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ABSTRACT

The Navy is interested in obtaining alternate methods of navigation for Global
Positioning System (GPS) denied environments, and one candidate is precision inertial
navigation using atom interferometers. A good method of modeling the behavior of a
group of atoms in an interferometer is to use the Wigner distribution. In atom
interferometry, the distribution of a set of atoms starts with a well-defined distribution in
position and momentum space (usually Gaussian), but their positions spread more rapidly
than their momenta, forming an ellipse in phase (Wigner) space. However, this ellipse
can rotate as it propagates, revealing new quantum phenomena. This project models the
behavior of an atom in an interferometer and investigates the underlying physics of the
Wigner ellipse rotation. Although no discoveries were made, the Wigner phase space

model succinctly communicates the dynamics of the atoms inside the interferometer.
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CHAPTER 1

Atom Interferometry

Before quantum mechanics was discovered, Albert Michelson used an optical interferometer
in an attempt to measure the ether, the supposed medium through which light travels, now
known to be fictitious. Although he was unsuccessful in finding the ether, the technology
of optical interferometers, which measure small length differences in two nearly identical
photon beam paths, has been an important part of optical research ever since. Different
designs and configurations of these devices are used in a variety of wide ranging applications,
including Ring Laser Gyroscopes (RLGs) for rotation sensing [2]. Atom interferometry is a
promising and relatively new method of applying the fundamentals of interferometers that
incorporates the quantum wave mechanics of particles. Instead of photons, atoms are the
particles that take two different paths and recombine. Now light and matter have swapped
roles: matter (e.g. glass) splits, redirects, and recombines light in an optical interferometer,

but light splits, redirects, and recombines matter in an atom interferometer.

In the simulations conducted in this paper, great effort was expended to show that the atoms
end up in exactly the same state at the end of the interferometer regardless of the path taken.
However, we note that if there was any change or inconsistency in an external field (gravity,
electric, magnetic) then the two paths would not be equivalent, but have a phase difference.
The interferometer construction allows very small phase difference to be detected quite
easily. The primary potential naval application is inertial navigation, which allows a ship
to accurately navigate without GPS. Usually this is done by starting with the ship in a
known position with a steady course and speed. Any subsequent acceleration or course
rotation will show up as a phase difference in an interferometer. These phase differences
measure the amount of acceleration (whether a change in course or speed) and this change
can be factored in to determine the current position of the ship given its prior position.
Interferometers can also assist navigation using magnetic fields. This can happen because
the Earth’s magnetic field is not precisely uniform throughout its surface, and therefore the
detection of these local variations can help identify where on the Earth a particular ship is
without needing to wait for GPS to come back on or night to fall for a celestial fix. Detecting

small gravitational changes could also be valuable: holes and tunnels could be more easily



found with an atom interferometer.

1.1 Physics of a Two Level Atom

To understand the physics of an interferometer, it is important to review the basics of a two
level atom. As the name would indicate, the example atom has two states that we label |0)
and | 1), separated by an energy E = fiw(, where wy is the frequency of the photon associated
with the transition and 7 is the reduced Planck’s constant. Whenever the atom jumps between
the two states, it either absorbs energy E to move from |0) to |1) or releases energy E as
it moves from |1) to |0). Energy transitions in two level atoms are often mediated by the
atomic dipole transition moment d. If we let k = % and & be the electric field amplitude,
we note that the product «& has units of frequency. The electric field of the laser causing

the transition can be modeled by

E(z,1) = E'kemot+d) 4 ¢ ¢ (1.1

When the laser is exactly on resonance, or w; = wy, then the two level atom oscillates
between |0) and |1) at a frequency known as the resonant Rabi frequency, defined as
Qo = k& [3].

Additionally, it is helpful to define the quantity

0(1) = /OZKE(Z‘/)dl/, (1.2)

where 6(¢) is a phase angle representing the pulse area. In the case of a laser illuminating a

two level atom with a constant electric field &y from time #; to ,, then the pulse area is
0(t) = Qo(t2 — 11). (1.3)
If the atom is initially in the ground state, then the state of the system at time ¢ is given

by [4]

[®(1)) = cos 6(¢)/2 |0 +sin 6(¢) /2 [1) . (1.4)
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From Equations 1.2, 1.3, and 1.4, it is evident that 6 regulates the state of the atom when it
interacts with a resonant laser field. The important physical interpretation is that the duration
of a laser pulse determines the atom population that transfers from one state to another.
When 6 is an odd multiple of =, then the atom always switches states, but if 8 is an even
multiple of &, then the atom cycles through another state and returns to the original state
(Equation 1.4). In atom interferometry, as with all other quantum optics applications, the
laser must have the correct photon energy and pulse length in order to ensure the desired
interaction. The relevant pulses for this paper are the so called 7 pulse and the 7 pulse. As
can be inferred from Equation 1.4 above, the 7 pulse completely inverts the state of the
atom, guaranteeing a state change from excited to ground or ground to excited. The 7 pulse
changes the state with a probability of %, which means that a two level atom initially in state
Y = |0) will be in a state of coherent superposition ¢ = % (]0) +|1)) after the pulse.

