show that the probability of the step count being
significantly larger or smaller is small. For each real move of the searcher, the MCTS method
chooses the direction with the best UCT value:

Yir, log N(S
Il - max { LR ! +C Og—()}_
i€11,2,3,4) LN(v;) N(v;)

Fix € > 0. We want to show that if / is sufficiently large, IP(I; # i.) < €. For any sub-optimal
move, i, let p; ; = P(Yjg,, = Vi~ g,. ;). We substitute the inverse of our average reward to get
pii = P(Xi r;., = Xigr; ). Then we know P (I} # ix) < X.;%;, pi,i- Therefore it suffices to show
that p;; < % is true for all sub-optimal moves when [ is large enough.

Using the convergence for large [, if Xi* Ry« <ElTp-10l+€ and Xi,r;; > Eltp-10l—¢€ then
Xiv,Rw | < XiRy Therefore,

pii < P(Xj g., = Eltp-10] +€) + P(Xi r;, < E[Tp+1,0]l —€).

il —
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By the law of large numbers, as n — oo, P(|E[X] — X,| > €) — 0. We apply this to the inequality
above to say that

lim pi1 = lim P(Xi*,Ri* P Eltp-1p0l =€)+ lim P(E[Tp+1,0] _Xi,R” >¢)=0.
[—00 [—o00 ’ [—00 ’
Then, since lim;_., p;; = 0 we can choose an L sufficiently large such that forall / = L

pPil =

| o

4.2 CONVERGENCE TO A SELF-AVOIDING RANDOM WALK

Theorem 3. If a completely uncertain target is placed according to the uniform random
distribution in T?M and the size of the search grid, M — oo, then a Monte Carlo Tree Search
program will converge to a nearly self-avoiding random walk on 1]'%4.

Proof. We want to show that the UCT algorithm, defined by

st = Q0 [1oBNE)
N(Ui) N(Ui)

chooses a child node (v;) randomly as the number of trials goes toward infinity, unless one
direction has been picked more frequently than the others.

Let T be the randomly selected target location and S; be the location of the searcher at
time t. Assume that Sp = (1,1).

Choose € > 0. Then set K, as the radius of a region E around the origin such that KLC <e€.
Thus K. is the minimum number of steps required to exit this region.

Choose § > 0. Based on the € chosen and the resulting radius of region E, set M to be the
dimension of the search space such that P(T € E) < §. Therefore P(||(So— Dl > K)=1-6
where [[(X - Y)| 1 is the distance on T4, between locations X and Y. This is represented
pictorially in Figure 4.1.

M2

|P(TEE) =&
e LN\
-Mi2 So \ M2
II R\ I|
N Y

P(T €E) = 1-6

[T

Figure 4.1: Search grid given €.
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Let v;, i € {1,2,3,4} represent each of the four child nodes (up, down, left and right) of the
root node v. Then Q(v;) represents the success rate of each child node, where Q(v;) = ﬁ and
X; 1 is the average number of steps after / loops. Recall that K. is the optimal step count to
exit the circle and T is located outside the circle with probability 1 — 6. Therefore, on average
Xi1 = K. This means that as the size of the search grid increases we get Q(v;) < Kle <e.
Therefore as € gets smaller, Q(v;) approaches zero. Hence the first term of the UCT algorithm
approaches zero.

The second term, ¢4/ %, is a relationship between the visit counts of the parent and
child nodes. For the first four trials, each child node gets visited once (chosen in a random
order as per MCTS protocol). It is important to note that after the first step is taken, the
previous root node (now a child node) will have a very large visit count because it was included
in all of the simulations from the past decision. Thus, after 4 trials, N(v;) =1 Vi€ {1,2,3,4}
except the direction from which it came, which will be significantly higher (equal to the
number of loops). Note that N(v) is the same for all v; since this new root node’s visit count
increases after each and every trial.

Since N(v;) has equal entries for all directions except one, and N(v) is a constant, the UCT
vector will have equal values for three moves, excluding the direction from which it came.
Thus the UCT program picks one of the three directions randomly, avoiding its previous path.
Call this direction v;. The next trial will be run using v; as the first move. Regardless of the
outcome, we now get N(v;) =1 Vi # jand N(v;) = 2. Since the UCT value has N(v;) in the
denominator of the second term, the UCT value will decrease for v; which has been visited
twice. Therefore max(UCT) will randomly return one of the three remaining values (these
are all equal).

