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Abstract

The pursuit of an integrated quantum optics system requires the ability to determine the effect of
design parameters on the quantum electrodynamics regime. We develop a simple master equation
for few, driven, two-level emitters in the bad cavity regime. Comparing the resulting photon-
photon correlation function in the steady state with experimental data from InGaAs quantum dots
coupled to a photonic crystal waveguide, we validate our model parameters for coupling strength,
spontaneous decay rate and incoherent driving rate. Building upon this model, we explore the
superradiant regime for InGaAs quantum dots coherently driven within a waveguide, creating a
model that captures the collective behavior of two-level emitters in the bad cavity limit.
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1 Introduction

Quantum mechanics is notorious for its weirdness. Richard Feynman, the greatest communicator
in physics, famously remarked ”I think I can safely say no one understands quantum mechanics”
[8]. While the oddity and beauty of quantum behavior still evades complete understanding, there
has been a recent transition in our relationship with quantum mechanics. The theory of quantum
mechanics began in the early twentieth century, but our experimental prowess and collective under-
standing has evolved into the ability to engineer on scales where the laws of quantum mechanics
dictate the dynamics. This has brought on a new industrial revolution; a quantum revolution in
engineering and computing.

Current research is exploring how the signature oddities of quantum systems such as superpo-
sition and coupling can produce ways to surpass the classical limits in computing, communication,
and sensing [5]. Quantum sensing is a particularly exciting field, rapidly expanding its use as ad-
vancements bring on new possibilities. It measures external fields, such as magnetic fields, through
the change those fields impart on the energy gap within the quantum system. This property does
not have a bias for the magnetic field source, so quantum sensing can be applied in navigation
technology measuring the earth’s magnetic field as much as it can be applied in medical technol-
ogy measuring magnetic field produce by brain signals. To create this technology, there has to be
further research into an ultra stable narrow frequency standard, which is the output of the quan-
tum system used to measure the magnetic fields. Superradiance is a promising candidate to create
scalable quantum sensing systems because it exploits the quantum coupling property to achieve
frequency bandwidths narrower than classical limit and the standard quantum limit. In a superradi-
ant quantum system, numerous atoms act collectively in a choral way - which in effect washes out
some of the local variations between atoms when atoms act individually. The quantum system’s
output frequency is what is actually measured, so that ultra stable narrow frequency that the su-
perradiant system produces is the neccessary foundation to make precise measurements. Currently
it has been shown that superrradiance can be achieved with quantum dots [18] and in nitrogen
vacancy diamond [1], but it remains an open question if superradiance can be achieved in the solid
state with the more affordable and available material: silicon carbide.

Determining if silicon carbide is a viable superradiant source requires a theoretical exploration
into its dynamics in order to determine the experimental parameters that could ultimate test its su-
perradiant viability. Developing a modular Master Equation provides an avenue to explore different
quantum systems in a series of predictions and vetting that robustly explores the quantum behavior.
Modeling this behavior will provide depth to current publication and predict future experimental
regimes, which can be confirmed and ultimately integrated into quantum sensing technology.

2 Background

Before exploring superradiance it is important to understand the fundamental differences between
the classical and quantum descriptions of light. Classical physics dictates that energy falls on a
continuous spectrum, in the way a baseball can be thrown at any speed. The fundamental difference
in quantum mechanics is that energy comes in discrete packets, based on the difference between
the specific energy levels the object can occupy. This would be like a baseball that can travel 5 and
10 MPH but not 6, 7, 8, or 9 MPH and does not pass through those speeds while changing from
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Figure 1: Components of a quantum electrodynamics system

5 to 10 MPH: rather absurd to believe. In short, baseballs do not behave this way because they
are big, but photons are quite the opposite. In the quantum description of light, the unit of energy
transfer of light, the photon, has quantized energy levels. These energy levels reflect countable
’quanta” of energy in the different components of the system. We can identify the elements of the
system: the emitters, the cavity, and driving source. Each constituent element has quantized energy
levels, so the entire system has quantized energy as well. Its energy does not fall on a spectrum
like the baseball, so we describe the energy of the system by the probability of the system being in
its different quantized energy states.

As seen in figure 1, the emitters are atom-scale objects represented by the 2 or more energy
levels they contain, or the two parallel lines when shown pictorially. The cavity is the localized
area that contains the emitters and the electromagnetic energy build up. The physical construc-
tion of the cavity will support different electromagnetic modes, represented by the sinusoids with
nodes at each end of the cavity. The sinusoidal pattern is just generally representative of how elec-
tromagnetic energy inside a cavity behaves. The amount of energy is related to the wavelength of
that sinusoid. The emitter does not need to be at the node of this wave pattern; the wavelength of
the electromagnetic energy just needs to correspond to a quanta of energy that matches, or nearly
matches, the energy difference in the emitter. The cavity-emitter system exists in some larger envi-
ronment, which interacts through energy entering the system in a driving form and energy leaving
the system through the photon losses.

The photon losses are particularly important in superradiant systems because it prevents sig-
nificant back action that disrupts the coupling effect. Coupling is what gives these systems their
quantum signature, as the emitters act in a collective, choral way rather than individual emitters.
When developing the theory of superradiance, Robert Dicke preposed that assuming that emitters
acted individually was an error and that emitters directly influenced one another through their cou-
pling to the common radiation mode [6]. In his original paper he analyzed the cavity-less system
in order to isolate the quantum effects. Bad cavities are cavities that lose energy at a rate much,
much higher than the rate they reflect energy so the bad cavity limit approximates a cavity-less
system to an excellent degree. When energy is reflected the photons can interact directly with
the emitters, which can disrupt the coupling to the common radiation mode. In the superradiant
regime there in a non-linear enhancement in the quantity of light produced and the frequency dis-
tribution narrows. Non-linear enhancement is in stark contrast to the linear relationship between



the emitters and number of photons produced in a classical system. Dicke predicted a n> number
of photons produced by a superradiant system, where » is the number of emitters in the system.
There is always a distribution around a central frequency for electromagnetic energy, however the
coupling effect makes the ensemble of emitters act like a single emitter which narrows the width
of this distribution by a factor of \/n.

These superradiant emission signatures have motivated the steady pursuit of a superradiant
laser as a ultra-stable narrow frequency standard. There has been success in developing a superra-
diant laser in the gaseous state [3], laser cooled atomic ensembles [2], and success in achieving a
superradiant emission from quantum dot [10] and diamond defect [1] systems. Solid state defects
are specifically engineered systems where individual atoms in a lattice are removed or replace in or-
der to create an emitter. The lattice serves as a structural framework that aids in spacing the emitters
properly, while the extra electron and absent atom act like a spin-active system. In diamond, two
carbon atoms are removed and one is replaced with a nitrogen atom to form a nitrogen-vacancy or
NV center diamond. Solid state defect systems would be the most desirable superradiant systems
to integrate because of the relative ease on manufacture and structural stability, yet this remains
underdeveloped due to the expense of diamonds. A similar spin-active defect can form in silicon
carbide by removing a silicon atom to create a silicon vacancy, but the superradiant regime for
silicon vacancy silicon carbide remains unexplored.

