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EXECUTIVE SUMMARY

The purpose of this document is to report the results and their significance for the NISE project “Noise
characterization of quantum teleportation with imperfectly prepared states".
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NOISE CHARACTERIZATION OF QUANTUM TELEPORTATION WITH
IMPERFECTLY PREPARED STATES

1. BACKGROUND

There are many ways to represent information with a quantum state; for example, one could encode a
classical bit into the polarization state of photon. Additionally, one could let the state represent a piece
of quantum information like entanglement. Each of these choices induce different noise dynamics. To
completely characterize this noise, and to optimize the performance of the quantum information technologies,
we build a model of the evolution of all possible states called a quantum channel. In general, quantum
states are fragile and easily couple to their environment, causing them to decohere. Due to this fragility,
quantum states are difficult to prepare and measure. Furthermore, imperfect preparation and measurements
of states can inject noise into the system as well. In this chapter, we will introduce the mathematical and
physical background necessary to describe the noisy evolution of a system induced by teleporting through
an imperfectly prepared state.

1.1 Quantum Information
1.1.1 Quantum States and Evolution

In order to discuss the evolution of a quantum system under a teleportation protocol, a complete math-
ematical description of environments and unknown states are needed. There are various equivalent ways to
axiomatically build quantum states and describe their evolution. In this work, we will study integral numbers
of qubits, and therefore can restrict ourselves to finite dimensional s ystems. Let H 2" be a Hilbert space of
dimension 2"; i.e., the state space of an n-qubit system.

Definition 1 .1.1. A quantum state is described by a positive semi-definite, trace one, linear operator
p: H? — H* called the density operator.

If p is in a pure state, there exists a unit vector |) € H such that p = |){¥|, meaning that p is a rank one
projector. Otherwise, p is a statistical ensemble of pure states, referred to as a mixed state; in this case there
are probabilities p; and unit vectors |;) € H such that p = 3; p;|¥;){¥;|. From the spectral theorem, such
a decomposition is always possible, and it is not possible to both decompose a density operator as a mixed
state and a pure state. Additionally, for a pure state p = |){¥|, the state vector |/) completely characterizes
the quantum system and two will be used interchangeably.

Pure states represent quantum systems with maximal information and minimal entropy. Therefore, these
states are the ideal for quantum information purposes. Within the set of pure states, entangled states form a
particularly useful class of quantum systems:

Definition 1 .1.2. Fora purestatep = |y)(y|,ifthereexist| e H >and|v)e H Zsuchthatp =
[7){(n| ® |v){v|, then p is said to be separable . If no such decomposition into tensor products of smaller
systems exists, then p is said to be an entangled state.

Manuscript approved October 7, 2021.
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Entanglement is necessary for many complex quantum protocols spanning sensing, computing, and
networking; however, generating high-quality entangled states on demand is still a challenge area in quantum
information science. In this work, we will study how imperfect entanglement can affect the transfer of
information while utilizing some of these communication protocols.

While we will need the density operator/state vector formulation to analyze certain quantum systems, in
previous 6.1 base program projects, and their resulting publications [5,6,9], it is useful to expand a density
matrix in terms of measurement bases, and analyze how evolution affects these basis elements. For the single
qubit, the popular choice is the basis of Pauli spin operators:

10 0 1 0 —i 1 0
0'12(0 1),0’22(1 0),0’3=(l. 0), and 0'42(0 _1). (1)

For an n-qubit system, we will use the n-qubit spin operators:

Definition 1.1.3. Define A" = {\/2+7_10'j1 ®---®0j,lji €{1,2,3, 4}} to be the collection of n-qubit spin

operators ordered by the dictionary order. Call the i-th element in the order A;.

By representing the last 4" — 1 elements in vector form A = [ A3 - - - A} ], we have a convenient method
to represent an n-qubit quantum state:

I+cr-A
pP= Ton (2)
where r € R*" is called the Euclidean/Bloch vector and ¢ is a constant ensuring pure states have a Bloch
vector with norm 1. For the single qubit, the collection of Bloch vectors is the entire unit ball, with the pure
states on the surface. For the systems larger than a qubit, the collection of Bloch vectors is a deformed retract
of the unit sphere [7].

There are a many methods to transmit information using a quantum state.

Definition 1.1.4. An n-qubit quantum channel is a positive, trace preserving, linear map @ : H>" — H?*",

Many sources include complete positivity in the definition of a quantum channel [10]. An r-qubit
quantum channel is completely positive if and only if Io» ® @ is also a positive map [8]; complete positivity
requires the initial state and the environment it couples with to be in a pure product state. However, in
this NISE report we are considering state teleportation, which necessitates initial entanglement between a
state and its environment. We have shown in a previous base program project, that with relatively benign
assumptions, dynamics need not be completely positive [9,12]. Unfortunately, there are very few tools to
systemically analyze the information content of channels that are not completely positive. In this work, we
will show that for two-qubit teleportation, the dynamics are in fact completely positive.

Similar to the Euclidean representation of states, there is a Euclidean representation for quantum channels
as well. Linear operators are completely determined by their actions on a basis, so each quantum channel
® induces a unique affine map f(r) = Mr + b, called the Euclidean/Bloch representation of the channel, on
the Bloch vector so that
I+ f(r)-A

D(p) = on

3)
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When a channel fixes the identity matrix it is called unitaland its Bloch representation is linear. We have
introduced the Euclidean representation of quantum information systems because it offers a concrete way
to envision the dynamics in which all of the coefficients in the expansion arise as expectation values of
a particular measurement scheme. Previous base program work has developed easier ways to analyze the
informatics of quantum channels using the Euclidean representation, where using the traditional methods
would be computationally difficult. A complete discussion of the Euclidean representation of a quantum
system is outside the scope of this report, but for a complete discussion, see [5,6].