The process will repeat until all four nodes are visited twice, then three times, etc. Regard-
less of the time this program runs it will continue randomly cycling through the nodes, trying
to avoid hitting one node more times than the others. At the end, all four nodes will have an
equal visit count so the final decision will be chosen uniformly random.

Therefore the program will choose a random direction unless one or more of the directions
have been chosen an unequal number of times, in which case the program will choose
randomly between the options visited the minimum number of times. Thus the path becomes
a nearly self-avoiding random walk. O

5 MULTI-AGENT SEARCH

To further explore the 2-D search space we propose a scenario in which K searchers look for
one target within the same domain. We carry over the assumptions from section 2 but with
the searchers, S, in the form of a K x 2 matrix where each row represents a searcher.

There are two different ways to view this problem: simultaneous or alternating choice.
For the simultaneous choice we have 4X child nodes, each representing a combination of
the searchers’ moves (e.g. searcher one moves up, searcher two moves right, ..., searcher K
moves down). This method becomes computationally expensive since the game tree and
data matrices expand rapidly with the size of the search grid. No further study of this method
is provided due to the computational limits of our available resources.

The alternating choice method is more similar to the single searcher problem and thus
faster to execute. In this case, searcher one runs through all L loops of the MCTS method,
collecting data for Q and N and calculating the UCT matrix as it goes. Searcher one chooses
a move, then searcher two goes through the same process, adding to and rewriting the same
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Q, N, and UCT matrices, then choosing its move. This process is repeated, cycling through
all K searchers until the target is found. Since the searchers all use the same data matrices
and continuously update one UCT matrix, they are able to learn from the other’s choices and
make more efficient decisions.

The focus of our study is to determine how multiple searchers using the MCTS method
behave within the same domain. We will show through simulations and examples how the
search patterns change based on the target distribution and number/placement of searchers.

5.1 MULTIPLE SEARCHERS FOR A CERTAIN TARGET

First we analyze the certain target situation (see section 2.1 for definition), where the target
is drawn from the delta distribution. For the two-searcher scenario we want to determine
how the searchers work together based on their initial placement. To do this we develop a
simple two searcher problem in a (M x M) lattice with periodic boundary conditions (T%/I)'
The target is placed at (%4, %) and a circle of radius % is drawn around this target. Searcher 1
always starts at the angle ¢ = 0 and searcher 2 is placed around the circle at the angle 6. An
example for the M =40 case is shown in figure 5.1.

Using the unit circle we test 6 = k * § with k € 1,2, ...,8. To accommodate for the 2-D lattice
we round each the x and y values to the closest integer. The goal of this problem is to find the
target in as few steps as possible. Since both searchers start equidistant from the target in
the center, the optimal number of steps is always %. We measure the searchers’ efficiency in
Average Steps Over Optimal (ASOO). The results from MATLAB ™ simulations are shown in
figure 5.2.

Two Searcher Problem with M=40 and ¢ = =

40
*  Target

35 | O  Searchers| |
30 .
25
20 - O * o}
15
10+ :

5 L

0 .

0 10 20 30 40

Figure 5.1: Initial set up for 2 searchers, 1 target.

Our data shows that when searchers start close together (6 = 0) they find the target more
quickly than when they start farther apart (6 = 7). We investigate this by looking at the UCT
selection algorithm (equation 1). In general, the algorithm prevents a searcher from revisiting
the same location twice (exploration term). In our multi-searcher scenario, this results in
the searchers trying to stay away from each other and not revisiting each other’s previous
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Average Steps Over Optimal for 2 Searcher with Separation ¢
38 b

36

341
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Initial Separation, ¢

Figure 5.2: 95% confidence intervals for a certain target on Tio ; 100 trials with L = 100.

locations. However, both searchers are still trying to move towards the target (exploitation
term) so there must be a balance between separation of searchers and their paths to the target.
Thus searchers who start close together will spread out and at least one will move directly
towards the target, resulting in an efficient search. The searchers who start on opposite sides
of the target, however, struggle to find balance between a direct path to the target (moving
towards each other) and staying separated. This results in a less optimal search. Example
paths are shown in figure 5.3.

12 Steps 34 Steps
40 P 40 P
35 35
30 . 30 5~
' <)
25 \ 251 O
BT
20 *oEE0R, GO 20 ¢ ¢
500t
15 15
10 10
5 5
0 0
] 10 20 30 40 0 10 20 30 40

(a) Example path for two searchers, 8 = 0. (b) Example path for two searchers, 6 = 7.