1.2 Introduction to Atom Interferometry

Atom interferometry is a process analogous to optical interferometry: both involve a beam
of particles that splits in two nearly identical trajectories and then recombine. Beams
of light travel down two separated paths in optical interferometers. Analogously, atom
interferometers excite groups of cold atoms with laser pulses in order to create two different
paths in real space and phase space [5]. In a Mach-Zender configuration, a group of atoms is
prepared in a ground state, then stimulated by three consecutive laser pulses that cause two
groups to emerge and recombine [1]. Applications of this relatively recent technology may

include gravimetry, magnetometry, and precision measurement of physical constants [6].

1.3 Effects of Cooling and Laser Pulses

A Rubidium 85 atom interferometer can be modeled as a two level system, but it is important
to understand why. The experiment utilizes the D2 transition, which is between the 52P; /2
and 525, /2 states of the single valence electron in the atomic system. This transition has
two possible ground state values of F, the total atomic angular momentum, and the actual
experiment involves the F' = 2 and F = 3 ground states (Figure 1.1). The atoms are cooled
by the lasers at a frequency just below the transition frequency. Because there is a little bit of
energy "missing," the kinetic energy of the atom is absorbed in order to make the transition

happen. After some time, the atom emits a photon of energy 7wy, carrying away that kinetic

3
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Figure 1.1. Relevant energy levels of the Rubidium 85 D2 transition. F is the
total atomic angular momentum. Source: [1]

energy. As a result of this process, the atoms have less kinetic energy. Since this process
happens nearly simultaneously to the whole group of atoms, the temperature of the group
is lower. When this process is repeated, which can happen quite quickly in alkali atoms,
dramatic cooling occurs on remarkably short timescales. The atoms in the experiment at the
Naval Postgraduate School (NPS) start around 900K and cool very quickly to a few hundred
uK. Complicating matters, however, some atoms undergoing this transition do not decay
back into the F = 3 state, but instead go to the F = 2 state. In order to make these atoms
useful for the experiment again, a second pumping laser at a different frequency is used to
return these atoms back to the F = 3 state. Thus, the experiment requires two lasers, but
this is only to cool the atoms to be used in the interferometer. Once the atoms are prepared
in the proper F state, the interferometer deals with only one transition, and therefore the

two level approximation is appropriate.

In the setup used by F. Narducci and others at NPS, laser cooling reduces the temperature of
a group of Rubidium-85 atoms from room temperature to near absolute zero in a very short

time scale. This reduces the noise caused by the velocity distribution of atoms at higher
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temperatures, allowing for a more uniform experiment and precise measurement. Once these
atoms are cooled, they are launched into freefall in a vertical vacuum chamber. A % pulse
excites half the atoms to a higher energy state and leaves half in the ground state, causing a
split in phase space analogous to that produced by a beam splitter in optical interferometry.
Next, after some amount of time 7', a  pulse excites those atoms in the ground state and
causes those in the excited state to fall back to the ground state. Finally, after another time 7',
a second 7 pulse combines both groups of atoms. Half of the excited atoms are stimulated
back to the ground state, and half of the ground state atoms jump to the excited state. The
four possible paths converge into two paths at the end of the interferometer. Any phase
differences due to gravitation, magnetic fields, or other sources of noise are measured at the

end of this sequence.