1.1.2  Quantum Networks

As quantum technologies mature, we will need to remotely communicate and transfer information
between them in order to leverage their full potential. For example, an n-qubit quantum state lies in a
2"-dimensional Hilbert space, and consequently, there are 4" — 1 real parameters that are needed to fully
characterize the state. Therefore, classically transmitting the amplitudes necessary to reconstruct a 40-qubit
state would require a minimum of 9 trillion terabytes of classical information; even if we do not assume an
arbitrary degree of precession needed for many of the most sophisticated protocols. However, if we were to
transmit the information quantum mechanically, it would be theoretically possible to do so with a 40-photon
state. This transfer can be done with a quantum network.

A quantum network consists of various transmission media and protocols that allows for the transfer
of entanglement between multiple nodes. While quantum networks possess many of the same engineering
challenges of classical networks, they will need to overcome obstacles that are uniquely quantum mechanical
in nature. For example, classical networks can utilize standard signal amplification techniques to boost
a degrading signal. However, due to the no cloning theorem [2], these amplification techniques are not
applicable to quantum mechanical systems. Furthermore, because of a variety of factors [3], including fiber
loss, quantum signals can only propagate for approximately 100 km before the signal becomes too lossy
to extract useful information [13]. To circumvent this fundamental limit of quantum state transmission, a
quantum repeater is placed between Alice and Bob in order to minimize the effective distance and therefore
signal degradation. The basic quantum repeater works as follows: two shared entangled states are established,
one between Alice and a repeater, R, and one between Bob and R. At this point the repeater performs a
Bell measurement on the two states at R resulting in the repeater’s initial entangled state with Alice being
teleported to Bob. At the end, this process establishes entanglement between Alice and Bob’s states. Since
the Bell measurement destroys the information shared between Alice and the repeater and between the
repeater and Bob, this process does not violate the no cloning theorem.

While exotic sounding, quantum teleportation is the fundamental phenomenon utilized by a repeater.
Not only does teleportation allow for a signal to be repeated, potentially an indefinite number of times [4],
it also allows for information to be transferred without passing through physical space. In this case, Alice
and Bob would not make use of a repeater necessarily, but instead use a similar protocol for Alice to transfer
an "information qubit" to Bob. Specifically, Alice would interact an information qubit with her half of the
entangled pair. Through the use of local operations and nominal classical communication, Alice can transfer
her information qubit to Bob without the qubit traversing physical space, and therefore circumventing any
interception by an eavesdropper.

With an entangled bell state
_ |00y +[1T)

v V.

“)
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the information qubit would be transferred without error. However, there is no known method capable of
generating perfect Bell states on demand. The natural question then arrises, “How does the imperfect prepa-
ration of an entangled state effect the transfer of information?". This noise is not a result of environmental
factors that cause decoherence, but instead stem from faulty implementations of the protocol itself. While
this question was answered for single qubit teleportation in [14], it has not been well studied for the larger
systems which are needed for a fully functioning quantum network. As a first step, we have characterized the
noise for two-qubit teleportation through an imperfectly prepared state. In the following, we will show that
this noise is described by a completely positive map, which is not guaranteed since the teleportation protocol
explicitly requires the state to become entangled with external qubits before it is partially measured. We
then calculate its Bloch representation of this channel and provide lower bounds for the channels capacity.
It is worth noting that since quantum states can make use of entanglement across the qubits, the capacity of
an n-qubit channel cannot be calculated from the individual constituent qubit channels. Consequently, there
is no closed form solution to calculating the capacity of this channel. Using the special structure of these
channels, we will show how to perform these capacity calculations for certain communication bases.

1.2 Quantum Teleportation

In this section we provide a step-by-step discussion of quantum teleportation which provides a method
for sending a qubit by making use of the maximally entangled state %(lOO) +|11)). As previously stated,
there does not currently exist any experimental method to generate this state in an exact and reliable manner.
For this reason, the consequences that arise when using an imperfectly prepared entangled state are essential
for the implementation of quantum networks. As the teleportation of a single qubit has been previously
studied and its associated errors characterized [14], the contribution of this report we will be to extend these
results to the teleportation of two qubits. To this end, we begin by discussing the teleportation of a single
qubit and then outline an analogous protocol for two qubits. Let us first take a moment to discuss an integral
operation for teleportation, the Bell measurement.