Figure 5.3: Results of two searcher, certain target scenario. These example plots show how
searchers starting closer together have a more efficient path than those who start
on opposite sides of the target.
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Another metric that is useful to our understanding of the multi-searcher case is the UCT
gravity plot. Recall that the UCT selection algorithm is

Q(vy) ce

(vy)

log(N(v))

UCT(v,v;) = N
1

where v is the starting location and v; are the other spaces in the search grid. To create the
gravity plot we use the final searcher location, vy = S; as our root node and calculate the UCT
matrix for all other locations, v;. Then we negate this value and graph ~UCT (v¢, v;) as a
surface plot, as shown in figure 5.4.

The purpose of negating the values is to create a more intuitive graph, referred to as the
gravity plot. Here we can imagine the behavior of our searchers in terms of physics. Like balls
on a curved surface, our searchers on the gravity plot will naturally move towards the points
of lowest energy, i.e. the troughs. Deeper troughs are more likely for the searchers to find but
other low points on the graph may attract the searchers as well. Once the searcher has found
a low point, it is unlikely to move to a point of higher energy, just like a ball at the bottom of a
canyon would not roll to the top. As expected, a more accurate gravity plot will result in a
more efficient search.

Target at ( 20, 20) Target at ( 20, 20)

(a) More defined UCT plot generated from a (b) Less defined UCT plot generated from a
6 = 0 example run. This will result in a 6 = 7 example run. This will result in a less
more optimal search. efficient search.

Figure 5.4: Gravity plots for the two searcher, certain target scenario with 100 loops per move.
These examples show that the more well-defined plots with a sharper point at the
target’s location result in a more accurate representation of the search space and
thus a more efficient search.

Continuing with the certain target scenario, next we explore the behaviors of K searchers
working together in the same domain. To do this, we use the same setup shown in figure
5.1 but start K searchers at (%/1, %) (separation angle 6 = 0). By increasing the number of
searchers we show that the search becomes more efficient, actually converging to zero steps
over optimal when enough searchers are present for the defined grid size. Data for this is
shown in figure 5.5. To explain this behavior, we use the same argument as the two searcher
scenario. When the searchers all start in the same location they have a tendency to spread
out in order to avoid visiting the same locations multiple times. When there are enough
searchers in the domain this results in a large area being covered thoroughly by the searchers,

increasing the chances of an efficient search. Once the searchers have spread out, the one
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closest to the target is likely to find the optimal path. Figure 5.6 shows the percent of locations
visited after the first three steps of a MCTS program. After the first move there are 4 available
locations, after the second there are 12, and after the third there are 24. A higher percent of
spreading means that the searchers covered a larger area of the search grid. As explained
above, this will naturally result in a more efficient search. Finally, figure 5.7 shows an example
path for five searchers in 'I]'Azm. Searcher 2 finds the target in only six steps over optimal. Our
data in figure 5.5 shows that with more searchers, this number would be zero.

Effectiveness of Multiple Searchers

60

50 -

40 -

ASOO
w
S

20

5

10
Number of searchers, S

15

Figure 5.5: Average steps over optimal for a M = 40, ¢ = 2 MCTS with K searchers, averaged
over 100 trials. The data shows a convergence to zero, i.e., a scenario with enough
searchers and a certain target will always find the optimal path.

1()(%'-’tercent of possible nodes visited on a M=40 search grid with ¢=2
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Figure 5.6: Average percent of the possible locations visited after one, two, and three steps of
the K searcher scenario with a certain target. For this data, M = 40 and ¢ = 2 with
100 trials. The data shows that more searchers results in more spreading, covering
a larger area of the search space.
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Figure 5.7: Example paths for 5 searchers.

In conclusion, we provide a conjecture about the behavior of multiple MCTS searchers in
T4, with a certain target.

Conjecture 3.1. For a finite search grid of size M x M (denoted T?VI ) with one certain target
(drawn from the delta distribution), there exists a minimum number of searchers, K, such that
for any game with k = K searchers using the MCTS method using L loops per decision, at least
one searcher will find the optimal path to the target.