Using the previous two level notation, the behavior of an atom in an interferometer starts in
the |0) state. After the first /2 pulse, the state of the atom is [4]

L
V2

The 7 pulse causes the |0) and |1) to switch places, although the overall state remains the

) = —=(10) +[1)) (1.5)

same absent any phase factors picked up from external fields. More rigorously, we can say

that for a time T after the first % pulse, the state is

1 .
ly) = \—Fz(|0> +e 971y, (1.6)

where ©;7 is a phase picked up due to some external field over time 7'. After the m pulse,

the state becomes

v = %uw + O |0y), (1.7)

and after another time 7, the excited state again picks up a phase:

1 . .
ly) = \—5(&@” 1) +¢"017|0)). (1.8)



Finally, after the last % pulse, the state becomes

o |1 or 1
T — (10) + 1)) + T —

N \/§(|O>+|l>)

1
) = — , (1.9)

V2

where an extra factor of == comes from Equation 1.6. Usually the excited state is detected,

V2
so we find the excited state probability

1 ) )
| (1) 2 = 7 (1 + T(@2-01) | ,iT(01-6y) 1) . (1.10)

The exponential terms reduce to 2cos @, — ®;. This ® dependence is what makes the
interferometer work. In the case when ®; = ©;, we have a probability of 1 that the atom is

in state |1) when the interferometer paths close, which is exactly what we would expect.



CHAPTER 2:
Wigner Distributions

The physics of atom interferometry is relatively simple: the Schrodinger equation applies,
as with all quantum systems, and the Hamiltonian is relatively straightforward, involving
neutral atoms, a gravitational field, any additional magnetic fields involved in the experi-
mental setup, and the laser pulses. All these situations (with the curious exception of the
gravitational field) are well examined in introductory quantum mechanics textbooks, and
so the time evolution of the position, energy, and momentum of the atoms in the different
paths are available. However, this paper uses a slightly different method than the traditional
Schrodinger picture—that of the Wigner distribution—to help visualize what actually hap-

pens in the interferometer.

2.1 Wigner Distributions

The Wigner distribution is physically equivalent to the wave function used in the Schrodinger
picture [7]. However, its advantage lies in simultaneously accounting for the position and
momentum of the atoms. Given a wave function in position space ¥ (x), the Wigner distri-

bution of this system can be found using the following formula [8]:

1 .
Wep) =5 [ €My - y2)dy e

Similarly, given a function’s wave function in momentum space ¢(p), the Wigner distribu-

tion can be calculated by

1 .
W(x,p) = 7 / ey (p —y/2)¢" (p +y/2)dy (2.2)

These equations are analogous to the time independent formulation of the Schrodinger
equation. The time dependence of the Wigner distribution will be discussed in the next
section, but for now we note { or ¢ can be time dependent. The Wigner distribution is not
strictly speaking a probability distribution, but a probability amplitude, although the next
section will show the relative ease with which a probability distribution can be obtained.
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Notably, it can take on negative values, and it does quite often in the case of systems that
are nonclassical [9]. Nevertheless, by using the Wigner distribution, the physics of atom
interferometry can be shown quite clearly: atoms with the same momenta but different

positions can be easily distinguished, and vice versa.

2.2 The Weyl Transform

The Wigner distribution is a special case of a mathematical construct called the Weyl

transform. Applied to a generic operator A, the Weyl transform A is defined as [9]

AGr.p) = / P (1 y /2] Alx = y/2)dy 23)

Alternatively, the Weyl transform can be found by

AGx.p) = / X (p 4 g2 Ap - y/2)dy 2.4)

The Weyl Transform is largely beyond the scope of this paper, but it is mentioned here in
order to point out that the Wigner distribution/Weyl transform system is a robust method of
describing quantum mechanical processes entirely equivalent to the Schrodinger Equation.

Thus, its utility and applications range far beyond the scale of this simple analysis.

Given these equations, if we calculate the Weyl transform of the density operator, defined

as p = u) (W] we get
AGr.p) = / P (x4 y 200y (Wl — y/2)dy 2.5)

which is identical to Equation 2.1, showing us that the Wigner distribution is the Weyl

transform of the density operator.

We can also recover a probability distribution in one variable by integrating the Wigner
distribution over the other variable. For example, if we integrate the Wigner distribution W

with respect to momentum

1 .
[wepar=y [ [ ey -y, 2o

8



we use the fact that f ePY"dp = hé(y), where 6(y) is the Dirac delta function, simplifies

the formula to

/ W, p)dp = u* (0w () = W (0. @.7)

Similarly, integrating over x leads us to the momentum probability distribution:

/ W(x. p)dx = 6" (p)d(p) = [6(p)]- 2.8)

Furthermore, since we know from the Schrodinger picture of quantum mechanics that the
expectation value of an operator is the integral of the probability density times the operator,
the Wigner distribution can be integrated with an operator’s Weyl transform to calculate the

expectation value of the operator:

(A) = / / W(x, p)A(x, p)dxdp (2.9)

These formulas become very simple when the operator A in question is a function of £ or
p only, that is, when the commutation relation between position and momentum does not
come into play. In these cases, the Weyl transform simply changes £ to x and p to p. Some

common expectation values follow:

(x)://W(x,p)xdxdp (2.10)
(p) = / / W(x, p)pdxdp (2.11)
(H)://W(x,p)H(x,p)dxdp, (2.12)

. . . . . A 2 2
where (H) is the expectation value of the Hamiltonian, given by the operator H = ;’—m % +V.