The Bell Measurement

The Bell measurement is a joint measurement of two qubits that determines which of the four Bell
states a system is in. Mathematically speaking, a Bell measurement is a projection onto the Bell state
basis, and therefore, an entangling operation. That is, even if the system is not in a Bell state initially,
it is after a Bell measurement. On a computational note, it is significant that the Bell states form an
orthonormal basis for the state space of a two qubit system. Explicitly, given an arbitrary two qubit state,
|®) = a|00) + b|01) + ¢|10) + d|11), there exist d, b, ¢, d € C such that

@) = a|®1) + b|®2) +|@3) + d| D), )

where |®;) is the i Bell state and |@|? + |b|* + |&]* + |d|* = 1. Moreover, basic calculations show that
|®;) = CNOT; »HIi), (0)
where |7} is the i element of the standard computational basis for the state space of a two qubit system, H
is the hadamard gate applied to the first qubit, and CNOT] ; is the CNOT gate where the control is the first
qubit and the target is the second qubit. It then follows that Alice’s measurement may instead be viewed

as the application of CNOT] >H followed by a measurement in the computational basis. While this might
appear pedantic, it allows for far easier calculations as we will see shortly.
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Single Qubit Teleportation

Single qubit teleportation allows a sender (Alice) to transmit a qubit |) to a receiver (Bob) via the
following steps:

1. Before the protocol begins, Alice and Bob each posses one qubit from the maximally entangled two
qubit state

|®1) = 35(100) +[11)). (7

We denote the total three qubit system by |¥) = |¢) ® |D), where Alice has the first 2 qubits and Bob
holds the last.

2. Alice performs a Bell measurement on the two qubits she posses. Recall, this operation is equivalent
to the application of CNOT >H followed by a measurement in the computational basis. Through this
method, Alice obtains one of the four possible resutls: m = |00), m = |01), m = [10), or m = |11).

3. Since the Bell measurement is an entangling operation, the state of Bob’s qubit will be determined by
the outcome of Alice’s measurement in the previous step. Explicitly, Bob’s state is

al0) + 811y ifm = |00)
ally + 810y ifm=101)
al0) — Bl1Y  ifm = ]10)
ally = B0y ifm=]11)

(®)

4. Alice finally sends the classical bit string m = ij associated with her measurement to Bob. He then
applies the operator Z X/ to the qubit he holds, thereby completely recovering the original qubit |y).
Note, the Z and X operators act on a qubit as follows: Z|0) = |0), Z|1) = —|1), X|0) = |1), and
X|1) =10).

Full recovery of the qubit |¢) relies on the assumption that one can generate the maximally entangled state
\%(lOO) +|11)) on demand. As there is currently no experimental scheme that can achieve this, Lanzagorta
and Martin explored the errors that arise when teleporting through the imperfectly prepared state [14]:

|®) = a|00) + b|01) + |10 + d[11), 9)

where a,b,c,d € C and |a|® + |b|? + |c|> + |d|> = 1. In [14] it was shown that the set of diagonal qubit
channels in the Bloch representation is exactly the set of 3 by 3 matrices that describe the errors associated
with teleportation through imperfectly prepared states. To this end, we refer to these matrices as the qubit
teleportation channels. The primary goal of this project is to investigate whether or not this result extends
to the teleportation of two qubits.
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The g-State Measurement

While the teleportation of n > 2 qubits follows similarly, including the sharing of a 2n entangled qubit
state, we have multiple views of maximal entanglement when n > 2. Therefore, the analogous “Bell states"
for four qubit systems are not as clearly defined. The entangled states used in this work, referred to as
“g-states", are generated by extending the methods of construction for two qubit Bell states to a 2n qubit
system. Explicitly, for the case of two qubit teleportation, or n = 2, we begin with the following standard
computational basis of a four qubit system:

|1) =]0000), [2) =]0001), |3) =[0010), |4)=[0011),
5) =10100), [6) =|0101), |7) =[0110), |8) = [0111),
9) = [1000), |10) = [1001), |11) = [1010), |12) = |1011),
[13) = [1100), |14) =|1101), |15)=]1110), |16)=]|1111).

(10)

From this basis we compute our 16 entangled states by applying the following operation: CNOT; 3CNOT; 4H;Ha,
where H; is the hadamard gate on the i qubit and CNOT; ; is the CNOT gate with i as the control and j as
the target qubit. Upon inspection, it is easy to see that this is simply an extension of the same process that
generates Bell states for a two qubit system. That is, to generate the 2n qubit g-state basis we simply apply
the following composition of quantum gates to the computational basis elements:

ﬁ CNOT; p4i ﬁ H; = ﬁ CNOT; ,+iH; = ﬁ G, (11)
i=1 i=1 i=1 i=1

where G; = CNOT; ,,+;H;. From this process we have that for a four qubit system, our 16 |g)-states are
generated as follows:

|1) =10000) —> |g1) = %(/0000) +|0101) +[1010) + |1111))
2) =10001) —> |g2) = (/0001) +|0100) + [1011) +|1110))
13) =[0010) —> |gs) = 3(|0010) + |0111) + |1000) + [1101})
|4) =10011) —> |ge) = £(/0011) +|0110) + 1001} + |1100))
I5) =10100) —> |g4) = £(]0000) —[0101) + [1010) — [1111))
|6) =10101) —> |g3) = £(]0001) —[0100) + [1011) — [1110))
|7) =10110) —> |gs) = $(]0010) —[0111) + [1000) — [1101))
18) =10111) —> |g7) = $(|0011) —[0110) + [1001) — [1100)) 12
19) =]1000) —> |g13) = $(]0000) + [0101) — |1010) — |1111))
|10y = [1001) —> |gi4) = 2(]0001) +[0100) — [1011) — [1110))
[11) = 1010y —> |go) = 3(|0010) + |0111) — [1000) — [1101))
[12) = [1011) —> |gio) = 2(]0011) +[0110) — [1001) — [1100))
[13) = [1100) —> |gi6) = 2(]0000) — [0101) — [1010) +|1111))
[14) = |1101) —> |gi5) = 2(]0001) — [0100) — [1011) +|1110))
[15) = [1110) —> |g12) = 3(]0010) — [0111) — [1000) + |1101))
[16) = [1111) —> |gi1) = 3(|0011) — [0110) — [1001) +|1100))
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Remark. Initially, one would think that the g-states should be labelled such that [ G;|i) = |g;), however,
the notation we have chosen will simplify calculations later on; specifically, in Eq. 32.