5.2 TWO SEARCHER BIMODAL DISTRIBUTION

To further explore the behavior of two searchers using the MCTS decision method we develop
a problem with a bimodal target distribution. We start with the same search area ('[F?m) and
place both searchers at a central starting location, ( %, %4). The target is drawn from a bimodal
Gaussian distribution with one mode at (%, %4) and the second at (%4, %). We define a
common standard deviation, o for both modes and a percent, p, which determines the bias
between the two modes (i.e., if p = 0.2 then 20% of the targets will be drawn from mode 1 and

80% will be drawn from mode 2) An example distribution is shown in figure 5.8.
Definition 18. A bimodal target is drawn from the distribution

(x—x)2+(-y1)?) ((x=x9)2+(y=12)%)

Px,y)x px*e 20 +(1-p)*e 5
where p is the bias toward mode 1 at (x1, y1) and the second mode is at (x2, y2).

When the target distribution is heavily weighted towards one of the modes (p = 0.9 or
0.1) an interesting behavior emerges. In most simulations one target will move directly
towards the most likely mode and start to cluster around that area, looking for the target
while the other searcher performs more of a random walk around the rest of the search space.
This behavior is most prominent in distributions where o > 0 but not large enough for the
distributions to overlap. An example is shown in figure 5.9.
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Bimodal Target, 0 =3, p =0.2
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Figure 5.8: Example bimodal distribution on T3, with one mode centered at (10, 10) and the

other at (30,30). The distribution is weighted towards the first mode with p =0.2,
meaning there is only a 20% chance of the target being drawn from the Gaussian
distribution with p = (10,10) and o = 3 but an 80% chance of it being drawn with
1 = (30,30).
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Figure 5.9: Example search path for two searchers in 'I]'io with a bimodal distribution, o = 2,

p =0.9, modes at (10, 10) and (30, 30). Both searchers started at (20,20). Clustering
behavior is shown for searcher one (blue path) while meandering behavior is
shown for searcher two (green path). Searcher one found the target in 230 steps.
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The best way to measure this occurrence is through histograms of the clustering vs. mean-
dering (random walk) searchers. To do this, we look at each individual trial and the average
distances from each searcher to the most probable node. At any time ¢ = 0 searcher i is at
location (Sfcy o S;’ /). Assuming our distribution is weighted 90% towards the node at (10, 10)
and it takes the searchers T steps to reach the target, our average distance equation is:

Yo llESy St ) = (10,10) [l
i= T

’

using the ¢! metric on the torus. Then, we separate the distances into two bins based on
visual inspection and the general guidelines:

DieM if D; =20

D;eC if D; <20

This criteria is based on the size of our search grid such that M is the set of data for meandering
searchers and C is the set of data for clustering searchers. The boundary at 20 is only a
guideline; some searchers with average distances over 20 exhibit clustering behavior and
vice versa. The visual inspection can help determine which behavior was performed by each
searcher.

Histograms of the average distances for meandering and clustering searchers is shown
in figure 5.10. Here we can see a very clear difference between the two types of searchers.
The meandering searcher is on average much farther away from the center of the target
distribution mode, whereas the clustering searcher is almost always within 20 steps of it.

Di of ing Searcher Average Distance of Clustering Searcher

0.06 — e

0.06 —

0 10 20 30 40 50 60 0 10 20 30 40 50 60

(a) Accumulated data from 112 meandering (b) Accumulated data from 88 clustering
searchers. searchers.

Figure 5.10: Frequencies of average distance from each searcher to the center of the most
likely mode in a bimodal distribution on Tio, separated between clustering and
meandering behavior; 100 trials total.

To further describe this behavior, we show the gravity plots for different values of o. As you
can see in figure 5.11, the UCT values are highest (i.e., the lowest point in the graph) around
the more probable target distribution mode. This explains why one searcher almost always
"falls" into the area around the high-probability mode and then clusters around the center of
that distribution.
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(a) Smaller o; more certain target. (b) Larger o; less certain target.

Figure 5.11: Example UCT gravity plots on T%, with a bimodal distribution 90% skewed
towards the target at (10, 10).

Overall, we determine that the Monte Carlo Tree Search method finds an intuitive search
pattern for the bimodal target distribution. We can compare this to human search behavior
by imagining a scenario where you leave your car in a crowded parking lot at an amusement
park. If you are 90% sure that you left it in lot A but think that maybe it could be in lot B
(p = 0.9), the most logical solution would be for one friend to go quicly look around lot B
while you thoroughly search lot A. This is exactly how the MCTS method divides the work
between two searchers: one does a "quick look" around the grid by performing a meandering
walk while the other does a "thorough search" by clustering around the area where the target
is most likely to be. This behavior shows how the MCTS is able to adapt to the scenario,
making it a promising area of study for real life search problems.