2.3 Time Evolution of the Wigner Distribution

The time evolution of the Wigner distribution obeys the quantum Liouville equation [10]. To
show this, we start with the time dependent Schrodinger equation, following the derivation
in [9]:

A oV (x,t
H¥(.1) =i éx ) (2.13)
and the time derivative of equation 2.1:
ow 1 o _;
= | Zetiry/n .
ar / 37 Y(x+y/2,0)¥ (x —y/2,1)dy. (2.14)

We note that the exponential term in the integral is not time dependent, and so the time

derivative involves a product rule for the ¢ terms:

ow _ 1 / J-ipulh (wa s G20 ;)) .

ot h ot ot
(2.15)
From here, we use the Schrodinger equation to replace the time derivatives:
O¥(x,1)  h 9¥(x,1) 1
1) 0 L e, (2.16)

ot 2im  O0x? i

Once this substitution is made, it is helpful to separate the integral into two different
integrals. We collect all the terms that include the two spatial derivatives and call these

kinetic terms, and the others involving V are the potential terms:

oW _oWr oWy
or 0Ot or

(2.17)

We note here that two derivatives in x can be changed easily into one derivative each in x

and y using the relation [9]

10



8* o 0
. 2‘P(x+y/2 t) —26——‘P(x+y/2 1). (2.18)

Doing so gives us a kinetic integral in y of an argument that has a y derivative in it:

ow 1
ot 2rmim

/ e~irylh (ii‘P(x +y/2, z)) W(x —y/2,1)
0x dy

— etPylh (;;‘P(x y/2, t)) Y(x+y/2,t)dy. (2.19)

Integration of both terms by parts yields

GWT_ P 0

= —ipy/h (e _
ot hmox / e P (x +y/2,0)%" (x — y/2, 1)y, (2.20)

which reduces to oW oW
oWT _ 14
—_ 2.21
o m Ox ( )

£ _W from Hamilton’s equations of classical mechanics.

We note here that the term - =

Finding the potential terms of <+ dW

2.16 in Equation 2.15, we find

is a little simpler. Using the potential term of Equation

(‘)WV 2r

TR / e PNV (x+y/2) = V(x - y/2)] P(x +y/2, )P (x — y/2.1)dy. (2.22)

We now use a power series expansion of the potential V (x) in x to write

(o)

1ov({ 1\ (1}
Vix+y/2) - V(x-y/2) = 24 1 oxl ((—El/) - (5!/) ) : (2.23)

All even powers of / equal zero in this expansion, so we rewrite this as

21(92[+1V 5l
6x21+1

V(x+y/2) - V(x-y/2) = Z(2l+1)'2 (2.24)

11



Using Equation 2.24 in Equation 2.22, we note that each multiple of y can be scaled as a
derivative of W with respect to p. When we combine this with our kinetic term, we get the

following:
21+1

s . 21
oW 3 (ih/2) (6W6H OH OW 225)

ar QI+ D!\ dp dx  dp ox

1=0
If we assume that the potential is at most quadratic in x, then all terms higher than [ = 0
disappear from the series. This equation reduces to an analogue of the classical Liouville

equation:

ow oOWOoH OHOW
—_— (2.26)

ot op Ox 0dp Ox
This is a key result because solutions to the Liouville equation allow the classical Hamilton
equations of motion x(¢) and p(¢) to be used for the variables x and p in W(x, p, ). Thus,
the time evolution of a Wigner distribution of a given quantum system does not require the

calculation of a new Wigner distribution using a corresponding change in the wave function.