Creating the superradiant solid-state laser would create the frequency standard that approaches
the quantum limit [19] or even surpasses it. Quantum sensitivity has expanded our ability to under-
stand the world around us, from applications as broad as systems capable of detecting gravitational
waves [4], improving atomic clocks [14], improving Nuclear Magnetic Resonance imaging [9],
and even advancing bio-sensing capabilities [7]. The quantum revolution will continue to redefine
what is possible, and exploring superradiance is a thrilling step in that process.

3 Methods

Quantum mechanics is explored by developing an Hamiltonian and constructing the appropriate
equation to describe how the system interacts with its environment. The Hamiltonian describes
the energy mechanism of the system, and breaks down complex processes into its constituent
fundamental actions. These actions correspond to base changes in quantum systems such as raising
or lowering the energy level, and populating or annihilating a state in the system. More complex
processes are described with different combinations of these raising, lowering, populating, and
annihilating actions. We leverage this breakdown because we can express them mathematically
through the operators that make up the basis of quantum mechanics. Once we have created our
operators, we can determine what advanced processes we need to include in the Hamiltonian. The
Hamiltonian can then be put into the equation of state used to evolve the system. A superradiant
system is an open system because information escapes the system into the environment through
photons, so we have to use an equation that describes this exchange. This entails using the Master
Equation: the open system equivalent of the possibly more familiar Schrodinger equation. In
our case we assume that the system-environment is such that each snapshot is independent of the
former: a memory-less exchange. Formally, this is known as the Markov approximation and will
be discussed further in the Master Equation derivation.
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Figure 2: The most general system includes the quantum systems and its surrounding environment

3.1 Master Equation Derivation

As previously mentioned, in order to study quantum mechanics we must develop an equation that
properly describes how a system evolves in time. The most general example we can consider would
be one in which the total system includes the quantum system and its surrounding environment:
shown in figure 2. This is the starting point to study any body that exists in nature, because there is
always information that exchanges between the quantum system and its surrounding environment.

However, this is an impossible system to fully evolve in time because the “environment” ex-
tends to include the entire universe. This would require a description of every possible state of the
universe, which requires a lot of computing power and a few Nobel prizes. This system can be sim-
plified though, by looking at the information exchange dynamics across the open boundary. One of
the most important and common assumptions to make is the quantum system connects to external
baths via a Markovian interaction. This means that information escapes from the quantum system
into the immediate surrounding baths so quickly that information can flow across the boundary
with no dependence on whether or not information was exchange immediately preceding. This
is known has a “memoryless” interaction, because the baths have no memory of the last time in-
formation escaped the system into the environment. This assumption reduces the system we have
to consider to just the quantum system and its immediately surrounding baths. This dramatically
simplifies the total system and can be evolved in time with a Linbladian Master Equation. The
following derivation has been well established for many years, and this specific derivation is based
on the publication in [15].

Before we can evolve this open system in time we have to briefly revisit closed systems and
how they evolve in time. In physics, the Hilbert Space describes the set of states that a quantum
system can exist in. This is the exhaustive list of all possible states the quantum system could exist
in. In a closed system, the description of a specific quantum object within the Hilbert Space is
given by its wavefucntion: y. This wavefunction contains the probability density of the quantum
object existing in each of the possible states within the Hilbert Space. The wavefunction for a
closed system evolves in time with the Schrodinger equation:

d —1
E|‘I/(f)> = FHWO» (D

Open systems still have a Hilbert Space, but cannot be fully described by a single wavefunction.
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Figure 3: Applying the assumption of a Markovian interaction simplifies the total system we con-
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Instead, we have to consider the product of wavefunctions that will contain both pure and mixed
states. This results the density matrix and is expressed by:

p= Z i) (wil 2)

As the product of two wavefunctions, the diagonal is the product of probability density for pure
states, making it pure probability for the pure states. As such, the trace of the density matrix must
be 1 and self-preserving as no probability can escape the Hilbert space. In order to understand how
the density matrix evolves in time, we can combine the previous two equations.

It//z><1/fz|— (H|q/,><q/,| i) (wilH) 3)

Which we can rewrite using the commutator expression: [A,B] = AB — BA

p= [H p] )

This is the Von-Neumann equation. This is how we would evolve the density matrix of the
entire universe if we could. The first step in writing a Linbladian master equation is to trace over
the environment degrees of freedom in order to eliminate them. This prevents us from having to
express the quantum states of the environment as part of our Hilbert Space. Now we separate the
Hamiltonian into its effect on the system and the environment:

Hrotar = Hvys ® leny + ]Isys Q Heny + 0tH] 5

This equation says that the total Hamiltonian can be expressed as the energy of the system,
energy of the environment, and the interaction weighted by o between the two. The I matrices
of the environment and system represent identity matrices of their respective Hilbert spaces, so
the Kronecker products are just preserving the total Hilbert Space. Since we have split up the
Hamiltonian, we can step into the interaction picture where the density matrix evolves in time
governed by the interaction Hamiltonian.



dpr  —i 1 .
7 fa [HbPT} (6)
Which we can integrate:
t
6r(t) = pr(0) — ia /0 ds [Ar.pr(s)] )

In order to prevent integrating over all previous time, we replace gy in equation 6 with the
definition in equation 7.

D0 = 2L [A4(0),p7(0)] ~ o2 [ ds [Ai(e), [Ar,pr(5)] ®)

=D

dt h

The term Py (s) still depends on the previous state of the system, which we are still looking to
eliminate by integrating over. So we apply the same process one more time and get the equation:

ﬁilgt) - %ia [Ai(1), pr(0)] — o /0’ ds [H;(t), [Hr,pr(t)]] +0(a) 9)

The term at the end represents operators the depend on third order interactions between the
system and its environment. Our first approximation is that the interaction between the system and
the environment is small, so & is negligible, and we can remove that term. Next, as mentioned
above, we reduce the system by integrating over the environmental degrees of freedom: this will
reduce the density matrix from the total system (pr) to just the quantum system and surround baths

i =—uolrg HFI[(Z‘),[ST(O)” — OC2 /Ol dsTrg HFI](Z‘), [FI],[)}(S)H] (10)

p\T_(t) Trg |:I5 T (t ) } —i
h

This equation is not yet a closed time-evolution of just p(z). In order to reduce it, we assume at
t = 0 the system and environment can be expressed in the separable form p7(0) = p(0) ® pg(0).
This establishes that there are no correlations between the system and environment at the zero-time
point. This is valid for Markovian systems as the correlation timescales are much smaller than any
other system timescale. This, in short allows us eliminate the first term in equation 10 because it
results in a energy shift that is unchanging in time and has no effect on system dynamics. It also
allows us to decouple the density matrix of the quantum system and the surrounding baths, as the
lack of correlation means the total density matrix can be represented by a product of the quantum
system and environment.

pt) = —a? /)wdsTrE (), [r(s— 1), p (1) @ p(0)]]] (11

To rewrite the interaction Hamiltonian, we first need to expand it by saying that there are
operators who are eigenvectors of the interaction superoperator. These operators can be expanded
as:

G =) C(o) (12)
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Where the operators fufill the condition:

[H,C(0)] = —0C () (13)

Since o is an eigenvalue of H, we can easily express the Hermitian conjugate:

H.¢[(0)] = oc/(e) (14)

Now we can rewrite the interaction Hamiltonian:
Ze la)le ®Ek ZetwtCT ®ET( ) (15)