6 CONCLUSIONS

In this paper we studied a search problem on a 2-D finite lattice with periodic boundaries.
The level of certainty about the target’s location ranged from complete information (delta
distribution) to completely unknown (uniform distribution). The searcher followed a Monte
Carlo Tree Search algorithm with the UCT selection policy, using a reward function based
on the inverse of the number of steps it took the searcher to find the target. In our study we
varied the target certainty, number of searchers, and target distribution. Additionally, two
default policies for the MCTS were compared: a random walk and the Lévy flight search.

From numerical simulations we discovered that the MCTS program learns to find the target
efficiently for all target distributions. There are, however, diminishing returns for less certain
targets, especially when o > 10 (corresponding to 95% of the targets being found within a
20 x 20 subsection of the 40 x 40 grid). In the case where the target is certain (drawn from the
delta distribution), the searcher converges to the optimal path as the number of simulation
loops (or decision time) grows. Interestingly, we found that between the two default policies,
Lévy flight search out performs the random walk based on loops per decision where as the
random walk default policy is better for a restricted decision time. This could be because the
random walk is more efficient at searching the moderately sized grid (40 x 40) that we were
using. We expect that a Lévy flight default policy would be optimal in both cases on larger
grids.
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Theoretically we prove two theorems for the single searcher scenario. The first theorem
shows that for a certain target (delta distributed), a MCTS searcher will converge to the
optimal path under mild assumptions. The key to this proof is that the default policy must
have a stopping time which, on average, is shorter the closer you start to the target. This
result shows that MCTS can be used to find an optimal solution to our certain-target search
problem. The second theorem shows that for a uniformly selected target, i.e. no information
given, as the grid grows larger the MCTS with a random walk default policy converges to
a nearly self avoiding random walk. This result shows us what the optimal strategy is for
an uncertain target and allows us to execute that in a more computationally efficient way,
searching randomly except to avoid looking in the same place twice.

For the multi-searcher scenario we provide data that shows a few interesting behavioral
patterns for Monte Carlo Tree Search searchers. First, we discovered that two searchers
starting equidistant from a certain target perform better together when they start near the
same location. We infer this as a result of the exploration-exploitation balance of the UCT
algorithm which pushes the searchers to stay far away from each other while also moving
towards the target. When the searchers start on opposite sides of the target they are unable to
balance these two goals without taking suboptimal paths.

These conclusions about a two searcher program with a certain target are expanded to
explain the behavior of K searchers under the same assumptions. We provide data on the
spreading behavior of these searchers, showing that more searchers will cover the search grid
more thoroughly and thus are more likely to find the optimal path.

Finally, we look at a bimodal target distribution and study the behavior of two searchers
which start together between the two modes. When one mode is far more likely than the
other we find that the searchers will work together, one moving directly towards the most
likely area and performing a clustering pattern while the other moves in a meandering path
towards and around the less likely target. This is very similar to human intuition on how to
find a similarly defined target, showing that the MCTS method is a potential tool for real-life
scenarios.

Since our results are so promising we suggest that the method be applied to a continuous
search space. By continuing to work towards more complex problem set-ups we may learn
more about the MCTS and how it can inform human decisions. Ultimately, we hope that the
behavior shown through Monte Carlo Tree Search programs will provide human searchers
with more efficient behaviors to adapt their search patterns and find targets more efficiently.
The uses could range from search and rescue of hikers in the woods all the way to acquisition
of military targets. Search problems are present in nearly all areas of life, so the patterns and
behaviors shown by the MCTS method will no doubt be useful in many applications.

Overall, we conclude that Monte Carlo Tree Search can be effectively applied to a range of
search problems and that the efficiency varies depending on the initial parameters. These
results can be generalized by saying that MCTS searchers perform efficiently with a well-
defined target but the method is not computationally beneficial for a random target. Once
multiple searchers are introduced to the problem their behavior shows an organized team
effort, also dependent on the target distribution. For now, these results provide useful
strategies and insight into effective search behaviors, however, more study is required to be
able to apply the MCTS method to real-time decision making.
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