2.4 Example: The Harmonic Oscillator

The quantum harmonic oscillator with potential V(x) = %kxz, where k is the harmonic
oscillator spring constant, is an excellent example of the utility of the Wigner distribution
in illuminating important results that may not be as clear in the Schrodinger picture. The

quantum harmonic oscillator has a ground state wave function [11]

2
exp{ al } (2.27)

242

Yo(x) = v

where a = 1/ rf—w, m is the mass of the particle in the harmonic oscillator, and w = 1/% To
calculate the Wigner distribution (Figure 2.1), we use Equation 2.1 to obtain

2 ) 2
Wix.p) == exp{ﬂ - x—}. (2.28)

h2 a?
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Figure 2.1. Wigner distribution of the ground state of the simple harmonic
oscillator at four different times corresponding to one half period. The dis-
tribution is centered at (x, p) = (0,0). The coordinates of both axes are
normalized.

To describe the time evolution of this Wigner distribution, we use the classical Hamiltonian
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equations of motion for the harmonic oscillator:

x(t) = xgcos(wt) — Po sin(wt) (2.29a)
mw
p(t) = po cos(wt) + mwxq sin(wt) (2.29b)

where xo and pg are the position and momentum at time ¢ = 0. The Wigner distribution

then becomes

—a%(po cos(wt) + mwxg sin(wr))?  (xo cos(wr) — L2 sin(wr))?
2 - )

W(x,p,t) = %exp{
(2.30)

The above equation represents a distribution about x = p = 0, and is shown in Figure 2.1
for four different times. In order to center the distribution’s motion at an arbitrary origin
e.g. (x = b, p = ¢), the offsets b and ¢ can be added as initial conditions to the Hamilton

equations of motion and substituted into the Wigner distribution from there:
pPo .
x(t) = xgcos(wt) — —sin(wt) — b (2.31)
mw

p(t) = pocos(wt) + mwxg sin(wt) — ¢ (2.32)

The uncertainty in the ground state is minimal because the momentum is multiplied by a in
the exponent while the position is divided by a. Therefore, the uncertainty relation remains
independent of a, and is, in fact, 7i/2. In excited states of the quantum harmonic oscillator,

the uncertainty begins to grow [11].

2.5 Coherent and Squeezed States
However, there exist states known as coherent states which preserve this minimal uncertainty
relation. These states are not eigenstates of the Hamiltonian, but are eigenstates of the

annihilation or lowering operator d_ = ——= (—ip + mw%). These states not only maintain

V2w
minimum uncertainty, but their phase space propagation looks the most similar to a classical

harmonic oscillator. This can be seen in Figure 2.2 where the state moves back and forth in

14



x and up and down in p, which is much different than the time evolution in Figure 2.1.
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Figure 2.2. Time evolution of the Wigner distribution of a coherent state of
the simple harmonic oscillator. Initially, the system is centered on x =2 and
p = 0. The distribution is symmetrical in position and momentum, and its
time evolution traces a circle in phase space.

Furthermore, one of the more recent discoveries in optics is that of squeezed states [12],
which are modifications of coherent states. Squeezed states achieve extremely small uncer-

tainty in one variable by allowing for increased spreading in another. Thus, a coherent state

15



circular phase space distribution of position and momentum "squeezes" into an ellipse for
a squeezed state. This can be accomplished by varying the value of a. Figure 2.3 shows the

squeezed state Wigner distribution over one period of simple harmonic motion.

16



1(}Nigner Distribution SHO GS (Squeezed) ngner Distribution SHO GS (Squeezed)

0.35 0.3
0.3

0.25 10.25
0.2

0.15

0.1

0.05

0 -10

-10 -5 0 5 10 -10

hmu

1(}Nigner Distribution SHO GS (Squeezed) ngner Distribution SHO GS (Squeezed)

0.35
0.3
0.25 10.25
0.2
d2
015 -
0.1
0.05
0 -10
-10 -5 0 5 10 -10
x/\/h/mw F/an
- — 3n
(c)t=nm (d)r=2F

Figure 2.3. Squeezed ground state of the simple harmonic oscillator, for

a= 3,/ . Note that minimal total uncertainty is maintained throughout

the perlod, although the distribution is much narrower in one parameter and
wider in the other.
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CHAPTER 3:

Gravitational Fields

Having established the fundamentals of the Wigner distribution and atom interferometry,
we now move towards our model, starting with the physics of gravity. The classical physics
of gravitation are some of the first problems attempted in introductory physics classes. A
particle starting at (vertical) position zo with initial velocity vg at time g will propagate over

time ¢t as

1
z(t) = zo +vo(t — 1o) + Eg(t —10)?%, 3.1

where ¢ is the constant of gravitational acceleration. However, as the length scale gets

smaller, quantum mechanics start to dominate, and these problems are more complicated.