If we put this back into equation 11, and complete some complex algebra, we arrive at the
equation:

piy= Y (@ my(@) [Gwp(),Cl()] +e () [Cil), p)C] ()] )

w,0' k1l
(16)
We can simplify this equation using the rotating wave approximation, where we realize in
the time dependency that tems with [@ — @'|>> a? will oscillate much faster than the coupling
timescale of the system. Thus, these terms do not contribute to the oscillatory behavior of the
overall system. This reduces our equation to:

p) = ¥, (Tu(@) |C@)p(r).Cl(w)] +Ti(@) |Ci(@),p()C]] ) (17)
w.k,l
Separating the Hermitian and non-Hermitian parts of the dynamics regrouping allow us to write
the equation as:

p) =5+ Hup(0)] + T o) (Gl@lp (] (@)~ 5clCio).p0))  a8)
.kl
The Hj is called the Lamb Shift Hamiltonian and it is responsible for renormalizing the system
energy levels due to the interaction to the environment. In our system this will take the form of
connecting the emitters to the common radiation mode. The last reduction to make it realizing
that the matrix formed by the Y, coefficients is positive and therefore can be diagonalised. Thus
writing the master equation in its diagonal form will give us our Linblad Master Equation.

plt) = ﬁ +Z <2Cnp c,'*;cnp—pc,i‘cn> (19)

This is the general form of the master equation we will use to describe our system. It captures
the interaction between a quantum system and its surrounding baths, with the assumption that the
system-bath correlation timescales are smaller than any other system timescales.
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3.2 Creating a Hamiltonian

To create a Hamiltonian, it is important to consider broadly what components make up the quantum
system and how they will interact with one another. Hamiltonian mechanics is incredibly useful
in the way it establishes clarity in the cause and effect relationships between the quantum system
components and the results. The superradiant system at its core will have atom-like emitters, cavity
modes, and the interaction between the emitters and cavity. Calling the emitters “atom-like” just
means that whatever the object is, it has two distinct energy levels to transition between. There
are numerous system of interest that behave this way that are not technically individual atoms,
so it is more appropriate to refer to them as emitters. The cavity modes is the energy stored as
photons inside the optical cavity before they escape. The important quantum behavior is the cavity-
mediated interactions between independent emitters. This is addressing the oversight of classical
descriptions of light that Robert Dicke pointed out in his seminal paper on superradiance [6]. In
essence it means that energy transitions in one emitter can simultaneously influence other emitters
through the energy states in the cavity. This differs from the classical picture which dictates that
emitters release their energy in a cascading, sequential manner and are "unaware’ of other emitters
around them.

To describe these elements we need a mechanism to describe populating the cavity mode,
changing between the two emitter energy levels, and coupling the emitters to the cavity mode.
Therefore we know our Hamiltonian will have three components: cavity, emitter, and interaction.
In order to write out these terms we have to develop our operators and understand how they function
so that we can combine them to describe these three terms.

3.3 Operators

At first approach it would seem impossible to try and write down an operator for every action
that can be done to a system of any size. Yet, the properties of linear algebra allow us to expand
the operator written for the simplest system so that it can function on a system of any dimension.
Furthermore, entire processes can be broken down into basic steps that we find we can describe
with just five operators. Now we can vet the physics of five individual operators on their simplest
application and have complete confidence that when woven into a complicated equation, all of the
physics will be sound. In our quantum system, the 5 basic actions we need to describe is: going
up a spin state, going down a spin state, changing between the atom’s energy level, absorbing a
photon, and releasing a photon.

3.3.1 Spin Operators

Spin in quantum mechanics is vaguely a description of energy and its orientation in a atomic scale
system. The spin-active qualifier in my title is describing a quantum object with two possible
energy orientations: the upper, spin up, or the lower, spin down. Unimpressed by the number of
names already, physicists normally refer to these states as the excited ”e” and ground ”g” state
respectively. The shorthand mathematical notation to describe these states is |e) and |g). To go
between these two states we need an operator to go up, and an operator to go down. Astutely

named, the operator to raise the energy is the spin up operator and it acts as follows:
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o' [g) =|e) (20)

Similarly, to lower the energy state, the spin down operator acts as follows:

o le) =1g) 21

Both the spin up and spin down operator have the important property that when they act on a
state already at its upper or lower limit, the operator annihilates the state. This means that applying
the spin up operator on the excited state returns ”0” rather than just returning state unchanged. As
a result, when the system has multiple atoms, the operator has to be able to distinguish between
the states that describe different atoms and be able act only on the desired atom. As an example, if
the system has two atoms the raising operator would do the following:

Ot raroml88) = leg) (22)
G;zdat()m|eg> = |€€> (23)
Glttatom’ee> = 10) (24)

These properties prevent the system from exploding to an unrealistic infinite population in the
excited or ground state. This properly models the physical mechanism the emitters use to store
energy: the potential energy based on the electrons orientation. As such, the spin operator only
applies to the emitters because of this annihilation property. Since there are only two energy
orientations, the total probability of the emitter’s energy state must be conserved between the
excited and ground state, so more probability cannot be added by absorbing energy. The spin up
or down orientation has implications on whether that draws or contributes energy to the system,
which is described by the spin-z operator.

The spin-z operator describes spin along the z-axis, which sets the O point for energy in between
the two energy level in the emitter. It dictates that when the emitter is in the excited state energy
is absorbed from the system and when in the ground state the energy is added to the system. The
spin-z operator is the mechanism to describe how the energy stored inside the atom is behaving.
Cavity energy states differ in that their mechanism to store energy is the number of photons that
populate that energy state. Because photons are bosons, they can infinitely populate the same state
at zero Kelvin.

3.3.2 Ladder Operators

Bosons filling the same state without limit, and being able to completely empty, presents a different
challenge than swapping between energy levels in the emitter. Notably, each cavity population can
exist for every possible emitter configuration. This makes the cavity population act as a ’subspace”
that linearly expands the number of possible configurations the system could be in. This modifies
the notation with an exterior subscript n that denotes the number of photons in the cavity mode. If
there is a system with one emitter and a maximum capacity of two photons the possible states are:

ground : |g)o,|8)1,|8)2 (25)
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excited : |e)o, |€)1,]e)2 (26)

We create a maximum photon capacity to establish a sufficiently large, but finite, dimension to
encapsulate the system. The operators to populate and annihilate these subspace states are called
the creation and annihilation operators, sometimes called the ladder operators because they can
can go up and down a rung on the energy ladder. These operators do not act on the emitters so they
do not have to be able to distinguish between atoms. Their base functions work as follows:

a'le)y = Vn+1|e) s (27)

a|e>n = \/ﬁ|e>n71 (28)

These operators combine so frequently that their pairing is called the number operator because
it multiples the state by the number of photons it contains as seen below:

da'ale), = nle), (29)

The creation and annihilation operators, similar to the spin up and down operators, kill states
that try and go beyond the upper or lower limit of the photon subspace. This does not conflict with
the boson property because the subspace accounts for the state without any photons, the vacuum
state, and trying to annihilate energy from the vacuum state is nonphysical. Similarly, raising the
population beyond the ceiling creates an unbounded model. As such the operators have the final

property:

al |€)nmax = |0) (30)

alg)o =10) €1y

These five operators are the fundamental actions that allow us to explore superradiant quantum
systems. With each operator working properly at the fundamental unit level, it can expand to
any generalized dimension with Kronecker products. Each emitter in the system expands the the
dimensions of the system by a factor of 2, so it grows exponentially. That growth is still linearly
scaled by the photon subspace as mentioned above, and still incorporated in the dimensions of the
operators. A functional set of operators will be able to covert any initial state vector into any other
state vector, regardless of how many emitters or photons are in the system. With that in hand the
operators could be strung together to form the components of the Hamiltonian.