Similar to Bell measurements, it then follows that a measurement in the g-state basis is equivalent to
applying the operation

[ﬁ[Gir (13)

followed by a measurement in the computational basis. Again, we have defined G; = CNOT; ,,4;H;. Note,
this operation is unitary. In other words, it is simply a change of basis for the state space of a 2n qubit system.
It then follows that given an arbitrary four-qubit state, |®) = }Sl a;|i), there exist di, da, . .., d1¢ € C such
that

16
@) = " qilgi), (14)
i=1

where |g;) are the g-states given by Equation 12 and Y |¢;|> = 1.
Two-Qubit Teleportation

With the use of our g-states, we teleport the two-qubit state |) = b1|00) + b|01) + b3|10) + b4|11), via
the following steps:

1. Before the protocol begins, Alice and Bob each posses two qubits from the entangled four-qubit state
lg1) = £(]0000) + [0101) +[1010) + [1111)) (15)

We denote the total six-qubit system by |¥) = |¢) ® |g1), where Alice has the first 4 qubits and Bob
holds the last 2.

2. Alice performs a g-state measurement on the four qubits she posses. Recall, this operation is equivalent
to the application of [[]G;]" followed by a measurement in the computational basis. Through this
method, Alice obtains one of the 16 possible computational basis elements (i.e. m = |ijk[)).

3. Step 2 is an entangling operation and thus the two-qubit state Bob holds is determined by Alice’s
measurement outcome, similar to that of single qubit teleportation. We do not list Bob’s possible
outcomes here as the list is 16 states long and will be explicitly discussed in the following chapter
where we will provide all calculations involved in the teleportation of a two-qubit state.

4. Alice finally sends the classical bit string m = ijkl associated with her measurement to Bob. He then
applies the operator Z i Zé X 1k Xé on his qubits, where the subindices indicate which qubit the gate acts

on, thus completely recovering the original qubit |i).

Just like the single qubit case, this fully recovery hinges on the ability to reliably generate the state
lg1) = %(|OOOO) +]0101) + [1010) + |1111)) on demand, which is not currently achievable. Therefore, for
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the remainder of this work, we will perform the calculations for the teleportation of a two-qubit state through
the arbitrary four-qubit state

16

I#) = > aili), (16)

i=1

where a; € Cforalli and ¥ |a;|> = 1.

2. TWO QUBIT TELEPORTATION WITH IMPERFECTLY PREPARED STATES

In this chapter we will perform all calculations in two-qubit state teleportation through an imperfectly
prepared state. We begin by discussing each step one by one and conclude by calculating the density
operator of Bob’s final state.

2.1 The Protocol
2.1.1 Step 1: Defining the Composite State
Before the protocol begins Alice and Bob hold the first and second halves of the following four-qubit state,

respectively:

16

#) = > aild), (17

i=1

where the |i)’s are the elements of the standard computational basis given in Equation 10. Alice wishes to
send Bob the two qubit state

[¥) = b1]00) + b2|00) + b3]|00) + H4]00). (18)
We then have from the postulates of quantum mechanics that the total six-qubit composite system is

I¥) =) ®|¢). (19)

2.1.2 Step 2: The g-State Measurement

As we saw in the previous chapter, Alice first applies the operation

Hﬁﬁ=ﬁmmmWi 20)
i=1

on the total composite system |¥). Explicitly, we get the following:
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) =[[a] = [ [HCNOT, i)
i=1

= 2b1(]00) +|01) + |10) + [11)) ® |¢)
+ %b2(|00> —|01) + [10) — |ll)) ® [a1|5> + az|6) + as|7) + a4|8) + as|1) + ag|2) + a7|3)

+ agld) + ag|13) + ajo|14) + a11|15) + a12]|16) + a13]9) + a14]/10) + a;5|11) + a16|12>] 21)
+ %b3(|00> +]01) —|10) — |11)) ® [a] [9) + az|10) + a3|11) + as|12) + as|13) + ag|14)

+a7|15) + ag|16) + ag|1) + a10|2) + a1113) + ai2|4) + a13|5) + a14|6) + ais|7) + a168) |
+154(100) = [01) = |10y + [11)) ® [a1]13) + a2|14) + as[15) + as] 16) +as|9) + ag|10)

+a7|11) + ag|12) + aol5) + aiol6) + ai1|7) + a12|8) + aiz|1) + a14l2) + ais13) + aiel4)].