3.1 Quantum Mechanics of Free Particles

The mechanics of a particle in a gravitational potential are not ubiquitously covered in
introductory quantum mechanics courses, where infinite square well, harmonic oscillator,
and hydrogen atom problems dominate. This is because the mechanics of a free particle,
the simplest system in Newtonian mechanics, is relatively complicated in the quantum
domain. The plane wave solution to the Schrodinger equation ¢ for a free particle is not
normalizable because there are (by definition) no limitations on the position or momentum
of the particle [11]. Analogously, a particle in a gravitational field does not behave well
either. As a result, even solving for the wave function, much less the Wigner distribution, is
complicated.

The wave function of a free particle as it propagates is dependent on the initial state ¥(x, 0)
of the function [13]. Because of the Heisenberg uncertainty principle, the energy is not well
defined, and so there is not a single eigenfunction solution to the problem. By the equivalent
of Fourier theory in quantum mechanics, the initial state must be an integral over states of
various wave numbers. The state is an integral instead of a sum because the wave number,

which is proportional to the momentum, is continuous.

¥(x,0) = \/Lz_ﬂ /_ oogb(k)eikxdk (3.2)
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Once ¢ (k) is known, then W(x, r) can be found by solving the Schrodinger equation:

1 [ k2
Y(x, 1) = N / d(k)el®=5m0 g (3.3)
JT —00

The Wigner distribution then follows from Equation 2.1. If we suppose the initial state
¥ (x,0) to be a Gaussian wave packet with minimal uncertainty, then we get the following

Wigner distribution for the free particle of width o:

1
W(x, p,t) = — exp (3.4)

nh

(x — pt/m)*  202p?
- )

3.2 Gravity

The mechanics of a particle in a gravitational field are similar to a free particle in that the
wave function cannot be normalized because there are no bounds or quantization measures
on the particle’s energy. To find the wave function of the particle in a gravitational field, we

start with the (time independent) Schrodinger equation with a gravitational potential:

—h? 9%y (x)
— W(z +mgxy(x) = Eg(x) (3.5)
2m  Ox
Using the substitution
1
2m?g\? E
= -—1, 3.6
= (%) ) 6
the equation takes the simplified form
Oy
— —yy =0. 3.7
97 yy (3.7)

This equation is known as the Airy differential equation, and the solutions are Airy functions
[14]. These functions decay exponentially when x is positive, and when x is negative, they
alternate like a sinusoid with increasing frequency as x becomes more negative. To find the
Wigner distribution, we integrate again, and find that the Wigner distribution is also an Airy
function [15]:
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Figure 3.1. Wigner distribution at + = 0 and E = 0 for a Rubidium 85
atom in a gravitational field. Recall that the negative values imply a greater
probability than those close to zero.

8 1/3 2
W(x,p) =N - Ai ( ) d

g (% —mgx — E) (3.8)

where N is a normalization factor and E is the total energy of the system!. Figure 3.1 shows
the graph of this Wigner distribution.

1For the full derivation of this formula, see E. Kajari, Inertial and gravitational mass in quantum mechanics
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CHAPTER 4
Modeling Atom Interferometry

Although the gravitational field is in fact the potential through which atoms move in many
atom interferometers, the Airy function modeling method does not take into account the
initial velocity and position distributions of atoms produced by the laser cooling process.
In this case, Rubidium 85 atoms are grouped together at low temperatures with Gaussian
distributions in position and momentum, resulting in a Gaussian distribution in Wigner
space. Because the Wigner distribution obeys the Liouville Equation (Equation 2.26), it is
sufficient to use the classical dynamics of a gravitational system superimposed on the initial
Wigner distribution of our choosing. As such, to actually model the atom interferometry,
we will start with a Gaussian distribution in both velocity and position to model the state of

the atoms when they are prepared for the interferometer by laser cooling.

4.1 Wigner Distribution of an Atom Interferometer
To model an atom interferometer, we start at time ¢ = 0 with a Wigner distribution of a free
particle in a Gaussian wave packet (Equation 3.4). We will then use the Hamilton equations

of motion for a particle in a gravitational potential to allow the particles to propagate:
p 1
x(t) = x0 + =(t — t9) — =g(t — t0)* (4.1a)
m 2
p = po—mg(t—19), (4.1b)

which results in the following distribution:

4.2)

nh

(x — pt/m - %gtz)z _ 202 (p — mgt)?
o2 h '

1
W(x,p,t) = —eXP{—

When this is done, Figure 4.1 shows the behavior of the distribution over time. The familiar
arc of the parabola appears because of the gravitational acceleration, and the distribution’s

shape is otherwise maintained.