3.4 Hamiltonian Terms

An important idea in quantum mechanics is that energy comes in quantized packets equal to the
product between the reduced Planck constant and frequency of the carrying wave: i®. From this
principle, we recognize that the energy contribution from the cavity and emitter terms should be
this energy packet multiplied by a proportionality factor based on the state population. For the
cavity term we have already seen that we can create the number operator from the creation and
annilhation operator, and the ability of bosons to stack in the same state mean that the total energy
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should be just the cavity energy multiplied by the total number of photons. Therefore we can
express the cavity term in the Hamiltonian as:

Hcavity :ﬁwcavityaTa (32)

Similarly for the emitter term, we know the spin-z term already expresses the energy of the
atom based on its excited or ground state status. Because it defines the 0 energy point in-between
the two energy levels, a factor of a half pops out so that the emitter term does not double the energy
gap between the energy levels. This transition will have its own frequency and is expressed as:

Hemitter :hwemittero-z (33)

Cavity mediated interactions initially appear complex, but if we adopt a sequential view of how
energy stored in the excited state of one emitter could transfer to the excited state of a neighboring
emitter it becomes more clear. The initial excited atom would have to transition from the excited
state down to the ground state (o), and this would spontaneously create a photon inside the cavity
(a"). This photon would then be seen by the neighboring atom and absorbed. That would cause
an the atom to transition from the ground state up to the excited state ("), and by conservation
of energy the cavity photon would have to be annihilated (a). To be in the proper units of a
Hamiltonian this process needs to be in units of energy, so the frequency of this process is called
the Rabi frequency: Q. How rapidly this cavity-mediated interaction occurs is a sign of the
strength of the quantum coupling so at times the Rabi frequency is called the g factor. Operators
act from right to left, so stringing together this process together in the proper order becomes:

Hinteraction =hE2R (a6+ + Cﬂc*) (34)

This is also called the Jaynes-Cummings term. It has been widely studied in the intersection
of quantum mechanics and electromagnetism, known as cavity quantum-electrodynamics. The
Jaynes-Cummings term represents the interaction term we noted in our derivation of the master
equation above. Now we have our full Hamiltonian:

H = ®cavity@' @ +iOpmitrer 0, HiQg(act +a'c™) (35)

Vetting the physics going into the Hamiltonian is the bedrock to a sound investigation into new
physics, so although developing the Hamiltonian appears to be a simple process, it is laborious
making sure each operator maintain fidelity to its properties. The Hamiltonian is a springboard
into true exploration as we can incorporate it into the appropriate equation to evolve Hamiltonians.

4 Master Equation Development

The results of this semester are best demonstrated through the development of the Master Equation,
as the end result of the semester is a functioning model that exhibits non-classical enhancement for
a generalized quantum system. However, creating this model is the result of numerous important
vetting results along the way.
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4.1 Basic Master Equation

The master equation is a differential equation used in physics to describe an open system, which is a
system that interacts with its environment through the transfer of information. This is different than
equations studied in the classroom, such as Schroedinger’s equation, because all of the information
in that system is self contained. Thus, the system can be describe with a single vector, with each
position in the vector representing one of the quantized states it could be in. In contrast, the
systems evolved in the master equation require a density matrix, p, to describe the system. The
density matrix is an incredibly powerful way to describe a system, as the diagonal elements are the
pure probability of the system being in the quantized states. The off-diagonal elements represent
the coherence between the pure states, which can reveal very interesting physics. As a whole,
the density matrix represents everything that is known about the system and everything that can
be known about the system. To reveal some of the information the physics starts to feel like an
archaeological dig, but before that can be done we have to construct the master equation to find the
steady state density matrix.
The general form of the Master equation is:

pl) = H().p (0] + L5 RCp(1)C — PG Ca— GG (1) (36)

Where the C, terms are jump operators, which form the dissipating connection between the
system and its environment. This occurs through actions like spontaneous decay and cavity loss,
where photons are escaping the quantum system into the larger environment. Information also
passes inward through diving, whether it be coherent or incoherent. These terms are the Liouvil-
lian terms because the sum can be expressed as the sum over all the Liouvillian super-operators:
Z(C,). This equation may look more complicated, but it just expands upon physics that we can
vet with our own intuition - including Shrodinger mechanics.

The first system to evaluate with the Master Equation is a simple spontaneous decay, to ensure
that the excited state exponentially decays and the ground state conversely exponentially grows.
We understand this system’s behavior with enough depth that we confirm whether or not the system
is working to create a first foothold before increasing complexity. To create the simple spontaneous
decay model, we need to remove the cavity mediated interactions because we do not want to see
any quantum effects. In addition, the only connection with the environment should be through
spontaneous decay, which is the Liouvillian of the spin down operator. Therefore the Master
Equation for the spontaneous decay system is:

. —i 1 _ _
p(t) = —IH(),p(1)]+ 5207 p(t)o" —p(1)oTo” 0" p(1)] (37)
Where,

h arom
[H(0),p(1)] =hocwinla'a,p] + 22 ., p] (38)

If we initialize this system in the pure excited state and evolve it in time according to the
previous equation, we produce the following plot of the probability of finding the system in either
the pure excited or ground state. For depth on how we use MATLAB to evolve the master equation
in time reference appendix A.

The excited and ground state have the proper exponential exchange, and subsequent plots prop-
erly demonstrated that the photon subspace was unaffected by this system as expected. Without
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Figure 4: Spontaneous Emission with the Master Equation

anything driving the cavity modes and without cavity mediated interactions, the evolution of the
emitter energy should have no holding on the photon population. This is one of the few plots
where we are concerned with the actual state probability rather than trying to look at what we
would physically measure, such as the photon number expectation value. When vetting the solver,
we understand the physics in exchanging state probabilities rather than photon expectation values.
However, superradiance can be revealed in the relative enhancement in the photon value rather, so
the focus shifts away from state probabilities and into photon expectation values.