Lastly, Alice performs a measurement in the computational basis.
2.1.3 Step 3: The Received State

Alice’s measurement outcome at the end of step 2 determines the state that Bob receives. In particular, Bob
will have one of the following 16 states, where (|;) occurs when Alice measures [i)):

1) = (brar + baas + bzag + bsa13)|00) + (b1az + baae + bzaio + baai4)|01)
+ (bias + bya7 + bzay + baays)|10) + (baq + brag + byajs + baaje)|11)

[¥2) = (b1as + baay + bzayz + byay)|00) + (bias + bras + bzays + baaip)|01)
+ (bia7 + braz + bzays + bgaq1)|10) + (bag + byaqg + byaje + baan)|11)

[¥3) = (b1ag + baaiz + b3ay + byas)|00) + (braio + baais + bzas + byae)|01)
+ (biai1 + baays + bzas + baa7)|10) + (bian + brayg + bzas + baag)|11)

[4) = (brai3 + baag + bzas + bsay)|00) + (b1as + brayo + bzas + bsaz)|01)
+ (b1ais + bpay + bza7 + baasz)|10) + (biae + bray + bzag + baay)|11)

l¥s) = (b1ar — baas + bzag — bsay3)|00) + (b1az — baae + bzaio — baay4)|01)
+(b1asz — baaz + bzay — bsais)|10) + (bras — bras + bzaiz — baaie)|11)

ly6) = (bras — baay + bzaiz — baag)|00) + (bras — baas + bzais — baao)|01)
+(b1a7 — baaz + bzais — bsai1)[10) + (bias — bras + bzaie — baar)|11)

ly7) = (brag — baaiz + bzay — baas)|00) + (biaio — baara + bzaz — baae)|01)
+(bra1 — baais + bzaz — bsaz)|10) + (brai — baaie + bzas — baag)|11)

l¥s) = (brarz — brag + bzas — bya1)|00) + (bras — baaig + bzas — bsaz)|01)
+ (b1ais — byayy + bzag — bsa3)[10) + (braje — baaiz + bzag — bsay)|11)

[¥o) = (bray + baas — bzag — bsay3)|00) + (byaz + baag — bzaio — bsay4)|01)
+ (b1as + baaz + biay + bsays)|10) + (bras + baag — bzarp — bsaye)|11)

[¥10) = (bras + baay — bzaiz — bsag)|00) + (brae + baaz + bzais + baayp)|01)
+(b1a7 + brasz — bzais — bsar1)|10) + (bras + bras — bzaie — baai2)[11)

[Y11) = (brag + baais — bzay — baas)|00) + (braio + baais — bzaz — baae)|01)
+(bran + baais — bzaz — baay)|10) + (braiz + braie — bzas — baag)[11)

(22)
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[¥12) = (bra1z + baag — bzas — bsay)|00) + (brais + baaro — bzae — bsaz)|01)
+ (brais + baay — bzag — baa3)|10) + (braie + baair — bzag — baas)|11)
l¥13) = (brar — baas — bzag + b4a13)|00) + (braz — brae — bzaio + baai4)|01)
+ (b1as — baa7 — bzaiy + bsais5)|10) + (bras — baag — bzaz + baaie)|11)
[¥14) = (b1as — baay — b3ais + bsag)|00) + (brae — baaz — bzaia + baaio)|01)
+(b1a7 — baaz — biais + baa11)[10) + (bras — bras — bzaie + bsarz)|11)
[¥15) = (brag — baa1z — bzay + baas)|00) + (braio — brais — bzaz + bsag)|01)
+(b1ay — baais — bzaz + bsa7)|10) + (braiy — brays — bias + baag)|11)
[¥16) = (bra1z — brag — bzas + bsay)|00) + (b1ays — brayo — bzag + baaz)|01)
+(b1ais — baary — bzaz + bsa3)|10) + (braie — baaiz — bias + baas)|11).

(23)

2.1.4 Step 4: Bob’s Interaction

Note each |{) can be written as |x y z w), where x, y, z,w € {0, 1}. Bob then applies ZszyXfXZW where the
subscript denotes the qubit and Z|0) = |0), Z|1) = —|1), X|0) = |1), and X|1) = |0). After this operation,
Bob then holds one of the 16 possible states:

W) = (bra) + byas + bzag + bsa13)|00) + (b1as + brag + bzayo + bsais)|01)

+ (bras + bra7 + bzay + baays)|10) + (biag + brag + bzajn + baaje)|11)
W3y = (brae + boas + bzais + bsay0)|00) + (byas + byay + bzays + bsag)|01)

(brag + bras + bzag + baayn) + |10) + (bra7 + braz + bzas + bgaq)|11)
W%y = (brai + boais + bzaz + bsaz)|00) + (byain + baaie + bzas + bsas)|01)

(brag + byaiz + byay + baas) +110) + (brajo + brai4 + bzas + baag)|11)
WP = (braie + baar + byas + baas)|00) + (b1ays + baayy + byaz + baaz)|01)

+ (biais + brayg + bzag + bgay)|10) + (brayz + brag + bzas + baga;)|11)
w2y = (biay — baas + bsag — bsay3)|00) — (b1as — boae + bzaig — baais)|01)

+(b1as — baag + bzay1 — baai5)[10) — (bras — baag + bzarz — bsaye)|11)
W) = (bias — baas + bsars — baai0)|00) — (bras — boay + bzaz — baag)|01)

+(brag — baas + b3aje — baar2)|10) — (bra; — braz + bzas — bsayy)|11)
[yF) = (bra11 — baais + byaz — bsar)|00) — (brais — braie + byas — baas)|01)

(brag — baaiz + bzay — baas) + |10) — (byao — baais + bzaz — baae)|11)
W) = (brais — baars + bzas — bsas)|00) — (brais — bray + bzaz — bsaz)|01)

+ (braia — braio + bzag — bsar)[10) — (bra1z — baag + bzas — bsay)[11)
lWg) = (bray + baas — bzag — bsay3)|00) + (byaz + baag — bzaig — bsay4)|01)