23



Wigner Distribution Gaussian+Freefall Time Evolution, hbar=m=1
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10
Position (1 = 27 micrometers)

Figure 4.1. Time evolution of a Gaussian Wigner distribution of a Rubidium
85 atom in a gravitational field. Note that the dynamics of the distribution
are entirely classical; quantum mechanics only factors into the initial shape
of the distribution.

Adding the laser pulses to the model requires diligence. When a pulse excites an atom, the
momentum changes immediately but the position does not. This is because we assume the
laser pulses are delta functions in time that instantaneously change the momentum of the
atoms. The new value of % is integrated up to get a new position. If we start at time #¢ and
apply our pulses at #1, ¢, and 3, each equally separated by time 7', we obtain four different
position and momentum functions, one for each of the possible phase space paths traveled
in the interferometer:

1 1
X1 =X+ % (p +plaser®(t - tl) - plaser®(t - t2) + plaser®(t - t3)]) - Egtz (4.3a)
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1 1
X2 = X0+ E (p +plaser®(t - tl) - plaser®(t - t2))) - Egtz (4.3b)

X3 = X0+ % (P + Plaser®(t = 12) = Plaser®(t = 13))) — %912 (4.3¢)
=0+ (0 Plase O~ ) ~ 307 @34)

P1=Po— Mgt + Plaser®(t = 11) = PlaserO(t = 12) + PlaserO(t — 13) (4.4a)
P2 = po = Mgt + Plaser®(t = 11) = Plaser®(t — 12) (4.4b)

P3 = po = mgt + Plaser®(t = 12) = Plaser®(t — 13) (4.4¢)

P4 = po—mgt + Plaser®(t — 12) (4.4d)

where O(7—t,) is the Heaviside step function evaluated at time ¢ and p;,;., is the momentum

added by the laser pulse.

It is important to confirm that the interferometer is closed, i.e. the paths result in the same
final position and momentum when they converge. This convergence can be verified by
substituting a time ¢ > #3 into the above equations. When this is done, paths 1 and 4
converge, as do paths 2 and 3. As a result, the paths of two different parabolas can clearly

be seen in Figures 4.2a and 4.2b. Their combination is shown in Figure 4.3.

When we do these calculations again for a Rubidium 85 model with a laser wavelength
of 780.24 nanometers, we obtain the simulation shown in Figures 4.4a, 4.4b, and 4.5. In
these figures, the Gaussian functions that were initially represented as somewhat circular
are far more elliptical in these graphs. The reason for this behavior is that the spreading in
momentum is extremely small compared to the scale of the momentum change throughout
the time evolution of the interferometer. This is a consequence both of the cooling of the
atoms prior to their entrance into the interferometer and to the relatively large momentum
changes that the Earth’s gravity and the laser pulses provide. We will also model in the next

section an interferometer in a harmonic oscillator potential.
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Momentum
Momentum

0 50 100 150 0 50 100 150
Position Position

(a) Leg 1. (b) Leg 2.

Figure 4.2. (a)Phase space path of two routes of an atom interferometer. The
atom is excited by a /2 pulse, relaxed by a 7 pulse, and excited agin by a /2
pulse. Note: this is not to scale but merely illustrates the concept.(b)Phase
space path of the other two routes of an atom interferometer. The atom is
not excited by the initial 7/2 pulse, then is excited by a 7 pulse, and the
second 7/2 pulse splits the path. Note: this graph is not to scale, the value
of g, the gravitational acceleration, is far too low. These results could be
reproduced if g was artificially lowered by a constant magnetic field in the
opposite direction.

4.2 Modeling an Atom Interferometer in a Harmonic Os-

cillator Potential
To model an atom interferometer with atoms in a harmonic trap, we recall the harmonic
oscillator equations of motion (Equations 2.31 and 2.29b) and the Wigner distribution
(Equation 2.30). However, we will also need the Wigner distribution of an excited harmonic

oscillator state. Using the first excited state wave function [11]

2 x x2
Yi(x) = \/ﬁg eXP{—z—az} 4.5)

we use equation 2.1 to integrate and find

W(x,p,t) = % (—1 +2 (%)2 +2 (2)2) exp{(x cos(wt) — mp;w sin(wt))z} (4.6)
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Wigner Distribution Gaussian+Freefall Time Evolution, bad scaling
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Figure 4.3. A full (improperly scaled) model of an atom interferometer. Note
that after the initial 7/2 pulse the subsequent pulses are indistinguishable.
This shows that the interferometer is closed.