4.2 Including Basic Quantum Effect

The next thing to vet is whether or not the basic cavity-mediated relationship was working or not.
When plotting the photon number, would we see the the energy release from the atoms into the
cavity, and then escape into the environment. Of note, the photon number is not directly in the
density matrix - we have to take an expectation value as the density matrix changes with time in
order to get what we are looking for. An expectation value is in short a projection of the desired
quantity on the system and it determines how likely it would be to find that quantity based on
how much it overlaps with the system. For the photon number, we need the expectation value of
the number operator to find out the probability of measure n photons in the cavity at time ¢. The
expectation value of the number operator is:

(a'a) =tr(pa’a) (39)

Where ¢r is taking the trace of its argument. As previously stated, the diagonal elements of
the density matrix are the pure probabilities, so the project of the photon number on each of these
probabilities and summing them together gives the total probability of measuring all the photons
all the states are producing. With a high escape rate the pure state probabilities will dominantly
be in the O-photon state which is why we achieve photon expectation values much less than 1.
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To test this system, we isolated the coupling effect and included direct cavity loss - which is the
Liouvillian term for the annihilation operator:
hx
> (Zapcfr — aTap — paTa> (40)
Where « is the cavity loss rate. In our model, this is the fastest time constant so that we
can approximate a low quality cavity. Counter-intuitively, the more opportunities photons have to
interact with atoms directly, the weaker the coupling between atoms. To test this system, the initial
conditions have all the energy stored in the excited state in the atoms, and no photons inside the

cavity. We should expect to see the photon number start at 0, rise to a maximum and decay back
out into the environment. We should not see re-absorption in this system.

p =—iQg [(acﬁ' —|—aJrG_> ,p} +
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Figure 5: Testing Cavity Mediated Exchange

We see here even with a very weak Rabi frequency, we achieve the proper profile that we expect
for this scenario. Furthermore, we see the expected increase in enhancement as a function of the
number of emitters in the system. With the each element of the Hamiltonian functioning properly
we have the footing to begin increasing the complexity.

4.3 Combining Effects

The repeated process of releasing photons into the cavity and absorbing them back into the emitters
is called Rabi oscillations. In an ideal superradiant system, they would not exist because the pho-
tons are escaping the cavity so fast that they cannot be re-absorbed. However, Rabi oscillations are
a quantum effect and indicative of the right interaction framework to explore superradiance. See-
ing Rabi oscillations indicate that the parameters should be re-balanced to explore superradiance,
rather than scrap the process. Balancing these parameters becomes a much more complex problem
as our Master Equation at this point is more complete than the previous two. The number of terms
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obfuscates some of the cause and effect that was very easy to determine on reduced equations.
Now the master equation is:

p= L <(ﬁa)caw’ty) [afa,p} +hw(;tom (6, p] + Q& [a6+ _|_a’f6_})

h
+g(26+p6_—6_6+p—p(7_6+) (41)
hx
—1—7 (ZapaT — aTap — paTa>

This system now includes the energy associated with the photons in the cavity, the energy stored
in the atoms, the energy exchange between the cavity and atoms, along with spontaneous decay
and cavity losses. This system does not have any driving to perpetuate the effect so we expect
the steady state value to go to 0. Here we are starting to explore superradiance, so we continue to
take the expectation value of the photon number as a function of time. After using the same initial
conditions as the last system we achieve the plot:

Photon Expectation value

1.27
1 emitter
11 —2 emitters
3 emitters
0.8r photon cutoff = n + 1
= hu:,ewity drive 0
- _:-3 0.6 atom drive =0.75
~ 4 =075
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0.4 K _
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0.2 initialized in excited
\\(\ state with no photons
1/’0'::_‘_‘_ . . .
2 4
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Time

Figure 6: Quantum effects continue with more complex master equation

The important effects seen in figure 6 are the Rabi oscillations and the narrowing primary
emission peak. The Rabi oscillations are indicating a strong quantum behavior, but not the proper
cavity regime to explore superradiance. However, in this system the Rabi frequency is equivalent
to the cavity loss rate which is a set up that would be incredibly unlikely to find superradiance.
This result does demonstrate a narrowing primary peak, which is one of the hallmarks of quantum
enhancement. Seeing multiple quantum behaviors in the result is an important result because it
indicates that the physics contained in the model is consistent, even if the wrong regime is being
tested.
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4.4 Reaching the steady-state

In order to create a model that complements experiment, the model must be able to explore quan-
tum behavior in the steady-state. There are numerous reasons that experimental work is done in
the steady-state, one reason being the time scale for the single emission or steady-state ramp up
is shorter than experimental resolution. Steady-state is only possible if there can be a balance of
energy crossing from the environment into the quantum system, and from the system out into the
environment. Up to this point we have had every system begin with energy stored in the quantum
system, but no additional sources re-stimulating the emitters. The energy input can take numer-
ous forms, however we have access to experimental superradiance data for a system of spin-active
emitters incoherently driven. Incoherent driving can be approximated as a thermal distribution of
energy that has some probability of entering the system, resulting in the spontaneous absorption
of energy in the emitters at the rate I'. Now putting the system in the same initial conditions, no
photons inside the cavity and all emitters in the spin up state, and including the incoherent driving
term should see an enhancement peak lead into a non-zero steady expectation value. We can con-
duct our analysis in natural units, where we set/i = 1 since it is an energy constant. As such, when
propagating the equation 42, we find the results in figure 7:

p=—ix ((wcavil‘y) [aTa,p] - %wamm [02,P] + O [ao-+ +aTG_])

_|_

N2

(207pc~ -0 6" p—poo’)+ g (26 pot—cto p—poto) (42)
+g (2apaT — aTap — paTa)

Notably, this plot contains many of the signatures we are looking for in our quantum system.
The peak photon expectation value occurs earlier with more emitters. In addition, the Rabi oscil-
lations before the steady-state expectation value demonstrate that in addition to being incoherently
driven, there are cavity-mediated interactions exchanging the energy between the emitters and cav-
ity mode before escaping.

We now look to vet our master equation against experimental data, in order to demonstrate
that our minimal equation can capture all the relevant system dynamics. If our model aligns with
experiment with high fidelity, then our development from first principles creates an accurate master
equation and we can extend our model to predict new regimes by including new terms from our
first principles approach. Dr. Joel Grim and Dr. Sam Carter conducted an experiment at the Naval
Research Laboratory demonstrating superradiance for up to three quantum dots in a waveguide
and gave us their original data so that we could vet our master equation.

4.5 NRL Experiment

A natural question is how do we know that our model, which started from first principles, is a
good candidate to model this specific experiment? We start by looking at each element of the
experiment, and can compare that to our model. First looking at the emitters, they used Indium-
Gallium-Arsenide (InGaAs) quantum dots. These are man-made nanoscale objects that behave
like fabricated atoms. They are semi-conductors whose band gap behaves like its two energy levels
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Figure 7: Photon Expectation Number for Incoherently Driven Quantum System

[17]. These emitters will have no solid-state interactions, such as phonon broadening, so they can
be treated simply as two-level emitters. Our model represents these exactly, as any quantum object
that has two energy levels will have energy associated with its spin state ©,, spontaneously emit,
and be able to be driven. The cavity in the NRL experiment was a waveguide, which is a directional
lattice that allows the electromagnetic energy to flow along its longitudinal axis. Because there are
no mirrors providing back-action, the energy escapes immediately which behaves like a very bad
cavity. While it may seem that a waveguide should not be considered to be a cavity, the important
property is having a common radiation mode that couples with the emitters. Even very bad cavities
and waveguides have this common radiation mode, so we can model a waveguide as a cavity who
has a very strong loss rate. The system is driven by a thermal distribution, which is incoherent. A
coherently driven system would be the quantum dots pumped by resonant lasers. This means that
we expect the NRL experiment to have associated with the cavity radiation mode, the spin state
of the quantum dots, and the exchange between the quantum dots and cavity mode. Those are the
three pieces of our Hamiltonian. The NRL system couples to its environment through incoherent
driving, cavity loss, and the spontaneous decay of the quantum dots. Thus, the NRL experiment is
a perfect candidate to vet our model because each element can be represented individually by the
terms in our Hamiltonian or Liouvillian, and we have the proper interaction terms. Now that we
have an experiment to compare our model to, we need to extract the measurements made during
the experiment from our model.
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Figure 9: To measure the second-order photon correlation experimentally, time the space between
measurements at the photon detector

5 Second-Order Photon Correlation Measurement

When constructing our master equation we look at properties like the photon expectation value
inside the cavity because we have an intuitive understanding of what those plots reveal, and because
they are much easier to express. Experiments with superradiant systems look at different quantity:
the second-order photon correlation measurement or g(?). The quantity says if I experimentally
measure a photon escaping the system at T = 0 what is the probability I will measure another
photon at time 7 later? This would be measured with a timer attached to a single-photon detector,
such as that seen in figure 9.