— (b1az + brag + bzai + baais)|10) — (bras + bras — bzarz — baaie)|11)
lwit) = (bras + boas + byais + bsai0)|00) + (bias + bray — bzaz — baag)|01)

— (biag + bras — bzaie — baai2)[10) — (b1a7 + brasz — bzais — baayr)[11)
W) = (bra + boars — bsas — bsar)|00) + (brain + boaie — byas — baag)|01)

= (b1ag + braiz — bzay — baas)|10) — (braio + baars — bzaz — baag)|11)

(24)
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lw ) = (braie + boair — byas — bsas)|00) + (brais + baaiy — byay — baas)|01)
= (b1aia + baaig — bzag — baaz)[10) — (braiz + baag — bzas — baay)|11)
W) = (bray — baas — baag + bsay3)|00) — (bias — bras — bzayo + baais)|01)
— (b1az — bra7 — bzai + baais)[10) + (bras — baas — baain + baaie)|11)
i) = (bras — baas — baais + bsa0)|00) — (bias — bray — bzays + bsag)|01)
— (bras — bras — bzaie + baa12)[10) + (bra7 — baas — baays + baayr)|11)
i) = (brari — baais — bzas + bsaz)|00) — (braz — baare — bzas + baag)|01)
— (brag — braiz — bzay + baas)|10) + (b1aig — baara — bzaz + baag)|11)
[Wik) = (brais — baarz — baas + bsas)|00) — (biars — brar — bza + bsaz)|01)
= (bra14 — baaio — bzag + bsaz)|10) + (byai3 — brag — bzas + byay)[11)

(25)

2.2 Calculating the Density Operator

We can now construct a density operator for each possible state p; = |¢f)(t//f |, each being obtained
by Bob with probability equal to the reciprocal of its normalization constant. That is, the overall density
operator Bob receives is the sum of p;’s; p = 3 p;. We then have that the final density operator obtained by
Bob is given by

p12 =b1b22Re(a1de + aidie) + bab12Re(ards + apadis)
+ b3bs2Re(as3as + agdis) + bab32Re(asar + ai0aiz) = pai
p13 =b1b32Re(aidy; + aedie) + b3b12Re(azdo + agas)
+ bybs2Re(ard 12 + asdrs) + babr2Re(asdyo + azd3) = pa1
p14 =b1bs2Re(ardy6 + acdnr) + bab12Re(asd s + azdyo)
+ byb32Re(a2d15 + asara) + b3br2Re(azd s + agdo) = pa
p23 =byb32Re(ardye + aednr) + b3ba2Re(asd s + azdyo)
+b1b42Re(a2d15 + asara) + bab12Re(azdys + agdo) = p3
p24 =bybs2Re(a1dy + asdie) + babr2Re(azdy + asds)
+ b1b32Re(a2a12 + asars) + b3bi2Re(asdro + a7a13) = par
p3a =b3bs2Re(a1ds + aj1dig) + baby2Re(aras + ajndis) (26)
+ b1by2Re(a3ds + agdia) + bob12Re(asdr + a10a13) = pas
pi1 =b1*(la1* + lagl* + lan|* + laie]?) + b2l (|az|* + las| + |a1o]* + |ais|?)
+ 312 (las|* + las|* + |aol? + |aial?) + |bal* (|aal* + ar]* + laio]* + |aal?)
p22 =|b1] |612|2 + |615|2 + |6112|2 + |015|2) + |b2|2(|a1|2 + |a6|2 + |6111|2 + |6116|2)
+b3l* (Jasl* + a7 |* + laiol* + la1al?) + |bal* (las|* + |as|* + |as|* + |a14]?)
laal? + la7|* + |aiol* + |aial?)
+ b33 (la1|* + las|* + la11|* + laie|*) + |bal

paa =b11*(|aal® +laz|* + laiol* + |a1al?) + [b2|* (las|* + |as|* + lao|* + |a14|?)

2
2

l

gl

gl
p33 =lb1* (las]* + las|* + lag) + |a1a]?) + |b2|?)
2( 2

gl
+b3* (laz)? + las|* + lana|* + lais|*) + |bal?(la1 1> + |as|* + a1 + |a16]*)

(
(
(laal? + las|® + lapa)? + lais|?
(
(



12 Dr. Daniel Bonior & Dr. Tanner Crowder

3. THE TWO QUBIT TELEPORTATION CHANNEL
3.1 Calculating the Bloch Vector

We know from [6] that the relationship between a two-qubit density operator and its Bloch vector is given by

\/%+r3+r12+r15 ri+riz—i(ro+ris) ra+rp—i(rg+ri) rs—rig—i(re+ro)
V| il +ri) \%—r3+712—r15 rs+rio+i(rg—ro) r4—r7—i(rg—riy)

p=¥ . (27)

ra+ry+i(rg+ry)  rs+rip—i(re —ro) \%+7’3—r12—r15 ri—ri3 —i(ra —ris)

rs—rio+i(re+ro) ra—r7+i(rg—ri) ri—ri3z+i(ra—riy) %—r3—r12+r15

From some basic arithmetic, we then have that the Bloch vector Alice wishes to teleport and what Bob
receives are given by the following respectively:

%(Pf‘z + P3Py +pis) = \%Re(“l“; + @303),
= IT(Pf‘z P21 + P~ Pl3) = %Im(“ @2 + a304),
ry = %(Pﬁ P+ Phs — piy) = %(|C¥1|2 — |a® + |as]® — |aul?),
4 = %(P% + P35+ 5+ Pl) = \%Re(a’la’; + @0r),
rs = %(Pﬁﬁpm + P+ p5) = %@Re(“l“z*‘“ﬂ;)’
e = L((Pfl Py = P3a + P23) = %Im(awi - aj),
7= %(P% + P51~ Py~ Plp) = \/%Re(“l% @ay),
s = L((Pfa P31+ P~ Pi) = %Im( 103 + 0304), (28)
ry = L((Pﬁt P4+ Py~ P3) = %Im( 4 + 303),
rio = %r(/)?% + P~ Ply = P41) = %Re( 10 + @03),
i = \%(P% P31~ P+ Pi) = %Im(a @3 — a304),
ri2 = \%(Pf‘] + %y — PRy — Phy) = \/%(|C¥1|2 +laa|* = las|* - |eal?),
ri3 = 5 (Pia + P2y — Py — pis) = ERe(ra; — asaj),
4 = L((Pf‘z P31~ P3s+Pls) = %I m(ajae; - azas),
s = %(Pf‘l Pzz P33 +P44) = %“a”z |aal? — las|” + |a/4|2).

{ = 2Re(a1a6 + a11a16 + a2a5 + algals + a9a14 + a3a8 + a10a13 + a4a7) Xr
é 2Re(a1a6 + a11a16 aza5 — ‘”2“15 +aga]4 + a3a8 - a10a13 - a4a7) X 1
2 2 2 2 2 2 2 2
§ (|al| +lagl” + |an|” + las|” = |az|” = las|” = |ai2|” = |ais] 29
2 2 2 2 2 2 2 2 (29)
+az|” + lag|” + |agl” + |a14l” — lasl” — a71” — laiol” — la13|*) x r3
ry = 2Re(alcf1‘1 +aelg + a2a), + Asa)s + azag + agay, + asaj, + a7aT3) X 4

’ _ * * * * * * * *
rs = 2Re(a1a16 taea + azd s tasa, taza,+agag+asa;;+ a7a10) Xrs
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re = 2Re(a1a16 +aea)| — ara)s — A5a), + A3a], + agay — Aad)s — arai,) Xre
ry =2Re(ajaj, + aga)g + a3ag + aga), — araj, — asajs — A4y, — azajs) X rq
rg = 2Re( — asaj, — a7ajy — azay — asaj, + ayaj; + Ay + axaj, + a5a1‘5) X 18
ry = 2Re(a1a16 +a6a)| — asyaj; — aza)y + axas +asay, — azay, — agag) X ro
rio = 2Re(aiale + asaj, — arals — asay, — azay, — agag + asa;; + azajy) X rig

(

|

’ * * * * * *
ri; = 2Re(ajaj, +a6a16 axa), — asajs — azdg — aga, + asay +a7a13) X ri

2 30)

iy = (lai]” + lag|* + lan|* + las|* + laz)* + las|* + lara]* + la1s|?

= las* = laol* = las|* = lawl* = lasl* = la7|* = la1ol* = laws|?) X ri2
ri; = 2Re( — azag — aoa}, — asas — ajpaly + a1ag + aidjg + ards + aindis) Xris
rg = 2Re(a1a; +a11a) — Q205 — A120)5 — A3Ag — A9d 4 + A4a7 + aloa’;3) X 714
ris = (la1]® + lag|* + la1 |* + laws|* = laz|* = |as|* = la12|* = |a1s]®

—las|* = |ao|? = |as|* = |ar4|* + |aal* + |aq|* + |aio* + la13|*) x r15

It then follows that the effects of teleporting a two-qubit state via an imperfectly prepared state is described
by a diagonal 15 X 15 matrix in the Bloch representation. In the next section we will show that not only is
this diagonal matrix a two-qubit quantum channel, but that any diagonal two-qubit quantum channel can be
described by the teleportation through an imperfectly prepared four-qubit entangled state.

3.2 The Spin Channels

From [6] we know that every diagonal two-qubit channel can be written as a convex sum of the following
“two-qubit spin channels":

Ado=50®589, A1 =505, Adpr=50®58y, A3=2599 53,

Ag=851®58)y, As=851®s81, Adg=510s2, A7=151Q s3, 31)
AZ3=5®50, Ad9g=5,@51, Adig=52®52, A1 =52® 53,

A2 =53®50, A13=53®51, A1a=53®@582, Ai15=153® 53,

where s¢, sy, 5y, and s, are the Bloch representations of the spin channels given in Eq. 1. We now show
that an arbitrary four-qubit state can be written as a sum of states each of which generate a unique two-qubit
spin channel. Furthermore, we will show that the channel induced by the overall state can then be written as
a convex sum of these spin channels.