An interferometer that uses the ground state and first excited state of the quantum harmonic
oscillator is very challenging to realize experimentally given the number of atoms and laser
energy involved, but it is useful for showing quantum effects. Much like the gravitational

potential model, the closed nature of the interferometer means that absent an inertial phase

change or offset, the total state of the interferometer is consistently

1
W(x,p,t) = E(Wo(x,p, 1)+ Wi(x,p,1)),

as can be seen in Figure 4.6 The harmonic oscillator potential will produce the same results

as the gravitational potential, but a potential advantage is that the momentum of the atoms
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(a) Leg one.
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(b) Leg two.

Figure 4.4. The Wigner distribution of a Rubidium atom in an interferometer
subject to a gravitational field. Figure a follows the path excited by the initial

% pulse, Figure b follows the path that remains in the ground state.
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Wigner Distribution Gaussian+Freefall Time Evolution, hbar=m=1
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Figure 4.5. Wigner distribution of a Rubidium atom in an interferometer
subject to a gravitational field. Because the laser pulses are perfect 5 and &
pulses, the two paths look identical even though there are two more pulses
after the initial split.

is not increasing throughout the experiment. This could allow for better observation of
the momentum axis of the Wigner distribution, as the large changes in momentum under
the gravitational potential may obscure other aspects of the time evolution of the atom’s

momentum.
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Figure 4.6. Wigner distribution of an atom interferometer in a harmonic
oscillator potential. Note that the first 7 pulse is between graphs a and b.
The distribution is centered at (x, p) = (O, 0).
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CHAPTER 5:
Analysis, Further Work and Conclusion

Having modeled the behavior of an atom interferometer in two dimensions, we now turn to

the significance of the experiment and possible results and applications that it can produce.

5.1 Why Wigner?

There was no absolute necessity to use the Wigner distribution to model the behavior
of atoms in an interferometer. However, we chose it because of its ability to display the
position and momentum distributions simultaneously. The Wigner distribution has a massive
visual advantage over the traditional Schrodinger picture in the case of atom interferometry
specifically. The laser pulses and their effects, which are not immediately apparent in position
space, are instantly recognizable in Wigner space, as can be seen in Figure 4.5. Furthermore,
the phase space distribution gives the viewer a more immediate grasp on the time evolution
of the system. It is very hard to accurately observe changes in the position and velocity of
a wave function at a glance, but the Wigner distribution transmits this information in way

that is quite easily understood by someone without a formal background in physics.

The Wigner distribution is also a nice way to demonstrate the peculiarities of quantum
mechanics. The Heisenberg uncertainty principle guarantees that the Wigner distribution
will never be a point. This fact means that the shape of the distribution immediately gives
information about the uncertainty in both parameters. In cases of minimal uncertainty, like
the coherent and squeezed states of Figures 2.2 and 2.3, the shape of the Wigner distribution
communicates the peculiarities of these states in a way that leaves little doubt about their
behavior. In the Schrodinger picture, the graph would be nowhere near as clear. The purpose
of these simulations was to attempt to find any previously unknown quantum effects that can
affect the coherence of atom interferometers. Although these effects have not yet been found,
further work could better establish the relationship between phase differences measured by

the interferometer and how they appear when modeled with the Wigner distribution.
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5.2 Further Work

The analysis done in this paper is a fairly broad and idealized general introduction to atom
interferometers and their behavior seen through the lens of the Wigner distribution. Further
work in modeling could be done by including a whole spread of atoms instead of just
one in the model, adjusting external fields to produce phase differences, and in the case
of the harmonic oscillator potential, adjusting the excited state parameters to a classical
approximation. The production of phase differences could be done by modifying the time
between pulses to slightly off the 7 and 7 values divided by the Rabi frequency or changing
the external potentials to values that are less uniform in space and/or time. These more
precise models could then be contrasted to actual experimental data in order to determine

the degree to which the experiment is behaving the way we expect.

5.3 Conclusion

Although atom interferometers are not yet widely used operationally, they are quite promis-
ing. The use of lasers to cool atoms to near absolute zero is fascinating in itself, and atom
interferometry is but one important application of this technology. Plenty of variations in
their path, pulse sequence, and shape are possible, and therefore this technology only looks
to become more efficient, precise, and applicable over time. The Wigner distribution is also
an excellent way to show what the atoms actually do inside the interferometer, and therefore

it is a worthwhile analysis of this growing technology.
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