In order to calculate this quantity we first need to let our system evolve to the steady state, which
we have already established. When making a measurement in quantum mechanics, the system goes
from a probabilistic distribution to the observed state. This is called collapsing the wavefunction.
These observable, or measurable, quantities are represented by operators. To measure a photon we
need to use operators to represent detecting a photon. This is done by combining the creation and
annihilation operators into the number operator. We apply these to the steady-state density matrix
to create new initial conditions.

Measurery = apsleady—slateaT (43)

We then revolve these initial conditions in time with the same master equation:
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p=—ix <(wcavity) [aTa,p] + %a)“mm (02, P] + [a6+ +aTG])

+ (44)

+ o p—poio)

NI

(267 pc~ -0 6p—po o)+ g (207pct—o
+§ (2apaT —d'ap — paTa)

This time evolution will be represented by the superoperator % {p}. We use this shorthand so
that we can neatly represent how we measure another photon at time 7 later:

Measure; = Tr [aTa (j{aps,eady_smteaT})} (45)

In order to make this a probability, we normalize the quantity by dividing by the square of the
initial measurement

Tr [aTa (.,22 {aPsteady—stateaT})>

2
Ir (apsteady—stateaT)

This was how we numerically calculated the second-order photon correlation. In relevant litera-
ture it is more common to see the quantity represented in standard quantum mechanics expectation
value notation:

g (1) = (46)

Q) (a"()a' (t +T)a(t +T)a(t))
g7 (1) = ¥ 2
(@' (t)a(r))
With this equation we now have a quantity that we extract from our model that compares

directly to the experimental data taken at NRL. The important test of the model now is to see if we
can get a high fidelity fit by adjusting the coefficients for the various terms in our master equation.

47)

5.1 Determining the Proper Parameters

Finding the proper parameters to use is a substantial challenge because there are 6 different vari-
ables to balance. There are some parameters we can extract from the experimental set-up, but the
actual weights of these coefficients may differ as there can be effective interactions that influence
the behavior. As an example, the spontaneous decay term contains all of the dephasing for our sys-
tem, so other effects that contribute to this dephasing may make this coefficient be different than
the excited state lifespan. As such, we first refer back to literature to get a baseline for the relative
scaling for our parameters. A study conducting master equation analysis comparing single-mode
cavity and free-space superradiance found that the couple strength, g, should be close to, or less
than a tenth of the cavity loss rate, kK [16]. Notably this work looked at coherently driven atoms, so
we must consider that our incoherent driving may push us to have a slightly different weighting.
Interestingly, they found that the pumping rate did not determine the radiation behavior if it was
less than the loss rate. This establishes that our first foothold should be determining what the cavity
loss rate is. Another work which looked at cold atomic ensembles with a high optical depth found
that the cavity enhanced optical depth was determined by the atomic behavior, namely spontaneous
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emission, more than it was driven by the Rabi frequency [11]. For their system they found that
K=9MHz, y=5.75MHz, and Qg = 0.25MHz. Exploring cavity-enhanced optical depth is a dif-
ferent effect than superradiance, but their system is in the bad-cavity limit and the weak coupling
regime. This shows that the spontaneous decay term can possibly be weighted quite heavily, and
the coupling strength can be even less than one-tenth of the cavity loss rate. Looking further into
the difference between the weak and strong coupling regime, a study exploring interactions of sin-
gle emitters in various cavity limits found that a system had to have the coupling strength less than
the cavity loss rate and spontaneous decay rate in order for the system to be in the weak coupling
regime [12]. In order for the system to be in the strong coupling regime, the coupling strength
needed to be greater than both the cavity loss rate and the spontaneous decay rate. The important
note for our system was ensuring that we were remaining true to the weak coupling regime and not
standing in-between the weak and strong coupling regime.

The published paper for the NRL experiment had the lifetime of the quantum dot as 0.7
nanoseconds, and from some additional parameters we could determine the cavity loss rate. We
were able to obtain the white-light transmission data for the waveguide, which means we had the
data for the transmissiblity across all relevant light wavelengths. We found that the effectively
quality factor was 430, which is indicative of a bad cavity. From this we could calculate the life-
time of a photon inside the cavity by taking the distance the photon traveled and dividing that by
the velocity inside the medium.

lifetime = M (48)

Vimedium

The distance traveled is going to be the product of twice the length of the cavity, the average
number of round-trips the photon takes within the cavity (Q-factor):

dtravel =2x Q *{ (49)

The velocity in the medium is the speed of light divided by the index of refraction, so the
lifetime is:
2xQ*xlxn

lifetime = ——— (50)
c

Which resulted in a cavity loss rate of approximately 6.35 GHz. With these two parameters
as starting points and the relative scaling from the literature, we ran our master equation over
numerous sets of parameters in order to determine how each parameter would effect our g fit.
We were first looking for the hallmarks of superradiance in g, The quantum behavior means
that for more than 1 emitter, there is a enhanced probability of measuring a photon at 7 = 0 as the
coupling effect draws out photons synchronously. There should also be a suppression for some
relaxation period as the system resets, until it gets back to its steady state g(z) probability of 1.
In the single emitter case, we should just see this suppression immediately, which is called anti-
bunching.
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Figure 10: The comparison between our model and the experimental data for the single emitter

6 Results

Our initial results are incredibly exciting, particularly for the single emitter case. Our model fits
the experimental data incredibly well, demonstrating that our model has the ability to describe the
dynamics governing this quantum system.

Our extracted parameters fit within the relative scaling that we noted from the literature, and
the weightings are substantially different from the starting values. The cavity loss rate as high
as it is reflects a shorter lifespan, likely due to an overestimate of the Q-factor of the cavity. We
expected the waveguide to have a very fast loss rate, and the cavity loss rate gave us the initial
steepness in our curve. The challenge with the single emitter case is it is not as sensitive to the
coupling strength or dephasing, so when we scale the system to two emitters we expect that we
have to rescale some of the coefficients.