3.2.1 The g-states

Plugging into Equation 29 we have that the following g-states generate the two-qubit spin channels:
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= 1(10000) +0101) +[1010) + [1111)) — |d;)
= 1(|0001) +10100) +[1011) + [1110)) — |12

= 1(j0001) — 0100) + [1011) — [1110)) — |43)

= 1(|0000) — [0101) + [1010) — [1111)) — |ds)

= 1(10010) + [0111) +]1000) +[1101)) — |1s)

= 1(10011) +0110) +]1001) + [1100)) — |4¢)

= 1(j0011) — [0110) + [1001) — [1100)) — |d7)

= 1(0010) — [0111) +[1000) — [1101)) — |dg) .
= 1(10010) + [0111) = [1000) — [1101)) — |4o)

= 1(10011) +10110) - [1001) — [1100)) — |d;0)

= 1(|0011) - [0110) — [1001) + [1100)) — |d;1)

= 1(10010) — [0111) — [1000) +[1101)) — [112)

= 1(10000) +0101) — [1010) — [1111)) — | a;3)

= 1(j0001) +[0100) - [1011) = [1110)) — |d14)

= 1(|0001) - [0100) — [1011) +[1110)) — |di5)

= 1(10000) — [0101) — [1010) + [1111)) — [d;6)

Recalling, that for every |g;), there exists a computation basis element | j) such that |g;) = CNOTH]| ), where
CNOTH is the composition of the same CNOT and Hadamard gates Alice applies at the beginning of the
teleportation protocol. This is significant because CNOTH is a unitary matrix, in other words CNOTH is a
change of basis. It then follows that every four-qubit quantum state can be written as a sum of our |g;) states,
where the coefficients are unique. In particular, if an arbitrary four-qubit state |¢) is written in the standard
computational basis, then the following ¢;’s are the coefficients of |@) in the |g) basis:

q1

q3

qs =

q7

q9

q11 =

qi13

qi15 =

1

2 la1 P+lag P+lar [P+lais |
1

2V laz P+las P+lar [P+las 2
1

2 laz [+]as P+lao [>+]ars
1

2V las P+lar P+laio P+lars 2
1

2V las [+]as P+lao [*+]ars
1

2V laa P+]a7 P+laio [P+]ars 2
1

2V lai P+]ag P+lar [+]ais |
1

2V laz [P+]as P+lar [+]as 2

(a1 +as+ai +aie),

(ar —as+apn—as),

(az+ag+ag+ai),

(as —a7+aipp—ap),

(a3 +ag —ag —ais),,

(as — a7 —ayo+aps),
(a1 +as —an —aie),

(ar —as—ap+as),

1

qr = (a2+a5+a12+a15)
2V laz P+lasP+lan P+ars 2 ’
1
q4 = (a1 —ae+an —aie)
2Vlar P+lag |+ lan P+ais 2 ’
1
g6 = (as+a7+ajpp+az)
2V las P+la7 P+laio P+l ars 2 ’
1
qs = (a3 —ag +ag —ais),

2V laz [P+]as P+|ao [P+l a2
qi0 = 1
2V las P+]a7 P+laio P+]ars 2
qi2 = 1
2 las [+]as P+lag |+ ars 2
1
qi4 =
2V |az P+las P+lar [P+las
1
qgi6 =
2 lai P+]ag P+lar [+]ais

(as+a7 —ai —an),

(a3 —ag —ag +ais),

(ar+as—ap—as),

(a1 —ae —an +ais).
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16
Upon quick calculation, one can show that 3 |g;|> = 1. This means that

i=1

16
#) = > qilg:)-
i=1

From Eq. 29, it then follows that letting p; = |¢;|?, the transformation induced by our state is a convex sum
of spin channels with coefficients p;. That is, we have shown that an arbitrary four-qubit state ) a;|i) can
be rewritten as a sum of g-states, )’ ¢g;|g;), whose effect on two-qubit teleportation can be described by a
convex sum of 2-qubit spin channels. Explicitly,

16 16 16

. CNOTH T
Daly —— > ailgd —— D laila, (33)
i=1 i=1 i=1

and we therefore have the following theorem.

Theorem 3.2.1. The mapping F : Q* — A, is bijective up to a local phase, where Q* is the set of 4-qubit
states and \; is the set of diagonal two-qubit channels.

Since we considered an arbitrary four-qubit state we have that the transformation of any two-qubit state
under imperfect teleportation is a diagonal quantum channel. Furthermore, for any diagonal two-qubit
channel f, there exists a four-qubit state |¢) that induces f. That is, the set of two-qubit teleportation
channels is the set of diagonal two-qubit channels.

4. OPEN QUESTIONS AND FUTURE RESEARCH

The results of this work, while conclusive for the teleportation of two-qubit states, also holds the potential
to extend to n-qubit states. The fact that our model for two-qubit teleportation is a direct extension of the
single qubit case lends to our conjecture that it will provide a description of teleportation for an arbitrary
number of qubits. Explicitly, we plan to apply inductive methods to our results thus far in order to determine
if the following bijection is valid for n-qubit teleportation

}’L2 2

2
n n
. CNOTH T
Daly —— > qilgd —— Dlail (34)
i=1 i=1 i=1

which would imply a generalized version of Theorem 3.2.1

Conjecture 4.0.1. The mapping F : Q" — A, is bijective up to a local phase, where A, is the set of
diagonal n-qubit channels.

Upon success of characterizing the teleportation channels for multiple qubits, we then plan to investigate
the implementation of adaptive schemes which aim to mitigate errors in the transmission of qubits through
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quantum channels. In particular, the first of such methods would include a natural extension of Code 5547’s
patented process Adaptive Quantum Information Processing [11] similar to that given in [1]. Through these
deliverables, we will be able to both account for the noise associated with teleportation through imperfectly
prepared states and provide a means to study the mitigation of errors that naturally occur in quantum networks

that rely on quantum repeaters.
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