We see in figure 11 that the agreement is not nearly as strong as the single emitter case. We kept
all the same parameters to see how well they governed the entire system, and introduced detuning
between the emitters themselves. This 6 represents the difference in energy levels between the first
and second emitter in the system. We could use this parameter to control the initial enhancement
at T = 0. Our model still has the right qualitative signatures for the two emitter system. There is an
enhancement at 7 = 0 and a suppression immediately after that lasts through a relaxation period.
The experimental data notably has a much more drastic suppression and longer relaxation period.
In discussing this behavior with Dr. Grim, we determined that the strong suppression is most
likely due to strong dephasing behaviors than we accounted for with our initial parameter set. The
incredibly strong agreement for the single emitter and qualitative agreement for the two emitter
system indicate that we could have much high fidelity by tuning the parameters specifically to this
system. As previously mentioned, having multiple emitters in the system makes it more sensitive
to many of the interactions we are trying to fit. We initially fit the parameters to the single emitter
system because it was the quickest to compute.
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Figure 11: The two emitter second-order photon correlation comparison
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Figure 12: Second-order photon correlation comparison for 3 emitters
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The issues we saw in the two emitter plot extend to the 3 emitter system as well. Our model
predicts too strong of an enhancement and not enough dephasing dynamics to capture the suppres-
sion for the system. The lack of suppression points to the system likely being over driven, in that
there may energy flowing into the system too quickly and the emitters re-emit together without a
relaxation period. Optimizing the fit for this regime remains a focus for this model.

7 Conclusion

This project has produced a master equation built from first principles that can describe superradi-
ant in open quantum systems. It may appear that teh second-order photon correlation plots were
the primary focus of our results, but they are just a means of testing what we have created. The
master equation itself is what we set out to create because it is an incredibly powerful tool. We
started from first principles of physics and made only few, but well understood, assumptions in
order to create a system we could describe and propagate. We preserved an enormous amount of
generality and expressed dynamics in a minimal model. The high fidelity prediction our model had
for the single emitter second-order photon correlation measurement demonstrates that our master
equation is an appropriate means to investigate these cavity quantum electrodynamics systems.
We needed to start by recreating a well established experiment because that data should be able
to drawn out from modeling the system. Since we are able to accomplish that, we know that we
can model n two-level emitters incoherently driven in the bad cavity limit by the following master
equation:

p=Y <—i (8 [0.,p] +A [aTa,p} +Q, [ac+ +aTG’,pD + %/ (26 pot—octo p—poto)

+ g (26tpo~ —o otp — p6_0+)) + g <2apaT —a'ap — pa*a)
(51

Now if we want to predict new experimental regimes or explore different systems, we have a
framework that we can build from and modify that appropriately describes the dynamics. Describ-
ing different experimental set ups are a matter of using different operators in either the coupling
Liouvillian terms or in the Hamiltonian describing the systems internal energy. Those operators
are well understood and come from the same first principles that we used to develop this specific
master equation. This means we can explore quantum dots driven by a laser by exchanging inco-
herent driving for coherent driving by switching out the spontaneous absorption term for directly
populating cavity states. We can explore solid state materials by including phonon broadening
terms that contribute to the Hamiltonian, and we can expand our Hilbert space to include greater
than two-level systems. We can use our model to find the superradiant regime for all these differ-
ent types of systems, looking at the second-order photon correlation function and extracting the
microscopic parameters to set up experimental design. Our master equation is an incredibly useful
tool to explore quantum systems of interest, and our work vetting it against the NRL data gives us
confidence to explore novel systems.

Future work will look at continuing to optimize the parameter space for the two and three
emitter regimes to prove that our model contains the dynamics to capture that behavior. There are



27

numerous ways to do this, in varying levels of computational expense. Once the parameters have
been optimized for these systems, we are most interested in applying our master equation to predict
the superradiant regime for spin-active solid state defects. Spin-active defects are intentional vari-
ations in a crystalline structure to create an abnormality that acts like a multi-level emitter. One of
the best characterized defects is the nitrogen vacancy in diamond. Diamond is just a carbon lattice,
and if two adjacent carbons are removed with one replace with a nitrogen, there will be an extra
valence electron paired with the hole in the lattice. This behaves exactly like a two-level emitter
and is the best on-ramp for our master equation to describe superradiance in the solid state. One
of the main concern with nitrogen vacancies is the fact that diamond is such an expensive material
to work with. Silicon vacancy silicon carbide is another possible superradiant candidate, because
very similar to nitrogen vacancy diamond, the missing silicon in the crystalline structure acts as a
multi-level emitter. Silicon carbide is a ubquitious, cheap material already widely manufactured
for computing and its energy transition is within the telecommunications band. Using our master
equation we can determine the baseline experimental parameters to begin testing the superradiant
regime for silicon vacancy silicon carbide, leading to important experimental advancements.

This project, developing a master equation to describe few driven two-level emitters in the bad
cavity limit, has produced an incredibly useful tool to analyze collective behavior of emitters in
cavity systems. Exploring new materials, systems, and regimes will help discover new possibilities
for superradiant lasing systems, which can be ultra-stable frequency standards for quantum sensing
systems. These future sensors will go beyond the standard classical limit and hold new capabilities
to detect magnetic and electric fields that escape modern technology. This could bring forward
advances in medical, navigation, and telecommunications technology to aid in solving confounding
problems, and surpass problems we have yet to even discover.
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A Coding the Master Equation

Differential equations can either be solved analytically or numerically. The former is more familiar,
because it is problems where the solution is a function we can write down. A quick example is the
simple harmonic oscillator differential equation:

i= —k*x

We know that the second derivative of sinusoidal functions return themselves with a negative
coefficient so the analytical general solution to this differential equation is:

x(t) = Acos (kt + ¢) + Bsin (kt 4 ¢)

This is integrating by writing an anti-derivative. A numerical solution integrates through nu-
merical integration, which means we do not write down a function that solves the differential
equation. This is usually because we can’t! There are many systems worth studying where we
cannot write an equation that says that will be in this state at this time, but we can write a differen-
tial equation that says how the system will change in infinitesimal time steps. Since we know how
the system changes, we can track those small changes and save the values at every time step. We
can do this over many many steps to find out what the system will look like at our desired time, or
we can plot these values to see how it is changing over a time span. The key idea is a numerical
solution tracks the tiny changes from iteration to iteration and the output is the numbers at every
time step.

If our equation is a function of time, then numerical integration puts in tiny time steps into the
differential equation to see how the system changes in that small step. That change is added to the
current state and repeated for the next tiny step. One of these steps mathematically would be;

x(t+¢€)=x(t)+x(t+¢€)

This is the approach we have to take to evolve our Master Equation. The challenge is now
to write our differential equation in a general way so that it will produce the proper system of
equations for whatever parameters we use. As discussed in the main body of the text, this means
creating the proper Hilbert Space. Because quantum mechanical systems occupy discrete states,
everything can be described with matrices and the Hilbert Space is the dimension of the matrices.
Thus, we combine some foundations quantum mechanics and linear algebra to write our terms.

The Hilbert Space is defined by the macro-parameters: the number of emitters we have in the
system and the number of photons that can exist in the cavity at one point. In the bad cavity
limit photons escape very quickly so we can set the photon limits relatively low without losing
any accuracy. We consider two-level systems, so each emitter can either be in the excited or
ground state. We also consider each emitter to be distinguishable, colloquially unique, so different
combinations of two excited and one in the ground state all represent different states. This set of
states just models binary counting, so the subspace due to the emitters scales as:

Hemitters — ]I(zn)
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Where I is the identity matrix and # is the number of emitters in the system. To further draw
this connection we can compare binary counting from zero to three with the different combinations
for two emitters

00 gg
01 |ge
10| |eg
11 ee

The photon sub-states are easier. The photons are bosons, so any photon sub-state can occur
at any emitter state. If we allow there to be m photons, the system could have 0, 1, 2 up to m
photons. This means our possible states, or Hilbert Space, expands by a factor of m + 1 where m
is the number of photons.

So if we consider a system with one emitter and up to 1 photon in the cavity, the diagonal
elements of the density matrix will represent:

go 0 O
0 0
HHilbertSpace(zn(m_l_ 1>> - 0 |g31 |e>0
0 0 0 |e)

This is how the system dimensions will expand with larger and larger systems. The computa-
tional cost increases dramatically due to the exponential scaling from the distinguishable emitters.
By this formula we see that if we consider a system of 3 emitters with a 3 photon cutoff we evolve
a 32 x 32 matrix at every step.

oS O O

Now that we have the base dimensions we need to generalize the operators discussed in the
main body of the text. Each of these operators have a base matrix that completes their function.
Additionally we can expand these operators using Kronecker products, which operate as:

If

0 1

A= o

and

2 2
5= 3]
then

002 2

002 2
ABB=15 5 0 ¢

2200
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This operation multiplies the matrix B by the scalar value of A and puts that matrix product
where the scalar value was. The resulting matrix size will be the product of the size of the con-
stituent matrices. This function is built into MATLAB. To look at how we scale our spin operators
we can take a closer look at the spin down operator. We start with its constituent matrix for a

two-level system:
o — 01
|00

Since this base matrix is a 2x2 matrix and we are going to expand it with a Kronecker product,
we know we will Kronecker this base matrix with a identity matrix smaller than the total Hilbert
Space by a factor of 2. However, we cannot simply Kronecker the base matrix with an identity ma-
trix. We need to ensure that states can only decay into physically possible transitions. In essence,
if we have two emitters we cannot have the second emitter decay into the first. The operator must
behave such that it acts on a specific emitter and makes that emitter go from its excited to ground
state. We accomplish this by making this operator a function of not only the macro-parameters,
but the emitter index as well. Indexing the emitters allows us to separate them mathematically and
create a sum to address each emitter individually. This means that the function for the spin-down
operator behaves by the following. Let the atom index = j

Ifj=1:
rian—1 0 1
D=1(2 )®[0 0
o =I(m+1)oD
elseif j =n:
_ 01 n—1
ID)—[O 0]@]1(2 )
o =I(m+1)oD
else

D= {8 (1)} 212"

D =I12"/)®D
c-=Im+1)eD

This creates a generalized operator that can act on any system of n emitters and m photons,
specifically decaying the emitter selected with j. We test this matrix on simple wavefunctions to
ensure it behaves properly. We do the same thing for the spin-up and spin-z operators as well, only
changing the base matrix.

The creation and annihilation operators only affect the photon subspace so they are easier
to code. They do not depend on the emitter number so they are only a function of the macro-

parameters n and m. We create a vector from 1 to m photons representing the possible sub-states:

A=[1:m
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A =Vi

A =diag(A’,1)
This creates the matrix
Oo1 ... O
A = 0o "-. 0

00 0 +n
Lastly, we need to expand this to the emitter subspace which we achieve with a Kronecker

product:
a=A®I(2")

The creation operator is just the Hermitian conjugate of the annihilation operator so we can
write that operator using the built-in dagger function.

Now we have established our Hilbert Space and constructed all of our constituent operators in
a general form. We combine them to create the Hamiltonian and Liouvillian terms as outlined in
the main body of the paper to create our master equation:

p=Y (—i (6 [o,,p] +A [a*a,p} +Q, [acs+ -l-aTc_,pD - g (207pocT -0 p—potoT)

+ g (26"po —o otp - p66+)) + g <2apaT —a'ap — pa*a)

The sum is over the number of emitters because those terms require the emitter index as pre-
viously mentioned. The entire right hand side of this differential equation is a single matrix of
size [(2"(m+ 1) that is entirely numbers describing how the probability distribution of the system
changes slightly during the tiny time step. This means we have a set of 2" (m+ 1) coupled ordinary
first-order differential equations.

MATLAB has several built in numerical integration functions. We use ODE45 because it
employs Runge-Kutta integration. Runge-Kutta integration is a broad family of iterative solving
methods that find the value of a function based on the immediately preceding value and the in-
finitesimal change. In MATLAB, the ODE45 uses the explicit Runge-Kutta(4,5) form which finds
the next value of p from its differential equation f(z,p) through the following:

Kl :hf(tnvpn)
h K
Kr=h nT SyMn A
2 f(f+29+2>
h K>
K:h n ~AMn A
3 f(f +2P+2)

K4:hf<tn+h>pn+K3)

_ Ki Kb K3 Ku 5
Prst =Pt ot e+ O(I)
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So now we have a method of writing our operators for any Hilbert Space, we can add them to-
gether to create the Master Equation, and we can evolve that set of differential equations in time. In
order to create our data we establish initial conditions, which is a density matrix of size 2" (m+1).
We specify the conditions of the system by assigning the probability values for the states. For
simplicity we selected to put the system in the state where all emitters are excited and there are no
photons inside the cavity. This selection is not particularly important because all initial conditions
will evolve to the same steady-state for a the same set of parameters (here we mean all parameters,
including (9,A,7,T,Q,, k). The steady-state is when the density matrix no longer changes from
iteration to iteration, so it has reached an equilibrium. To allow this system to evolve to steady-
state we evolve the density matrix and save the density matrix at each time step as another page in
the matrix. We then subtract the previous density matrix from the current time step and take the
trace of the resulting matrix. That trace shows the total change in the probability distribution of
the states. Once that change goes within our tolerance the system is at the steady-state. We set our
change tolerance to le —5 which is a 0.001% change. We set the tolerance above zero because
numerical methods ultimately truncate and to go completely to O may not occur, so we save signif-
icant computation time without losing any accuracy. Additionally we could let the system run and
visually see the steady state occur if the photon expectation value flat-lined.

Typically to get to the steady state we have to evolve the system for 3 nanoseconds, our time
step is le-4 * 1 ns so we iterate the system approximately 30,000 times. This means the output

data we save is a matrix that whose dimensions are:

p=(2"(m+1)) x (2"(m+1)) x 30,000
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B Expectation values of the density matrix

As a quick recall, expectation values are what we plot in nearly all of our figures. Expectation
values are operators acting on the density matrix at each time step, where each time stamp is
represented by one of the 30,000 pages in our density matrix. For an individual time step the
expectation value of an operator is defined as:

(Q)=Tr[pQ]

Which is the trace of the product of our density matrix with the operator matrix for operator
Q. We can find expectation values as a function of time by creating a new vector which stores the
value of the trace for each page in the matrix and plot that against our stored time vector.
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C Coding photon-correlation

To code the second-order photon correlation measurement we just expand the process outlined in
appendix A. As seen in equation 44, the initial conditions of the measurement are the creation
and annihilation operators acting on the steady-state density matrix. These are all square matrices
which are the size of the Hilbert Space, so the output is a new density matrix which is the same
dimensions of everything we have been analyzing. Thus, we can put this matrix in our exact
same ODE45 solver as before. Because the g(?) is a two-photon correlation, we just take the new
pages of the evolved g? density matrix and find the expectation value of finding a photon for that
time step. This is exactly what equation 46 specifies. Lastly we divide that value by the initial
measurement in order to normalize the function, which produces equation 47.
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